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Abstract: Let Hf(R”) be the anisotropic mixed-norm Hardy space, where p € (0, )" and A is a gen-
eral expansive matrix on R”. In this paper, a general summability method, the so-called 8-summability
is considered for multi-dimensional Fourier transforms in H f (R™). Precisely, the author establishes the
boundedness of maximal operators, induced by the so-called -means, from Hf (R™) to the mixed-norm
Lebesgue space L7(R"). As applications, some norm and almost everywhere convergence results of the
f-means are presented. Finally, the corresponding conclusions of two well-known specific summability
methods, namely, Bochner—Riesz and Weierstrass means, are also obtained.
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1. Introduction

Let A be a general expansive matrix on R”. In 2003, Bownik [1] investigated the anisotropic Hardy
space H)(R") with p € (0, co), which includes both the classical Hardy space and the parabolic Hardy
space of Calder6n and Torchinsky [2] as special cases. Recently, Huang et al. [3] introduced the
anisotropic mixed-norm Hardy space Hf(R”) with respect to g € (0,00)" and a general expansive
matrix A, and established its various real-variable characterizations. This extends the real-variable
theory of the Hardy space HY(R") from [1]. For more information on mixed-norm function spaces, we
refer the reader to [4-11].

On the other hand, it is well known that Stein, Taibleson and Weiss [12] proved for the Bochner—
Riesz summability that the maximal operator o of the #-means is bounded from the classical Hardy
HP(R") to the Lebesgue space L”(R") with the index p greater than some constant p,. This result has
been extended to many other Hardy-type and other summability methods. For more progress about this
topic, we refer the reader to [13—18] and references therein. In particular, Weisz [18] proved that the
maximal operator, induced by the so-called #-means, is bounded from the isotropic mixed-norm Hardy
space H”(R") to the mixed-norm Lebesgue space L”(R"). However, the corresponding conclusion of
summability in anisotropic mixed-norm Hardy space Hf(R”) is still unknown.


http://http://www.aimspress.com/journal/era
http://dx.doi.org/10.3934/era.2022171

3363

In this paper, under some conditions on 6 and j, we prove that the maximal operator ¢ is bounded
from H” LR to LP(R"). As a consequence, we prove some norm and almost everywhere conver-
gence results for the 8-means. Moreover, sa special cases of the #-means, we consider the well-known
Bochner—Riesz and Weierstrass summations. This paper is organized as follows: As a preliminary, in
Section 2, we recall some definitions of expansive matrices, mixed-norm Lebesgue spaces L”(R") and
anisotropic mixed-norm Hardy spaces H/‘j (R™). In Section 3, via borrowing some ideas from [18, The-
orem 3] and [13, Theorem 7.4] as well as [14, Theorem 2.17], we prove our main result by using
the known finite atomic characterization of Hf(R”) and a criterion on the boundedness of sublinear
operators from Hf(R”) into L7(R"). Section 4 is aimed to consider two special summability methods,
namely, the Bochner—Riesz and Weierstrass summations.

Finally, we make some conventions on notation Let N := {1,2,...}, Z, := {0} UN and 0 be the
origin of R". For any y := (y1,...,¥n) € (Z,)" = Z},let|y| ==y, +---+7y,and 0" := (6)(I .- (ﬁxn ),
We use C to denote a positive constant which is 1ndependent of the main parameters, but its value may
change from line to line. In addition, we use f < g to denote f < Cg and, if f < g < f, we then
write f ~ g. Moreover, for a given set  C R", we denote its characteristic function by 1q, the set
R™\ Q by QC and its n-dimensional Lebesgue measure by |Q|. For any ¢t € R, The symbol || denotes
the largest integer not greater than t. For each r € [1, co], we denote by 7’ its conjugate index, namely,
1/r+1/r = 1. Moreover, if 7 := (r(,...,r,) € [1,00]", we denote by 7 := (r},...,r,) its conjugate
index.

