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1. Introduction

The notion of a pre-Lie algebra has been introduced independently by M. Gerstenhaber in defor-
mation theory of rings and algebras [1] and by Vinberg, under the name of left-symmetric algebra,
in his theory of homogeneous convex cones [2]. Its defining identity is weaker than associativity and
lead also to a Lie algebra using commutators. This algebraic structure describes some properties of
cochain spaces in Hochschild cohomology of an associative algebra, rooted trees and vector fields on
affine spaces. Moreover, it is playing an increasing role in algebra, geometry and physics due to their
applications in nonassociative algebras, combinatorics, numerical analysis and quantum field theory,
see [3-6].

Hom-type algebras appeared naturally when studying g-deformations of some algebras of vector
fields, like Witt and Virasoro algebras. It turns out that the Jacobi identity is no longer satisfied, these
new structures involving a bracket and a linear map satisfy a twisted version of the Jacobi identity and
define a so called Hom-Lie algebras which form a wider class, see [7, 8]. Hom-pre-Lie algebras were
introduced in [9] as a class of Hom-Lie admissible algebras, and play important roles in the study of
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Hom-Lie bialgebras and Hom-Lie 2-algebras [10—12]. Recently Hom-pre-Lie algebras were studied
from several aspects. Cohomologies of Hom-pre-Lie algebras were studied in [13]; The geometrization
of Hom-pre-Lie algebras was studied in [14]; Universal a-central extensions of Hom-pre-Lie algebras
were studied in [15]; Hom-pre-Lie bialgebras were studied in [16, 17]. Furthermore, connections
between (Hom-)pre-Lie algebras and various algebraic structures have been established and discussed;
like with Rota-Baxter operators, O-operators, (Hom-)dendriform algebras, (Hom-)associative algebras
and Yang-Baxter equation, see [5, 18-22].

The cohomology of pre-Lie algebras was defined in [23] and generalized in a straightforward way to
Hom-pre-Lie algebras in [13]. Note that the cohomology given there has some restrictions: the second
cohomology group can only control deformations of the multiplication, and it can not be applied to
study simultaneous deformations of both the multiplication and the homomorphism in a Hom-pre-
Lie algebra. The main purpose of this paper is to define a new type of cohomology of Hom-pre-Lie
algebras which is richer than the previous one. The obtained cohomology is called the full cohomology
and allows to control simultaneous deformations of both the multiplication and the homomorphism
in a Hom-pre-Lie algebra. This type of cohomology was established for Hom-associative algebras
and Hom-Lie algebras in [24,25], and called respectively a-type Hochschild cohomology and a-type
Chevalley-Eilenberg cohomology. See [26-28] for more studies on deformations and extensions of
Hom-Lie algebras.

The paper is organized as follows. In Section 2, first we recall some basics of Hom-Lie algebras,
Hom-pre-Lie algebras and representations, and then provide our main result defining the full coho-
mology of a Hom-pre-Lie algebra with coefficients in a given representation. In Section 3, we study
one parameter formal deformations of a Hom-pre-Lie algebra, where both the defining multiplication
and homomorphism are deformed, using formal power series. We show that the full cohomology of
Hom-pre-Lie algebras controls these simultaneous deformations. Moreover, a relationship between de-
formations of a Hom-pre-Lie algebra and deformations of its sub-adjacent Lie algebra is established.
Section 4 deals with abelian extensions of Hom-pre-Lie algebras. We show that the full cohomology
fits perfectly and its second cohomology group classifies abelian extensions of a Hom-pre-Lie algebra
by a given representation. The proof of the key Lemma to show that the four operators define a cochain
complex is lengthy and it is given in the Appendix.

2. The full cohomology of Hom-pre-Lie algebras

In this section, first we recall some basic facts about Hom-Lie algebras and Hom-pre-Lie alge-
bras. Then we introduce the full cohomology of Hom-pre-Lie algebras, which will be used to classify
infinitesimal deformations and abelian extensions of Hom-pre-Lie algebras.

Definition 2.1. (see [7]) A Hom-Lie algebra is a triple (g, [, 14, ¢,) consisting of a vector space g,
a skew-symmetric bilinear map [-,-], : A*a — g and a homomorphism ¢, : ¢ —> @, satisfying

Golx, y1 = [94(x), §4(¥)] and
[¢g(x)’ b” Z]g]g + [¢q()’), [Z, x]g]g + [¢g(z), [x, y]q]q = ()’ V X, y’Z c g. (21)
A Hom-Lie algebra (g, [, 14, @) is said to be regular if ¢, is invertible.

Definition 2.2. (see [29]) A representation of a Hom-Lie algebra (g, [-, 14, ¢y) on a vector space V
with respect to € gl(V) is a linear map p : ¢ — gl(V), such that for all x,y € g, the following
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equalities are satisfied:

p(dg(x)) o B B o p(x), (2.2)
p([x,ylp o B = p(Py(x)) o p(y) — p(de(y)) o p(x). (2.3)

We denote a representation of a Hom-Lie algebra (g, [+, -1,, ¢,) by a triple (V, 8, p).

Definition 2.3. (see [9]) A Hom-pre-Lie algebra (A, -, @) is a vector space A equipped with a bilinear
product - : AQA — A, and a € gl(A), such that for all x,y,z € A, a(x -y) = a(x) - a(y) and the
following equality is satisfied:

(x-y)-a@-ax) - (¢-2)=0-x-a@)-al) - (x-2). (2.4)

A Hom-pre-Lie algebra (A, -, @) is said to be regular if « is invertible.

Let (A, -, @) be a Hom-pre-Lie algebra. The commutator [x,y]c = x-y — y - x defines a Hom-
Lie algebra (A, [, -]¢, @), which is denoted by A and called the sub-adjacent Hom-Lie algebra of
A, ).

