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1. Introduction

The theory of (co)monads can be used as a tool in various fields of mathematics such as algebra,
logic or operational semantics, and theoretical computer science. Note that in algebra theory, there are
two different “bimonads”. On the one hand, bimonads and Hopf monads without monoidal structures
were introduced in [1], and developed in [2—4]. On the other hand, bimonads on monoidal categories
were introduced in [5]. In 2002, Moerdijk used an opmonoidal monad to define a bimonad. This
bimonad F is both a monad and an opmonoidal functor satisfying the multiplication and the unit of F
are all monoidal natural transformations (see [5] for details). Although Moerdijk called his bimonad
“Hopf monad”, the antipode was not involved in his definition. In 2007, A. Bruguieres and A. Virelizier
introduced the notion of Hopf monad with antipode in the rigid categories in [6], and then put it in the
non-dual monoidal categories [7]. We refer to [7—11] for the recent research on A. Bruguieres and A.
Virelizier’s bimonads.

Quasi-bialgebras were introduced by V. G. Drinfel’d in [12]. The dual definition, a k-coquasi-
bialgebra H (or a Majid algebra), was introduced by S. Majid in [13]. The associativity of the multipli-
cation are replaced by a weaker property, called coquasi-associativity. The multiplication is associative
up to conjugation by a convolution invertible linear form w € (H ® H @ H)*, called the coassociator.
Note that the definition of a coquasi-bialgebra is not selfdual, and the category of (left or right) co-
modules over a coquasi-bialgebra is a monoidal category with nontrivial associativity constraint and
nontrivial unit constraints. Coquasi-bialgebras in a braided monoidal category also have been studied
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in [14].

Taking into account the results proved A. Bruguieres and A. Virelizier in [6], it is now very natural
to ask how to extend coquasi-bialgebras to the non-braided setting. This is the main motivation of the
present paper.

In this paper, we present a dual version of the second author’s results about quasi-bimonads which
appeared in [15]. We mainly provide a generalization of coquasi-bialgebras by introducing the notion
of quasi-monoidal comonad. Actually, a quasi-monoidal comonad F is both a comonad and a quasi-
monoidal functor such that its corepresentations is a non-strict monoidal category. The notion of quasi-
monoidal comonad is very general. For example, the tensor functor of a (Hom-type) coquasi-bialgebras
and bicomonads are all special cases of quasi-monoidal comonads.

The paper is organized as follows. In Section 2 we recall some notions of comonads, quasi-monoidal
functors, m-categories and so on. In Section 3, we introduce the definition of quasi-monoidal comonads
and discuss their corepresentations. In Section 4, we mainly investigate the coquasitriangular structures
of a quasi-monoidal comonad. At last, we introduce the gauge equivalent relation on quasi-monoidal
comonads.

2. Preliminaries

Throughout the paper, we let k be a fixed field and char(k) = 0 and Vec; be the category of finite
dimensional k-spaces. All the algebras and coalgebras, modules and comodules are supposed to be in
Vecy. For the comultiplication A of a k-space C, we use the Sweedler-Heyneman’s notation: A(c) =
>.c1 ®c; forany c € C.

2.1. Quasi-monoidal functor

Let (C,®,1,a,l,r)and (C',®",I',a’,l', ") be two monoidal categories. Recall that a quasi-monoidal
functor from C to C’ is a triple (F, F», Fy), where F : C — C’ is a functor, F, : F® F — F®isa
natural transformation, and F : I’ — FI is a morphism in C’.

Furthermore, if the following equations hold for any X, ¥, Z € C:

Fy(X,Y® Z) o (idpx ® Fy(Y,2)) 0 dpx pyrz

=F(axyz) o F2(X®Y,Z) o (Fy(X,Y) ® idry), 2.1)
F(lx) o Fx(1,X) o (Fy ® idpx) = lpy, (2.2)
F(ry) o Fo(X,I) o (idpx ® Fy) = 'y, (2.3)

then F' = (F, F», Fy) is called a monoidal functor.

2.2. Monoidal comonad

Let C be a category, F: C—C be a functor. Recall from [16] or [17] that if there exist natural
transformations : F — FF and &: F — idc, such that the following identities hold

F6o8d=0Fo6, and idr = Fso 6 = &F 06,

then we call the triple (F, 9, &) a comonad on C.
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Let X € C, and (F, 6, €) a comonad on C. If there exists a morphism p*: X—FX, satisfying
pr OpX =0y OpX, and &y OpX = idy,

then we call the couple (X, p*) an F-comodule.

A morphism between F-comodules g: X — X is called F-colinear, if g satisfies: Fgop* = pX og.
The category of F-comodules is denoted by C*.

Let (C,®,1,a,l, r) be amonoidal category, (F, ¢, €) be acomonad on C, and (F, F;, Fy) : C - Cbe a
monoidal functor. Then recall from [18] or [19] that F is called a monoidal comonad (or a bicomonad)
on C if ¢ and & are both monoidal natural transformations, i.e. the following compatibility conditions
hold for any X, Y € C:

(C1) F(Fo(X, Y)) o Fo(FX, FY) 0 (6x ® 6y) = Oxer © F2(X, Y),
(C2) exgy o Fa(X,Y) = ex ® &y,

(C3) F(Fo) o Fo =6; 0 Fy,

(C4) Er© F() = ld]

2.3. Convolution product

Given a category C and a positive integer n, we denote C" = C X C X --- X C the n-tuple cartesian
product of C. If F is a comonad on C, then F** (the n-tuple cartesian product of F') is a comonad on
C", and we have C*"™" = (CF)".

