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Abstract: Let X be a Laurent phenomenon (LP) seed of rank n, AX), UX), and L(X) be its corre-
sponding Laurent phenomenon algebra, upper bound and lower bound respectively. We prove that each
seed of A(X) is uniquely defined by its cluster and any two seeds of A(X) with n — 1 common cluster
variables are connected with each other by one step of mutation. The method in this paper also works
for (totally sign-skew-symmetric) cluster algebras. Moreover, we show that U(X) is invariant under
seed mutations when each exchange polynomials coincides with its exchange Laurent polynomials of
X. Besides, we obtain the standard monomial bases of L(X). We also prove that U(X) coincides with
L(Z) under certain conditions.
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1. Introduction

Cluster algebras were introduced by Fomin and Zelevinsky in [1]. The core idea to define cluster
algebra of rank # is that one should have a cluster seed and an operator on cluster seeds, called mutation.
Roughly, a cluster seed %, is a collection of variables x,.,, - , X, (cluster variables ) and binomials
Fiy, -+, Fny (exchange polynomials). One can apply mutation to a cluster seed to produce a new
seed, 1.e., new variables and new binomials. Note that the exchange polynomial in cluster algebra is
always a binomial. One of the main results in cluster algebras is that they have the Laurent phenomenon
[1].

In the theory of cluster algebras, the following are interesting conjectures on seeds of cluster alge-
bras: in a cluster algebra of rank n, (1) each seed is uniquely defined by its cluster; (2) any two seeds
with n — 1 common cluster variables are connected with each other by one step of mutation. One can
refer to [2, 3] for detailed proof.

Significant notations of the upper cluster algebra, upper bound and lower bound associated with
the cluster seed were introduced by Berenstein, Fomin and Zelevinsky to study the structure of cluster
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algebras in [4]. There are some theorems of upper bounds and lower bounds: (a) under the condition
of coprimeness, the upper bound is invariant under seed mutations; (b) the standard monomials in
X1, X},..., X, X, are linearly independent over ZP if and only if the cluster seed is acyclic; (c) under the
conditions of acyclicity and coprimeness, then the upper bound coincides with the lower bound.

Muller showed that locally acyclic cluster algebras coincide with their upper cluster algebras in [5].
Gekhtman, Shapiro and Vainshte in [3] proved (a) for generalized cluster algebras, then Bai, Chen,
Ding and Xu demonstrated (c) and the sufficiency of (b) in [6]. Besides, Bai discovered that acyclic
generalized cluster algebras coincide with their generalized upper cluster algebras.

Laurent phenomenon (LP) algebras were introduced by Lam and Pylyavskyy in [7], which gener-
alize cluster algebras from the perspective of exchange relations. The exchange polynomials in LP
algebras were allowed to have arbitrarily many monomials, rather than being just binomials. It turns
out that the Laurent phenomenon also appears in LP algebras [7].

One should note that our method also works for cluster algebras and generalized cluster algebras.
We do not talk much about generalized cluster algebras in this paper, and one can refer to [2,6,8-10]
for details.

In this paper, we first affirm the conjectures on seeds of cluster algebras with respect to LP algebras.

Theorem 1.1. In a LP algebra of rank n,
1) (Theorem 3.1) each LP seed is uniquely defined by its cluster.

2) (Theorem 3.7) any two LP seeds with n — 1 common cluster variables are connected with each
other by one step of mutation.

Second, we affirm theorems of upper bounds and lower bounds with respect to LP algebras under
some conditions, by using the similar methods developed in [4].

Condition 1.2. Let M be the lexicographically first monomial in the irreducible polynomial F and
Jfi(x;) be the polynomial on x; in R[x5,...,Xi,..., Xk, ..., X,](x;) without constant terms in F for any
i # k. Assume that for a LP seed (X, F) of rank n, Yk € [1,n], Fy satisfies the following conditions:

(i) Fy = F,.

§ ) et ke l,n—1] »
(ii) My is of the form x"* = . . , where vy € ZL " for k € [1,n —1].
=n -

(iii) when x| € Fy fork # 1, Fi, = M + fi(x1).

(iv) when x; ¢ F; for k # 1 or 2, if there exist an index i in [2,k — 1] such that x, € M;, then
Fy = My + fi(x)).

Theorem 1.3. (a) (Theorem 4.9) Under (i) of Condition 1.2, the upper bound is invariant under LP

mutations.

(b) (Theorem 4.16) Under (i) and (ii) of Condition 1.2,the standard monomials in xy,Xx\,..., Xy, X,
form an R-basis for L(X).

(c) (Theorem 4.23) Under Condition 1.2, the upper bound coincides with the lower bound.
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This paper is organized as follows: In Section 2, some basic definitions are given. In Section 3,
we prove Theorem 1.1, and we give the corresponding results and applications in cluster algebras. In
Section 4, we affirm Theorem 1.3.

2. Preliminaries

2.1. Laurent phenomenon algebra

Let a, b be positive integers satisfying a < b, write [a, b] for {a,a + 1,...,b}.

Let R be a unique factorization domain over Z, and the ambient field ¥ be the rational function
field in n independent variables over the field of fractions Frac(R). Recall that an element f of R is
irreducible if it is non-zero, not a unit, and not be expressed as the product f = gh of two elements
g, h € R which are non-units.

Definition 2.1. A Laurent phenomenon (LP) seed of rank n in 7 is a pair (x, F), in which

(i) x = {x;---,x,} is a transcendence basis for F over Frac(R), where x is called the cluster of
(x,F)and x; - - - , x,, are called cluster variables.
(i) F = {Fy,---, F,} is a collection of irreducible polynomials in R[xy,-- - , x,] such that for each

i,j €[1,n], x; ¥ F; (F;is not divisible by x;) and F; does not depend on x;, where F, - -- , F, are called
the exchange polynomials of (x, F).

The following notations, definitions and propositions can refer to [7, 11].

Let F,N be two rational functions in xi,---,x,. Denote by F|,,y the expression obtained by
substituting x; in ' by N. And if F' involves the variable x;, then we write x; € F.. Otherwise, we write
Xi ¢ F.

Definition 2.2. Let (x,F) be a LP seed in . For each F; € F, define a Laurent polynomial

F; = &
J T ar | 41 G+l ap
Xl e e

, Where a; € Z( is maximal such that F, ”" divides F; |xk<—Fk/x’ as an element in

Rx1,--+ , xi_1, (x,’c)‘ » Xkt1s > Xy]. The Laurent polynomials in Fo= (Fy,---,F,)} are called the ex-
change Laurent polynomials.

From the definition of exchange Laurent polynomials, we know that F j/ﬁ ; 1S a monomial in
R[xy,--+,%j,-++,x,], where %; means x; vanishes in the {x;,---,x,}. And Fjlxkﬁpk/xi is not divisi-

Proposition 2.3. (Lemma 2.4 of [7]) Let (X,F) be a LP seed in ¥, then ¥ = {Fy,--- ,F,} and I =
{Fl, cee Fn} determine each other uniquely.

Proposmon 2.4. (Lemma 2.7 of [7]) Ika € F,, then x; ¢ Fi/F.. In particular, x; € F; implies that
Fklx,<—0 is well defined and Fklx,(—O € R[x SRR TAEEEIN « SRR x,:l].

Definition 2.5. Let (x,F) be a LP seed in  and k € [1, n]. Define a new pair

({x,]a"' a-x;l}7 {F;’ o 9F;1}) = ,le(X,F),

where xk F/x; and x; = x; for i # k. And the exchange polynomials change as follows:
(D) F} = Fi;
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(2) I x; ¢ Fy, then F} := r;F;, where r; is a unit in R;
(3) I x; € F, then F; is obtained from the following three steps:

. F lx;
(i) Define G; := Fi|,y,, Where Ny = ——. Then we have
k

+1 A -1 +1 +1 A -1 +1
GiER[x_l'—a"'axia"'ax; 9”'ax:1—]:R[~x’1 $”'9~x;9"'a-x]/< 9"'ax;1 ]'
(i1) Define H; to be G; with all common factors (in R[x{,-- ,X;, - , X, - -+ , X,]) removed. Note that
H; is unique up to a unitin R and H; € R[x’lil, e Xy ,x,’{_l, e x0E
(iii) Let M be a Laurent monomial in x{,---,x.,---,x, with coeflicient a unit in R such that F; :=
MH,; € R[x|,--- ,x;] and is not divisible by any variable in {x/,--- , x;,}. Thus
Fl €R[X|, Xy o, Xy oo, X0].