Definition 2.4. (see [13]) A morphism from a Hom-pre-Lie algebra (A, -, @) to a Hom-pre-Lie algebra
(A’,,a") is a linear map [ : A — A’ such that for all x,y € A, the following equalities are satisfied:

fx-y) J ), Yxy €A, (2.5)
foa = dof. (2.6)

Definition 2.5. (see [17]) A representation of a Hom-pre-Lie algebra (A, -, @) on a vector space V
with respect to B € gl(V) consists of a pair (p, ), where p : A — ol(V) is a representation of the
sub-adjacent Hom-Lie algebra A€ on V with respect to 8 € gi(V), and u : A — gl(V) is a linear map,
satisfying, for all x,y € A:

Boulx) = ula(x))op, 2.7)
m(a(y)) o pu(x) —pu(x-y)of u(a(y)) o p(x) — p(a(x)) o u(y). (2.8)

We denote a representation of a Hom-pre-Lie algebra (A, -, @) by a quadruple (V, S, p, ut). Further-
more, Let L,R : A — gl(A) be linear maps, where L,y = x-y,R,y = y- x. Then (A, @, L,R) is also a
representation, which we call the regular representation.

Let (A, -, @) be a Hom-pre-Lie algebra. In the sequel, we will also denote the Hom-pre-Lie algebra
multiplication - by w.

Let (V,B,p, 1) be a representation of a Hom-pre-Lie algebra (A, w,@). We define C/|(A; V) and
C:(A; V) respectively by

C'(A;V) =Hom(A"'A®A,V), C'YA;V)=Hom(A"?A®A,V), Vnx2.
Define the set of cochains C"(4; V) by

{ C'(A; V) =C'(A; V)®CUA; V), Vn>2, 2.9)

C'(A; V) = Hom(A, V).
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For all (¢, ¥) € C"(A; V), x1,...,X,u1 €A, we define 9, : Cl(A;V) — C:’U”(A; V) by
(0ww¢)(xla ey -xn+1)
= D =DM p@ T D) F s X))
i=1

£ DM U@ Q)P T X )
i=1

= > D), @) - (), X X))
i=1

£ EDYp(lx xle ax), L a(x), L@, @i,

1<i<j<n

where the hat corresponds to deleting the element, define d,, : Ci(A; V) — CZ“(A; V) by

(aaal/’)(xla RS xn)
n—-1

= > D@ cxr, T )
i=1

n—1
+ ) D@ oD T X, X)
i=1

n—1
= D D@, A, @), X Xy)
i=1

£ EDT T e, @), e, L alxy), s alx),

I<i<jzn—1
define d,,, : C"(A; V) — C"*!(A; V) by

(awa‘;a)(xl’ R xn) = ﬁ‘)o(xl PR xn) - QO(CY(.X']), RS a(xn)),
and define 8,,, : C"(A; V) — C""'(A; V) by

(aaw‘//)(xl’ ) xn+1)
= D D e ), & O, s B Ko X

1<i<j<n
i+ 2 2 N A
D@ 00 - @ e WX R Ky X X))
1<i<j<n
i+ 2 2 N A
- Z (_1)l+]1u(an (xj) ,a” (xn+1))¢l(x1,'--,xia-'-’xj""axn’xi)'
1<i<j<n

Define the operator d:CYA; V) — C"™ YA V) by

P th) = (Ouwp + Oawls Ouap + Oaall), Yo € C'(A; V), € C(A; V), n 2 2,
P) = (Ouu®0uap), Yo € Hom(A,V).

The following diagram will explain the above operators:

(2.10)
(2.11)
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ww ww

CL(A; V) Cr(A; V) CI2(A; V)
awa @ awa @
]
aaw aafw
Ci(A; V) Cir'(A; V) Ci(A; V)
Lemma 2.6. With the above notations, we have
aww o aww + aaw o aww = Oa (212)
0w © 0w + 04y © 00 = 0, (2.13)
6(0(1 o au)a) + aaa o awoz = 0, (214)
Owa © O0gew + 0ga ©00e = 0. (2.15)
Proof. The proof is given in the Appendix. O
Theorem 2.7. The operator d:C"(A; V) — C™Y(A; V) defined as above satisfies dod=0.
Proof. When n > 2, for all (¢, ) € C*(A; V), by (2.10) and Lemma 2.6, we have
000, ¥) = 0w + Oautls Oua + Oaalh)
= 0.
When n = 1, for all ¢ € Hom(A, V), by (2.11) and Lemma 2.6, we have
000@) = 0Buuwp: Oua®)
= (awwaww(p + aawawaso’ awaawwgp + 805[1’8(1)05‘10)
= 0.
This finishes the proof. O

We denote the set of closed n-cochains by Z"(A; V) and the set of exact n-cochains by B'(A; V). We
denote by H"(A; V) = Z"(A; V)/B"(A; V) the corresponding cohomology groups.

Definition 2.8. Let (V, 3, p, n) be a representation of a Hom-pre-Lie algebra (A, -, «). The cohomology
of the cochain complex (EB;‘I"ZIC'”(A; V), 0) is called the full cohomology of the Hom-pre-Lie algebra
(A, -, @) with coefficients in the representation (V, 3, p, 1)

We use éreg to denote the coboundary operator of the Hom-pre-Lie algebra (A, -, @) with coefficients
in the regular representation. The corresponding cohomology group will be denoted by H"(A; A).

Remark 2.9. Compared with the cohomology theory of Hom-pre-Lie algebras studied in [13], the
above full cohomology contains more informations. In the next section, we will see that the second
cohomology group can control simultaneous deformations of the multiplication and the homomorphism
in a Hom-pre-Lie algebra.
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3. Formal deformations of Hom-pre-Lie algebras

In this section, we study formal deformations of Hom-pre-Lie algebras using the cohomology theory
established in the last section. We show that the infinitesimal of a formal deformation is a 2-cocycle
and depends only on its cohomology class. Moreover, if the cohomology group H*(A; A) is trivial, then
the Hom-pre-Lie algebra is rigid.