2. Preliminaries

In this section, we recall the notions of expansive matrices, mixed-norm Lebesgue spaces and
anisotropic mixed-norm Hardy spaces.
We begin with the following notion of mixed-norm Lebesgue spaces from [19].

Definition 2.1. Let 7 := (py, ..., p,) € (0, ]". The mixed-norm Lebesgue space LP(R") is defined to
be the set of all measurable functions f such that

P2 D

1Ay == {fR"'[lef(xl,.--,xn)lp' dxl]pl a’xn} < oo

with the usual modifications made when p; = co for some i € {1,...,n}.

Recall also that the notions of expansive matrices and homogeneous quasi-norms were originally
introduced by Bownik in [1].

Definition 2.2. A real n X n matrix A is called an expansive matrix (shortly, a dilation) if

min |4] > 1,
Aea(A)

here and thereafter, 0(A) denotes the collection of all eigenvalues of A.

Definition 2.3. Let A be a dilation. A measurable mapping p : R" — [0, o) is called a homogeneous
quasi-norm, associated with A, if
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(1) x # 0 implies that p(x) € (0, 0);
(i1) for each x € R, p(Ax) = bp(x), here and below, b := |det A|;
(iii) for any x, y € R", p(x +y) < c[p(x) + p(y)], where c is a positive constant independent of x and y.

For any given dilation A, it was proved in [1, Lemma 2.2] that there exists an open set A C R” which
has the following property: |A| = 1, and we can find a constant 7 € (1, o0) such that A ¢ 7A C AA.
For any i € Z, we define B; := A'A. It is easy to check that {B;};cz is a family of open sets around the
origin, B; C TB; C B;,; and |B;| = b'. For any given dilation A, we use the symbol B to denote the set
of all dilated balls, namely,

B:={x+B;: xeR", ieZ} 2.1)
and
w:=inflkez: 722} (2.2)

By [1, Lemma 2.4], we know that any two homogeneous quasi-norms associated with the same
fixed dilation A are equivalent. Thus, in what follows, we always use the step homogeneous quasi-
norm defined by setting, for each x € R",

( ) L bi when X € B,‘+1\Bl~
A ) when x=0

for convenience. Let A_, A, € (1, o0) be two numbers such that
A_ <min{|d] : 1€ o0(A)} <max{|d]: 1€ d(A)} < A,. (2.3)

Throughout this article, the symbol S(R") denotes the space of all Schwartz functions, namely, the
set of all C*(R") functions ¢ satisfying that, for any k € Z, and multi-index g € Z,

lPllg = Sup[p(x)]k |(9ﬁ¢(x)| < 00,

x€eR?

The topology of S(R") is determined by {| - || «}gez kez,. Moreover, we use S'(R") to denote the
dual space of S(R"), namely, the space of all tempered distributions on R" equipped with the weak-*
topology. For any N € Z,, let Sy(R") denote the following set:

{¢eS<R"):||¢||sN<Rn> = sup sup||Pe(n)|max {1, [p(n]"}] < 1}-

BEZL, |BISN xeR”
For an n-dimensional vector g := (py,..., p,) € (0, ]", let
p-=min{py,....p,}, ps=max{p;,...,p,} and p € (0, min{p_, 1}). (2.4)

The following definition of anisotropic mixed-norm Hardy spaces was first introduced by Huang et.
al [3].

Electronic Research Archive Volume 30, Issue 9, 3362-3376.



