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Abstract: Minimizing closed geodesics on surfaces are linearly unstable. By starting with this classi-
cal Poincaré’s instability result, in the present paper we prove a result that allows to deduce the linear
instability of periodic solutions of autonomous Lagrangian systems admitting an orbit cylinder (condi-
tion which is satisfied for instance if the periodic orbit is transversally non-degenerate) in terms of the
parity properties of a suitable quantity which is obtained by adding the dimension of the configuration
space to a suitably defined spectral index. Such a spectral index coincides with the Morse index of the
periodic orbit seen as a critical point of the free period action functional in the case the Lagrangian is
Tonelli, namely fibrewise strictly convex and superlinear, and it encodes the functional and symplectic
properties of the problem.

The main result of the paper is a generalization of the celebrated Poincaré ’s instability result for
closed geodesics on surfaces and at the same time extends to the autonomous case several previous
results which have been proved by the authors (as well as by others) in the case of non-autonomous
Lagrangian systems.

Keywords: periodic orbits; free period Lagrangian systems; linear instability; Maslov index; spectral
flow

1. Introduction and description of the problem

A celebrated result proved by Poincaré at the beginning of the last century puts on evidence the re-
lation between the (linear and exponential) instability of an orientation preserving closed geodesic as a
critical point of the geodesic energy functional on the free loop space of a surface and the minimization
property of such a critical point. The literature on this criterion is quite broad. We refer the interested
reader to [1-3] and references therein.
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A quite natural question is related to understand the role played by the energy level /4 on the in-
stability properties of a periodic orbit of an autonomous Lagrangian system. Some years ago, in his
expository article [4], Abbondandolo studied the question of the existence of periodic orbits of the
free period Lagrangian systems in terms of the Mafié critical values. It is worth noticing that the fixed
energy problem for Tonelli Lagrangians as well as for the restricted class of magnetic systems has
been intensively studied by many outstanding mathematicians such as Arnold, Novikov, Ginzburg,
Taimanov, Contreras, Paternain, etc. by starting on the work of Arnol’d [5] in the 1960s. If on the one
hand it is impossible to keep track of all the literature on the topic, some breakthrough papers in the
field are [6] and [7].

Very recently, Ureia in [8], studied the instability of closed orbits obtained by minimization, for an
autonomous Lagrangian system by combining the classical principle of Jacobi-Maupertuis principle
together with a nice reduction argument firstly introduced by Carathéodory. In this way, under some
suitable conditions, the dynamics of a free period Lagrangian system can be seen as the dynamics of a
non-autonomous and fixed period Lagrangian system lowering by 1 the degrees of freedom.

1.1. Basic definitions and main result

Let (M, (-, -);) be a smooth n-dimensional Riemannian manifold without boundary, which represents
the configuration space of a Lagrangian dynamical system. Elements in the tangent bundle 7'M will be
denoted by (¢g,v), withg € M andv € T,M. Let L : TM — R be a smooth autonomous (Lagrangian)
function satisfying the following assumptions

(N1) L is non-degenerate on the fibers of 7'M, that is, for every (q,v) € TM we have that d,,L(q,v) # 0
is non-degenerate as a quadratic form, where d,, L denotes the fiberwise second differential of L

(N2) L is exactly quadratic in the velocities meaning that the function L(g, v) is a polynomial of degree
at most 2 with respect to v.

Remark 1.1. Before stating our main result, we observe that we require that the Lagrangian function is
exactly quadratic in the velocity assumption (N2). The smoothness property of L are in general not suf-
ficient for guaranteeing the twice Fréchét differentiability of the Lagrangian action functional. In fact,
the functional is twice Fréchét differentiable if and only if L is exactly quadratic in the velocities. In
this case, the Lagrangian action functional is actually smooth. This fact depends upon the differentia-
bility properties of Nemitsky operators. We observe that, by using a finite dimensional approximations
for the free-period action functional as developed by authors in [7], it should be possible to remove the
technical condition (N2).

On the cartesian product A'(M) x R*, where A'(M) denotes the Hilbert manifold of 1-periodic loops
on M having Sobolev regularity H', we define the free period Lagrangian action functional as

1 ’
E.(x,T) := Tf [L (x(s), &) +h
0 T

where 4 is a real constant playing the role of energy. In fact, since the system is autonomous, the energy
is a first integral. By a direct computation of the first variation of the action functional E,, it follows
that (x, T') is a critical point of E, if and only if it satisfies the Euler-Lagrangian equations having fixed
energy h.

ds,
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Definition 1.2. Let (x, T') be a critical point of E;,. We term (x, T') non-null if
(dy L(x(1), x'(1))X' (1), X' (1)), # 0 forevery t € [0, 1].

Moreover, (x, T) is termed

e L-Positive if {d,,L(x(t), x'(2))x' (1), X' (1)), > 0;
o L-Negative if (d,,L(x(t), x'(2))x'(2), X' (1)), < 0.

We observe that the notion of L-positivity (resp. L-negativity) provides a sort of generalization
of the Legendre convexity (resp. concavity) condition only along the selected orbit. Recall that the
classical Legendre convexity condition reads

(L1) L is % strictly convex on the fibers of TM, that is, for every (g, v) € TM we get d,,L(q,v) > 0 as
a quadratic form.

It is worth to observe that the above conditions have been introduced for avoiding any sign changing
of the quanity

(dvy L(x(to), X' (10))x' (£9), X' (10) -

Otherwise, this provides deep difficulties, like in the definition of the spectral index.
Following authors, in [9, Definition 1.2], we are ready to introduce the notion of orbit cylinder.

Definition 1.3. A critical point (x, 7)) of E, admits an orbit cylinder if there exist € > 0 and a smooth
(in s) family critical points {(X44s, Thts), S € (—€, €)} of By, such that (x,, T;) = (x, T). Moreover, this
orbit cylinder is called non-degenerate if 77 (h) # O.

Under the above notation our main result reads as follows.

Theorem 1.4. Let (x, T') be a non-null critical point of the free-period Lagrangian action E;, admitting
an orbit cylinder. If one of the following four statements holds:

(1) x is L. — Positive and

(OR) x is orientation preserving and tepe.(x, T) + n is even
(NOR) x is orientation reversing and tgpe.(x, T) + n is odd

(2) x is L. — Negative and

(OR) x is orientation preserving and tgpe.(x, T) + n is odd
(NOR) x is orientation reversing and tspe.(x,T) + n is even

then x is linearly unstable.

Under the classical Legendre convexity condition, it is possible to prove that the spectral index
reduces to the classical Morse index. So, we get the following.

CoroLLARY 1. Let us assume that (x,T) is a critical point of free period Lagrangian action E;, admitting
an orbit cylinder and we assume that (L1) holds. If one of the following two alternatives holds

(OR) x is orientation preserving and ty,(x,T) + n is even
(NOR) x is orientation reversing and ty,,(x, T) + n is odd
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then x is linearly unstable.

From a tecnical viewpoint a key step for proving our main result is based on a spectral flow formula
relating the Morse index of a periodic orbit as critical point of the free and fixed time Lagrangian action
functional. In [9], authors actually established such a relation under a non-degenerate assumption of
the orbit cylider. As already observed, here we give a generalization of the aforementioned results
provided in [9] by dropping the non-degeneracy assumption of the orbit cylinder. Such a generalization
is essentially based on a quite new results constructed by the second named author in [10].