Assume that U : CF — C is the forgetful functor and P, Q : C" — D are functors. Then from [ [9],
Proposition 4.1], we have the following results.

Lemma 2.1. There is a canonical bijection:
Nat(PU™", QU™") = Nat(PF™", Q).
Proof. Define ?* : Nat(PU*", QU*") — Nat(PF*", Q), f — f*, by

JEX| o FXn) O(exy + .€xy)

Q(FXy X+ X FX,) O(Xy x - x Xp),

fixy s P(FX; XX FX,)
and % : Nat(PF*", Q) — Nat(PU*", QU*"), a ~ af, by

(M1 - pMn (M| - Mp)

o POy XX M) P(FM, % ---x FM,)

Q(Ml’...’ Q(Ml XX Mn)’

for any f € Nat(PU*", QU*"), & € Nat(PF*", Q) and X; € C, (M;, p™) € CF. It is easy to check that ?°
and ?* are well defined and are inverse with each other. O

Let P,Q,R : C" — D be functors. For any @ € Nat(PF*", Q) and 8 € Nat(QF*", R), define their
convolution product 3 = a € Nat(PF*", R) by setting, for any objects X;,--- , X, in C,

B ax, ... x, = ﬁxl,m,xn O AFx,, FX, © P(5X1, e, 6X,,)~

We say that @ € Nat(PF*", Q) is x-invertible if there exists 8 € Nat(QF*", P) such that Bxa = P(e*") €
Nat(PF*",P) and a * 8 = Q(*") € Nat(QF*", Q). We denote 8 by a*~!.
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Proposition 2.2. The x-invertible elements in Nat(PF*", Q) are in corresponding with the natural
isomorphisms in Nat(PU>", QU*").

Proof. Suppose that f € Nat(PU*", QU*") is a natural isomorphism. Then we immediately get that
=,

Conversely, if @ € Nat(PF*", Q) is =-invertible, then o = (@M, O
3. Quasi-monoidal comonads

Suppose that (C,®, I,a,l, r) is a monoidal category, F' : C — C is a functor, (F, d, €) is a comonad
and (F, F», F) is a quasi-monoidal functor.

Lemma 3.1. If we define the F-coaction on I by F,, and define the F-coaction on M@ N (as the tensor
product in C) for any (M, p™), (N, p") € CF by:

pMep Fa(M,N)

oM MeN FM®FN F(M ®N),

then (I, Fo) and (M ® N,pM®N) are all objects in C if and only if the compatibility conditions Eqs
(C1)—~(C4) hold.

Proof. It is straightforward to check that Eqs (C1) and (C2) hold if and only if (M ® N, p™®N) € CF,
Egs (C3) and (C4) hold if and only if (I, Fy) € CF. m]

From now on, we always assume that the compatibility conditions Eqgs (C1)—(C4) hold.

We suppose that there are natural transformations ¥ : (® _)® _oF¥ = _@(®_):C% = C,
andt : IQF_= _:C > C,k: F_®I = _:C — C. From Lemma 2.1, for any objects
(M, p™), (N, pV), (P, p*) € CF, 9,1, k can induce the following natural transformations

AM,N,P = ﬂ?VI,N,P’ LM = ng, RM = Kjﬁy[-

Conversely, if there are natural transformations A : (® )® _ = _®( ®_) : C** — C and
L:I®_=1id:C—->C,R:_Q®I=id:C — C,then from Lemma 2.1, for any X, ¥, Z € C, they can
induce natural transformations

ﬁX,Y,Z = AI;(’Kz, Ly = Lg(, Kx = RI;(
Next, we will discuss when A is the associativity constraint and L, R are the unit constraints in CF'.
Lemma 3.2. A, L and R are isomorphisms if and only if 9, « and k are =-invertible.

Proof. Straightforward from Proposition 2.2. O

Lemma 3.3. A is F-colinear if and only if O satisfies

(FX® FY)® FZ 2% (FFX @ FFY)® FFZ 224 F(FX ® FY)® FFZ (3.1)
6X®6y®6xl lF;
(FFX® FFY)® FFZ F(FX® FY)® FZ)

FX®(FY®FZ)———FX®F(Y ®2)

FX®(Y®Z2)

F>

forany X,Y,Z € C.
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Proof. <): Since the following diagram

MaN)oP—""*"__ FM&FN)&FP 5 Mo (N®P)
pMepNep” 5M®%{V®5P pMepNep”
(FM & FN)® FP (FFM @ FFN)® FFP—————~FM & (FN ® FP)

Fr®id thlg)id id®F>
F(M®N)® FP-2 7 ppy @ FN)Y @ FFP FM®F(N® P)
F> l'iz F
FM® (N ® P) ————= F(FM & (FN & FP)) ——— F(M & (N ® P))

is commutative for any M, N, P € CF', Ay, n.p is F-colinear.
=): Notice that Apy ryrz 1S F-colinear for any X, ¥, Z € C, then it follows

F(ex®ey®e&z) o FApx ryrz © p(FX®FY)®FZ

= F(ex ® ey ® £7) o p" ¥ o Arx.ryrz-
After a direct computation, we obtain (3.1). O

Lemma 3.4. A satisfies the Pentagon Axiom in CT if and only if ¢ satisfies

(id ® ¥xyz) o Ywrxeryrz © (id ® F ® id) o (Frwrrx.rry ® id) (3.2)
o(Sw ® Oy ® 67 ® 07)

= Ywxyez 0 ([d®id ® F») o Vpwerxrrrz 0 (F2®id ® id) o (Ow ® 0x ® Oy ® 0z)
forany W,X,Y,Z € C.