3365

Definition 2.4. (i) Let ¢ € S(R") and f € S'(R"). The non-tangential maximal function My(f) with
respect to ¢ is defined by setting, for any x € R”,

My(f)(x) := sup |f * (Y,

YEX+By, keZ
here and thereafter, for any ¢ € S(R") and k € Z, let ¢;(-) := b*¢(A*.). Moreover, for any given
N € N, the non-tangential grand maximal function My(f) of f € §'(R") is defined by setting, for

any x € R",

My(f)(x) == sup  My(f)(x).
geSN R

(i) Let 7 € (0,00)" and N € NN [[(=——— — D2 | + 2, 00), where p_ is as in (2.4). The anisotropic

minf{l,p_} InA

mixed-norm Hardy space H /’Z (R™) is defined by setting
HY®R™ = {f € S®") : My(f) € LP(R")

and, for any f € Hfz(R"), let ||f||H§(Rn) = My O oy

Remark 1. (i) Observe that, in [3, Theorem 4.7], it was proved that the space Hf(R") is independent
of the choice of N as in Definition 2.4(ii).
(i) Note that Cleanthous et al. [20] investigated another kind of anisotropic mixed-norm Hardy space
Hg(R”), where d € [1,00)" and p € (0, o0)"; see [20, Definition 3.3]. We should point out that [3,
Proposition 4] shows that, if

2600 .. 0
0 22 ... 0

A= 7 , (2.5)
0O 0 ... 2@

with @ := (ay,...,a,) € [1,0)", then the Hardy space Hf(R”) in Definition 2.4(ii) and the
anisotropic mixed-norm Hardy space Hg (R™) from [20] coincide with equivalent quasi-norms.

3. Summability in H/(R")

In this section, we study the so-called #-summability for multi-dimensional Fourier transforms in
the anisotropic mixed-norm Hardy space Hf (R™).

We always use L} (R") to denote the set of all locally integrable functions on R”". To present our
main result, we need several technical lemmas as follows. First, the following Lemmas 3.1, 3.2 and
3.3 are just, respectively, [3, Lemmas 3.4, 3.2 and 4.4], which show some properties of the LP(R™)
quasi-norm, the boundedness of the anisotropic Hardy-Littlewood maximal operator My on the space
LP(R") and the anisotropic Fefferman—Stein vector-valued inequality on LP(RM).

Lemma 3.1. Let 7 € (0, o0]". Then, for any s € (0, c0) and f € L/(R"),
AT ey = 1N spgenys
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here and below, for any y € R, yp := (yp1,...,ypn). In addition, for any A € C, r € [0, min{1, p_}]
with p_ asin (2.4) and f, h € LP(R"), AN sy = ISl L5 ny @and

Lemma 3.2. Let 7 € (1, 0)". Then there exists a positive constant C such that, for any f € LI (R"),

loc
IMuL (Nl < CllFllLsgns

where My denotes the anisotropic Hardy-Littlewood maximal operator defined by setting, for any
feLl (R")andx € R",

loc

1 1
Man ()00 1= sup sup 7= [ 1 @dz = sup f @) dz
B

k€Z yex+By |Bk| y+By x€EBeVB
with B as in (2.1).
Lemma 3.3. Let g € (1,00)" and v € (1, o]. Then, for any sequence {f; }caiv of measurable functions,

/v 1/v
{Z [MHLm)]V} <C (Z w)
LP(R")

keN keN

Lﬁ(R”)
with the usual modification made when v = oo, where C is a positive constant independent of { f; }ren-

Let g € (0,0)" and k € Z,. Then, by the fact that, for any dilated ball B € B and ¢ € (0, p);

145 < B[ My (15)]"9 as well as Lemmas 3.1 and 3.3, we conclude that there exists a positive constant
C such that, for any sequence {B?};ay C B,

Z L g <C Z BH9 [ My (150)]'4 (3.1)
ieN LA(R™) ieEN LPR™)
qnl/q
= b {Z [Min <1Bo->)]”q}
ieN Lila(Rr)
< CbH Z 150
ieN LAR")

The last inequality used Lemma 3.3 with the fact that 5/q € (1, c0)".
For any given p € (0, o] and measurable set 2 ¢ R". The Lebesgue space L”(Q) is defined to be
the set of all measurable functions f on € such that, when p € (0, 00),

1/p
< 00

1Al zr ) = [fg |f (%) dx

and
1 fllze) := esssup |f(x)] < oo.

xeQ

We also need the following notions of anisotropic mixed-norm (7, r, s)-atoms and anisotropic
mixed-norm finite atomic Hardy spaces H;":’ (R") from [3].
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Definition 3.4. Let 7 € (0, )", r € (1, o] and

1 Inb
e[ 1) 2o o

(I) A measurable function a on R" is called an anisotropic mixed-norm (p, r, s)-atom if

with p_ asin (2.4).