A crucial intermediate step for proving the main result of this paper is based on a spectral flow for-
mula relating the spectral index to a symplectic invariant known in literature as Maslov index (which is
an intersection invariant constructed in the Lagrangian Grassmannian manifold of a symplectic space)
that plays a crucial role in detecting the stability properties of a periodic orbit. (For an index formula,
we refer the interested reader to [11-14] and references therein). Very recently, new spectral flow for-
mulas have been established and applied for detecting bifurcation of heteroclinic and homoclinic orbits
of Hamiltonian systems or bifurcation of semi-Riemannian geodesics. (Cfr. [15-17]).

Notation

For the sake of the reader, let us introduce some common notation that we’ll use henceforth through-
out the paper.

e (M,(-,),) denotes a Riemannian manifold without boundary, 7'M its tangent bundle and 7™M its

cotangent bundle.

A'(M) is the Hilbert manifold of loops on manifold M having Sobolev regularity H'.

w denotes the symplectic structure J the standard symplectic matrix such that w(-,:) = (J-,)

where (-, -) denotes the standard Euclidean product.

tyior(X) stands for the Morse index of x, tgpec(x) for the spectral index of x, tge0(x) for the geometrical

index of x, ¢; denotes the Maslov-type index or Conley-Zehnder index of a symplectic matrix path,

tem denotes the Maslov (intersection) index and finally sf denotes the spectral flow.

P(L) denotes the set of T-periodic solutions of the Euler-Lagrange Equation, P(H) the set of

T-periodic solutions of the Hamiltonian Equation.

e §;; is the Kronecker symbol. Ix or just I will denote the identity operator on a space X and we set
for simplicity I; := Iz« for k € N. Gr(-) denotes the graph of its argument, A denotes the graph of
identity matrix /.

e U is the unit circle of the complex plane.

e O(n) denotes the orthogonal group, Sp(2n, R) or just Sp(2n) denotes the 2n X 2n real symplectic
group.

e ‘B denotes the linearized Poincaré map.

e BJF* denotes the set of all bounded selfadjoint Fredholm operators, o(-) denotes the spectrum of
the operator in its argument.

e We denote throughout by the symbol - (resp. -~T) the transpose (resp. inverse transpose) of the
operator -. Moreover rge (-), ker(-) and rank(-) denote respectively the image, the kernel and the
rank of the argument.

e [ denotes the crossing form and n,/n_ denote respectively the dimensions of the positive/negative
spectral spaces and finally sgn(-) is the signature of the quadratic form (or matrix) in its argument
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and it is given by sgn(-) = n,(-) — n_(-).
2. Lagrangian dynamics and variational framework

In this preliminary section we fix our basic notation and we explicitly provided the computation of
the first and second variation of the free period Lagrangian action functional.

2.1. Free-period Lagrangian action

Let (M, (-, -),) be a (not necessarily compact or connected) smooth n-dimensional Riemannian man-
ifold without boundary, which represents the configuration space of a Lagrangian dynamical system
and we denote by [|-|| the Riemannian norm. Elements in the tangent bundle 7M will be denoted by
(q,v), with g € M and v € T ;M. The metric (-, -), induces: a metric on 7'M, Levi-Civita connections
both on M and 7'M and finally the isomorphisms

TunTM =T} ,TM&T,

) I M =T,M&TM,

for T,
Notation 2.1. We shall denote by V, the covariant derivative of a vector field along a smooth curve x
with respect to the metric (-, -),. 9, (resp. d,) denotes the partial derivative along the horizontal part
(resp. vertical part) given by the Levi-Civita connection in the splitting of 77 M and We shall denote
by 0., 04y, 0,4, the components of the Hessian in the splitting of 77 M.

TM = ker Dt(q,v) where T : TM — M denotes the canonical tangent projection.

Given a positive number T € R, we denote by T the one-dimensional torus T = R/TZ. Let AJ.(M)
be the Hilbert manifold of all loops y : T — M having Sobolev class H'. Setting x(f) = y(tT), t € [0, 1]
we get that the closed curve y will be identified with the pair (x, 7). The action of y on time interval
[0, T'] is given by

T 1
f [L(y(s),y () + hlds =T f [L(x(D), x'(0)/T) + hldt,
0 0

where h € R is a parameter. For convenience, we denote

1
Ey(x,T) = Tf [L(x(2), X' (t)/T) + h] dt. 2.1
0

In short-hand notation, in what follows we use A!'(M) instead of A}(M). In this way, we define a
one-to-one correspondente between

| JAMM) and  A'(M)xR?
>0

which preserves the action values. Bearing in mind such a correspondence, the free period action
functional (2.1) is defined on the manifold A'(M) x R*.

It is well-known that the tangent space T A'(M) can be identified in a natural way with the Hilbert
space of 1-periodic H' (tangent) vector fields along x, i.e.,

H(x)={¢£ e H'R/Z.TM) | o & =x}.
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It is worth noticing that under the (N2) assumption, the Lagrangian functional is of regularity class €™
(actually it is smooth). Let ({-, -)); denote the Riemannian metric on A!(M) defined by

1
() = fo (VE Ve +Emeldt,  Yén e Hw.

For (¢, b) € H(x) X R, the first variation of Ej, at (x,T) € A'(M) x R* is given by

! D
dE;(x, T)[(£,0)] = fo [<T5qL(X(t>,x’(r)/T)—jtc?vL(X(t),x’(t)/T ),§>]dt
g

AL, XWIT).E] 22

and for (0, b) € H(x) X R, it reduces to

1
dE;(x, D[(0,b)] = f [(L(X(t),X'(t)/T) + h = (O,L(x(®),x'0)/T),x'(1)[T)y) - b]dt- (2.3)
0

By Egs (2.2) and (2.3), up to standard regularity arguments, it follows that critical points (x, T') of Ej,
are 1-periodic solutions of corresponding Euler-Lagrange equation having energy 4. So, (x, T') satisfies
the following equations:

%(GVL(x(t), X (1)/T)) = TO,L(x(6), X (1)/T),  t€(0,1)

L(x(0), X @)/ T) + h — {0, L(x(2), X' )/ T), x'(1)/T)g = 0

Now, being E;, smooth it follows that the first variation dE;,(x, T) at (x,T) coincides with the Fréchét
differential DE,(x, T) and the second variation of E, at (x, T') coincides with D?E,(x, T). We set

P(1) = 0,,L(x(1), x'(1)/T), Q1) = 8y L(x(1), X' (1)/T), O'(t) = 8,,L(x(t), X' (/T)
R(1) = 344 L(x(1), X' (1)/T), L(t) = 8,L(x(1), X' (1)/T), k(1) = (P(H)X' (1), X' (1))

so, we get

d’E4l(£,b), (i, d)] =

+ QT(O)V.& + TR(E, n)dt +

1
f <—— [?P(t)fo + Q€ < POV£ + Q(1¢, 77> l
81t=0
1

1
; fo {—T—<P(t)x (0,V1), b - 1<P(t)x 0. V¢), d+<L(t)——Q(t)x (o), §>

+ <E(t) — TQT(t)x'(t), n> b+ FK(Z‘) : bd} dt.
8

Remark 2.2. For a complete details on the first and second variations, we refer the interested reader
to [18] and references therein.
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For a given critical point (x, T) of Ej, let us consider the following fixed period Lagrangian action
functional:

1
Ef(x):=T f [L(x(2), X' (1)/T) + h) dt, (2.4)
0

where x € A'(M). Actually, E; is the restriction of E, to the submanifold A'(M) x {T}. By similar
calculations, the first variation of E] at x € A'(M) is given by

! D
dE; (x)[€] = f [<T5qL(X(t),X'(t)/ T)- d—(?vL(X(f),X’(t)/ T),-§> ] dt
0 t g

1
+ @L(H0, X (/T), )
Critical points x of E] are 1-periodic solutions of corresponding Euler-Lagrange Equation:
D / /
(0L, X (O/T)) = TY,L((0. X O/T). 1€ (0.1). (2.5)

The second variation of E] at x is given by

D 1. - - _
[FPOVE + el + Q' (V¢ + TR(1)E, m)edt

1
2T _ _
d°E, (0lé,n] = ﬁ( o

1. _ 1
+ {FPOVE+ Qg My | -
0

By the previous computation, we get that & € ker d’E] (x) if and only if ¢ is a H* vector field along x
which solves weakly (in the Sobolev sense) the following boundary value problem

—%(%P(t)sz +0€) + Q"OVE+TRME=0,  1€(0,1)
(2.6)

£(0) = &(D), Vi£(0) = Vi&(D).

By standard bootstrap arguments, it follows that £ is also a classical (smooth) solution of Eq (2.6).

Remark 2.3. Itis easy to prove that x is a critical point of fixed period Lagrangian system (2.4) provided
that (x, T) is a critical point of free period Lagrangian system.

The next result provides an answer to the existence of an orbit cylinder about a T-periodic orbit x.
We refer the interested reader to [19, Section 4.1, Proposition 2] for the proof.

Proposition 2.4. Let us assume that a periodic solution x(t, E*) of a Hamiltonian vector field Xy on
M having energy E* = H(x(t, E*)) and period T* has exactly two Floquet multipliers equal 1. Then,
there exists a unique and smooth one-parameter family x(t, E) of periodic solutions with periods T (E)
close to T* and lying on the energy surfaces H(x(t, E)) = E for |E — E*| sufficiently small. Moreover,
T(E) converges to T(E*) for E — E”*.
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3. Spectral index, geometrical index and Poincaré map

The goal of this section is to associate at the critical point (x, T') of the free period Lagrangian action
given at Eq (2.1) and to a critical point x of the fixed period Lagrangian action given at Eq (2.4) the
spectral index, defined in terms of the spectral flow of a suitable path of Fredholm quadratic forms.
We refer the interested reader to [20, Appendix B] and references therein for a discussion about the
spectral flow.

3.1. Spectral index: an intrinsic (coordinate free) definition

Given (x, T') be a critical point of E,, for any s € [0, +00) we let J; : (JH{(x) X R) X (H(x) XxR) - R
the bilinear form defined by

IS, b), (1, )] = d°By(x, DIE, b), (7, )] + sa(x, T, b), (,d)]

L 1
where a(x, T)[(£,b), (1, d)] = fo {(TP(t)g,n>g+FK(t)bd}dt. (3.1)

Notation 3.1. In short-hand notation and if no confusion can arise, we set Q" := d’E,(x, T).

Proposition 3.2. For any s € [0, +o0) let Qg denote the quadratic form associated to J; defined at
Eq (3.1). Then

s = Qg is a smooth path of Fredholm quadratic forms onto H(x) X R. In particular Q" is a
Fredholm quadratic form on H(x) X R.

Proof. The proof is completely analogous to [20, Proposition 3.2]. O

We let (x, T') be a critical point of the Lagrangian action functional (2.1). Then we can define the
bilinear form J 7 : J{(x) X H(x) — R of x as a critical point of system (2.4) in the same way as (x, T).
In fact, J 7 is given by

R
I, rlé,m) = Bl (x)[€, 1] + sar(0)[€, 1] where ar(x)[€,7] = fo <TP(I)§’ 77> dr.
g

Set Q" = d°E] (x). Arguing precisely as done in Proposition 3.2, it can be proved J, 7 and Q” both are
Fredholm quadratic forms.

For any s € [0, +00), let O, denote the quadratic form associated to J;7. Now we are entitled to
define the following spectral indexes.

Definition 3.3. Let (x,7") be a non-null critical point of the free period Lagrangian action given at
Eq (2.1). We term spectral indices of (x, T) and x are respectively the integers given by

Lspec(x’ T) :=sft (QSa s € [0, SO]) and o] (x) = sf (Qs,Ta s € [0, SO])'

spec

where the (RHS) denotes the spectral flow of the path of Fredholm quadratic forms defined on the
interval [0, so] for a sufficiently arge sy > 0.
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Remark 3.4. 1t is easy to show that Definition 3.3 is well-posed meaning that the spectral indices are
independent on sy. This fact will be proved in the sequel and it is actually a direct consequence of
Lemma 3.6.

Proposition 3.5. We assume that (L1) holds. Then the Morse indices of (x,T) and x (i.e., the dimension
of the maximal negative subspace of the Hessian of Q" and Q") are both finite and the following
equalities hold

Lspec(-x9 T) = LMur(x9 T) and Lg‘pec(x) = LMor(x)

Proof. We only consider the free period Lagrangian action, being the fixed period case, completely
analogous. So, we start by observing that if L is €’-strictly convex on TM, then a(x, T) is a positive
Fredholm quadratic form and hence s — Q; is a path of essentially positive Fredholm quadratic forms
being realized by a path of compact symmetric perturbation of a positive definite Fredholm operator.
In particular the Morse index of Q; is finite for every s € [0, +00). If sy is sufficiently large the form
Q,, 1s non-degenerate and positive definite being the quadratic form associated to a(x, T') be Fredholm
and positive definite. In particular, its Morse index vanishes. Since the spectral flow for path of
essentially positive Fredholm quadratic forms is equal to the difference of the Morse indices at the
ends (cf. [20, Appendix B]), we get that

Sf(QS’ s € [05 SO]) = LMor(QO) - LMor(QSO) = LMor(QO)'

This concludes the proof. O

3.2. Pull-back bundles and push-forward of Fredholm forms

We denote by E the (-, -),-orthonormal and parallel frame pointwise given by

&) ={e(), ..., en(n)}.

Given a critical point (x, T') of the free period Lagrangian action, we let A : T\oM - T, /WM =T, oM
the (-, -),-orthogonal operator defined by

Aej(0) = e(1).

Such a frame E, induces a trivialization of the pull-back bundle x*(7 M) over [0, 1] through the smooth
curve x : [0, 1] — M; namely the smooth one parameter family of isomorphisms

[0,1]>t+— E, where E, :R"3¢ +—e(t)eT (/M Vtel[O,1]andi=1,...,n
are such that (Ee;, Ee;), = 6;; and V,E,e; =0 (3.3)
here {¢;}?_, is the canonical basis of R" and ¢;; denotes the Kronecker symbol.
By Eq (3.3) we get that the pull-back by E; of the metric (-, -), induces the Euclidean product on R”"
and moreover this pull-back is independent on ¢, as directly follows by the orthogonality assumption

on the frame E.
We set A := E;'A™'E| € O(n) and define

(3.4)
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Let us now consider the Hilbert space

HA([0,11.R") = { u € H'([0, 1], R")

u(0) = Au(1) }

equipped with the inner product

1
v, wh)s = j(; [(V'(5), AW (8)) + (V(s), Aw(s))] ds.