Definition 3.1. Lef (A, w, @) be a Hom-pre-Lie algebra, w, = w + Y, wit' = A[[f]] ® A[[1]] — A[[7]]
be a K[[t]]-bilinear map and o, = a + Y5 a;t' = A[[t]] — A[[t]] be a K[[t]]-linear map, where
w; :A®A — Aand a; : A — A are linear maps. If (A[[t]], w;, @,) is still a Hom-pre-Lie algebra, we

say that {w;, a;}i>1 generates a 1-parameter formal deformation of a Hom-pre-Lie algebra (A, w, ).

If {w;, @;};i>1 generates a 1-parameter formal deformation of a Hom-pre-Lie algebra (A, w, @), for all
x,y,z€ Aandn =1,2,..., we then have

D wiwi(x, ), (@) — il (), w7, 2)) — WiW (3, X), (D) + wile; ), WD) = 0. (B.1)

i+j+k=n
i,j,k=0

Moreover, we have

Z wi(wj(x,y), ax(2)) — wia;(x), w(y, 7)) — wi(W;(y, x), 4 (2) + wi(a;(y), w(x,2)) (3.2)

i+j+k=n
0<i,jik<n—1

= (awwwn + a(lwan)(x’ Y, Z)~

Forall x,ye Aandn =1,2,..., we have
D wila (0, ) — ) ai(w(x,) =0. (3.3)
i+j+k=n i+j=n
i,jk=0 i,j20

Moreover, we have

Z wi(a'j(x)a a’k(y)) - Z a’i(wj(x’ y)) = (awawn + aaa/a'n)(xa )’) (34)

+00

Proposition 3.2. Let (w, = w+ ;) wit, o, =a+ > a;t') be a 1-parameter formal deformation of a
Hom-pre-Lie algebra (A, w, @). Then (w1, ;) is a 2-cocycle of the Hom-pre-Lie algebra (A, w, @) with
coefficients in the regular representation.

Proof. When n =1, by (3.1), we have

0 = (x-y) 1@+ wi(xy) @@+ wi(x-y,az) - ax) - wi(y,2)
—a1(x) - (- 2) —wi(@(x),y - 2) = (v x) - @1(2) — w1y, X) - @(2)
—w1(y - X, a(2)) + a(y) - wi(x,2) + a1 (y) - (x - 2) + wi(@(y), x - 2)
= Qw1 + Oaw1)(X, Y, 2),

and by (3.3), we have

0 = wi(a),a) +a1(x) - ay) + a(x) - a1(y) - d(wi(x,y) = ai(x-y)
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= _(8wa/w1 + 30“,&/1)()@)’),

which implies that greg(wl ,a1) = 0. Thus, (w;, @) 1s a 2-cocycle of the Hom-pre-Lie algebra (A, w, @).
O

Definition 3.3. The 2-cocycle (wy, ;) is called the infinitesimal of the 1-parameter formal deforma-
tion (A[[t]], w,, ;) of the Hom-pre-Lie algebra (A, w, @).

Definition 3.4. Let (w] = w+ Y, Wit @) = a+ Y5 ait)) and (w, = w + Y15 wit', @, = a + Y57 ayt')
be two 1-parameter formal deformations of a Hom-pre-Lie algebra (A, w, @). A formal isomorphism
from (A[[1]], w}, @) to (Al[f]), w;, ;) is a power series ®, = Y @it', where ¢; : A — A are linear
maps with ¢y = 1d, such that

®, 0 w; = w; 0 (D, X Dy), (3.5)
ao® = @ oa. (3.6)

Two 1-parameter formal deformations (A[[t]], w}, ;) and (A[[t]], w;, @;) are said to be equivalent if
there exists a formal isomorphism ®, = Z;"S @it from (A[[t]], w;, a;) to (A[[t]], wy, ;).

Theorem 3.5. Let (A, w, @) be a Hom-pre-Lie algebra. If two 1-parameter formal deformations (w; =

+00

w+ YWt =a+ Y0 ) and (w, = w+ Y5 wit, @ = a+ Y15 a;t') are equivalent, then there

infinitesimals (w}, a}) and (wy, ) are in the same cohomology class of H*(A; A).

i= i=

Proof. Let (w), @) and (w,, @;) be two 1-parameter formal deformations. By Proposition 3.2, we have
(W}, @) and (w1, @) € Z*(A; A). Let @, = 15 @i’ be the formal isomorphism. Then for all x,y € A,
we have
W (x,y) = O 0 W (P(x), D))
= d-pit+...)wx+eX)t+...,y+e Mt +...)
= M-gi+.. ) xy+ @ @0 +@ )y +w@y)+...)

= xoy+ (@) + @) Y+ w16y — @)+

Thus, we have

wi(6,y)—wi(x,y) = x- () +@i(x)-y—@i(x-y)
5ww¢1(x,Y),

which implies that w] — w; = 0w -
For all x € A, we have

(D;_] o a,(D,(x))
= Id-pit+..)a(x+@ ()t +...)
= (Id-git+..)((x) + (i (x) + @y ()1 + ... )

= (@) + (alpi()) + @1 (x) = @i (@)t + ...