Proof. <): Since we have

(id ® Inpo) o (id ® p" ® p’ ® p?) 0 Paynerg 0 (id ® Fr @ id) o (0™ ® p ® p” ® p?)

o(@ynp ®id) o (p" ® p" @ p @ id)

= (id ® 9n,p0) © n.rnerrro © (id ® F(p" ® p") ® p2) 0 (id ® F, ® id) o (Y purn.pp ® id)
o(Fp" @ Fp" ® Fp® ® p?) o (0™ ® p" ® p* ® id)

= (id ®9ypo) o Murnerpro © (id ® Fy ®id) o (Vryrprnrrp ® id) 0 (O ® 512\/ ® 5120 ® dp)
o ®p" ®p" ®p?)

= Vunpep © (Id®id® F3) o Yryernrrro © (F2 ®id ®id) o (6 ® 6y ® 0p ® 6p)
o(p" & p" @ p” ® p?)

= D pep © (id @ id ® Fy) o (o ® p" ® p ® p?) 0 Fyen.pg 0 (F2 ® id ® id)
o ®p" ®p" ®p?)

for any M, N, P, Q € CF, A satisfies the Pentagon Axiom.
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=): Forany W, X, Y, Z € C, we have cofree F-comodules FW, FX, FY, FZ. Consider the following
Pentagon Axiom:

AFwFx,Fyerz © AFWeFX,FY,FZ
= (id ® Arx ryvrz) © Arwrxsryrz © (Arwrxry ® id).
Applying ey ® ex ® ey ® £z to both sides of the above identity, we get Diagram (3.2). O

Lemma 3.5. Forany X € C,
(1) L is F-colinear if and only if ¢ satisfies

id®dx

I® FX I® FFX (3.3)
F0®6xj lLFX
FI® FFX — F(I® FX) FX.
2 Fuy
(2) R is F-colinear if and only if k satisfies
FX®I oot FFX®I (3.4)
6x®F0j lKFX
FFX®@FI——F(FX®I) FX.
2 Fkx
Proof. We only prove (1).
&): From the following commutative diagram
idepM i
ToM - 1o FM L2 Fleo FM—2 FU @ M)
idepM ideFpM ideFpM idepM

id®dy Fo®id

IO FM L 1o FFM 222 FI @ FFM —2- F(1 ® FM)

x LhM %
M — FM

P

for any M € CF, Ly, is F-colinear.
=): Conversely, since FX is an F-comodule and Lry is F-colinear for any X € C, it is directly to
get Diagram (3.3). O

Lemma 3.6. A, L and R satisfy the Triangle Axiom in C* if and only if ¥, 1 and k satisfy

Kkx®id id®ey

(FX®D)®FY 2% x g Fy X®Y (3.5)
id®F0®5yl {id@ty
(FX® FI)® FFY X®(I®FY)
Ix1Fy

forany X,Y,Z € C.
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Proof. <): Forany M, N € CF, we compute

(idy ® wy) o (idy @ id; ® ") 0 Dy n 0 (0™ ® Fy @ p")
= (idy ® ty) © D rn © (idpy ® Fo ® 6y) o (p¥ ® id; ® p)
= (idy ® &y) © (ky ® idpy) o (p" ® id; ® p)
= (ky ®idy) o (o™ @ id; ® idy)

thus the Triangle Axiom in C* holds.
=): Conversely, for any X, Y € C, since we have

Ex®¢y

FX®FY X®Y
/Rt‘x®id/ X@L[.‘K
(FX®D)®FY FX®(UQFY) ,
AFXIFY
it is a direct computation to get Diagram (3.5). O

Definition 3.7. Let (C,®, I, a, [, r) be a monoidal category on which (F, 6, €) is a monad and (F, F, Fy)
is a quasi-monoidal functor such that the compatible conditions Eqs (C1)—(C4) are satisfied. If there are
x-invertible natural transformations , ¢ and « satisfying (3.1)—(3.5), then we call (F, 6, &, F», Fy, ¥, ¢, k)
a quasi-monoidal comonad on C,

Then by Lemma 3.1-3.6, one gets the following result.

Theorem 3.8. Let (C,®,1,a,l,r) be a monoidal category on which (F, 9, €) is a monad and (F, F, Fy)
is a quasi-monoidal functor such that the compatible conditions Eqs (C1)—(C4) is satisfied. Then there
exist natural transformations 19, v and «k such that (F, 0, &, F», Fy, 9, ,K) is a quasi-monoidal comonad
if and only if there are natural transformations A, L and R such that (CF,®,1, A, L,R) is a monoidal
category.

Example 3.9. Let (C,®, 1, a,l, r) be a monoidal category on which (F, 6, €) is a monad and (F, F, Fy)
is a quasi-monoidal functor such that the compatible conditions Eqs (C1)—(C4) are satisfied. If we
define

Uxyz = at))(,yza lx = l?(, Kxyz = rt))mZ
forany X, Y,Z € C, then Eq (3.2) holds because of the Pentagon Axiom of a; Eq (3.5) holds because of

the Triangle Axiom of a, [, r; Eqs (3.1), (3.3) and (3.4) hold if and only if (F, F, F) is a monoidal func-
tor. That means, the quasi-monoidal comonad (F, 6, €, F,, Fy, ¥, , k) is exactly a monoidal comonad.