Then we say that the new pair w(x, F) is obtained from the LP seed (x, F) by the LP mutation in
direction k.

Example 2.6. Let R = Z and ¥ = Q(a, b, c). Consider the LP seed (x, F), where x = {a, b, c} and
F=1{b+1, a+c, b+ 1}. From the definition of exchange Laurent polynomials, we can get Fa =
Fooa . F

Ta, Fb:Fb’ Fc:j'

Let X', F") = u,(x,F), then we have @’ = F; = %, b’ = b, ¢’ = c. From the definition of the LP
mutation, the exchange polynomial F, does not change. Since a ¢ F,., we have F. = b+ 1 (or up to
a unit). Since F, depends on a, to compute F;, we need to procedure the above three steps. By (1),
we get N, = % and G, = % + ¢. By (i1), we get H, = G, up to a unit in R. By (iii)), M = d’c and

F;, = MH, = a’c* + 1. Thus the new seed can be chosen to be

', F)={(@,b+1),(b,a'c* +1),(c,b+1))}.

It is not clear a priori that the LP mutation w;(x, F) of a LP seed (x, F) is still a LP seed because of
the irreducibility requirement for the new exchange polynomials. But it can be seen from the following
proposition that w(x, F) is still a LP seed in F.

Proposition 2.7. (Proposition 2.15 of [7]) Let (X, F) be a LP seed in F, then u,(x,F) is also a LP seed
inf.

Proposition 2.8. (Proposition 2.16 of [7]) If (X', F’) is obtained from (x,F) by LP mutation at k, then
(x, F) can be obtained from (x’',¥’) by LP mutation at k. In this sense, LP mutation is an involution.

Remark 2.9. It is important to note that because of (ii), F; is defined up to a unit in R. And this is the
motivation to consider LP seeds up to an equivalence relation.

Definition 2.10. Let X, = (x,,,F;)and X, = (x,,, F,,) be two LP seeds in . X, and X,, are equivalent
if for each i € [1, n], there exist r;, r/ which are units in R such that x;,, = r;x;,, and Fy;, = riF,,.

Denote by [,] the equivalent class of Z,, that is, [¥,] is the set of LP seeds which are equivalent to
>
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Proposition 2.11. (Lemma 3.1 of [7]) Let Z,, = (X,,, ¥,,) and Z,, = (x,,, F,,) be two LP seeds in F, and
Zt,, = ﬂk(zzg) , Et,, = /lk(ztl ). If[zzl] = [th], then [Ztv] = [Ztul

LetX, = (x,, F,) be aLP seed in . By the above proposition, it is reasonable to define LP mutation
of [X] at k given by p([%]) := [p(Z0)].

Definition 2.12. A Laurent phenomenon (LP) pattern S in F is an assignment of each LP seed
(x;, F,) to a vertex ¢ of the n-regular tree T,, such that for any edge t —— 7', (x,,F,) = ui(x,, F,).

We always denote by X, = {x1,, -+, Xy} and F, = {F, -+, Fp}.

Definition 2.13. Let S be a LP pattern, the Laurent phenomenon (LP) algebra A(S) (of rank n)
associated with S is the R-subalgebra of  generated by all the cluster variables in the seeds of S.

If X = (x,F) is any seed in ¥, we shall write A(X) to mean the LP algebra A(S) associated with S
containing the seed X .

Theorem 2.14. (Theorem 5.1 of [7], the Laurent phenomenon) Let A(S) be a LP algebra, and (X,,, F,,)
be a LP seed of A(S). Then any cluster variable x;, of A(S) is in the Laurent polynomial ring R(t(i)’l) =
R[xil .. xil ]

Lirg> " 2 Xty
Definition 2.15. Let £ = (x,F) be a LP seed of rank » and k € [1,n]. A new seed X* = (x*, F*) of rank
n — 1 is defined as follows:

1) let R* = R[x,fl].

2) xX* =x— {x}.

3) let F* = {F;f = Fixi | je[l,n] =k, aisthe power of x; in ﬁj/Fj}.

The seed X* is in fact a LP seed, then X* is called the freezing of the LP seed X at x;,. AX*) C F =
Frac(R*[xy,..., X, ..., x,]) 1s defined to be the subalgebra generated by all the cluster variables from
LP seeds mutation-equivalent to X*. Then A(X") is called the freezing of the LP algebra A(X) at x;.

Example 2.16. Consider the LP seed £ = (x,F) = {(a,b + 1),(b,a + ¢),(c,b + 1)} over R = Z from
Example 2.6. We produce the freezing of (x, F) at ¢ as follows: first, remove (c, b + 1); next, since the
powers of ¢ in F,and F, are -1 and 0 respectively, we have F, = F, = ’%1 and F, = F},. Then the
LP seed =* are {(a, 21), (b, a + ¢)} over Z[c*'].

Proposition 2.17. (Proposition 3.7 of [7]) The algebra A(X") is a LP algebra.
Corollary 2.18. The freezing of the LP seed at x; is compatible with the mutation in direction j for

j#i

2.2. Cluster algebra

Recall that an integer matrix B, = (b;;) is called skew-symmetrizable if there is a positive integer
diagonal matrix D such that DB is skew-symmetric, where D is said to be the skew-symmetrizer of
B. B, = (b;)) is sign-skew-symmetric if b;;b; < 0 or b;; = b;; = O for any i, j € [1,n]. A sign-
skew-symmetric B is totally sign-skew-symmetric if any matrix B’ obtained from B by a sequence of
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mutations is sign-skew-symmetric. It is known that skew-symmetrizable integer matrices are always
totally sign-skew-symmetric.

The diagram for a sign-skew-symmetric matrix B,x, is the directed graph I'(B) with the vertices
1,2,--- ,n and the directed edges from i to jif b;; > 0. By, is called acyclic if I'(B) has no oriented
cycles. As shown in [12], an acyclic sign-skew-symmetric integer matrix B is always totally sign-
skew-symmetric.

Let P be the coefficient group, its group ring ZP is a domain [1]. We take an ambient field ¥ to be
the field of rational functions in n independent variables with coefficients in ZP.

Definition 2.19. A cluster seed in ¥ is a triplet £ = (x,y, B) such that

(i) x = {x1, -, x,} is a transcendence basis for ¥ over Frac(ZP). x is called the cluster of (x,y, B)
and {x; --- , x,} are called cluster variables.
(1) y = {y1,--- ,y.} is a subset of P, where {y{,--- ,y,} are called coefficients.
(iii) B = (b;;) is a n X n totally sign-skew-symmetric matrix, called an exchange matrix.
Let (x,y, B) be a cluster seed in ¥, one can associate binomials {F, - - - , F,,} defined by
Yij bij Yj —b;j
F;= A x .
le Y bl,;l() l1® Yj bl,]_<[()

{F\,---,F,} are called the exchange polynomials of (x,y, B).

Note that the coeflicients and the exchange matrices in a cluster algebra are used for providing
the exchange polynomials and explaining how to produce new exchange polynomials when doing a
mutation (see Definition 2.20) on a cluster seed.

Definition 2.20. Let £ = (x,y, B) be a cluster seed in . Define the mutation of X in the direction
k € [1,n] as anew triple ¥’ = (X', y’, B) := (X) in ¥, where

s NFxe i=k |yt i=
X = . » Vi = max(by; —by: . ’
X; i # k. yp PO Py i # k.

N i=korj=k
and b;; = '
bij + sgn(by)max(byby;,0)  otherwise

It can be seen that y(X) is also a cluster seed and the mutation of a cluster seed is an involution,
that is, u (U (X)) = Z.

Definition 2.21. A cluster pattern S is an assignment of a seed X, = (X,,y;, B;) to every vertex ¢ of the
n-regular tree T, such that for any edge t —— ¢, X = (Xp,Yr. Br) = ().

We alWﬂYS denote by X; = (xl;ta T, xn;t)a Y: = ()’1;t, T ,yn;t)’ Bt = (bfj)

Definition 2.22. Let S be a cluster pattern, the cluster algebra A(S) (of rank n) associated with the
given cluster pattern S is the ZP-subalgebra of the field ¥ generated by all cluster variables of S.