;(x)
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Thus, we have
@ (%) — a1(x) = a(p1(x)) — p1(@(x) = Duap1 (),
which implies that @] — @; = Juo¢i.
Thus, we have (w] —w, @] —ay) € B*(A; A). This finishes the proof. O

Definition 3.6. A 1-parameter formal deformation (A[[t]], w;, @,) of a Hom-pre-Lie algebra (A, w, @)
is said to be trivial if it is equivalent to (A, w, @), i.e. there exists ®;, = Y5 pit', where ¢; : A — A
are linear maps with ¢y = 1d, such that

w o (P; X D), (3.7)
ao®, = D, o0aq,. (3.8)

D, o w;

Definition 3.7. Let (A, w, @) be a Hom-pre-Lie algebra. If all 1-parameter formal deformations are
trivial, we say that (A, w, @) is rigid.

Theorem 3.8. Let (A, w, @) be a Hom-pre-Lie algebra. If H*(A; A) = 0, then (A, w, @) is rigid.

Proof. Let (w, = w + Y5 wit', @, = a + Y17 a;t’) be a 1-parameter formal deformation and assume

that n > 1 is the minimal number such that at least one of w, and @, is not zero. By (3.2), (3.4) and
H?*(A; A) = 0, we have (w,, @,) € B%(A; A). Thus, there exists ¢, € C'(A; A) such that w, = 9uw(—¢,)
and @, = 0uo(—¢,). Let @, = Id + ¢, and define a new formal deformation (w;, a;) by wi(x,y) =
O o w(D,(x), () and @)(x) = ;' o a,(P,(x)). Then (w),]) and (w;, ;) are equivalent. By a
straightforward computation, for all x,y € A, we have

wl(x,y) = O o w(D(x),D,(y))

= (Id = @ut" + .. D(x + @, (0", y + 9, (01")
(Id - p,t" +...)(x-y+ (x - @) + @u(x) - y + wu(x, )" + )

X3+ (X @) + @alX) -y + 0n(,3) = @alx- M)+

Thus, we have w| = &) = --- = w/_, = 0. Moreover, we obtain

W, (%,y) = @u(X) -y + X @u(y) + Wa(x,y) — @u(x - y)
Oww®n(X,y) + wpy(x,y)
= 0.

For all x € A, we get
aj(x) = ;' o (P(x)
= (Id—@.t" + .. )a(x + @,(0)1")
= (Id- " +..)((x) + ((@n(0) + @, ()" + ...
= a(0) + (@, () + u(x) = ula))" + ...
Thus, @} =) =---=a,_, =0, and

@,(x,y) = a(@n(x) + @n(x) = pu(a(x))
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= awa‘pn(x)—l'a’n(x)
= 0.

By repeating this process, we obtain that (A[[¢]], w;, @;) 1s equivalent to (A, w, @). The proof is finished.
O

At the end of this section, we recall 1-parameter formal deformations of Hom-Lie algebras, and
establish the relation between 1-parameter formal deformations of Hom-pre-Lie algebras and 1-
parameter formal deformations of Hom-Lie algebras.

Definition 3.9. (see [25]) Let (g, [, 14, ¢y) be a Hom-Lie algebra, [-,-), = [-,-1y + Yy @it = ¢[[f]] A
gl[7]] — oll2]] be a K[[t]]-bilinear map and ¢, = ¢, + Y155 ¢it' = al[]] — ¢llz]] be a K[[t]]-linear
map, where &; : § @ g — g and ¢; : ¢ — g are linear maps. If (g[[?]], [, 1;, ¢;) is still a Hom-Lie
algebra, we say that {@;, ¢;}i>1 generates a 1-parameter formal deformation of @« Hom-Lie algebra
(g’ ['a ']ga ¢g)-

Proposition 3.10. Let (w; = w + Y15 wit', a; = a + Y1) a;t’) be a 1-parameter formal deformation of
a Hom-pre-Lie algebra (A, w, @), then

{wi —wi o0, i}z

generates a 1-parameter formal deformation of the sub-adjacent Hom-Lie algebra A€, where o :
A®A — A® A is the flip operator defined by c(x®y) = y® x for all x,y € A.

Proof. Let (A[[t]], w;, @) be a 1-parameter formal deformation of a Hom-pre-Lie algebra (A, w, @). For
all x,y € A, we have

W6 =00 = 006 =00+ ) G = ) iy, Df
i=1 i=1

+00
[x,ylc + Z(wi — w; 0 )(x, V),
=1

and

@; 0 (Wi(X,y) = Wi(y, X)) = wiai(x), @ (y)) — wi@,(y), @ (x)).
Therefore, {w; — w; o 0, @;};>1 generates a 1-parameter formal deformation of the sub-adjacent Hom-Lie
algebra A°. i

4. Abelian extensions of Hom-pre-Lie algebras

In this section, we study abelian extensions of Hom-pre-Lie algebras using the cohomological ap-
proach. We show that abelian extensions are classified by the cohomology group H*(A; V).

Definition 4.1. Let (A, -, @) and (V,-y,B) be two Hom-pre-Lie algebras. An extension of (A, -, @) by
(V,-v,P) is a short exact sequence of Hom-pre-Lie algebra morphisms:

0 V—L-A-LoA 0
B
0 V—-A-LoA 0,
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where (A, -4, az) is a Hom-pre-Lie algebra.
It is called an abelian extension if (V, -y, ) is an abelian Hom-pre-Lie algebra, i.e. for all u,v €
V, u-yv= 0.

Definition 4.2. A section of an extension (A, - 4, 4) of a Hom-pre-Lie algebra (A, -, @) by (V, -y, ) is a
linear map s : A — A such that p o s = Id,.