Denoting by ¥ : H(x) — H} ([0, 1], R") the map defined by W(£) = u where u(t) = E;'(£(2)), it follows
that W is a linear isomorphism and it is easy to check that

£0)=¢(1) < Ew0)=Eull) < u(0)=Au(l)and
V£0) =Vl <  u(0)=Au(1)

where, in the last, we used property of the frame being parallel.

Fori=1,...,nand r € [0, 1], we let ¢;(¥) := E,e; and we denote by (P(t)-,-), (Q(?)-,-) and (R(?)-, -)
respectively the pull-back by E; of (P(t)-, ), (Q(?)-, )¢ and (R(?)-, -), and y L the pull-back of L by E,.
Thus, we get

P(0) = [piiO]} i Q@) = g7 D)} s R = [ryj(®)]} ., where
pij(t) = <p(f)€i(l),€j(l)>g, qij(t) = (O()e(1), ej(t))g, rij(t) = <R(t)ei(l)aej(t)>g-

We observe that P and R are symmetric matrices and being ¢;(T) = Z?:l a;je(0) we infer that
P(0) = AP(T)AT, P'(0) = AP/(T)AT, 0(0) = AQ(T), R(0) = AR(T)A™. (3.5)

Now, for every s € [0, +0), the push-forward by W of the index forms J; on JH(x) X R is given by
the symmetric bilinear forms on H /i([O, 1],R") X R defined by

I[(u, D), (v,d)]

(1
= fo {<;P(I)u’(t), V’(t)> +(Q(Ou(n), V' (1)) + <QT(t)u'(t), v(t)> + (TR(Ou(®), v(t»} dt

! 1 1 1
+ f {—ﬁ (P()x'(),V'(2)) - b — 72 (P()X' (1), u' (1)) - d + <L(t) - ;Q(t)x’(t), u(t))-d
0

1 1
+ <L(t) - TQT(t)x/(t), v(t)> b+ ﬁk(t) . bd} dt + sa(x)[(&,b), (n,d)]

1
where a(x, T)[(u, b), (v,d)] = f {<%P(r)u(t), v(t)> + %K(l‘)bd} dt. (3.6)
0

Denoting by ¢ the quadratic form on H} ([0, 1], R") X R associated to I, then, as direct consequence of
Proposition 3.2, we get that for every s € [0, +0), the quadratic form ¢# is Fredholm on H/i([O, 1],R")x
R. The following result is crucial in the well-posedness of the spectral index.

Lemma 3.6. Under the above notation, there exists sy € [0, +00) large enough such that for every
s > o, the form I given in Eq (3.6) is non-degenerate (in the sense of bilinear forms).
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Proof. We argue by contradiction and we assume that for every sy > 0 there exists s > sy such that I
is degenerate. Then there exists a (u, b) € H/i([O, 1],R™) X R such that I;((u, b), (v,d)) = 0O for every
(v,d) € Hy([0,1],R") X R, namely we have

0= Is((ua b)’ (V, d))

!
) fo {<TP(””’(I)’V’(Z)> (), v (1) + (OO (1, v(1)) + (TROu(), v(t)>} dr
)4

! 1 1 1
+ f {—ﬁ (P)x'(),V'(1)) - b — T2 (P(OX'(1),u' (1)) - d + <L(t) - TQ(t)x’(t), u(t)
0

+ <L(t) - %QT(t)x’(t), v(t)> b+ %K(Z‘) : bd} dt

1
+ sj(; {<%P(r)u(t), v(t)> + %K(l‘)bd} dt. (3.7)
We let v(r) = %P(t)u(t) and we observe that as direct consequence of Eq (3.5), the function v is
admissible (meaning that v belongs to H/L). Since (x,T) is non-null, we set d = signk(t) - b for
signk(t) € {1, -1}.
By replacing v and d into Eq (3.7) respectively by v = Pu/T and d = sign«(¢) - b and dropping the
argument ¢ in each function, we get

0 = I((w, b), (v, d)

_ ! 1 ’ 1 ’ ’ 1 ’ ’ T 7 1 1
= L {<7Pu , T(P u+ Pu )> + <Qu, ?(P u+ Pu )> + <Q u, 7Pu> + <TRu, TPM>} dt

b 1 1 1
+ ‘fo {_ﬁ <Px’, T(P’u + Pu’)> -b— T2 (Px',u’"y - signk(t) - b + <L - TQx’, u> -signk(t) - b

1 T./ 1 1 3
+<L—?Q x,—Pu>-b+ﬁk-b-mgnk(t)-b}dt

T
+sfl lPu lPu + LKb sienk(t) - by dt. (3.8)
s\t 737 S8 -

Fori=1,2,3,4, we let C; be given as follows:
Cr= L IPP I+ LI0P I+ LIQTP L Co= S0P PP+ IRP7
T? T T T
_ 1 ’ 1 ’ -1 1 1 T /1.
C; = FIIPX || + FIIPX WP~ + fllL - ?Q x5
1 , 5 P,
Cy= EIIPX PP~ +IIL - TQX el
and for for s sufficiently large we get

0 = I((w, b), (v, d)

1
1 , , s
> f [ﬁnPu IP = CullPllPull + (25 = €2 IiPul?
0
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s+

1
7 K b? | di >0,

—GillPU|l - b = CallPull - b +

This concludes the proof. O

Remark 3.7. Here we would like to observe that the NON-NULL AssUMPTION has been strongly used in
the proof of Lemma 3.6 and it is crucial in the previous construction. However, it is interesting to
understand if this condition is just technical or if it represent an obstruction to carry over this case
Theorem 1.4.

Now, for every s € [0, +00), the push-forward by ¥ of the index form J; on H(x) is given by the
symmetric bilinear form on HA([O, 1], R") defined by

"1
Lirlu,v] = fo {<;P(r)u’(t), v’(t)> +(Q@u(), v'(1))
+{Q" (0w (1), v(®)) + (TR()u(z), v()} dt
1
where ar(x)[u,v] = f <%P(t)u(t),v(t)> dt.
0

By arguing precisely as before, we get that there exists a sy > 0 large enough such that /; ; is non-
degenerate for every s > 5.

Proposition 3.8. Let (x,T) be a non-null critical point of Lagrangian action given at Eq (2.1). Then
the spectral indexes are well-defined.

Proof. We start observing that, s — q{? is a path of Fredholm quadratic forms on H}{([O, T],R") X R.
Moreover, by Lemma 3.6, there exists sy € [0, +00) such that q’;‘ is non-degenerate for every s > sy and
hence the integer sf{q?, s € [0, so]} is well-defined.

The conclusion follows by observing that ¢? is the push-forward by W of the Fredholm quadratic
form Q; and by the fact that the spectral flow of a generalized family of Fredholm quadratic forms on
the (trivial) Hilbert bundle [0, s¢] X (3{(x) X R) is independent on the trivialization. This concludes the
proof. O

3.3. The difference between two spectral indices

This subsection is to provide an abstract formula for computing the difference between the spectral
indices defined above.