Example 3.10. Recall from [9] or [10], we consider the following monoidal category 7_-11"/(Veck) for
any i, j € Z: B

e the objects of ﬂw(Veck) are pairs (X, ax), where X € Vec; and ay € Aufi(X);

e the morphism f : (X, ax) = (Y,ay) in ﬂw(Veck) is a k-linear map from X to Y such that ay o f =
foax;

e the monoidal structure is given by

X,ax)® (Y,ay) = (X®Y,ax ® ay),
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and the unit is (k, id});
e the associativity constraint a, the unit constraints / and r are given by

axyz: (x®Y)®z - o' () ® y® e, (2));
k(1 ®x) = o) (x), rx(x® 1)) = aif'(x), VX € Vec,.

Now assume that (H, ay) is an object in 7_-{l’j(Veck), myg : HRH — H (with notation mg(a®b) = ab),
nu : k — H (with notation y5(1;) = 1p), and Ay : H — H ® H (with notation Ay(h) = hy ® hy), and

ey : H — k are all morphisms in 7_{”(Veck). Further, we write

H= @H:H " (Vec) = H (Vecy), (X,ax) > (X®H,ay® ay)

for the right tensor functor of H.
If we define the following structures on H:
e6:H— HHande: H — id_j, (Veo,) are defined by

Sx : x®@h - (ax(x) ® ) ® o (),
ex : x® h - ex(h)ay' (x);
eH,: H® H — H® and H, : k — H(k) are given by
H,(X,Y): (x®a)®@ (y®b) - (x8) ® aly(@)ay,(b),
Ho(1p) = 1, ® 1y,

forany X,Y € 7_-{l’j(Veck). Then obviously H = (H, 6, €) forms a comonad on 7_-{w(Veck) if and only
if (H,ay, Ay, ey) 1s a Hom-coalgebra over k, Eqs (C1)—(C4) hold if and only if my and ny are all
morphisms of Hom-coalgebras.

Suppose that there are ay-invariant convolution invertible linear forms w € (H ® H ® H)* and
p,q € H*, then we can define the following =-invertible natural transformations

Oxyz  (x®a)® (y® D)) ® (z® ¢) b w(@li(a), a’(b), al; ()@ (x) ® (@;' () ® & (),
iy 1, ®(x®a) — p(a)af((x), kx : (x®a)® 1, — q(a)aé((x),

where a,b,ce H,xe X,ye Y,z€ Zand X, Y,Z € Vec,. Thus we immediately get that ¢ satisfies Eq
(3.1) if and only if w satisfies

D an@)bienwias, ba,cz) = Y wlar, by, c1)@ba)an(cs); (3.6)
¥ satisfies Eq (3.2) if and only if w satisfies

D wlan(@), an(by), c1d)w(@rbs, a(ca), au(da))
= Z w(by, ¢y, ay(dr))w(ay(ay), a/;]l (b2 )01;1] (c21), ap(da))w(ay(as), by, c22); (3.7)

¢ satisfies Eq (3.3) and « satisfies Eq (3.4) if and only if p, g satisfy
D paniya = agladpla), Y qlaaly = aplaqla); (3.8)
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¥, ¢ and « satisfy Eq (3.5) if and only if w, p and ¢ satisfy

w(a, 1y, b) = g(a)p™™ (b). (3.9)

This means, H = (H, 6, €, H,, Hy, 9, 1, k) forms a quasi-monoidal comonad on H' (Vecy) if and only
if H = (H,ay,my,ny, Ay, g, 0, p, q) forms a Hom-coquasi-bialgebrc_z over k (see [20] for the dual

.. —J] ) .
definition). Further, from Theorem 3.10, one get that Corep(H) = (H{ ~(Vecy))”, the category of right
H-Hom-comodules, is a monoidal category and its associativity constraint, unit constraints are given
as follows:

Aunp(m®n) ® p) = T (@ (m), @™ (m), ™ (p)a, (mo) ® (@ (n0) ® a(po)),
Ly(1x®m) = ¥, p(m)a;,(mg),  Ru(m® 1) = Y, g(my)ad,(my),
where me M,ne N, pe P, M,N, P € Corep(H).

Example 3.11. Under the consideration of Example 3.10, if all the Hom-structure maps « are identity
maps, then the Hom-coquasi-bialgebra is exactly the coquasi-bialgebra (also called a Majid algebra,
see [13] for details) over k.

Example 3.12. Let B = (B, u, 15, A, €) be a bialgebra over k, ap : B — B be an endo-isomrophism.
Recall that a k-linear form g € B* is called

(1) dual central if g(x;)x, = x;8(x,) for any x € B;

(2) dual group-like if it is convolution invertible and satisfies g(xy) = g(x)g(y) for any x,y € B;

(3) ap-invariant if g(ag(x)) = g(x).

Now suppose that p, g € B* are all dual central dual group-like and az-invariant linear forms. Define
a k-linear form w : BQ B® B — k by

w(x,y,2) = p()e()q (), forany x,y,z € B,
define the new multiplication u*# and comultiplication A*? by
U =agou, A" =Aoap.

Then it is a direct calculation to check that ag, w, p, g satisfy Egs.(3.6) - (3.9) (under u*® and A®%),
hence BY! = (B, ap, u?, 13, A, &, w, p, q) forms a nontrivial Hom-coquasi-bialgebra.

4. Coquasitriangular structures

Recall that a braiding in a monoidal category (C, ®, I, a, [, r) is a natural isomorphism 7: ® = ®°” :
C X C — C such that the following identities hold

Ayzx © Txyez © Axyz = (idy ® Txz) 0 ayxz o (Txy ® idyz), (B1)

-1 -1 . -1 .

forany X, Y,Z € C.
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Now let F' be a quasi-monoidal comonad on C. Suppose that there is a natural transformation o:
®o (F X F) = ®” : C*? —» C. From Lemma 2.1, for any objects M, N in C*, o can induce a natural

transformation
pMepN TMN

Tyn =0yt MON "~ FM®FN NeM.