Let (A, - 4> @4) be an abelian extension of a Hom-pre-Lie algebra (A, -, @) by (V,8)and s : A — Aa
section. For all x,y € A, define linear maps § : A® A — V and £ : A — V respectively by

$(x) -4 5(v) = s(x - y), 4.1)
a;(s(x)) = s(a(x)). (4.2)

0(x,y)
&(x)

And for all x,y € A,u € V, define p, u : A — gl(V) respectively by

pOW) = s(x) 4 u, 4.3)
HOOW) = u-g (). (4.4)

Obviously, A is isomorphic to A @ V as vector spaces. Transfer the Hom-pre-Lie algebra structure on
A to that on A @ V, we obtain a Hom-pre-Lie algebra (A @ V, o, ¢), where ¢ and ¢ are given by

x+uwo(y+v)
d(x + u)

xX-y+60(x,y)+px)v)+u@y)(u), Vx,yeAuvey, 4.5)
a(x)+&x)+Buw), VYxeAuelV. 4.6)

Theorem 4.3. With the above notations, we have
(1) (V,B,p,n) is a representation of the Hom-pre-Lie algebra (A, -, @),

(11) (6,¢) is a 2-cocycle of the Hom-pre-Lie algebra (A, -, @) with coefficients in the representation
V.8, o, ).

Proof. For all x € A, v € V, by the definition of a Hom-pre-Lie algebra, we have

P(x 0 v) = $(x) © p(v) = Blp(x)(V)) = pla(x))B(v) = 0,

which implies that
Bopx) = plalx)) o B. 4.7)
Similarly, we have

B o pu(x) = p(a(x)) o . (4.8)

For all x,y € A, v € V, by the definition of a Hom-pre-Lie algebra, we have

(xoy) o d(v) —d(x) o (yov)—(yox)od)+d(y)o(xov)
= (x-y+0(x,y)) o) = (a(x) + &£(x) o p(N (V)

—(y - x+0(y,x)) 0 ) + (a(y) + EK)) ¢ p(x)(v)
= p(x-y)BE) = pla(x)p)(v) — p(y - V)BW) + pla(y)p(x)(v)
= p([x,ylc)BO) — p(a(x)p()() + pla(y))p(x)(v)
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which implies that

p([x,y]le) o B = p(a(x)) o p(y) — p(a(y)) o p(x).

Similarly, we have

p(a(y)) o pu(x) — p(x - y) o B = p(a(y)) o p(x) — p(a(x)) o u(y).

4.9)

(4.10)

By (4.7), (4.8), (4.9), (4.10), we obtain that (V, S, p, i) is a representation.
For all x,y € A, by the definition of a Hom-pre-Lie algebra, we have

P(x 0 y) = ¢(x) © p(y)

= d(x-y+0(x,y) — ax) - a(y) — O(a(x), a(y) — pla(x)EQ) — ula(y))é(x)
= &(x-y) +p0(x,y) — 0(a(x), a(y) — p(a(x)EQY) — u(a(y)é(x)

= 5m9(3€,y)+0aa§(xay)
= 0,

which implies that

O0uat + 040& = 0.

(4.11)

For all x,y, z € A, by the definition of a Hom-pre-Lie algebra, we have

(xoy)od@)—g(x)o(yoz)—(yox)od@)+d(y) o (xoz)

= (x-y+6(x,y)) ¢ (@2) + &) — (@(x) + X)) o (v - 2+ 60y, 2))
=y x+6(y, %)) 0 (a(2) + £(2) + (@(y) + 1)) © (x - 2+ O(x, 2))

= 0(x-y,(2)) + u(a(2))0(x,y) — a(x),y - 2) — p(a(x)0(y, 2)
=0y - x, (2)) — u(@(2))0(y, x) + O(a(y), x - 2) + p(a(y)o(x, 2)
+o(x - Y)E@) = p(y - 2DE(x) — p(y - X)E(2) + p(x - 2DE(Y)

= —0uu0(X,y,2) = 00ué(X, Y, 2)

= 0,

which implies that

0wl + 000é = 0.

(4.12)

By Eqgs (4.11) and (4.12), we obtain that ao, &) = 0, which implies that (6,¢) is a 2-cocycle of the
Hom-pre-Lie algebra (A, -, @). The proof is finished. O

Definition 4.4. Let (Al 24> @4,) and (A,, “4,» @4,) be two abelian extensions of a Hom-pre-Lie algebra
(A,-, @) by (V,B). They are said to be isomorphic if there exists a Hom-pre-Lie algebra isomorphism
l: (141, A @g) — (A}, “4,» @ 4,) such that the following diagram is commutative:
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Proposition 4.5. With the above notations, we have

(1) Two different sections of an abelian extension of a Hom-pre-Lie algebra (A, -, @) by (V,) give
rise to the same representation of (A, -, @),

(i1) Isomorphic abelian extensions give rise to the same representation of (A, -, @).

Proof. (i) Let (A, -4, a;) be an abelian extension of a Hom-pre-Lie algebra (4, -, @) by (V, ). Choosing
two different sections s;,5, : A — A, by equations (4.3), (4.4) and Theorem 4.3, we obtain two
representations (V, 8, p1, 11) and (V, 8, p2, t2). Define ¢ : A — V by ¢(x) = s1(x) — s2(x). Then for all
x € A, we have

$1(x) -4 u— 52(x) -4 u

= (p(x) + 52(x)) g u — 52(x) "z u
= @(x)zu

- 0,

P1(X)(u) = p2(x)(u)

which implies that p; = p,. Similarly, we have u; = y,. This finishes the proof.