Theorem 2.23. (Theorem 3.1 of [1], the Laurent phenomenon) Let A(S) be a cluster algebra, and
2, = (X4, Y1, Byy) be a cluster seed of A(S). Then any cluster variable x;, of A(S) is in the Laurent

polynomial ring ZP(tZ'") = ZP[xt) |-, x%} ].

1;t9° > Mty
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Example 2.24. Let B = ( 0 3), then the exchange polynomials of the cluster seed (x, B) are the

-3 0
following two polynomials
Fi=x+1=(n+D)03-x+1),

Fr=x+1=(+D0f—x +1).

It is easy to see that the exchange polynomials Fy, F, of (x, B) are both reducible in the above
example. Thus the cluster x and the exchange polynomial F of (x, B) can not define a LP seed. From
[7], we know that sometimes a cluster algebra defines a LP algebra indeed.

Theorem 2.25. (Theorem 4.5 of [7]) Every cluster algebra with principal coefficients is a Laurent
phenomenon algebra.

3. LP seeds determined by either clusters or mutations

3.1. On Theorem 1.1 (1)
Theorem 3.1. Let A(S) be a LP algebra of rank n, and (x,,,¥,,), (X,,,¥,,) be two LP seeds of A(S).

1) If there exists a permutation o of [1,n] and a unit r; € R such that X;,, = riXyi, fori € [1,n],
then Fi,, = r/Fy;, as polynomials for a certain unit r} in R.

2) each LP seed is uniquely defined by its cluster.

Proof. For any fixed k € [1,n], let (x,, F,) = w(x,,,F,,) and (x,,F,) = pusu(x,,, F,, ), we consider the
Laurent expansion of x;.,, with respect to x, and the Laurent expansion of x, )., with respect to X,,.
From the definition of the LP mutation, we know

Xy ifi#Kk X ifi# o(k)
Xiuw = % ifi=k and Xiyy = 1:"(;—(1();:1 ifi = O'(k) : (31)
Xt Xy

Since xiy, = riXqy, fori € [1,n], we have x;,, = rix,., fori # k. By (3.1), we get

-xk;u = Fk;tz(xl;tz’ T, -)’ek;t29 T, -xn;tz)/-xk;tz
= Fro,(NXeayn s Xotoms > TnXomyn ) TkXowy:n)

= Fk;tz(rl-xo-(l);w"' ,JACa(k);v, s ’rn-xo(n);v)/(rkx(r(k);n);

A

-xo'(k);v = Fo'(k);tl (xl;tl s T )Aca'(k);tl s T xn;tl)/x(r(k);tl
= Fo-(k);n (xl;va ) )%o-(k);w R xn;v)/x(r(k);t] .
S ﬁ ; (r X et X o' s P nXo(n); )
Thus ke = fo_ 7w 7O 7702 and we get that

Xor(k)sv rkﬁa(k);tl (X1 s Ko (k) X))

Freoo,(MXo(yvs 5 Xotows = s TnXo(nyw)

rkFa'(k);tl (xl;v’ ) x(r(k);v’ T, xn;v)

(3.2)

Xk = Xo(k)yy

From the definition of the exchange Laurent polynomial, we know the above equation has the form
of

Fk;tz (rlxo'(l);v, s X Tt s rnxa'(n);v)

M, (3.3)

Xku = Xo(k);v ~
1 g0, (X1 s Xooows =+ s Xney)
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. . mi . Mo (k)—1 Mo (k)+1 . my 3 . .
where the Laurent monomial M is of the form Xl Xy Xotoe " Xniv and m; is integer for j €

[1,n] — o(k). Thus Eq (3.3) is the Laurent expansion of x;., with respect to x,,.
Similarly, the following equation is the Laurent expansion of x, ), with respect to x,,.

1 ~ —1
G (”1 Xo=1 s " " s Xkgus " ** 5 1y x(r‘l(n);u)M_l

—1 A
rk Fk;lz(xl;u7 R xk;u’ Tt xn;u)

, (3.4)

Xok)y = Xku

where M~! is also a Laurent monomial in R[x%!, - -+, R, - -+, X2} ] since Xiy, = Xy, for i # k.

Foouy 07 X1 gy Sk o X1 0) Fo@yuy K1y Rt Xny)
We know that both e e = - and
kitp (xl;ua'“ Xy sxn;u) Fk;r2 (rlxu'(l);v»“' SXa(k)vs* ’rnxa'(n);v)

Fk;tz (rlx(r(l);w'" sffa'(k);v:"' ’rn-xu'(n);v)

Pt Gt ot~ tm) are Laurent polynomials in

+1 o +1 +1 4 +1
R[xl;w s Xa(k)s T s xn;v] = R[xl;u’ s Xkt s xn;u]

by the Laurent phenomenon.

Fety (1 Xo (> Xokyvs FnXo(ny) Foyy (1w oy Kny) . .
Thus  both oo om0 and ZoM o o are  units  in
F{r(k);ll (xl;\u"' SXor(k);vs ’xn;v) Fk:lz (rlx(r(l);\/a"' SXor(k);vs ’rnxrr(n);v)
+1 2 +1
R['xl;v’ T xO'(k),V’ R xn;v .

Because both Fy,, and Fy),, are irreducible and xj.,, 4 Fi,, Xju, 1 Fo, for each j € [1,n], so

Foay (N Xo (s Kokyvs FnXo(ny) Foty (Xt Koty »Xn) .
that both —tz o to@w ot oy i PR B Y are units in R.

F(r(k);tl (X150, aff(r(k);v’"' Xnyy) Fk;l2 (rlxrr(l):v,'" »X(r(l\');va'“ vrnx(r(n);v)

Hence

A ’ A
Fk;tz(rlxa'(l);v» T, -xa'(k);v’ T, rnxa'(n);v) = rkFa'(k);tl (xl;w T, xo’(k);w T, -xn;v)»

for some unit 7 in R, i.e., Fr,(X1 5 Xk s X)) = TiF oo Ktavs 5 Xoyws "+ 5 X)) Thus
Fii, = 1. F s, as polynomials, for each k € [1,n]. O

Remark 3.2. From the proof of the above theorem, we can see that the choice of the unit r; such that
Xi, = TiXe(i)y, does not matter when proving Fi.,, / F 5, 1S a unit in R. Similarly, in the proof which is
based on the Laurent phenomenon and need to use the ratio of two exchange polynomials (for example,
the proof of Lemma 3.6), we can assume that r; = 1.

Next, we will give the proof of the conjecture for cluster algebras that each seed is uniquely defined
by its cluster, and main points of proof that are different from the previous one.

Theorem 3.3. Let A(S) be a cluster algebra, and X, = (X, ¥, By,), | = 1,2 be two cluster seeds of
A(S). If there exists a permutation o of [1, n] such that Xy, = Xy, for i € [1,n], then

(i) Either Yi, = Youyn» bl = bl 07 Ve, = Yooy it = b oew for ik € [1,n].

(ii) In both cases, F,, = F.,, as polynomials fori € [1,n].
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Proof. By the same method with the proof of Theorem 3.1, the version of the equation (3.2) for the
cluster algebra is just

Fro, KXoy s Xooms =+ s Xomyw)

(3.5)

Xk = Xo(k)yw =~ s
Fotoi (Xt 5 Xty =+ 5 Xnev)

and note that x;,, = x,;,, for any i # k, we also have

FO'(k);tl (-xa"l(l);u’ s Xk Tt xa'*l(n);u)
Xo(kyy = Xku = . (3.6)
Fk;tz(-xl;u’ Tt xk;u’ Tt xn;u)

We know that Eq (3.5) is the Laurent expansion of x;., with respect to x, and Eq (3.6) is the Laurent

. . Fy, o ;V’”'!AU' e s Aar(n)y
expansion of x, ), with respect to x,. Then by the Laurent phenomenon, both bty gy o Fotn)

Fa'(k);tl (xl;vs'“ ’Xo'(k);v"" axn;v)

Floty (XD ooy »Xo(mw)

d F{r(/{);ll (x(,-fl(]);u,"' ,J{"k:ua"' ’xrr*l(n);u) is a

Fk;tz (xl;u,'“ ,Xk;u"" axn;u)

Laurent monomial in ZP[x}!, - -+, Roy, - -+, X, ]. We know that

are Laurent polynomials, and this implies that — -
o (k)i [EREE sSXa(k)vs* Xnzy)

A yk;tz b;z 1 —b?
Frot,(Xoyws s Xats s Xotyw) = Tov, l—[ xafi);v t— l—[ x(,(i)k;v,

1 69 k:t 1 69 k:t
Ytz 5250 Ytz b2<0
! !
N Yo (k);ty b, G 1 b (k)
Fa'(k);tl (xl;va T Xa(ks Tt s xn;v) = 1 l—[ xi;ts + 1 l—[ xi;vw :
S Yoy S Yoy
b >0 b <0

io(k)

Fk;r2 (xo'(l);w"‘ ’Xu'(k);v»“' ax(r(n);v) .