Let H be a real separable Hilbert space equipped with inner product (-,-), W C H be a dense
subspace and let the inclusion map i : W — H be compact. We let A be an unbounded linear operator
on H having domain W and we assume that A is a Fredholm operator. Given a finite dimensional
Hilbert space V, we assume that B : V — H is a bounded linear operator and C : V — V is a bounded
self-adjoint linear operator. We denote by A : W& V — H & V the self-adjoint operator defined by

Aw,v) = (Aw + By, B'w + Cv),
where B* is the adjoint operator of B. In matrix form the operator A can be written as
A B
A= [B* C] |
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Lemma 3.9. Under above assumptions, we have

m_( [BE)* g:| ) = m_(ClkerB) + dlm(lm B)a

where m~ denotes the Morse index.

Proof. For the Hilbert space V, the following splitting holds

V=ImB ®kerB =ImB®ker B*.

By choosing a suitable basis, the matrix [ g* B] has the block form

C
0 0 B;; O
0O 0 0 O
B, 0 Cy Cpn|
0 0 C;, Cy

where By : Im B* — Im B and B}, : Im B — Im B" are both invertible. So, in particular

0 0 B O
0 B is similar to 000
B C B, 0 0 O
0 0 Cxn
Now, since
_ 0 B 11 . _ _
m (g o) =dimImB) and  m (Cles) = m (Colers)
1
the thesis readily follows. O

A (1-s)B

Lemma 3.10. For s € [0, 1], we let A(s) = [(1 — 9B (1-5)C

Sformula holds

] Then, the following spectral flow

sf(A(s), s € [0, 1]) = m™ (A(0)|w2) + dim(W N W) — dim(W N ker A(0)).

Proof. We start to consider the splitting W = (ker A)* @ker A. So, A(s) can be written in the following
block form

All 0 (1 - S)Bl
A(S) = 0 0 (1 - S)BZ >
(I-9B] (1-s5)B; (1-5C

where A;; : (kerA)* — (ker A)* is invertible and B; : V — (kerA)*, B, : V — ker A.
For s € [0, 1], we let

Aqy 0 0
B(s)y=1 0 0 (1-1s)B,
0 (-9B, (1-9[C-1- S)BTAIIIBI]

Electronic Research Archive Volume 30, Issue 8, 2833-2859.



2846

First claim. The following equality holds:
sf{A(s), s € [0, 11} = sf{B(s), s € [0, 1]}. (3.9)

This equality is a direct consequence of the stratum homotopy invariant property of the spectral flow.
So, let’s start to consider the 2-parameter family of operators pointwise defined by

A 0 i(1 - 5)By
A(s, 1) = 0 0 (1-25)B,
(1 -5)B; (1-5)B; (1-5)IC—(1-01-5)BjAB]

and we observe that we have A(s, 1) = K(¢)*A(s)K(¢) for

I 0 —(1-1)(1-5AB
0 1 0
0 0 I

K@) =

By a straightforward calculation it follows that dim ker A(0, ) and dimker A(1, ¢) are both constants.
By using the zero axiom of the spectral flow (namely each path is contained in a fixed stratum of the
Fredholm Lagrangian Grassmannian), we get that

st{A(0,1),1 € [0, 1]} = sf{A(1,¢),2 € [0, 1]} = O.
By invoking the stratum homotopy invariant property of the spectral flow, we get that
sf{A(s,0), s € [0, 1]} = sf{A(s, 1)s € [0, 1]}

which is precisely the equality appearing at Eq (3.9).
Let
0 (1-1s)B,
(1-5B; (1-9[C-(1-5BA[B]|’

By taking into account the additivity property of the spectral flow under direct sum as well as of
Eq (3.9), we get that

C(s) = s €[0,1].

st{B(s), s € [0, 1]} = sf{C(s), s € [0, 1]}.

Now, since ©(1) = 0, then we have
st{C(s), s € [0, 1]} = m (C(0)).
By Lemma 3.9, we get that
sf{C(s), s € [0, 11} = m™(C(0)) = m ((C — BA;! B)ler5,) + dim(Im B,).
In order to conclude, we have to prove that
m™ (AO)|w=) = m™((C — B{A}! B))lers,) and

dim(W N W) — dim(W N ker A(0)) = dim(Im B,).
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Let us consider (x;, x,0)" € ker A(0) N W. Then for every (uy, us, V)T € W@ V we have

AU 0 B] X1 251
0 0 Bof|xaf.|ua|) = (Axi,up) + (Bjxi,v) + (Byxp,v) = 0. (3.10)
B B C|[0] [v

We set v = 0. So, (Aj1x1,u;) = 0 for every u; € (ker A)* implies that A;;x; = 0. Consequently we
have x; = 0. Now, Eq (3.10) becomes (Bjx,,v) = 0. Since v is arbitrary, then B;x, = 0. Hence
W N ker A(0) = {(0, x2,0)" | B;x, = 0} = ker B;.

If (x1, X2, )" € W, then for every (u;, u»,0)" € W we have

All 0 Bl X1 u
0 0 By||xa|.|ua|) = (Arxi.m) + (Biy,ur) + (Bay, u) = 0. (3.11)
B B, Clly] |0

We set u, = 0. Then (A|1x; + Byy,u;) = 0 for every u; € (ker A)* implies that A;x; + By = 0.

Consequently we have x; = —A[}Bly. Letu; = 0, Eq (3.11) becomes (B,y, u,) = 0 forevery u, € ker A,

then B,y = 0. Hence W+ = {(-A|B1y, x2,y)T | By = 0,x, € kerAyand WNW* = {(0, x»,0)"} = ker A.
Now, we get

dim W N W* — dim W N ker A(0) = dimker A — dim ker B5 = dim Im B.

For every & = (—A7!Byy, x,,y)' € W*, we have

A11 0 B] _Al_llBly _Al_llBly
A% &) =([ 0 0 Bl x || x
B, B, C y y

= (=B1y,—Aj| Biy) + (B1y, =A7| B1y) + (Boy, x2)
+(=B}A7| B1y,y) + (Bjx2,y) + (Cy,y)
= ((C - BiA{| B)y, y).
Therefore, we have m™(A(0)|w:) = m~((C — BTAIIIBOlker 5,)- This concludes the proof. O

A sB

Lemma 3.11. We let A(s) = [SB* «C

], for s € [0, 1] and we assume that A is invertible. Then we

have
sf(A(s), s € [0,1]) = —m~(C — B'A™'B).

Proof. By a similar discussion as provided in the proof of Eq (3.9), we get

A 0

sf(A(s), s € [0, 1]) = sf(B(s), s € [0, 1]), where B(s) = 0 s[C-sBA'B]|

Since A is invertible, we infer that
sf(A(s), s € [0, 1]) = sf(s(C — sB*A™'B), s € [0, 1]).
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We observe that the operator s(C — sB*A™!B) is defined on a finite dimensional space V, and since in
this case the spectral flow is equal to the Morse index at the starting point minus the Morse index at the
end point, we get that

sf(s(C — sB*'A™'B), s € [0,1]) = —m™(C — B'A™'B).
O

By using the previous results, we are now ready to compute the difference between two spectral
indices defined in Definition 3.3. By taking into account Eq (3.6), we denote by A(s) the realization
of I, meaning the bounded linear operator representing the bilinear form I; w.r.t. the H; x R scalar
product; so, we get

kWﬁM%M=QﬂﬂM{H)

Similarly, we define the bounded linear operators A(s), B, C(s) representing w.r.t. the H} X R scalar
product the three terms defining /. So, we get

(A($)u, v)

L1
= fo {<TP(t)u'(t),v'(t)>+(Q(t)u(t),v'(t)>+<QT(t)u'(t),v(t)>+(TR(t)u(t),V(t»}dt

1
+ sf {<1P(t)u(t), v(t)>} dt
o \T
Buv—llPt’t'tbLtlTl'ttbdt
(B3| o) = [ {7 oo b+ (Lo 2070xw.m0)-
1
(C(s)b,d)y = (s + l)f %K(l‘)bddt.
o T
In matrix form the operator A(s) can be written as

_[As) B
Aw‘lm Cm}

Let now consider the homotopy pointwise defined by

A(s) (1-€)B

A(s, €) = for € € [0, 1].