(D)1 supp a c B with some B € B, where B is as in (2.1);

1/
(D2 llallr@n < L,
||IB||Lﬁ(Rn>

()3 for any a € Z7 with |a] < s, [, a(x)x" dx = 0.
(I) The anisotropic mixed-norm finite atomic Hardy space H/P;:rf’i‘;(R”) is defined to be the set of all

f € S'(R") satisfying that there exist I € N, {4} € C and a finite sequence of (p, r, 5)-
atoms, {a;}ie(1.nn-> supported, respectively, in {B@}ic; o € B such that

I
f= Z Aa; in SR
P
Moreover, for any f € Hf:rfil‘;(R”), let

= inf ,

||f||H§:;n(R”)

I I/p
Z [ |41 5 ]p
=1 ||lB(f> I LP(R")

where p is as in (2.4) and the infimum is taken over all decompositions of f as above.

LP(R™)

Then, from [3, Theorem 8.1(i) and Remark 13], we immediately deduce the succeeding criterion on
the boundedness of sublinear operators from Hf(R”) into L7(R"), which plays a key role in the proof
of our main result.

Lemma 3.5. Let 7 € (0, )", r € (max{p,, 1}, c0) with p, asin (2.4) and s be as in (3.2). Assume that
T : HY™ (R") - LP(R") is a sublinear operator satisfying that there exists a positive constant C such

that, for any f € Hf:;il‘;(R”),

ITPllsny < Cllflygsos
Then T uniquely extends to a bounded sublinear operator from Hf(R”) into LP(R™).

Recall that, for any given p € [1,2] and any f € L”(R"), the Fourier inversion formula, namely,
f = | foe™'di, Y xeR",
Rn

holds true if ]7 e LY(RM), ll\ere and below, 1 := V-1, x -t 1= Y | xt; for any x := (x1,...,Xx,),
t:=(t,...,1,) € R", and f denotes the Fourier transform of f, which is defined by setting, for any
t e R",

]?(t) = f(x)e ™ dx.
Rn
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This motivates the following definition of #-summability of Fourier transforms; see, for instance,
[15-18,21] for the classical case and [13, 14] for the anisotropic case. We always suppose that

6 € Co(R), 0( - ) € L'(R™, 6(0)=1 and 6 iseven, 3.3)

where the symbol Cy(R) denotes the set of all continuous functions f satisfying that limy_,, | f(x)| = 0.
Let A be a given dilation, m € Z and p € [1, 2]. The m-th anisotropic 8-mean, denoted by 0'51, is defined
by setting, for any f € L”(R") and x € R",

UWU%:LﬁMNY%U%M“”W, (3.4)

where A" be the transposed matrix of A. This integral is well defined because ¢ € L(R) with p € [1,2]
and f € L” (R"). Let 6y(x) := 6(]x]) for any x € R” and assume that

6o € L'(R"). (3.5)

Moreover, by [14, (2.17)], we can rewrite o, f(x) in (3.4) as
ahfx) =b" | f(Obo (A"(x - 1) dt
Rll

This definition of anisotropic #-means can be extended to any f € L’(R") with p_ € [1, o) by setting,
for any x € R",

of F(x) == b" f f(x = DBy(A™ 1) dt, (3.6)
Rn

where m € Z. Furthermore, (3.6) induces the definition of maximal 8-operators o as follows: for any
f e LP(R") with p_ € [1, o),
o f = sup |oh f].

mezZ

Now we state the main result of this paper as follows.