. . _ [2 _ tl
Because Pt Grar ot 15 @ Laurent monomial, we must have either yi.., = Yoy.,» by = b(r(i)(r(k)
— 1 I _ _pl
OF Yist, = Yoty by = ba(i)a(k). In both cases, we have
Fk;tz(x(r(l);v, ) -)/‘\:o-(k);v, T, -xcr(n);v) = Fo-(k);tl (-xl;v’ T, )ACcr(k);va T xn;v)a
i-e~’ Fk;lz(xl;u7 ) )%k;u’ T xn;u) = FO'(k);ll (XI;V’ ) 20’(/();\/, Tt xn;v)- Thus Fk;[z = o(k);h as p01yn0ml‘
als. O

Lemma 3.4. Let A(S) be a skew-symmetrizable cluster algebra with skew-symmetrizer D, and
(Xt,, ¥1» Br)s (X4,5 Y1, Br,) be two cluster seeds of A(S). If there exists a permutation o of [1,n] such

. [2 d, t
that x4, = Xo(ys fori € [1,n], then b, = d(r’(‘k) (;(l.)(r(k).

Proof. Let P, be the permutation matrix define by the permutation o. By the cluster formula (see
Theorem 3.5 of [2]), we have P, (B, D"")PT = B,,D™". Then B,, = (P,B,,P])(P,D'PI)D. The result
follows.

By the proof of the first statement and the definition of equivalence for two cluster seeds, we con-
clude the second statement. O

From Theorem 3.3 and Lemma 3.4, we can affirm a conjecture for skew-symmetrizable cluster
algebra proposed by Fomin and Zelevinsky in [13], which says every seed of a cluster algebra is
uniquely determined by its cluster.

Corollary 3.5. Let A(S) be a skew-symmetrizable cluster algebra with skew-symmetrizer D, and
(X¢,»¥1,» Br), (X, Y105 Br,) be two cluster seeds of (A(S). If there exists a permutation o of [1, 7] such
that x;,,, = X, for i € [1,n], then yi,, = Yo, b = bffl(l.)(r(k), dy = dy, for any i and k.
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The result (1) of Theorem 3.1 shows that when x;;,, = rix,,, where i € [1,n] and r; € R, then
Fiy, = riFqi, where r/ € R. In fact, the proof of result (1) also works for any generalized cluster
algebra and any (totally sign-skew-symmetric) cluster algebra with coefficients. The reason is that the
proof mainly relies on the Laurent phenomenon and is independent of the form of exchange polyno-
mials. In the meantime, the unit 7; such that x;;, = r,x,(,, can be chosen to be 1 (see Remark 3.2).
Although LP algebras, cluster algebras and generalized cluster algebras have different forms of ex-
change polynomials, and they are not included in each other, they all have the Laurent phenomenon.
Thus for cluster algebras or generalized cluster algebras, it is the same method in proving that two
clusters up to a permutation imply their corresponding exchange polynomials to be the same up to a
permutation.

For cluster algebras or generalized cluster algebras, the equivalence for seeds is defined as two
clusters and their corresponding exchange matrices up to a permutation. We know that exchange
polynomials are defined by exchange matrices. And exchange polynomials up to a permutation can
not imply exchange matrices to be equivalent up to a permutation. So in order to prove the conjecture
(1) that each seed is uniquely defined by its cluster, we need to prove that the corresponding exchange
matrices are equivalent up to a permutation. For cluster algebras, based on the result that exchange
polynomials are the same up to a permutation, we give the proof in Corollary 3.5. For generalized
cluster algebras, we will not discuss them more in this article, but will further discuss them in the next
work.

3.2. On Theorem 1.1 (2)

Let A(S) be a LP algebra, if there is a seed (x,,, F,,) of A(S) such that the exchange polynomials in
F,, are all nontrivial, we say that A(S) is a LP algebra having no trivial exchange relations.

Note that if there is a trivial exchange polynomial in a LP seed (x,,, F,,), from the definition of LP
mutation, this trivial exchange polynomial remain invariant under any sequence of LP mutations. So if
A(S) is a LP algebra having no trivial exchange relations, then each exchange polynomial of A(S) is
a nontrivial polynomial.

Lemma 3.6. Let A(S) be a LP algebra having no trivial exchange relations, and %, = (X;, F,), Z,, =
(X4, Fy,) be two LP seeds of A(S) with x;, = rix;y,, where r; is a unit in R for any i # k. If Xy = Mxy,
for some Laurent monomial M in R[xiio, oy Xt s x,f;}O], then M is a unit in R, and [Z,] = [Z,,].
Proof. Without loss of generality, we assume that r; = 1 for i # k. It does not make difference to the
proof.

Assume that M = r[] x{ = r[] x{:, where r is a unit in R. If there exists some j # k such that

: 10 :

ik ik
a;j < 0, then we consider the LP seed (x,,, F,,) = u;(X,). From the definition of LP mutation, we know
that x;,,, = x;,, fori # jand xj,,xj,, = F"j;,o(xl;,o, “++ , Xjugs " s Xnyy). Then we have

ai N, "4
Xyt = (rl_[ leto)xk;to = == KXkws

aj A
ik Fj;to (xl;w, R xj;w’ Tt xn;w)

which can be written as the following equation, from the definition of the exchange Laurent polyno-
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mial.

(r IT x5)x,5)

i#jk

Xkw (3.7

xk;t -

—a; N
tho(-xl ws " ’xj;w"" ,xn;w)

where L is a Laurent monomial in R[x7., -+, Xjw. -, X;,]. Thus Eq (3.7) is the expansion of x
with respect to x,,. Because A(S) has no trivial exchange relations, Fj,;, is a nontrivial polynomial.
And we know that F'j.,,, is irreducible and x, 1 F;,, for each s € [1,n], thus Eq (3.7) will contradict the
Laurent phenomenon. So each a; is nonnegative.
Similarly, by considering that x;.,, = M 'x, = (r [1 x;t”")xk;,, we can get each —a; is nonnegative.
itk

Thus each a; s 0, thus M = r is a unit in R. Then by Theorem 3.1, we have [X;] = [X,]. O

Theorem 3.7. Let A(S) be a LP algebra of rank n having no trivial exchange relations, and X, =
(x;,, F:).Z,, = (x,, F,) be two LP seeds of A(S). If xi.,, = rixiy, holds for any i # k, where r; is a unit in
R, then [Z,] = [Z,] or [Z,,] = w[X,], that is, any two LP seeds with n > 1 common cluster variables
are connected with each other by one step of mutation.

Proof. Without loss of generality, we assume that r; = 1 for i # k. It does not make difference to the
proof.