(1-eB (1-eC(s)

Recall the discussions below Remark 3.7 we proved that the index form I ; is non-degenerate for
so large enough. Therefore, A(sy) is invertible. The next result provides a more strinking propery about
the spectrum of A(sy).

Lemma 3.12. There exists § > 0 such that o-(A(sy)) N [0, 6] = 0. In particular, the operator A~ (sy)
is bounded.
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Proof. Arguing by contradiction, we assume that for every 6 > O there exists A; € [-0,0] and us €
H} ([0, 1], R") such that A(so)us = Asus. Take vs = Pus, then we have

1
ISO,T(u5’ Vs) = (A(So)us, vs) = As{its, Vo) < ﬂ&f ||P_1||||Pu5||2dt. (3.13)
0

By taking into account Eq (3.8), we have

1
1 , , Y
Ly, r(us, vs) 2 f [EIIPM(;II2 = CillPugllll Pusl| + (T—(; - C2)||Pu5||2] dr. (3.14)
0
Inequalities provided at Eq (3.13) and Eq (3.14) contradict each other for s, sufficiently large and 6
(consequently Ay) sufficiently small. This concludes the proof. O

By the homotopy invariance property of the spectral flow, we get that

sf(A(s, 0), s € [0, s9]) = sf(A(0, €), € € [0, 1]) + sf(A(s, 1), s € [0, so])

(3.15)
+ sf(A(sg, 1 —€),e € [0, 1]).

Let us now compute the spectral flow sf(A(sg, I — €), € € [0, 1]). By using Lemma 3.12, we infer that
B*A~!(s0)B is a bounded operator (on a one-dimensional space). So, we get

I if <0

m™(C(so) = B"A™'(s0)B) = {O ks 0

By Lemma 3.11, we have

) L 1 if x<0
SEA(s, 1= @) € € [0, 1) =m (Clso) = BA so)B) =1 (3.16)

Let us now compute the spectral flow sf(A(0, €), € € [0, 1]). By using Lemma 3.10 we have
sf(A(0, €), € € [0, 1]) = m™ (A0, 0)|y+) + dim(W N W) — dim(W N ker A(0, 0))

where W = H}([0,1],R") and V = R.
The next step is to provide an explicit description of

m~ (A0, 0)|w+) + dim(W N W*) — dim(W N ker A(0, 0)).

The basic idea comes from [9, Section 2.1].
Let (x, T) be a non-null critical point of E;, with orbit cylinder (x4, Ts+s). Then for every (&, b) €
H(x) X R we have

dEh+s(-xh+S’ Th+s)[(§’ b)] =0. (317)
By differentiating w.r.t. s both sides of Eq (3.17), we get

0
d*Ep(x, T, T'(h)), (€, b)] + 35 lscpTEnes (6 DIE £)] = 0, (3.18)
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where &,(t) = %lszoxhﬂ(t), T (h) = %ls:OTIHs- Let now choose a variation {(x,,, Th,), 7 € (—€, €)} such
that (xy0, Tho) = (x, T) and 2|,—o(xy,, Th) = (£, b), then we have

0

0
ool o @Enes(x, DIE, D) =

8 Eh+s(-x> T)[(xh,r’ Th,r)]
Sls

5
5=0 Or lr=0

Eh+s(xa T)[(xh,ra Th,r)]

ds

9 ﬁ'
Orlr=00s15=0
9

or

By taking into account Eq (3.18) we have
dEp(x, (& T' (), (€, b)) = —b (3.19)
for every (&, b) € H(x) x R. Taking b = 0 and (&, b) = (&, T’ (h)) respectively, we have

dEi(x, T T' (W), (£,0)] = 0, d’Bi(x, T)[(én, T'(h)), (&1, T' ()] = =T (h). (3.20)

Let us identify H(x) with H(x) x {0} and we denote the Hessian of E, by V’E,(x,T). So,
ker d’E,(x, T) = ker V’E,,(x, T). We now set

F(x) = {(€, b) € H(x) X R | Bi(x, T, b), (17, 0)] = 0, ¥(1,0) € F(x))}.

The following result holds.

Lemma 3.13. Under above notations, we get
kerd’E,(x,T) € H(x), and H*(x)=kerd*Ey(x,T)® R(&p,, T (h)).
Proof. We argue by contradiction. If H(x) + ker d’E,,(x, T) = H(x) X R, then
H(x) = (H(x) + ker °By(x, T))* = (H(x) X R)*" = ker d°Ey(x, T). (3.21)

By taking into account Eq (3.20) we get (£,,T’(h)) € H*(x) and by using Eq (3.19) we know
(&, T'(h)) ¢ ker d*Ey,(x, T) which contradicts Eq (3.21).
So, H(x) + kerd®E,(x,T) # H(x) x R. Since dim((H(x) x R)/H(x)) = 1, then we finally get
ker d’Ey(x, T) C H(x).

Now observe that ker d’E;(x, T) ® R(&,, T’ (h)) € H*(x) and dim(H*(x)/ ker d’E;(x,T)) < 1. In
particular H*(x) = ker d’E;(x, T) ® R(&;,, T’ (h)). This concludes the proof. O

By invoking Lemma 3.13, we get
H*(x) = ker d*By(x, T) ® R(&,, T'(h)) D H(x) N H(x) D ker d°By(x, T).

If T'(h) # 0, the R(&,, T'(h)) € H(x). Thus, we have H(x) N H*(x) = ker d*E,,(x, T).
At the same time, by Lemma 3.13 we have d’Bu(x, T)lscry = d°Bu(x, T)lre,17a- Then by
Eq (3.20), we have
_(dZE T ) 1 if T'(h)>0
m X, Lx)) = .
" TWIT0 i T <.
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Hence, we have
m™(d*Bu(x, T)lsev) + dim(FH(x) N H*(x)) — dim(FH(x) N ker d°Ey(x, T))
~ {1 if T'(h) >0
0 if T'(h)<0O.
If T'(h) = 0, then by Eq (3.20), we get that (&,, T’(h)) € H(x) N H*(x). Therefore, we have
H(x) N H(x) = ker d*Ey,(x, T) ® R(&5, 0) = HE(x).
As a result, we have dim(H(x) N H*(x)) — dim(FH(x) N ker d*E;,(x, T)) = 1, and
B (x, T)lacr ) = d*Ba(x, Tl ongen = 0.
So, we get that if 7’(h) = 0 there holds
m™(d*Bu(x, T)lsc: o) + dim(FH(x) N H*(x)) — dim(FH(x) N ker d°Ey(x, T)) = 1.
Summing up, we have

m™(d*Bp(x, T)lsen) + dim(FH(x) N H*(x)) — dim(FH(x) N ker d°Ey(x, T))
1 if Ty =0
~|o if T'(h) <O,

In conclusion, we get

st(A(0, €), € € [0, 1]) = m™(A(0, 0)|y-) + dim(W N W*) — dim(W N ker A(0, 0))
= m (d°Bp(x, T)lsc(v) + dim(FH(x) N HH(x))
— dim(H(x) N ker d°Ey(x, T)) (3.22)
1 if T(h)=0
- {0 it T'(h) <0

where W = H} ([0, 1], R"). By summarizing all the previous results, the following theorem holds.