Theorem 3.6. Let 0 and 6, be, respectively, as in (3.3) and (3.5) satisfying that there exists a positive
constant 3 € (1, 00) such that, for any y € Z!; and x € R" \ {0},

'8758(x)| <CI™, 3.7)

where C is a positive constant independent of x. If p € (0, )",

ﬁe(lnb ) and p_e( hrllb oo) (3.8)

_’oo
InA_

with A_ as in (2.3), then there exists a positive constant C(,_ ,.,, with p_ and p, as in (2.4), such that,
for any f € HY(R"),
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Proof. By Lemma 3.5, to prove Theorem 3.6, we only need to show that, for any f € Hf:rf’ii(R"),

with s being as in (3.2) large enough and r € (max{p,, 1}, o) to be chosen later, where p, is as in (2.4).
For this purpose, suppose now f € Hg:rfilfl(R”). Then, by Definition 3.4(II), we find that there exist
some I € N, {A;}icr1.n~nv € C and a finite sequence of (7, r, s)-atoms, {a;} (1.1, Supported, respectively,

in {B}c1.no € B such that f = 1, A;q; in 8'(R”) and

1/p
1 p £
|Aillgo |~
WAl ey ~ R D | — , (3.10)
f H/lx,ﬁn(R ) ||IB([)||UA’)(R") R
LPR™)

i=1

alf (3.9)

|LP(A)(Rn) < “f”Hfrh;(R")

where p is as in (2.4). Take two sequences {x;}icj1.pnn € R" and {ki}ie;1.pnw € Z such that, for any
i €[1,I1NN, x; + By, = BY. Then

1 1
9 9 9
1ol s S| @) e, ||+ | D 1l @ T o, o (3.11)
i=1 Lﬁ(]R") i=1 U?(]R")
=1+,
where w is as in (2.2).
For J;, take u € L'7/?"(R") satisfying that ||u| L gy < 1 and

1
= f D1 | @) | 1son, (u(x) .
o

Lﬁ/ﬁ(R”) i=1

1
D1 |ot@)| 1o,
i=1

From this and the Holder inequality, it follows that, for any 7 € (1, c0) with p, <1p <,

1

Z |12 [U-(Z(ai)]g 1iavp,

i=1

<

Lﬁ/ﬁ(R”)

1
~ f DA [ @)@ 1 aen, (Xu(o) dx.
R %=1

1
9 ?
< D@ Lo,
i=1

I
< Z 2|

i=1

LR 1""+A“B’<f”||Lf’<R">

1/t
I
L2 (Rn)

of(a)

1, +A“By, 1, +A“By, M” LY Rn)

P
L'(R")

By this, the fact that o is bounded on L(R") for any 1 < g < oo, and Definition 3.4(I), we further
conclude that

plr =
= rt
||1xi+Akaiu||L”

A“By,

I
JEs Z |Ail” ||1x,~+3k,. ||;,§(Rn) |Akai ®")
i=1
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1/t

w
A Bki| ||1xi+AmBkiu||Lt’(Rn)

1
~ Z |12 ||1x,'+3k,- ||1_J§(R")
i=1
1
~ ) [4°By] llA‘”Bk,-l —
< Z |/1 | ||1x,+Bk ||LJ’(R" f Xi+A By, (.X) [MHL( )(x)]l/t
"[MHL (ut,)]l/tr

Note that the assumption 0 < p,/p < implies that ¢ < p/ p)’ < co. From this, Lemmas 3.2 and 3.1,
the fact that |||, iy &y S <1,3.1D) and (3.10), we deduce that
luel]

1
Ih < Z |42 |1
i=1 Lﬁ/ﬁ(Rn)

! |/l |1x,+Bk 2 I/B
~ Z ~ e
LPRM)

P ” x,+Bk ”LI’(R”

P
Xi+By, | |Lﬁ(R"

1/t
[u(x)]" dxl

-P
p P
Z |/li|7 ||1x,-+Bk'. ||L5(R") lx,'+A‘”Bkl.