(i) Let (4, - 4> a4,) and (A,, - A,» @4,) are two isomorphic abelian extensions of a Hom-pre-Lie al-
gebra (A,-,@) by (V,B). Let s; : Ay — A and s, : A, — A, be two sections of (Ay, -4, @4, ) and
(A2, -4,, ay,) respectively. By equations (4.3), (4.4) and Theorem 4.3, we obtain that (V,, p1, u;) and
(V. B, p2, 2) are their representations respectively. Define s : A} — A, by sy = ¢! os,. Since
C (A, A @5) — (A,,- 4> @4,) 18 a Hom-pre-Lie algebra isomorphism satisfying the commutative
diagram in Definition 4.4, by p, o { = p;, we have

prosy=profol ' os,=1Ida. (4.13)

Thus, we obtain that s} is a section of (Al, 4,4, ). Forall x € A,u € V, we have

Pl = 5(x) 4, u
= (' os)(x) 4 u
= N (52(x) 4, 0)
= p2(x)(u),
which implies that p; = p,. Similarly, we have u; = u,. This finishes the proof. O

So in the sequel, we fix a representation (V, S, p, i) of a Hom-pre-Lie algebra (A, -, @) and consider
abelian extensions that induce the given representation.

Theorem 4.6. Abelian extensions of a Hom-pre-Lie algebra (A,-,a) by (V,B) are classified by
H*(A; V).

Proof. Let (A, -4, ;) be an abelian extension of a Hom-pre-Lie algebra (A, -, @) by (V,). Choosing
asection s : A — A, by Theorem 4.3, we obtain that (6,¢) € Z?*(A; V). Now we show that the
cohomological class of (6, &) does not depend on the choice of sections. In fact, let s; and s, be two
different sections. Define ¢ : A — V by ¢(x) = s1(x) — s2(x). Then for all x,y € A, we have

01(x,y) = s1(x) 52 5100) = s1(x - y)
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= (520x) + @(x)) 4 (5200) + @(y)) = s2(x - y) — (x - y)
= 5(x) 4 9200) + p()e(y) + u(e(x) — s2(x - y) —@(x - y)
= 02(x7 )’) + awaD(X, y)a

which implies that 8, — 6, = d,,.,¢.
For all x € A, we have

&) = az(s1(x) = si(a(x))
= aa(p(x) + 5:(x)) = p(a(x)) = s2(a(x))
= @4(p(x)) + a;i(5:(x) = p(a(x)) — s2(a(x))
= &%) + Ble(x) - pa(x)),

which implies that &, — & = 0.

Therefore, we obtain that (6, — 6,,&, — &) € BX(A; V), (6, &) and (6,, &) are in the same cohomo-
logical class.

Now we prove that isomorphic abelian extensions give rise to the same element in A*(A;V). As-
sume that (AA 1> 4> @4,) and (A}, ‘4,» @4,) are two isomorphic abelian extensions of a Hom-pre-Lie al-
gebra (A, -, @) by (V,8), and { : (A1, -4, @4,) — (A2,4,, @4, ) 1S a Hom-pre-Lie algebra isomorphism
satisfying the commutative diagram in Definition 4.4. Assume that s; : A — A, is a section of A;. By
p2 o { = p;, we have

p2o({os))=pios =lda. (4.14)

Thus, we obtain that £ o s; is a section of A,. Define s, = { o s1. Since  is an isomorphism of
Hom-pre-Lie algebras and ¢ |y= Idy, for all x,y € A, we have

th(x,y) $2(%) -4, $2(¥) — s2(x - y)
(§os)(x) 4, (Los)) — (Lo s)x-y)
£(s1(x) 4, $1(0) = s1(x - y))

01(x,y),

and

&(x) = @4,(52(x) — s2(a(x))
= 4, (L(s1(x))) — {(s1(a(x)))
= (a4, (s1(x) — s1(a(x)))
= &i(0).

Thus, isomorphic abelian extensions gives rise to the same element in H*(A; V).

Conversely, given two 2-cocycles (6, &) and (65, &), by Eqgs (4.5) and (4.6), we can construct two
abelian extensions (A ® V, o1, ¢;) and (A ® V, o5, ¢,). If (6,&)),(65,&) € H*(A;V), then there exists
¢:A— V,suchthat 6, = 6, + 0, and & = & + 0. We definel : AV — A® V by

{(x+uw)y=x+u+¢px), VxeAueclV. 4.15)
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For all x,y € A,u,v € V,by 8, = 6, + 0,,¢, we have

{(x+uw o (y+v) —d(x+u) o2 {(y +v)
= L(x-y+601(x,y) + p(x0)V) + u(NW)) = (x + u + ¢(x)) o2 (y + v + @(1))
= 01(x,y) + o(x-y) = 02(x,y) — p(X)p(y) — u(y)ep(x)
= 01(x,y) — 02(x,y) — Ouuwp(X,y)
= 0, (4.16)

and for all x € A,u € V, by & = & + 0,09, We have

Jogi(x+u)—¢rol(x+u)
= L(a(x) + & (x) + Bw)) — da(x + u + p(x))
= &1(x) + @(a(x) — &2(x) — Ble(x))
= &1(x) = £(x) — Fuap(x)
= 0, “4.17)

which implies that £ is a Hom-pre-Lie algebra isomorphism from (A @ V,¢1,¢;) to (A & V, o, ¢).
Moreover, it is obvious that the diagram in Definition 4.4 is commutative. This finishes the proof. O

Appendix: The proof of Lemma 2.6

By straightforward computations, for all xi,..., x> € A, we have

6ww(6ww§0)(x1 ----- xn+2)
n+l
= D D@ D P T Xai)
i=1
n+1 )
S G VAT CACHEY (N EIRTE T SR
i=1
n+1 ) -
= D @uo@) @), @) @), X - Xi2)
i=1
+ Z (D™ @)X X1, @(X1)s <y @D, o, @)y - -y @(Xs2))
I<i<j<n+1
= D EDT D@ )o@ P T Xs2) (4.18)
1<j<isn+1
L ED T D@ e T R, T ) 4.19)
I<i<j<n+1
£ EDT D p@ @ )08t K T Xt X)) (4.20)
1<j<i<n+1
) EDT @ @ )P s Ty Do Fes X)) @.21)
I<i<j<n+1
= DL DT D p@ (@), A, A0, @)X ) (4.22)
1<j<isn+]
= L EDT @ e@(a), @) @ @), X - ) (4.23)
I<i<j<n+l1
DL EDT Y@ e, e, @), @), @0, A E2) (4.24)
1<j<k<i<n+1
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L DT @ el B @), @), @06, A0, ()
1<j<i<k<n+1