Conversely, if there exists 7 : ® = @7 : C X C — C, then from Lemma 2.1, for any X, Y € C, 7 can

induce the following

TFX,FY Ey®ey

oxy=Tyy: FX® FY — > FY® FX—>Y®X.

Next we will discuss when 7 is a braiding in C*.
Lemma 4.1. 7 is an isomorphism if and only if o is =-invertible.
Proof. Straightforward from Proposition 2.2.
Lemma 4.2. 7 is F-colinear if and only if o satisfies

0x®d0y TFX,FY

FX®FY FFXQ®FFY FY® FX
5x®(5yl le
FFXQFFY 7 F(FXQFY) o F(Y®X)
forany X,Y € C.
Proof. <): We compute
M o
MeN—% FM®FN . NeM
pMepN L FpM ‘\%FpN le @M
FM®FN—"2" . FFM® FFN — 2 - FN® FM
=Fp" ®Fp
FZL le le

for any M, N € CF'. Hence 7,y is F-colinear.
=): Conversely, notice that 7rx ry is F-colinear for any X, Y € C, we have

FXQFY _ FY®FX
F(ey®ex)o Ftpxry op =F(ey®ex)op O TEX.FY>

which implies Diagram (4.1) holds.

Lemma 4.3. Diagram (BI) holds in C* if and only if o satisfies

Vyzx © Orxryerz © (id ® F») o Oppx pryrrz © (5§( ® 5?/ ® 5%)

= (id® oxz) o Vyrxrz © (OCrrxry ®1d) 0 (55( ® Oy ® 07)

forany X,Y,Z € C.

4.1)

4.2)
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Proof. &): Take X = M, Y = N, Z = P for any F-comodules M, N, P. Multiplied by p™ ® p" ® p”
right on both sides of Eq (4.2), we immediately get Diagram (B1).

=): Since Diagram (B1) is commutative for any FX, FY, FZ € C, multiplied by £ ® £ ® ¢ left on
both sides of the above equation, we get Eq (4.2). O

Lemma 4.4. For any X, Y,Z € C, Diagram (B2) holds in C' if and only if o satisfies

Py xy © Orxaryrz © (F2 ®id)) 0 Oy pryrrz © (0% ® 8y ® 63) (4.3)

=(oxz®id) o ﬁ;}{Fz,y o (id ® oryrrz) © (0x ® 6y ® 5%),
where 9*~! means the *-inverse of 9.
Proof. The proof is similar to Lemma 4.3. |

Definition 4.5. Let (F, 9, &, F», Fy, 9, t, k) be a quasi-monoidal comonad on a monoidal category C. If
there is a x-invertible natural transformation o € Nat(F ® F,®°7), satisfying Eqs (4.1)—(4.3) for any
X,Y,Z € C, then o is called a coquasitriangular structure of F, and (F, o) is called a coquasitriangular
quasi-monoidal comonad.

Combining Lemma 4.1-Definition 4.5, we obtain the following result.

Theorem 4.6. Let (F,0,¢, F,, Fo,9,1,«) be a quasi-monoidal comonad on a monoidal category C.
Then CF is a braided monoidal category if and only if there exists a natural transformation o : FQF —
®°F such that (F, o) is a coquasitriangular quasi-monoidal comonad. Further, the braiding in CT is
given by T = ot

Corollary 4.7. Let (F, 0) be a coquasitriangular quasi-monoidal comonad on a monoidal category C.
Then for any X, Y, Z € C, o satisfies the following generalized Yang-Baxter equation:

. . —1 .
(id®oxy)oVzrxry © (Crrxrz ®id) o ;XFFZ’FFY o (id ® o p3yFiz)

OﬂF4X,F4Y,F4Z o ((5;1( ® 5;‘/ ® (Sé)
=Uzyx o (Oryrz®id) o ﬂ;}ly,ppz,px o (id ® 0 prx,riz) © Opsypix iz
o(Tpix iy ® id) 0 (6y ® Oy ® 57).

Proof. Straightforward. O

Example 4.8. If F is a monoidal comonad on C, and o : ® o F*> = ®°7 is a -invertible natural
transformation satisfying Eqs (4.1)—(4.3), then (F, o) is exactly a coquasitriangular monoidal comonad
(see [9], Definition 4.12).

Example 4.9. With the notations in Example 3.10, if Q € (H ® H)" is ay-invariant and convolution
invertible, then we have the following #-invertible natural transformation

oxy  HX®@HY - Y®X, (x®a)®(y®b)— Qay(a),al, b)), ' e’ (v,

where x € X,y € Yand X,Y € ﬁl’](Veck). Thus we immediately get that o satisfies Eq (4.1) if and
only if Q satisfies
Z O(ai, by)asb, = Z bia\Q(az, by),
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o satisfies Eqs (4.2) and (4.3) if and only if Q satisfies

D" wibi, er,a)Q@n(@n), buca)w(an, by, cx)

= > Olar, cr)olbr, @ (@), €) Qg (@), ba),
Z w N (c1,a1,b)Q(anbay, ay(c))w ™ (axn, by, c2)

= D Olar, c)w™™ (@, 7/ (c21), b)) Q(bs, 7 (e22),

where a,b,c € H. That is, (H,o) forms a coquasitriangular quasi-monoidal comonad if and only
if (H, Q) is a coquasitriangular Hom-coquasi-bialgebra. Further, from Theorem 4.6, one get that

Corep(H) = (ﬂl’j(Veck))H is a braided monoidal category.