By the Laurent phenomenon, we assume that x.,, = f(X1.,, ", Xpy,) and Xgr, = 8(X121,*** Xty
where f € R|[ xlilt o ntl] and g € R[xlt o ntz] Since x;,, = x;,, for any i # k, we know that xy.,,
entries f with exponent 1 or —1; Thus x;., has the form of xz,, = le” + Ly, where Ly # 0 and L, are
Laurent polynomials in

+1 a _ a +1
R[x];tl"” s Xkstis " s nll] R[-xl 7L s Xkstps " " ° "xn;tz]‘

Let (x,,F,) = i (2,) and (x,,, F,) = ux(%;,). From the definition of the LP mutation, we know

Xity ifi#k Xig, ifi#k
Xiw = A ip . and Xiy =9 A o .
Fro /X, fi=k Frg [ Xy, ifi=k
A A Fk;lz(xl e )Afktl xn;rl) e
Thus Xpy = Fro,(X1s 0 s Xketas =07 > Xnen ) Xk, = R . From the definition of the ex-
; ; ; ; ; ; e

change Laurent polynomial, we know the above equation has the form of

X _ Fk;l‘z(xl‘l‘l"" xkl‘["” 9x}’l;tl)
ku —
lekl + L

M, (3.8)

where M is a Laurent monomial in R[x] PFLLRI D R ,1] The above equation is Just the expansion
of xi.,, with respect to x;,. By the Laurent phenomenon, and the fact xi, € Fro, (X125 5 Xketys =7 > Xty )

. Fk; (xl; ""afck; 57 X, )
we obtain that Ly = 0 and —2— T L

Thus we have that x;,,, = L, x;; and x., has the form of x, = Mx7!

kit?

in RIx, Lo s Ry X;n]
Fretn (X180 0 5 Xk 5 3 Xty )
We claim that —2—41- - il R

I +1
R[xlt R L ’xn;tl]'

is a Laurent polynomial in R[)c1 PREE I TP ,]]

where M is a Laurent polynormal

is actually a Laurent monomial, i.e., M is a Laurent monomial in
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Case (i): xx, = Lixg,. Then xp,, = L' x4, which is the expansion of x;,, with respect to x,,. By
the Laurent phenomenon, we can get that L; is a Luarent monomial in

1 o 1
R[xitl’.” s Xhsrps © 00 -xi ]

>

Then by Lemma 3.6, L; is aunitin R and [%, ] = [2,,].
Case (ii): x,, = le,;}l, in this case, x,, = Mxk;,]. By the same argument in case (i), we can get
: +1

that M is a Luarent monomial in R[xm, s Kyt ,x,ﬁ] ]. Then by Lemma 3.6, M is a unit in R and
(2] = (X0, F)] = [(E)] = wi([Z,, D). o

Remark 3.8. The same method also works for cluster algebras and one can get the similar result.
4. On upper and lower bound of LP algebras

The following definitions are natural generalizations of the corresponding notions of cluster algebras
in [4].

For i € [1,n], we define the adjacent cluster x; by X; = (X — {x;}) U {x]} where the cluster vari-
ables x; and x] are related by the exchange Laurent polynomial F:. Let R[x*'] be the ring of Laurent
polynomials in xy, ..., x, with coefficients in R.

Definition 4.1. The upper bound 2/(X) and lower bound £(X) associated with a LP seed £ = (x, F)
is defined by

UEZ) = RIX*TNRIXETN - NR[xE', L&) = Rxy, X}, ..., X, x)]

Thus, £(X) is the R-subalgebra of ¥ generated by the union of n + 1 clusters x*',xF', ..., x*!. Note
that L(Z) € AZX) C UEZ).
Remark 4.2. The method of the proof of results for LP algebras in this section is a little similar to those
for cluster algebras in [4]. The concepts of LP algebras and cluster algebras are essentially different,
since LP algebras and cluster algebras are not included with each other. In general, the calculation
for LP algebras is more complicated. Now, we give the following three points to explain the specific
differences between LP algebras and cluster algebras.

(1) For cluster algebras, the exchange polynomials are binomials. While for LP algebras, those are
multinomials, so that the calculation using the exchange polynomials becomes complicated.

(2) For cluster algebras, coprimeness is necessary for the proof of properties for the upper bound and
lower bound, and it is easy to check that the coprimeness keeps under mutations for a certain seed.
While for LP algebras, the concept of coprimeness is not yet defined. In order to obtain a LP seed
with coprimeness, we assume that a LP seed satisfies the condition that £, = F; for any k. But it is
not obvious whether the condition keeps under mutations (see Example 4.12 which shows that the
condition does not keep under mutations), so that in the proof that involves mutations and requires
that condition, we need to show that the condition keeps under mutations.

(3) In cluster algebras, the acyclic seed has good property that the lexicographically first monomial
of its any exchange polynomial F; is a monomial in {x;li > j}. While in LP algebras, the concept
of the acyclic seed is not yet defined. In order to obtain a LP seed with such good property, we
assume that the LP seed satisfies certain conditions, see Condition 1.2.
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4.1. Upper bound as invariant under LP mutation

For any LP seed £ = (x, F), the following lemma and corollary hold parallel to the corresponding
results in [4].

Lemma 4.3.
UE) = ﬂR[x O AN A ol (4.1)
Proof. It is sufficient to show that
RIx*'1 N R[x'] = Rxy, x|, x5, ., x'].

The inclusion 2 is clear, we only need to prove the converse inclusion.
N

For any y € R[x*'] n R[x}'], y is of the form y = Y, ¢,x7, where M,N € Z, and ¢,, €
m=—M
R[x:', ..., x2". If M > 0, it is easy to see that
y€Rx, 2 x C RIx, XL a2, L

If MN # 0, from the definition of LP seeds, x; ¢ F, then

A

y| s = EN c (ﬂ)’"— EM c_mE7mX™ + EN cnET X"
X1<—%l m=—M " x’l m=1 M1 7 m=0 M 171

Nl
+1 +1 i
Since y € R[x{'], y can be written as ZM cpx1 where ¢, € R[x ,...,X, ], then we have c_,F|" €
p= ’

R[x:', ..., x*"]. Thus,

S

fr—m /m +1 +1
y= E comly +Z}cmx1 € R[X1, X[, X5 ..y X, ]
m=1 m=0

If N = 0, by similar discussion, we have y € R[x}, x3', ..., x3'] C R[xy, x|, x5!, ..., xF']. m]
Corollary 44. For j € [1,n], y € R[x¥,.. xjill,xj,x x;—'jl,...,xﬁl] if and only if y is of the form
y = Z cmx’" where M,N € Zs, ¢, € R[x .. )6]+1,...,le] and c_, is divisible by F;” in
R[x}! jn...Af)efl,...,x,fl] form € [1, M].

Lemma 4.5. Suppose that Fj = Fjfor j €[1,2], then R[x,, xfl] N R[xfl, X2, X5y = R[x1, X2, X})].

Proof The inclusion 2 is clear, we only need to prove the converse inclusion. For y € R[x;,x:'] N
R[)c1 , X2, X,], yis of the form y = 3 x{'(c,, + ¢;,(x2) + ¢,(X})), where ¢, € R, ¢;,(x2) and ¢, (x}) are

meZ
polynomials over R without constant terms.

Let M be the smaller integer such that ¢y + ¢, (x2) + ¢}, (x5) # 0. If M > 0, then it is easy to see that
Y € Rlx1, X2, %3]
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Otherwise, the Laurent expression of y is 3} x{'(c,, + ¢}, (x2) + c"( )) by the assumption. Let r, be
mez
the sum of monomials in F, without x;. Then there are nonzero terms with smallest power of x; in the

Laurent expression of y, which are xM(cy + ¢/, (x,) + ¢//,(2)) # 0, which contradicts the condition that
p y 1 M M xy
y € R[x;, x3']. ]

Lemma 4.6. Suppose that Fj = Fj for j € [1,2], then

+1 +1
R[x1,x7,%5° 1 = R[xy, X}, X2, X3]1 + R[x1, %57 1.

Proof. The inclusion 2 is clear, we only need to prove the converse inclusion. It is enough to show that
YM,N > 0, x’ngM € R[x, X}, x2, x,] + R[x1, il]

By the assumption, we have x;x}, = F,=F, = g(xy) + ry, where g(x;) = Z g,xl, g € R and

r, # 0 € R since F, is not divisible by x;. If g(x;) = 0, then x2 =r xz, whlch implies that

/N . —M / /
X x " € Rxy, X7, x2, X5 ].

Otherwise, let p(x;) = g ¢ R[x1], then x,x/, = g(x;) + r, can be written as
p p 2 =8

-1 _ -1 -1
X, =1, x5+ plxpx; .

-1 -1,

in the RHS of the above equation by r;'x, + p(x)x;', we obtain x;' =
N-1
P(xy, x5) + pN(x))x;!, where P(x;, x5) = r;'x) '—26 p'(x1) € R[xy, x5].