Theorem 3.14. Under above notations the following equalities hold:

Lopec(X, T) = tee (%) = s (Q, 5 € [0, 50]) — sf (L7 s € [0, 50])
sf(A(s,0), s € [0, so]) — sf(A(s, 1), s € [0, s0])
sf(A(0, €), € € [0, 1]) + sf(A(so, 1 —€),e € [0,1])
2 if k<0, T'(h)=0
1 if k<0, T"(h)y<0 or k>0,T(h)>0
0 if xk>0,T'(h)<0

(3.23)

Proof. The proof readily follows by invoking Eqs (3.15)-(3.16) and Eq (3.22). This concludes the
proof. O
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Remark 3.15. We observe that the main role of orbit cylinder is to ensure the existence of vector
(én, T'(h)) in Eq (3.19). A natural problem is to find out some more general conditions to insure the
existence of a vector in H{*(x) but not in ker d*E,(x, T). The bifurcation theory of Hamiltonian system
could be the right direction for answering this question.

By using Proposition 3.5, the following result holds.

Corollary 3.16. If L is €*-strictly convex on T M, then the difference between two Morse indices is
given by

b0, T) = 4, (0) = {1 Frm=0
0 if T'th)y<O0

Proof. Since L is ¢?-strictly convex, then x = (Px’,x’) > 0. By Proposition 3.5 and Eq (3.23), we
conclude the proof. O

Remark 3.17. Here we point out that if (x, T) is a minimizer of system (2.4) when L is %-strictly
convex, then we must have t,.(x, T) = 0. By Corollary 3.16 there must hold 7”(h) < 0. Or vice versa,
if T’'(h) > 0, then (x, T') cannot be a minimizer.

4. Linear instability and proof of the main result

In this section we recall some well-known results about the fixed period problem. We refer the
interested reader to [20] for the complete proofs.
4.1. Hamiltonian system and geometrical index

It is well-known that under the assumption (N1) the Legendre transform

L TM ->T'M,  (g.v)+— (q, DL(g,v)

i)
T(qi,v)TM

is a local smooth diffeomorphism. The Fenchel transform of L is the autonomous Hamiltonian on 7*M
H(g, p) = max (plvl = Lig,)) = plv(q, p)] = Liq, v(q, P).
for every (g, p) € T*M, where the map v is a component of the fiber-preserving diffeomorphism
L T'M > TM,  (q,p) = (4.Y(q.p)

the inverse of .%}.
By the above Legendre transform, the Euler-Lagrange Equation (2.5) is changed into the following
Hamiltonian equation:
Z,(t) = JVH(z,(1)).

By trivializing the pull-back bundle x*(7' M) over T M through the frame E defined in Subsection 3,
Eq (2.6) is changed into

—%(%P(t)u’(t) + Q(Hu®)) + QT(Hu'(t) + TR(u(t) = 0, te(0,1)

u(0) = Au(l), u'(0) = Au'(1).
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By setting y(¢) = %P(t)u’(t) + Q(t)u(t) and z(t) = (¥(?), u(?))" we finally get

Z(t) = JB(t)z(1), te[0,1]
where
{Z(O) = Aqz(1)
TP\(f) ~TP'()01)

BO= | _rowp@y TOT0P 000 - TRG)

4.1

and A, has been defined in Eq (3.4).

In the standard symplectic space (R?", w), we denote by J the standard symplectic matrix defined

0 -1 . ) .
by J = [ I 0 ] Thus the symplectic form w can be represented with respect to the Euclidean product

(-,-) by J as follows w(z1,2) = {Jz1, 2») for every z;,z, € R>".
Given M € Sp(2n,R), we denote by Gr(M) = {(x, Mx)|x € R*"} its graph and we recall that Gr(M)
is a Lagrangian subspace of the symplectic space (R** X R*", —w X w).

Definition 4.1. Let x be a 1-periodic solution of Eq (2.5), z, be the solution of corresponding Hamil-
tonian equation and let us consider the path

Yo : [0,1]1 = Sp(2n,R) givenby  yo(t) := A [@F(1)]7' D', (2,(0)DE(0).
We define the geometrical index of x as follows

Lgeo(X) = tam(A, Gr(yoe(1)), 1 € [0, 1])

where the (RHS) in Eq (4.3) denotes the ¢, Maslov index between the Lagrangian path t — Gr(yq(?))
and the Lagrangian path A := Gr(/) defined at Appendix A and references therein.

Let x be a 1-periodic solution of Eq (2.5) and z, be the solution of corresponding Hamiltonian
equation, we can define the linearized Poincaré map of z, as follows.

P, TxoM ST oM — TyoyM & T (;,M is given by
_ 1. _ T
P (@0, 60) 1= Ad(L(T). ZPTHVIL(T) + QTH(T))
- A0
for A, = [0 A] 4.2)
where { is the unique vector field along x such that {(0) = @ and %P(O)V,{ (0) + Q(0)2(0) = 6. Fixed
points of P, correspond to periodic vector fields along z,.

By pulling back the linearized Poincaré map defined in Eq (4.2) through the unitary trivialization
®F of 7z (TT*M) over [0, 1] we get the map

1 T
PY:R"@R" — R"®R" defined by PE(y, uo) = Ad(TPu’(T) + Qu(T), u(T))

where z(t) = (y(¢), u(¢)) is the unique solution of the Hamiltonian system given in Eq (4.1) such that
2(0) = (o, uo)-
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Denoting by t +— () the fundamental solution of (linear) Hamiltonian system given in Eq (4.1),
then we get the geometrical index given in Definition 4.1 reduces to

Leeo(X) 1= tam(A, Gr(A (1), 1 € [0, 1]). (4.3)

Moreover, the linearized Poincaré map can be given by the symplectic matrix A (1).
By choosing a suitable coordinates and trivialization we can split A (¢) into following form:

1 0 O
Ap(t) =|—tT'(h) 1 0 [,
0 0 P

where P,(?) is a path of 2(n — 1) X 2(n — 1) symplectic matrices. It is referred to [9, Page 104-105].

Definition 4.2. Under above notations, z, is termed spectrally stable if the spectrum o(P,(1)) c U
where U c C denotes the unit circle of the complex plane. If P.(1) is also semi-simple, then z, is
termed linearly stable.

1 0

Denote y;(?) = {[—tT’(h) 1

then we get

] ,t € [0, 1]} and y,(1) = {P.(?) | t € [0, 1]}, then by invoking Eq (A.2),

Lgeo(x) = LCLM(A7 Gr(71 (t))7 re [07 1]) + LCLM(A’ Gr(’yZ(t))’ re [Oa 1])
1, if T'(h)<O 4.4)

= tan(A, Gr(y,(1)), 1 € [0, 1]) + {o, if T'(h) > 0.

The, next result is well-known and relates the parity of the ¢y -index to the linear instability of the
periodic orbit.