P L7 gy

Lﬁ/ 14 (Rm)

l/p
1/p
L(ﬁ/l’) (R”

(3.12)

Xi+By; ||Lp R") lx[+Bk,-

We next deal with J,. To do this, we first claim that, for any i € [1,/] "N and x € (x; + A“’Bk,.)c,

],Bln/l_/lnb’ (313)

(@))% [V [y [Min. (L, ) (0

where S is as in (3.7) and (3.8). Assume that (3.13) holds true for the time being. Then, by (3.8),
Lemmas 3.1 and 3.3 as well as (3.10), we find that

I
I < Z|

i=1
1

Z [M [Inb/EIn ) ||1x1+Bk ||Lp1?Rbn/(ﬂln/l ) Mg (lxl-+Bk,.)

i=1

[Z |4l |11

1

]ﬁln/l_/lnb

x,+Bk ||U(R" [MHL (lx,»+Bki) (x) l(xi+A“’Bk,-)C

LP(R™)

A

]ﬁln/l_/lnb

LA(R?)
Inb/(Blna_)|BInd-/1nb

N

x,+Bk ||Lﬁ(R”) 1)C,+Bk
Lﬁﬁlnd_/lnb(Rn)

! |/l |1x,+Bk a I/E
2 ~ MWWy
= LA™

N

||1x,+Bk || LP(R")

This, together with (3.11) and (3.12), further implies that (3.9) holds true.

Thus, to complete the proof of Theorem 3.6, it suffices to verify (3.13). To this end, let a be any
(p, r, s)-atom supported in xo + By € B, where xo € R", k € Z and B is as in (2.1). Without loss
of generality, we may assume that x, = 0. Suppose that P is a polynomial of degree not more than
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s. Then, by (3.6), Definition 3.4(I) and the Holder inequality, we obtain that, for any m € Z and
x € (Biso)'s

|| = b f a(t)fp(A™(x — 1)) dt (3.14)
By
=" f a(t) [Bo(A™ (x - 1) = P(A"(x - 1)) dt
By
— r r
S bmlla”Lr(Rn) [f ‘OO(Am(x - t)) - P(Am(x - l‘))‘ dl]
By
» ) . r' 1/r
< BB 1 [ g b [ f 65 - POY) dy]
A" X+ By
< bmbk/r lBk||;;(R,,) b—m/r’b(k+m)/r/ Sup ‘ég(y) _ P(y)’
YEA™ X+ Bl
k+m -1 0(v) _
<6l e, o o0 - PO
Assume that x € By y1y+1 \ Bitwsy for some v € Z,. Then, using [1, (2.11)], we have
A"x + Bk+m C Ak+m (Ba)+v+l \ Ba)+v + BO) C Ak+m (BZu)+v+l \ Bv) . (315)
In addition, the Taylor remainder theorem implies that
sup  |oy) - PG)| < sup  sup |97 (Ax+ )| Y, (3.16)

yEAmx+Bk+))z t, feBlH—m ’)’EZK, |'Y|SN

where N € [0, s+ 1] N Z,.
For the case when k+m € Z\Z, and k+ m+v € Z,, by (3.16), [1, (2.2)] and (3.7), it is easy to see
that

a N(k+ o
sup (B — PO)| s X sup sup |9By(o)
VEA™ X+ Bt ZEAM x+Biym yELL, [yISN
N(k _
< AVE S qup 7P
ZEA™ X+ Bym

with B as in (3.7) and (3.8). From this, (3.15) and [1, (3.2)], it follows that

sup 'QAO(y)—P(y)' < Y sup  p(g) Pt/

YEA" X+ Bjim €A X+Biim
< /lll/(k+m)bfl8(k+m+v) InA_/1In b.