Repeatedly substituting x;,

Then we have

x/lezM — x/NPM

+x7" ZMI ( l. )(P(x1 L) (pe) 5 (4.2)

NMN

(x1, xz) + X (xl)xz

where the first term of (4.2) that is, x] NpPM(x,, X)) € R[xy, x, xj].

For p(x;) = —Zg(xl) = _E Z g,xl, the smallest power of x; in p¥(x;) is N and the greatest is Nm.
i=1

Nom-1)
Thus we can rewrite p"(x;) in the form x¥( Y, p;x!) where p; € R, implying that for any integer
i=0

K > 0, we have p"(x;) € xR[x,]. Since x,x| = F| = F| € R[x,], we have xVp"X(x) € R[x|, x].
Then the middle term of (4.2) is obvious in R[xl,xfl], and the last term of (4.2) is equal to
M-1 _ .

w2 (F)PCa M pn) 3 € Rl 1)
Thus we finish the proof. O

Proposition 4.7. Suppose that n > 2 and F ;= Fjfor j€[l,n], then

U) = mR[xl,x’l,x;'],... x; 15 Xj> X, xJ*H,...,x,fl]. 4.3)
=2
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Proof. Comparing (4.1) with (4.3), it is sufficient to show that

1 1 1 1 1
Rxy, X}, %2, x5, x5, ..., x5 = Rlxp, ¥}, x5, X3 ORI, x, 0, 5, L xE.
Freeze the cluster variables xs,...,x, and view R[x3 e ,x,fl] as the new ground ring R, then the
above equality reduces to
Rlx1, X}, %2, %3] = R[x1, X7, x5 1 N R[x7', x2, X3, (4.4)

Suppose Fy = f(x;) +ry, Fy = g(x1) + 2, where r; #0,r, # 0 € R and f(x;), g(x;) are polynomials
over R without constant terms. It is easy to see that Lemma 4.5 and Lemma 4.6 hold for four cases
which are: (CI) x, ¢ F; and x; ¢ F», thatis, f(x;) = 0 and g(x;) = 0; (C2) x, € F; and x; € F3; (C3)
x, ¢ Fybut x; € Fy; (C4) x, € Fy but x; ¢ F,. Combining Lemma 4.5 and Lemma 4.6 with the fact
that R[x;, x|, x2, x3] € R[xF', x2, x}], we obtain:

Rx1, %), 65" 1 N RIxT, x2, X5] = (R[x1, X}, X2, X5] + Rx1, %5 ]) N R[xT!, x2, x5]
= R[x, X}, X2, X5] + (R[x1, x5 1 N R[xT, xa, X5])

= R[xy, X, X2, X5]

Thus we have (4.4). O

Lemma 4.8. For a LP seed (x,F), let X, and xJ be the cluster variables exchanged with x, in the LP
seeds u(x, F) and pop, (X, F) respectively, then

’ +1 +1 ’ +1 +1
R[X1,X], X0, X5, X5 ..., X, 1 = R[x1, x], %0, X5, x5, ..., x| 4.5
Proof. We can freeze the cluster variables x, ..., x, and view R[x§‘, e x,fl] as the new ground ring

R. Then we will prove the following equality can be reduced from (4.5):
R[xl,x,l’XZ’ xé] R[xl’xl’XZ’ x2

We first show that xJ' € R[x;, x], x2, x5 ].
In (C1), it is easy to see that x} = rx}, for certain r € R, which 1mphes x) € R[xy, x|, x2, xz]
In (C2), let (x',F") = u(x,F), then xJ is obtained by x,x) = F2. Recall that x;x] = Fi=F =

f(x2) +r and xpx), = F, = F, = g(x1) + b, where g(x;) = in] gix', gi € Rand r, # 0 € R. Because F,
depends on x;, from the definition of LP mutations, we havé:::1

1) Gy = Falyyen, = g(;—}l) + 77

2) H, = G,/c, where c is the product of all common factors of giri fori € [1,m] and r,.

3) F), = MH, = x{"H, = h(x}) + 13,

m i m—irm_i | € 1’ -1 s
=2 hi-x/lla hj = {g ! fe jell.m ] .
i=1

r/c j=m

where ry = &1
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By Proposition 2.4, there exist x, in F| = F; in (X', F’), so that there is no x| in F// F’, thus we have
F 5 = F. It follows that

17 1 m m-1 ’j
XoXxy = Erle + i h‘,-x1 + 73

1 ’ rm m=1 2
;(X2X2 —8(x))xy" + ZFI hjxi + 13

1 ’ m 1 rm m=1 21
xz(zxle ) — (Eg(xl)x1 - (ijl hjxlj) —13),

m . m . . m . . .
where %g(xl)xg’" = (X 8xDx" = X 80x)' " = ¥ E(f(x) + r)'x]"". Recall that f(x,) is a
i=1 i=1 i=1
polynomial in x, without constant terms, then %( f(x2)+r;)" can be written as x; P, + % =P, +r3,
where P, is a polynomial in x,. _
For i € [1,m — 1], we have £(f(xy) + r)'x["™ = x,P; + £Lx"" = x,P; + hy,_ix"™', where P; is a

polynomial in x;.

m—1 . m
Then %g(xl)x’l’" -(Xh jx'l" ) — r3 = x2(, P;), which implies that
=1 i=1

m

1
" o_ ’ m
X2 Xy —xz(;xle - E P)).

Thus x} € R[xy, x], x2, X}].
For (C3) and (C4), it is enough to show for (C3) by symmetry. At this time, F is the same as
that in (C2). Since f(x;) = 0, (F] = F])lxz(_Fé/x'Z' = ry 1s not divisible by F7, so that 13“3 =F). Asa

consequence, we have x,x) = xz(%xzx’{”). Thus xJ € R[xy, x|, x2, X}].
On the other hand, we can prove similarly that x} € R[x, x], x2, x;']. Then, (4.5) follows truely. O

Theorem 4.9. Assume that a LP seed ¥ = (X, F) satisfied F j=Fjfor je[l,nland Y = (x',F’) is the
LP seed obtained from the LP seed ¥ by mutation in direction k. Then the corresponding upper bounds
coincide, that is, UZX) = UX).

Proof. Without loss of generality, we assume that k = 1. Combining Proposition 4.7 and Lemma 4.8,
we finish the proof. O

Proposition 4.10. If the exchange polynomials of a LP seed satisfy Fi = Fy for any k € [1,n], then
F; # Fy for any i # k. Furthermore, any two of the exchange polynomials {Filk € [1,n]}of a LP seed
are coprime.

Proof. We will prove by contradiction. If F; = Fy, then
Filx“—Fk/xZ = FilkaFk/x,’c = Fklxk<—Fk/x;€ =Fy

for x; ¢ Fy, implying that F; divides F il —Fy /%, which contradicts the definition of exchange Laurent
polynomials.

Besides, since the irreducibility of exchange polynomials for LP seeds, we conclude that the ex-
change polynomials of a LP seed are coprime under the condition that £, = F; forany k € [1,n]. O
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Remark 4.11. When a cluster seed is a LP seed, the coprimeness of the cluster seed is equivalent to the
condition that £, = F, for any k € [1,n].

Example 4.12. Consider the LP seed (x,F) = {(a,b + ¢), (b,a+ ¢),(c,a+ (a+ 1)b)} over R = Z, which
satisfies the condition that F;, = F for any k € {a, b, c}. Then the LP seed obtained by mutation at b is

&, F)={@a,1+d),(d,a+c),(c,ca+d+ 1)}

where d = % It is easy to see that F L= %, meaning that the condition that £, = Fy for any & for a
LP seed does not keep under mutations.

Definition 4.13. Let X = (x, F) be a LP seed, the upper LP algebra A(X) defined by X is the intersec-
tion of the subalgebras U(X’) for all LP seeds X’ mutation-equivalent to X .

Theorem 4.9 has the following direct implication.

Corollary 4.14. Assume that all LP seeds mutation equivalent to a LP seed ¥ = (x, F) satisfy the
condition that F ; = F;for j € [1,n], then the upper bound U(Z) is indipendent of the choice of LP
seeds mutation-equivalent to X , and so is equal to the upper LP algebra A(X).

4.2. On lower bound

4.2.1. A basis for lower bound

Definition 4.15. Let (x, F) be a LP seed. A standard monomial in {x;, x’|i € [1, 7]} is a monomial that
contains no product of the form x;x;.