D DT @ ()l B @), @), ), A0, @(40))
1<i<j<k<n+1

L DT D @ )@ IR T K, 1)
1<j<isn+1

L DT D@ Fr )@ P T T X, )
I<i<j<n+1

L DT D @ G (@ G T T X X))
1<j<isn+1

L DT D@ G D@ R T K X))
I<i<j<n+l1

= D DT D @ @), @, A0, @)X )
1<j<i<n+l1

= D, DT D@ Fr @), @), @ @) X )
1<i<j<n+1

Y EDT Y @ e v e, - alx), - ale),

1< j<k<i<n+1

@) @), a(x)

Y, EDT Y @ o)l B e, - alxy), - alx)
1<j<i<k<n+1

@), @), a(x)

) COMED @ Gl sies @) @), - alx)
1<i<j<k<n+1

@), @), a(x)

= > EDT D p@ @), @), @06, - @), X Xs2)
1<j<i<n+1

= > EDT D@ @), @), @), @), X )
I<i<j<n+1

= D DT ED T @ (e %)@, @00, D ), (X))
1<j<isn+]

= DL DT D@ (%)@, @0, @) ), (X))
1<i<j<n+1

L EDTED @ @) @ 00), e @0 @ () () - (6 - 012))
I<j<i<n+1

D EDT Y@ (), @), @), 0 (), (X)) - (X X42)
I<i<j<n+1

- D DM EY eatg), e@le, X)) 20,
1<j<k<i<n+1

@20, . () (X * Xy12))

- D EDTEY T at), a@)le, () P09 P00,
1<j<i<k<n+1

P,y @ (K1), @ X12))

- D EDTEY e, a(le, 0n), - @200, 206,
1<i<j<k<n+1

(), @ (), X * Xy12))

Y EDYpe g xloe(@n), - @), . alx), - @)

I<i<j<n+l1

D EDMED @ N, e @), a0, - @0 - A, - (Xi0))
I<k<i<j<n+1
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(4.25)

(4.26)

4.27)

(4.28)

(4.29)

(4.30)

431

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)
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Electronic Research Archive

L EDMED @ e, jle, alx), -, @G, - @), - ),
1<i<k<j<n+1

D EDMED @ el xles @), @), @) A,
1<i<j<k<n+1

D EDMED @ e Xl ), L @G, s al),
1<k<i<j<n+1

a(x), - (), (%))

D EDMED T @ G Xl an), L aG), L aG),
1<i<k<j<n+1

a(x), - (), @(x1))

D EDMED @ G Xl an), L aG), s al),
1<i<j<k<n+1

(i), s @), (k)

Y EDTUE (@), (), a0, - @G, [, x10)
I<i<j<n+1

- Z (—1)i+j(—1)k<p(a[xi,x_,-]c,az(xl) ..... af(-x\k) ..... 07(?,4) ..... oﬁ(-;_,-),
1<k<i<j<n+1

s @00, () - A(X42))

- D, EDIED T el Ko, @), @), @2, 22,
1<i<k<j<n+1

s @ (), () - @(X042))

- D EDPED al xle, (), @20, ) PR,
1<i<j<k<n+1

s @ 00> () - @(X042))

- > D@ ), @), ), @), [ Xl - @(X0s0))
I<i<j<n+l1

D EDTIED e, atle, ol xle, @), -, 02X,
I<k<i<i<j<n+1

af(;l) ..... af(;,-) ..... af(;j) ..... @*(X12))

D EDTIED T e, alle, alx, xile, (), L (R0,
1<k<i<l<j<n+1

),y P, (X)), -, @ (Xps2))

D EDMED e, atle ol xle, & (x), - 2,
1<i<k<I<j<n+1

@ (xp), ..., @ (x), ..., @2(x)), ..., @ (Xp42))

L EDMED ), etle, alx, xle, @), - 200,
1<i<j<k<I<n+1

P, X, P, @ (3012))

L EDMED M (e, ata)le, alxi, xle, @X(x), @2 (),
1<i<k<j<i<n+1

P,y P(X))s e, (XD, - @ (X))

+ (=DM =D p((an), ala)le, alx, xjle, @ (), ... @2, ..
1<k<i<j<il<n+1

a*(x;), ..., af(;j) ..... af(;,) ..... @ (X12))

- (D™ =Dre((lxi, xles aGle, @), . (), . 02(x), .. 02(X)),
1<k<i<j<n+1

D EDTEDT A Ko @@l @) PR, @2, L @)

1<i<k<j<n+1

- (Xp12))

a(Xp42))

e @ (X412))

.....