Therefore,

-1 _
|O_fna(x)| < ||lBk||Lﬁ(Rn) bk+mbN(k+m)1n/L/lnbb Lk+m+v)InA_/Inb (317)

-1
N (k+m)[1+(N—=B)In A_/ Inbl 3,—BvIn A_/Inb
||13k||Lﬁ(R") b b :

Choosing N larger than 8, we have

-1 nAd_/In
ola(x) s ||1s,]| g, M (15,) (x)pn e (3.18)
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For the case when k+m € Z\Z, and k+ m+v € Z\ Z,, similarly to (3.17), it is easy to check that,
for any x € Briwivi1 \ Brrwtvs
-1
LA(R®

sup p(Z)—ﬂln/L./lnb

0
|0'ma(x)| < ||13k
ZEA™ X+ Bjym

: bk+m/ll_\’(k+m)

< ||13k -1 )b(k+m)(1+Nln/l_/lnb—,Bln/1+/lnb)b—ﬁvln/h/lnb.

LA(R®
This further implies that (3.18) holds true for this case by choosing N large enough such that
InA_ InA,
-B
Inb Inb

Finally, for the case when k + m € Z,, we choose P = 0. Then, by (3.14), (3.15) and the fact that
B e (nb/InA_, o), we conclude that, for any x € Biypiv1 \ Brrwsvs

1+N > 0.

a0 < [ [ B st ptoy e

€A™ X+ Bjim

-1
(k+m)(1=BIn A_/Inb) .—BvIn A_/Inb
S ||lBkl|LI7(R”) b b

< ||lBk ”;(Rn) pBvInd-/Inb

and hence (3.18) also holds true for this case. This finishes the proof of (3.13) and hence of Theorem
3.6. |

Remark 2. (i) If A := dl,, for some d € R with |d| € (1, o), where I, denotes the n X n unit
matrix, then 222 = 5 and the Hardy space H/(R") goes back to the isotropic mixed-norm Hardy

InA_
space H”(R"). In this case, Theorem 3.6 was obtained by Weisz in [18, Theorem 3]. Moreover,

n times

if 7:= (p,...,p) with some p € (0, o), then Theorem 3.6 implies the well-known result, with
B € (n,00) and p € (n/B, o), for the classical Hardy space H”(R") (see Weisz [16]). This classical
result was also proved in a special case, namely, for the Bochner—Riesz means, in Stein et al. [12].
For the same case, a counterexample was also given in [12] to show that the same conclusion is
not true for p € (0,n/B].

(i1)) When A is as in (2.5), the space Hﬁ(R”) is just the anisotropic mixed-norm Hardy space Hg (R™);
see Remark 1(ii). We should point out that Theorem 3.6 is new even for this case.

As applications of Theorem 3.6, we next give some consequences about the convergence of o f as
follows.

Corollary 3.7. With the same assumptions as in Theorem 3.6, if f € H f (R™), then {0',‘31 flmen converges
almost everywhere as well as in the L?(R")-norm as m — co.

Proof. Let h be a continuous function with compact support on R”". Then, by (3.6), we know that, for
any m € N and x € R”",

o h(x) = f h(x — A1) 0o(¢) dr.
Rn

Note that, for any # € R”, lim,,_,., A™t = 0. By (3.5), the fact that & is bounded and the Lebesgue
dominated convergence theorem, we find that, for almost every x € R”,

lim o h(x) = f h(x)8o(1) di = h(x)B6(0) = h(x).

m-—o00
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This convergence also holds true in the LF(R™) quasi—norm since h € Hf(R”) which implies o%h €
LP(R).