Example 4.10. With the notations in Example 3.12, if p € B* is a dual central dual group-like ap-

invariant k-linear form on a bialgebra B, then we get a coquasi-bialgebra B)”. Now suppose that

Q € (B®B)" is the coquasitriangular structure over B. If Qo (ap®ag) = Q, then after a straightforward
compute we get that Q is also a coquasitriangular structure over the Hom-coquasi-bialgebra B’ .

5. Gauge transformations
Let F = (F, ¢, ¢, F», Fy) be a quasi-monoidal comonad on a monoidal category (C,®, 1, a,l,r).
Definition 5.1. A gauge transformation on F is a x-invertible natural transformation ¢ : F Q@ F = ®.

Using a gauge transformation & on F, we can build a new quasi-monoidal comonad F¢ as follows.
Firstly, as a functor, F* = F : C — C.

Secondly, the comonad structure of F¢ is F¢ = F = (F, 6, €).

Thirdly, the quasi-monoidal functor structure of F* is given by:

e forany X,Y € C, F§ : F®F = F® is defined as follows

£ 5385 N P FES)
F5X,Y): FX@FY > F’X® F’Y -~ FFX® FFY > F(FX® FY)—= F(X ® Y) (5.1)

where £*~! means the *-inverse of &;
o Fi=Fy:FI I

Proposition 5.2. With the above notations, 6 and € are both monoidal natural transformations

Proof. We only need to show the compatible conditions Eqs (C1)—(C4) hold.
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To prove Eq (C1), we compute

OFx®dFy

FX®FY —FXQFY FFX® FFY L F3X ® F3Y F(FFXQ®FFY)
~ /
S5x®Sy 5¥®0} F585x®F 86y 56x®55y F(F5x®Fdy) t Fer!
\ /
FFXQFFY F’X® FY F*X ® F*Y F(F’X ® F?Y) F(FXQ®FY)
¢ l 5§(®5»}/ F(5§®5§)T \Fg*l\ F((sxl@ay)
FXQ®FY FFXQ®FFY FZ F(FXQ®FY) F(FFXQ®FFY)
0x®Jy
/Fz/ \(SFX@K \ LF@)
F(FX®FY) F’X® FY F(FXQ®FY)
Ff*‘lt \5FX®FY \Fz F(6x|®6y)
FX®Y) FF(X®Y)<FF§—HFF(FX®FY) = F(FFXQ®FFY),
for any X, Y € C. The rest are straightforward. O

For any X, Y € C, define the natural transformation ¥ : (F® F)® F = _® (_® _) by

XYZ = (id ® £y7) 0 & pyerz © (id ® F2) 0 Orx pryrrz © (Errxeryrz) (5.2)
o(F; ®id) o (épsx iy ® id) 0 (5 ® 6} ® 5),

and define the followings natural transformations:

CJ®FX % FI® FFX ->1® FX -5 X, (5.3)
and
CFX I FFX®FI--FX®oI-XX. (5.4)

It is easy to get that 99, (¢ and «* are all #-invertible. Further, we have the following properties.
Lemma 5.3. With the above notations, ¢ satisfies Eqs (3.1) and (3.2).

Proof. We only prove Eq (3.1). For any X, Y, Z € C, we compute

F(85y,) 0 F3 o (F®id) o (5x ® 6y ® )
= F(d® f ) F(S(Flywz o F(id ® F3) o F(9rx.rryrrz) © F(ErrxeriyFiz)
oF (Fy ® id) o F(¢pix sy ® id) o F(6y ® 6y ® 83) © F(Eyaryrz) © Fa
o(Orxery ® Orz) © Errxery).rrz © (Orxery ® 0rz) © (F(€ FX,FY) ® id)
o(Fr®id) o (0px ® 6ry ® id) o ({rrx.rry ® id) o (6px ® Opy ® id) o (6x ® Oy ® 67)
= F(id ® &) o F(&x fyarz) © Fid ® F2) o F@px rryrrz) © F(Errxarsviiz)
oF(Fy ®id) o F(6px ® 63y ® 63) 0 F(é5ixerryrz) © F2 © (Srrxerry ® 0rz)
of r(rrxerrFY).FFz © (OFFxerry ® Orz) © (F2 ®id) o (6rx ® 6py ® id) o (§prx.rry ® id)
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o(6% ® 63 ® 62)
= F(id ® £) o F(&x pygrz) © F(id ® F») o F(Orx rryrrz) © Fa 0 (F2 ®id) o (57 ® 63
®074) © Epsxersyrrz © (F2 ®id) o (Spx ® 512wy ® drz) © (§rrx.rry ®id) o (53( ® 0y ® 67)
= F(id ® &) 0 F(&x fyarz) © F(id ® Fy) o F; 0 (id ® F) o (6x ® 6y ® 03) © Frx ryrz
ofrrxerryFrz © (F2 ®id) o (Epsx py ®id) o (53 ® 53 ® 5%)
= F(éxyez) © Fid ® F(£;})) 0 Fy 0 (8x ® Sryerz) © (id ® F3) o (id ® 5y ® 67)
o(erx ® €ry ® €rz) © rrx rryFFz © Epsxeriyriz © (F2 @ id) o (§pix piy ® id)
o(Sy ® 8y ® &)
= F(fx voz) © F2 0 (0x ® Oygz) © Erx F(yez) © f;;?]XFF(Y®Z) o (Fox ® Féygz) o (id
®FF(éyy ") o (id ® F(F»)) o (id ® F(6y ® 67)) © (id ® F3) 0 Orrx rryrrz © Erxpiversz
o(F(id ® FFery) ® FFFepz) o (F2 ® id) o (épsx psy ® id) o (5y ® 6y ® 67)
= F(€xysz) © F2 0 (6x ® Syez) © Erx.rivez) © (6x ® Syez) © (F(id ® £7,)) o (id ® F5(FY, FZ))
o(id ® 0y ® 0z7) o (id ® érx, Fy) o (id® fFFYFFZ) (id ® Opy ® OFz) © fo FFYQFFZ
o(id @ Fo(FFY ® FFZ)) o Oppx p3vrsz © Epxriveriz © (F2 ®id) o (Epix sy ® id)
o(6y ® 8y ® &)
= F5(FX,FY ® FZ) 0 (id ® F5(FY,FZ)) 0 %y vy, © (6x ® Sy ® 87).