An

Let x? = x‘l” ...Xx," be a Laurent monomial where a € Z". For a Laurent polynomial in x, ..., x,,
we order the each two terms x* and x*" lexicographically as follows:

a < a’ if the first nonzero difference a’; — a; is positive. (4.6)

We set the term with the smallest lexicographical order as the first term in a Laurent polynomial.
Theorem 4.16. Assume that a LP seeds ¥ = (X, F) satisfies

1) F;=Fjforje[l,n].

2) in any Fj, the lexicographically first monomial is of the form

o [ jetn-)
1 j=n
where Vj € Zgjforj €[l,n-1].

Then the standard monomials in x, X, . .., X,, X, form an R-basis for L(Z).

Proof. The proof is using the same technique as in [4]. We denote the standard monomials in

_ an) (an) _
X1, X,y X, X, by X® = X" ™ where a = (ay,...,a,) € Z" and

ai
(@) {xi 420
X =
l /—aj

x. 7, a; <0.
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Note that x® is a Laurent polynomial in xi,.. ., x, and for any i, we have x\™" = x/ = xi‘ll:” i = xF
By the assumption for F;, it follows that the lex1cograph1cally first monomlal in x( Yis x;'x", then the
power of x; in xg ) ig a; and there is no x;,..., x;_; In x . Then the lex1cographlcally ﬁrst monomial
in x® is the product of x{*(a; > 0) and xl‘."'(xvl) Y(q; < 0).

We assume that a < a’ such that a; = a; fori € [1,k — 1] and a; < a;. Let P, M and Q be the

k-1 n )
lexicographically first monomial of ] xi. » ,(:") and [] x;a’) respectively. Then the lexicographically
=1 j=k+1

first monomial of x® is PMQ, similarly that of X7 is P’M’Q’.
Since a; = a} fori € [1,k — 1], we have P = P’ = H xff

)

@ is a; and there isno x; (i € [1,k —1]) in x(",

Since ak < a; and the power of x; in X, we obtain

H x andM’—x H x

j k+1 J =k+1
n ) n
AndQ=( [I x)C I x/(&x")™)= H x7, similarly Q' = H x
jek+1a;>0 7 jmk+1.a;<0 j=k+1 jok+1

It follows that

PMQ_ (nxp, ( pk+al‘)(n xpj+m,+q]) PM, ; (l—[ pj)( fkmk)(l—[ p, m+é],)

J=k+1 j=k+1
Thus PMQ < P"M’Q’, implying that
if a < a’, the lexicographically first monomial of xX® < that of x®". 4.7)

The linearly independence of standard monomials over R follows at once from (4.7). Since the
product x;x; for any i equals to F; = F;, which is the linear combination of standard monomials in
X{, X}, .., Xy, X,. Thus they form a basis for £(Z) . |

4.2.2. Lower and upper bound

In the following statements, we always assume that £ = (x,F) is a LP seed of rank n satisfying
Condition 1.2.

Notation 4.17. We denote by ¢ : R[xs, x5, ..., X,, X,] — R[x ...,x;f‘] the algebra homomorphism

defined as the composition ¢, o ¢;, where
. ’ ’ +1 +1 ’
1 i R[x0, x5, ..o, X, x] = Rlx1, x5, ...,x, 1 by x; = x; and x; = F;/x;.

@ RIx, x5, x ] - RS, .., x ! by x; > Oand x' - xF

We denote by R*[x,, X}, ..., X,, X,] (resp. R"[xy, X2, X), ..., X,, x;]) the R-linear span (resp. R[x]-
linear span) of the standard monomials in x;, X3, ..., X, X;,.

Lemma 4.18. R[x;,x), ..., x,, x,] = ker(¢) ® R*"[x2, x5, ..., X, x;,].

Proof. For any y € R[x,,X),...,X,, X,], replace x;x; € y with F;, then'y € R"[x;,x2,x5,..., X, X;,].
Thus we have R[x,, X}, ..., Xu, X,] € R[X1, X2, X}, . .., X, X;,]. It follows that

R[x2, x5, ...y Xp, X1 = ker(@) + R [x2, X5, .., Xy X0].
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Similarly using the tool of the proof of Theorem 4.16, For x® € R¥[x;, Xy, ..., X, X, ], the lexicograph-
ically first monomial of go(x;a’)) is a Laurent monomial in x;, xj,1, ..., X, whose the power of x; is a;,
implying that if a < a’, then the lexicographically first monomial of p(x®) precedes the one of ¢(x@?).

Then the restriction of ¢ to R*[x,, Xy, ..., Xn, X,] 18 Injective. O

Notation 4.19. Given a Laurent polynomial y € R[x1 B =11, we denote by LT(y) as the sum of
all Laurent monomials with the smallest power of x; in the Laurent expansion of y with nonzero
coefficient.

The following results parallel to Lemmas 6.4 and 6.5 in [4] can be obtained similarly.

Lemma 4.20. Suppose that y = an:a cm X' where c,, € R¥[Xp, X5, ..., Xy, X,] and ¢, # 0, then LT (y) =

@(ca)xi.
Lemma 4.21. R[x;, x5!, ..., x' TN R[xT, xo0, x5, .., X, X1 = R[x1, X0, X, oy Xy X
X, ifx ¢&F;

Lemma 4.22. Im(¢) = R[x2, x5, X, 51, where x7 = 377 if x1 ¢ Fi

! X otherwise

X, if X € F] . . .
Proof. By Condition 1.2, we have go(x ) = g _ 7 . Thus the inclusion C is clear.
v M otherwise

Let J be the set of indexes j € [2, n] satlsfymg x| ¢ Fj. Weset W, = x]‘.lM ;. To prove the converse
inclusion, it is enough to show that x‘ € Im(y) for j € [2,n] - J.
Form = (my, ... mn) 1 = (lz,.. ,1,) € Z"', let x™ be a Laurent monomial in R[x3',..., x¥'].
; Then we have any x™ can be written as W! satisfying

mj=—l;+ Z viil;.

2<i<j

Moreover, we set W! = H

Define the multiplicative monoid W = {x™ = W!|[; > 0 for i € [2,n] and m; >0 for j € J}. Then
W! € W if and only if

(@)l > Ofork € [2,n], (b) ) vl > 1 forjeJ. (4.8)

2<i<j

By the equivalence condition (4.8) of W' € W, we obtain xj‘.l € W for j € [2,n] — J, implying that
it suffices to show that ‘W C Im(yp).

For W = W! € ‘W, we prove that W € Im(¢p) by induction on the degree of W. When deg(W) = 0
we have W = 1 € R C Im(p). Assume that deg(W) > 0 and for any W’ € ‘W such that deg(W’) <
deg(W), then W’ € Im(y).

Let j = max{i|ll; > 0 in W}, then we have W/W; € ‘W by the equivalence condition (4.8) of W ew.
As a consequence, W/W; € Im(p) under the induction assumption. If j € [2,n] — J, then W; € Im(¢p)
so that W = (W/W)W; € Im(p).

Otherwise, since I; > 0, there exist i € [2,j — 1] such that v;/; > 0, where vj; i 0 implies that

x; € M;. Fix such an index i. By (iv) of Condition 1.2, F; = f;(x;) + M; and fi(x;) = Z ric;, where s;

is the number of terms of fj(x;),, € Randc, = [] xp”’ satisfying y,, € Zs( and y; ;& 0.
PEl2,n]-j
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From the definition of LP mutations and Condition 1.2(i)(ii), we have x;. = xj‘.1 fi(x)) + W,. By

multiplying both sides of that equation by W/W;, we have
(WIW)X, = x> red WIW)) + W.
=1

Since (W/ Wj)x; € Im(yp), we only need to show that for 7 € [1, s,], xjflc,(W/ W;) € Im(yp).

Define W’ = Wl.l’,'---Wl.’, where I = 1 and l; = min{l,, . qul’q} for p € [i + 1,j]. Because

J i<g<p

W/wW = W W’ 'Wl IWI:I1 i ---Wj.j_l’ , the equivalence condition (4.8) of W/W’ € ‘W can be
written as

(@)forkeli,jl, i -1, >0;

(b)fOkaJ L -1 < Z th(lh—l ) =4 l/ + Z thl < -l + Z Vinlp.