On the other hand, from [22, Lemma 9(1)], we deduce that, for any given f € H/ﬁ7 (R™ and € € (0, 00),
there exists a continuous function with compact support 4 such that

1f =l ey < € (3.19)
For any K € N and x € R", let

Px(x):=  sup |ohf(x)—off(x)| and P(x):= lim Pk(x).
m.ke[K,co)NN K—co

To show Corollary 3.7, we only need to prove that P = 0 almost everywhere. To do this, observe that,
forany K € N and x € R”,

Pyx)< sup [oh(f-m@|+ sup |obh(x) - oth(x)| + . Sup N|a,i(h - H)|.
€[K,0)N

me[K,00)NN m,ke[K,co)NN

Then we have
P(x) < 20%(f = h)(x), VxeR"

Combining this, Theorem 3.6 and (3.19), we conclude that

1Pl sgeny < 2]

0
TS = W gy S IS = Bl s €

Note that € € (0, 00) is arbitrary. Then we immediately obtain P = 0 almost everywhere, which
completes the proof of Corollary 3.7. O

The following Corollary 3.8 can be easily verified by Theorem 3.6 and an argument same as that
used in the proof of [14, Corollary 2.20]; the details are omitted.

Corollary 3.8. With the same assumptions as in Theorem 3.6, if f € Hf(R") and there exists a subset
I ¢ R” such that the restriction f|, € LI(I) with g_ € [1, c0), then

lim o‘f; f(x) = f(x) for almost every x € I as well as in the L?(I) quasi-norm.

Remark 3. Note that, if p_ € (1, o), then H f (R™) = LP(R") with equivalent quasi-norm (see [3, Propo-
sition 2]). Therefore, Corollary 3.8 further implies the following result: Under the same assumptions
as in Theorem 3.6, if f € LP(R") with p_ € (1, ), then

lim 0'2 f(x) = f(x) for almost every x € R" as well as in the LP(R") norm.
4. Two specific summability methods

As special cases, we consider two specific summability methods.
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4.1. Bochner—Riesz summation

For any a € (0, o) and y € N, the Bochner-Riesz summation is defined by setting, for any t € R",

_((-1)*  when Jf €0, 1),
Bo®) := { 0 when [f] € [1, ). “.D

The next lemma comes from [16].
Lemma 4.1. Let 6, be as in (4.1). If @ € (%2, ), then (3.3) and (3.5) hold true and, for any g € Z1,
there exists a positive constant C(, ), depending on a and 3, such that, for any x € R" \ {0},

- -n/2—-a-1/2
7600 < Clagy ™22

By Lemma 4.1 and Theorem 3.6, we have the following conclusion for the Bochner-Riesz summa-
tion; the details are omitted.
Theorem 4.2. Let 0y be as in (4.1) and p € (0, )". Assume that

c n—1 Inb n+1 J c Inb
(04 max — (0'e] an _ 0],
2 "Wt 2 [ P-S\maim2+a+1/2)

Then, for any f € Hf(R"),

o

where the positive constant C,_,.), with p_ and p. as in (2.4), is independent of f.

[ < Coopo I g

Remark 4. Let 6, be as in (4.1). Then, in this special case, the corresponding conclusions in Corollaries
3.7 and 3.8 hold true as well.
4.2. Weierstrass summation

The Weierstrass summation is defined by setting, for any ¢ € R",
Bo(t) 1= /2, (4.2)
The succeeding Lemma 4.3 is just [14, Lemma 2.27].

Lemma 4.3. Let ) be as in (4.%). Then (3.3) and (3.5) hold true and, for any 8 € (1,) and a € Z7,
there exists a positive constant C(, g, depending on a and 3, such that, for any x € R" \ {0},

Bo(x)| < Cap 1.

By Lemma 4.3 and Theorem 3.6, we obtain the following result for the Weierstrass summation; the
details are omitted.

Theorem 4.4. Let 6, be as in (4.2) and € (0, 0. Then, for any f € HY(R™),
ot f

where the positive constant C~‘(p_,p+), with p_ and p, as in (2.4), is independent of f. Moreover, the
corresponding conclusions in Corollaries 3.7 and 3.8 hold true as well.

[ < Copo I e
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