Thus the conclusion holds. |

Lemma 5.4. With the above notations, ¢ satisfies Eq (3.3) and & satisfies Eq (3.4).
Proof. We only prove Eq (3.3). For any X € C, we have

Fo®dx 0/®0Fx 01®0Fx

I FX——=FI® FX—>FFI® F’X d FIQ FFX FFI® F’X
idesy F0®i/ id®lF6X\ F0®6/ LFz F
= 3 — F(Fo®6x)

I® FFX FI® F’X I® FX FU® FX)—— F(FI®FFX)

\ id@itsx / }6[@5”() F(f*_l)

I® FFX F(FFI® F*X) FUIQ®FX)
LFX \F(f*—lx F(Fo@éx)
FX e F(I® FX) F(FI® FFX)

which implies Eq (3.3). O

Lemma 5.5. With the above notations, 9¢ and ¢, K& satisfy Eq (3.5).

Proof. For any X, Y € C, we obtain

(id ® ) o (95, py) © (id ® F ® 6y)
=(id®ty) o (id® & pry) o (id® Fo ® 6y) ® (id ® f}k}ly) fXFI rry © ([d ® F») o Opx prr p3y
ofprxerir iy © (Fo ®id) o (Epsx ey ® id) © (5§( ® 5;‘ ® 5FY) ® (0x ® Fo ® Oy)
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= j(_yl o (id® Fy) o (id ® F3) o Wrx r1rry © Eppxerriry © (Fa ®id) o (§pix iy ® id)

o(0y ®0; ® 0ry) 0 (Ox ® Fy ® dy)

= }k{)} o (id ®try) © Orx s rry © (id ® Fo ® Oy) © Eppxerrry © (F2 ®id) o (§psx py ® id)
o((s;@(s,@a )o (6x ® Fy ® id)

= (id®egy)o é:x Fy © (kpx ® id) o Eppxerrry © (F2 ®id) o (6rx ® Fo ® id) o (§prx, ® id)
o(6% ® Fo ® 67)

= (id®e&y) o fXFY o Epxrry © (Kppx ® id) o (Spx ® id ® id) o (érpx; ® id) 0 (6% ® Fo ® 63)

=([{d®ey)o(kx®id)o (épx;Qid) o (0x @ Fy®id) = (id®¢y) o (K‘X ®id)

hence Eq (3.5) holds. O
Theorem 5.6. F¢ = (F,¢,¢, F 5, Fo, %, 15, &) is a quasi-monoidal comonad.
Remark 5.7. (CF*,®, 1, A¢, L£, R) is a monoidal category, where A¢ = (%)%, L£ = (6)F, RE = ()P

Now consider a coquasitriangular quasi-monoidal comonad (F, o). For any gauge transformation &
on F, for any X, Y € C, define

o, FXQFY S P X @ FY 5 FFX@ FFY > FY @ FX S~ Y@ X. (5.5)

Proposition 5.8. With the above notations, o* is a coquasitriangular structure of F*. Thus F¥¢ is
a coquasitriangular quasi-monoidal comonad. Hence C* “ is a braided monoidal category with the

braiding ¢ = (o)".

Proof. Firstly, it is straightforward to get that o is *-invertible.
Secondly, to prove Eq (4.1), for any X, Y € C, we compute

F5 0 0%y oy © (Ox ® 6y)
= F(‘f*y_ o F,o0(0y®0x) o fFYFX © ‘fFFYFFX o (52 ® 5x) O OFx,Fy © é:FFXFFY o (5;( ®5 )
= F(&yx) © Fa 0 0ppxpry © Epx piy © (Oy ® 67)
= F(éyx) © F(0rxry) © FErrxrry) © FEy py) © F(5% ® 63) 0 Fy 0 (6x ® 6y)
= F(f*_ o F(orxry) © F(€rrxrry) © F(0% ® 6y) 0 F(fFXFY o Fp0(drx ®Iry)
ofprx,rry © (0 ® 07)
= F(0%) o F5(FX, FY) o (6x ® 6y).