2<h<k 2<h<k
The inequalities of (a) are immediate from the deﬁnltlon of W’ and the choice of i. And for inequal-

ity (b), we discuss in several cases:

1) ifke[2,i— 1], (b)isequivalentto O < —[ + >, vinly.

2<h<k

2) ifk = i,wehave 3. vl =0, (b)isequivalentto -1 < —li + 3 viulp.
2<h<i 2<h<k

3) if k € [i + 1,n], when [} = I, (b) is equivalent to 3} vl < 3 vly, when I} < [, [} =

2<h<k 2<h<k
> vl , then LHS of (b) is zero.
2<h<k

Since W € W and inequalities of (a) hold, we have inequality (b) holds for W/W’. Thus W/W’ belongs

to W with deg(W/W’) < deg(W), so that W/W’ € Im(p).
Then we have

_l = . )/pr Vj
X' (W/W) =W ]’[M A
_ (W/W ) (W (x)’zz . 7/ lr) ( jfll,[—v,ﬂ,j . XZ"[_V"j))
= (W/W’)-P

The claim xjflc,(W/ W;) € Im(yp) is a consequence of the statement that P € R[x,,---, x,]. Indeed,
R[XZ’ T, xn] c Im(SD)
The only variable with negative power (namely, —1) in W’ is x;, since

W/ — W Wt+l. Wl/

i+1
-, (X vinl)=l, > vistal) > Vil
_ X_l . (erHz ll+l . (,<h§l+2 Vit2h ) i+2 cex i<h<j Hh /) . ( i<h<j a h . xishs] " h)
M i+1 i+2 j J+l n
= Q- (e

j+1

where 6,, = . vpul; for p € [j + 1,n]. Then we have

i< <]
P = Q ( l_[ 711!) x71t I ( 1—[ xipt"")/pt_vpj).

q€[2,i-1]U[i+1,j-1] pelj+1.n]
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For i is the fixed index such that y;, € Z.¢, y;; — 1 > 0, then the power of x; is nonnegative.
For p € [j + 1, n], we have

Opt + Ypr = Vpj = Vpili + -+ vl Y = vy 2 vl = 1).

From the definition of W’, we obtain l’. = min{l;, ), vj, q}, and it is easy to see that /; > 1 and
1<q<]
2 Viglyg = vii+ X vjly = v = 1 by the choice of i and j. Then [’ > 1. Thus the power of x,, is
i<q<j i<q<j
nonnegative. Hence the power of any cluster variable is nonnegative. It follows that P € R[x,, - - - , x,].

O

By the same technique as in [4], we give the following theorem.
Theorem 4.23. If a LP seed ¥ = (X, F) satisfying Condition 1.2, L(X) = UZ).

Proof. We apply the induction on 7, that is, the rank of the LP seed. When n = 1, by Lemma 4.3, we
have L(X) = R[x, x]] = U(X). Assume that n > 2 and the statement holds for all algebras of rank 2 to
n — 1. Then we consider about rank n.

By Lemma 4.3, we have

UZ) = ﬂR X eens J”l,xj,xj, FRTEREE ](WR[)Q,)CI,)C2 ,...,xnl].
j=2
For the seed ¥’ obtained from X by freezing at x;, by the induction assumption, we have L(X') = UX"),

n
: +1
that is, ]OZR[xl S XT

Xjy Xy X7 ,xE = Rxt', x0, X5, ..., x,, x,]. Then it is enough to show

Jl’ J+1""

that

+1

Rlxy, X, x2,  xX  N R, %0, %), .o X 0] = R0, X, X X0 4.9
The inclusion 2 is clear, we only need to prove the converse inclusion.
For Vy € LHS of (4.9), let a be the smallest power of x; in y|x,xlf_<_pi. Then y can be written as

b
2. cuX]' where ¢, € R"[x2,X), ..., X,,x;]. By Lemma 4.20, we have

LT(y) = ¢(ca)x] € RIxt, x5, .., x5, ],

If a > 0, by Lemma 4.21, we have y € R[xy, ..., x,, x,,] € the RHS of (4 9)

Otherwise, we apply the induction on |a|. Since y € R[xy, x], x; L X, X, by Lemma 4.4 we have
¢(c,) is divisible by F'l‘", that is ¢(c,) = F'l"'za for certain z, € R[x3', ..., xZ'].

When J = @, we have Im(¢) = R[x3',..., xt'] according to Lemma 4.22. Then z, € Im(yp).

When J # @, we consider the LP seed X* obtained from X by freezing at {x;|j € [2,n] — J} and
removing x;. In view of Lemma 4.22, we have L(X*) =Im(y). Besides, by the induction assumption,

we have L(£*) = U(Z*). Using Lemma 4.3, we obtain Im(¢) = () R[x3', ..., x;, Xy , X,

jeJ
For certain j € J, z, can be written as ), csxji, where ¢, € R[xi‘, e Xy , 1. Since F'“'za =
SEZ
> (c F'“')x € Im(p) C R[x, ..., x;, Xy 11, by Corollary 4.4 ¢, F'“| is divisible by F'S| for s < 0.

SEZ
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By Proposition 4.10, F; and F'; are coprime, implying that c; is divisible by F ';'. Using Corollary 4.4
again, we have z, € R[x3',..., x}, Xy X,
By the arbitrariness of j € J, we obtain z, € Im(yp).

Then there exist ¢/, € R[x3', ..., xX'] such that z, = ¢(c/,). It implies that

LT(y) = @(c)x = Fl%,x% = o(c/)F x4 = o(c)x.

b -1 b
Then we have y = Y, c,x]' = X c,’nx'll'”' + Y CuX]' € R[x1, X, ..., Xy X1 m]
m=a m=a m=0
Corollary 4.24. If a LP seed ¥ = (x,F) satisfied Condition 1.2, then the standard monomials in
X1, X}, ..., Xy, X, form an R-basis of the LP algebra A(X).

Proof. It is immediately from Theorem 4.16 and Theorem 4.23. O

Example 4.25. Consider the LP seed (x,F) = {(a,bcd + 1),(b,a + cd),(c,bd + 1),(d, 1 + abc)}, it
is easy to see that Condition 1.2 (i) (if) (iii) hold. Since M, = 1 and b|(F. — M.), (iv) of Condition
1.2 holds. Besides, ¢ : b’ %’, - bd‘—fl =cd,d 3—1, Then it is clear that d-! € Im(¢p) and
b~' = p(b'c’d - d) € Im(p). Thus by Theorem 4.23, we have £(X) = UX).

Note that this LP seed is not a cluster seed or a generalized cluster seed for ¢ € F, since a ¢ F..

The cluster seed is acyclic if and only if there exist a permutation o~ such that for i > j, by) rj) > 0.
Renumbering if necessary the indexes of the initial acyclic cluster, we assume that for i > j, b;; > 0.
Then by the exchange polynomials for cluster algebras, we conclude that the cluster seed is acyclic if

i CF. = 2T 2Tt
and only if for any j, F; = fo; 11 G ey ,iji .
Proposition 4.26. Condition 1.2 is equivalent to acyclicity and coprimeness of exchange polynomials
for a cluster seed which is a also LP seed.

Proof. When a cluster seed is a LP seed, recall that (i) in Condition 1.2 is equivalent to coprimeness of
exchange polynomials by Remark 4.11.

When a cluster seed satisfies the conditions (i) and (ii), for any j € [2,n — 1], since F; is a binomial,
we have F; = x% + xP. If x; € x" for some i > j, then x ; € x"i for bj;b;; < 0, which contradicts to the
condition (ii). For j = n, F,, = 1+x"». From the definition of exchange polynomials for cluster algebras,
we have x™ is of the form x'lb P x'fj‘]“". For j = 1, since for any j > 1, we have b;; > 0 by the above
discussion, so that we obtain F; = 1 + xg’ 2l x',,b | Then the cluster seed satisfied the conditions @)
and (ii) is acyclic. Besides, it is easy to see that when a cluster seed is acyclic, it satisfies the conditions
(i) and (ii).Thus the conditions (i) and (ii) are equivalent to acyclicity of exchange polynomials.

Under the conditions of acyclicity and coprimeness, the cluster seed in fact satisfies (iii) and (iv) in

Condition 1.2. |
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