Lemma 4.3. The following implication holds
tam(A, Gr(y,(1)),t € [0, 1)) is odd = x is linearly unstable

Proof. 1t is referred to the proof of [20, Lemma 3.15].

In [20, Equation 4.25] we give the precise relationship between tge,(x) and L;ec(x):

Loeo(X) = L;,ec(x) + dimker(A — I).

Remark 4.4. We conclude this section, by observing that even if not explicitly stated, all arguments
provided above, also work when the periodic orbit is transversally degenerate.

4.2. Proof of Main Theorem

Proof of Theorem 1.4. We prove only the (contrapositive of) the first statement in Theorem 1.4, being
the others completely analogous. Thus, we aim to prove that

if x is L-positive, orientation preserving and linearly stable = tgec(x, T) + 1 is odd.
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First of all, we have

1+ Lpee (X6, T) = 1+ (Lipec(X, T) = e (X)) + Lpee ()
= (n — dimker(A — D)) + (tspec(X, T) = 150 (1)) + (1o (x) + dim ker(A — 1))
= (n—dimker(A — 1)) + (tgpec(x, T) = t10 (%)) + Lgeo(X) (4.5)
= (n — dimker(A — 1)) + (tspec(X, T) = £ (%)) + (tgeo(X) = teru(A, Gr(ya(1))))
+ tam(A, Gr(y2()).

Being x orientation preserving (by assumption), then det A = 1 and being A also orthogonal, then
we get that

e neven = dimker(A — 1) even
e nodd = dimker(A —I) odd.

So, in both cases we have n — dimker(A — I) is even. Since x is L-Positive, then x(f) > 0. By
Equations (3.23) and (4.4), we have

o T'(h) 2 0 = tepec(x, T) — I (x)odd and Lgeo(X) = term(A, Gr(y2(2))) even

spec

e T'(h) <0 = tepec(x,T) - I _(x) even and Laeo(X) = tam(A, Gr(y»(1))) odd .

spec

So, in both cases we have (tspec(x, T) — () + (tgeo(X) = term(A, Gr(y2(1)))) is odd. If x is linear stable,

spec

then by taking into account Lemma 4.3, we get that ¢, (A, Gr(y,(?))) is even. Then, by Eq (4.5), we
finally get that n + tpec(x, T') is odd. This concludes the proof. O

5. A classical example

In this section, we will give a simple example where 7”(h) = 0 inspired by [9, Section 5].
Let (r,0) denote the polar coordinate on R2. Suppose D := {(r,6) | 0 < r < 4} and f(r) = —%(r3 -
4r* + 3r), then define L : TD — R by

L(r,0,,0) = %(# + 2% — f(r)6.

The energy function E : TD — R is given by E(r, 0, ,0) = 1(i* + r*6?).
By a direct computation we have y(¢) = (r(t), 6(¢)) satisfies the Euler-Lagrange equations if and
only if
#=00b— f'(r); r*6— f(r) = constant. (5.1)

From now on we only consider the circular orbit. Suppose
r(1) = p(k), (1) = a(kt,

where p(k) and a(k) are both positive constants. If y(#) is an orbit, since the second equation of (5.1) is
automatically satisfied, then we only requir

0 = # = a)(p(ath) - f'(p(k)) & platk) = f'(p(k). (5.2)
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The energy E = 1(p*(k)a*(k)) = k, then we have
p(kya(k) = V2k. (5.3)

We note that f'(r) = (37> — 8r+3)/2, then by Equations (5.2)-(5.3), we have V2k = —(3p*(k) — 8p(k) +
3)/2, namely,

2
(k) - gp(k)+ 1+ §\/ﬂ: 0.

. . _ 4 7_2
By solving the above equation, then we get p(k) = 5 — /5 — 5 V2k.

Consider k € (1 — €,1 + €), where € is a sufficiently small positive number. For k = 1, it is easy to
calculate that
p(1/2) =p'(1/2) = 1.

2 2mp(k
By using Eq (5.3), then we have T'(k) = 2r _ 27k

- T , then
2kp’ (k) — p(k)
2%\2k

Therefore, 7'(1/2) = 2n(p’(1/2) — p(1/2)) = 0. By Corollary 3.16, then we get

T'(k) =2n

LMor(x9 T) - L;or(‘x) =1.
A. A symplectic excursion on the Maslov index

The purpose of this section is to provide the symplectic preliminaries used in the paper. In Subsec-
tion A.1, we give the definition of the Maslov index. Then we compute the Maslov index of a special
symplectic path. Our basic references are [13, 14,21,22].

A.l. A quick recap on the . -index

Given a 2n-dimensional (real) symplectic space (V,w), a Lagrangian subspace of V is an n-
dimensional subspace L C V such that L = L“ where L“ denotes the symplectic orthogonal, i.e.,
the orthogonal with respect to the symplectic structure. We denote by A = A(V,w) the Lagrangian
Grassmannian of (V, w), namely the set of all Lagrangian subspaces of (V, w)

AV,w)={LcCcV|L=L"}.
It is well-known that A(V, w) is a manifold. For each L, € A, let
A(Lp) ={Le AV,w) |dim(LN Ly) = k) k=0,...,n.

Each A*(Ly) is a real compact, connected submanifold of codimension k(k + 1)/2. The topological
closure of A!(Ly) is the Maslov cycle that can be also described as follows

S(Lo) = ) A'(Lo)
k=1
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The top-stratum A!(Ly) is co-oriented meaning that it has a transverse orientation. To be more precise,
for each L € A!(Ly), the path of Lagrangian subspaces (=6,6) — "L cross Al(Ly) transversally,
and as ¢ increases the path points to the transverse direction. Thus the Maslov cycle is two-sidedly
embedded in A(V, w). Based on the topological properties of the Lagrangian Grassmannian manifold,
it is possible to define a fixed endpoints homotopy invariant called Maslov index.

Definition A.1. Let L, € A(V,w) and let ¢ : [0,1] — A(V,w) be a continuous path. We define the
Maslov index - as follows:

te(Lo, E(); € [a, b]) = [ (1) : £(Ly)]
where the right hand-side denotes the intersection number and 0 < & << 1.

For further reference and properties of the Maslov index we refer the interested reader to [21] and

references therein.

My 0
My (1) Mx(1)
to compute its Maslov index [23, Theorem 2.2]. Here we only give the simplified version. Let V be a
subspace of C?", define

For the special symplectic path y(7) = [ ] ,t € [0,T], there is a very useful formula

Vi={xeC™"|w(x,y) =0VYy e VL, Wi(V) = {(x,u,y,») € C*" | (x,y)" € V/,(u,v)" € V}.
Then there holds

pEMW(V), Gry(n)

A.l
=m" (M1 (T) My, (T)ls(ry) — m*(M;,,(0) M21(0)]s ) + dim S (0) — dim S(T), (A-D

where m* denotes the Morse positive index and S () = {x € C" | (x, M Ux)T € V'}. Please note that in
our situation we take K, R in [23, Theorem 2.2] as I and V respectively.

Take V = {(x,x)" | x € R}, then V! = V and A = Gr(I) = Wy(V). Let y(t) = {[ 1o

T, 1],: e [0, 1]}

where T is a given real constant, then we have

1, if To>0;
tem(A, y(0); 1 € [0,1]) = { (A.2)

0, if Ty <O.
In fact, note that in this case we have S (0) = S(T) = R and M,;(0) = 0, M>(T) = T\, then it is just the
consequence of (A.1).
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