Thirdly, for Eq (4.2), we have

0§/zx © O-i“X Frerz © (id® F‘f) © ﬁf’FX FFYFFZ © (6% ® 6y ® &)
= (d® &5y ) o fYFZ@FX o(id®F,)o ﬁFYFFZ Frx © §pryverszpx © (F2 @ id)
o(€pygriz ®id) © (53 ® 54 ® 53() -f Frerzrx © OFFX.F(FYeFz) © §pix FF(FY®FZ))
o(87x ® Otygrz) © (id ® F(£5yy)) 0 (id ® Fy) 0 (id ® Epsypsz) © (id ® b7y ® 67,)
o(id ® 5;72;/1722) fFFXFsy@,FzZ o (id ® F2) o Wpsx paypiz © Epxersyrsz
o(F ®id) o (§psx oy ®id) © (5§( ® 5?/ ® 5%)
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=(d®&x) o é:;,_ITIZ®FX o (id ® F3) o Uryrrzrrx © Opx rryerz © (id ® F3)
oFpix piyriz © (Oppy ® Oy ® Oppy) © Emxarryrz © (F2 ® id) o (Epiy piy ® id)
o(6% ® 53 ® 53)
=(d® f},_xl) o (id ® orx.rz) © f;}lFmFFz o (id ® F) o Vpypix iz © (Orexrry ® id)
o(8px ® 6y ® 6rrz) © Epsxerryriz © (F2 ®id) o (Epx piy ® id) 0 (8 ® 6y ® 63)
=(@d® f;_xl) o (id ® orxFrz) © f;_plpxwpz 0 (id ® F) o Vrypxriz © Eryerix.riz
o(F(opixrry) ®id) o (F, ®id) o (OFx ® Oy ® OFy) © (ppx.pry ® id) 0 (id ® 55 ® 57)
= (id ® 0% ;) 0 0 1y 57 © (T i ® id) 0 (5% ® Sy ® 67).

At last, we can prove Eq (4.3) in a similar way. Thus the conclusion holds. O
Now consider the corepresentations of F and F?.

Theorem 5.9. C* and C** are isomorphic as monoidal categories. Further, if F is a coquasitriangular
quasi-monoidal comonad, then C* and C* * are braided isomorphic.

Proof. For any morphism f and objects M, N in C, the monoidal functor is defined as follows
E = (B,E5,Eo) : (C",8,1,A,L,R) > (C",8,1,A%, L, R,

where
E(M) := M as an F-comodule, E(f) := f, E, = id,,

and E5(M, N) : E(M) ® E(N) — E(M ® N) is given by

EmMN

M N
EE(M,N)=&: MeaN"ZLFM@FN X MeN.

Obviously E is well-defined.
Now we will check relation (2.1). Indeed, we have

E5(M,N ® P) o (id ® B5(N, P)) 0 A%\,

= émner 0 (id ® F2) o (0" ® p" ® p”) 0 (id @ &xp) © (id ® p" ® p”) 0 (id ® &3
o€y ineorp © (id ® F2) 0 Opyprnrrp © Eppmorinrp © (F2 ® id) o (Epsy piy ® id)
o(63 ® oy ® 63) o (oM ® p" ® p”)

= EuNep © (" ® Fy) 0 -f;ﬂw@pp o (id ® F>) o ey rrnrrp © Erpmerinrp © (Fa ® id)
o(ép ey ®id) 0 (63, ® 6y ® 63) o (¥ ® p" ® p)

= {mNep © ‘f;’;l/},F(N®P) © (0 ® Ongp) © (id ® F2) o Oy rn.rp © EFFmerrn Frp © (F2 ® id)
o(Ersp,pin ®id) 0 (53, ® 63 ®67) o (0" @ p" ® p")

= Dunp © Ermernrp © (F2 ®id) o (Epy poy ® id) 0 (63 ® 63, ® 6p) o (0 ® p" @ p”)

= E(Amn,p) 0 ES(M ® N, P) o (E5(M, N) ® id),

which implies Eq (2.1).
Further, we can obtain (2.2) and (2.3) by straightforward computation. Hence the conclusion holds.
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Moreover, if o is a coquasitriangular structure of F, then from Theorem 5.6, (F¢,0%) is also a
coquasitriangular quasi-monoidal comonad. Then we have

ES(N, M) o 7%,
=évmo (" ®p")o f;/_AI/[ o TN © Errmrrn © (83, ® Oy) o (0 @ p)
= (en ® &n) © Trrn © Erpmrrn © (03 ® 63) © (o™ ® pV)
= orurn o (" ®p*) o Eyn o (M ® p") = B(tyy) o Ei(M, N),

which implies (E, Ei Ey) 1s a braided monoidal functor. O

Example 5.10. With the notations in Example 3.10, if there is a convolution invertible linear form
X € (H®H)" satisfying y o(@n®ay) = x, then we have the following s-invertible natural transformation

inH "’ (Vecy)

Exy HX®HY - X®Y, (x®a)®(y®b) - x(a(a), al(b)ay (x) ® ay' (),

wherea,bc H,x€ X,yeYand X,Y € 7_{1’](Veck). It is not hard to check that H:, ¥, ¢ and «¢ in Egs
(5.1)—(5.4) are deduced from the following

m(a®b) =Y x" (a1, b)a @y (ba)y(an, bx),
where y*~! means the convolution inverse of y, and

w¥(a,b,c) = Z)(*_l(bu, ey (an(an), ay (bia)ciz)
w(a, @y (bi2), e )x(@abay, ap(can)x(an, b)),

Pi@ =) play(lnm), q'@ =) gaxia, ln),

respectively. Thus from Example 3.10 and Theorem 5.6, HX = (H,ay,m¥, 14, A, &, ¥, p¥, ¢¥) is also
a Hom-coquasi-bialgebra.

Example 5.11. With the notations in Example 3.12, note that the B,, = (B, ap,apou, lg, Ao ag,€)is
a Hom-bialgebra, and it can be seen as a Hom-coquasi-bialgebra B,, = (B, ap, agou, ly,Aoap,&,e®
£®e&, &, ¢). If there are ag-invariant and dual central dual group-like k-linear forms p, g € B*, then we
have the following gauge transformation y € (B ® B)* by

x(a,b) = ¢ (a)p(b), wherea,b e B.
Obviously B, = B5Y.
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