@*(Xy42))

(4.47)

(4.48)

(4.49)

(4.50)

4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)
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O EDHED I Xl alle @2, - @2(6), ., @20, @2, - 0P (X0)). (4.65)
I<i<j<k<n+1

The terms (4.22) and (4.37), (4.23) and (4.36), (4.24) and (4.48), (4.25) and (4.47), (4.26) and (4.46),
(4.33) and (4.51), (4.34) and (4.50), (4.35) and (4.49) cancel each other. By the definition of the sub-
adjacent Hom-Lie algebra, the sum of (4.63), (4.64) and (4.65) is zero. By the antisymmetry condition,
the term (4.57) and (4.60), (4.58) and (4.61), (4.59) and (4.62) cancel each other. By the definition of
the sub-adjacent Lie bracket, the sum of (4.31), (4.32) and (4.52) is zero. By the definition of Hom-
pre-Lie algebras, the sum of (4.40), (4.41) and (4.56) is zero. Since « is an algebra morphism, the term

(4.42) and (4.55), (4.43) and (4.54), (4.44) and (4.53) cancel each other.
Since (V, B8, p, ) is a representation of the Hom-pre-Lie algebra (A, -, @), the sum of (4.18) and (4.19)
can be written as
DT D e ), @ IBR(K T T i), (4.66)

I<i<j<n+l

the sum of (4.20), (4.28) and (4.29) can be written as

= D@ ) @ (B T T e X, 4.67)

1<j<i<n+1

and the sum of (4.21), (4.27) and (4.30) can be written as

DD @ ) - @ i )BR(K T T X, X)). (4.68)
I<i<j<n+1
Thus, we have

6ww(6ww¢)(xl ----- xn+2)

= DL D (e @), @ )IOBER - T B Xas),

I<i<j<n+1

L D@ ) @ e BR(R T T e X))
1<i<j<n+1

= D D@ ) @ 2 BRCR e i X X))

1< j<isn+1

- Z (=D (@ i, X 1)@@(x1), -, @), -, (X)), -, U(Xs2))
I<i<j<n+1

- D EDI@ T (- e, - (), L @), - @), @)
I<i<j<n+1

Y EDTTU@ T (e %e)p(@n), - @), - @D, ), @())).
1<j<i<n+1

For all x,..., x,.» € A, we have

anw(awn‘p)(xl ----- -xn+2)

= Z (=D™"p([a" " (x), @ (X)) Bwat) (1, - ., Kiyeves Xjyeves Xn+2)
1<i<j<n+1

+ Z (DM@ (x) - @ (042) Qe @) (X1 - . Kir-es Xjyeens Xni1sXj)
1<i<j<n+1

= D CDM@ T () @ 02D @ua @)X B X, XD
I<i<j<n+l

= Z (=Dl (), @ ) IBOEL s o s T Koo s X2,
I<i<j<n+l1

- L EDpe (), @ pledp@(x), @), - A, - (Es0)
I<i<j<n+l1

+ Z (D@ () - @ G 2))BLXL s -+ T ooy Koy Xpa1s X)
1<i<j<n+1
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= DL DM@ ) - @ (@), ), ), @), ax))
I<i<j<n+1

= D D () @ )BR(X T T X, X0)
1<i<j<n+1

L EDTE T ) 0 @), o (), L @), - ), ().
I<i<j<n+1

Since « is an algebra morphism, we obtain that d,,, © 0y, + 0aw © 0e=0.
For all x;,..., x,.2» € A, we have

amm(aawlp)(xl s xn+2)

n+l

= DD @ D@t Fs T Xi2)
i=1

n+l

+ ) D U@ (NPt T Kot X0)
i=1

n+l

= DD @aat) @), -, @G - @), X+ Xi2)
i=1

+ D ED @t e, @), @G A, (0))

1<i<j<n+1
= DL DM D@ e ), @ PO s K Fi s B Xaia)

1< j<k<i<n+1

> EDT Y @ e ), @ R EONW X s Ky R B Xai2)
1<j<i<k<n+1

L EDTED @ e ), @ ORI By R Fi s Xi0)
1<i<j<k<n+1

O EDT D @ @ 0) - @ P oW1 E B Ei e X, )
1< j<k<i<n+1

DY @ )@ 0) @ P o WXt B R F e Xt X
1<j<i<k<n+1

L DT @ )@ 0) - @ P o WX R E e s X, )
1<i<j<k<n+1

= D EDT @ (@ () - @ o W B Fi s R X1 X))
1< j<k<i<n+1

- D DY p@ )@ 0 - @ o DO s Ky B B X, X)
1<j<i<k<n+1

= D EDT D ()@ () - @ o W s B K B X X))
1<i<j<k<n+1

> EDT R )@ ), @I s B Fi s R X X))
1< j<k<i<n+1

> EDT Y U@ G )p(@ ), @I K B Ei e X1 )
1<j<i<k<n+1

D EDT Y @ )P ), @ PN, s Ry E s F e Xt X0)

1<i<j<k<n+1

O DY @ (@) - @ OO, s Ky Fi e Fi e X, )

1<j<k<i<n+1

O DT O (e (@ ) - @ P - Ejy s Ei B e, X0

1< j<i<k<n+1

O EDT Y @ (@) - @O, s B e s X, )

1<i<j<k<n+1

=D DT D U@ @) - @O R Fi s B X X))

1<j<k<i<n+1

(4.69)

(4.70)

@71

4.72)

4.73)

(4.74)

(4.75)

(4.76)

4.77)

(4.78)

4.79)

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)
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= ) CDMED @ 2 D@ 0 - PR E e R B
1< j<i<k<n+1

= D DT ()@ ) - @RI Kr s R B B X1 X))
1<i<j<k<n+1

- D EDMED e @), @ e, - ), - alx),
1< j<k<i<n+1

@), @), X Xs2)

- D EDT D e ), @ el owat), - al), - ),
1< j<i<k<n+1

. Cl/(-)a) ,,,,, (Y(X,Hl), Xi® xn+2)

- D EDHTEY e (), 0 olowatx), e, - alx),
I<i<j<k<n+1

s @O, (X)X Xs2)

- D DT @ ) - 0 B, - alx), - alx),
1< j<k<i<n+1

LX), . @), ()

- DL EDTE R e ) - @ - X)), - alx), - an),
1< j<i<k<n+1

@0, (), (X))

- D EDTED e () @ v, s alx), - alx)),
I<i<j<k<n+1

@0 @), (X))

Y, EDTEY e ) - @ xe) e,  alx),  alx),
1< j<k<i<n+1

LX), . @), a(x)

O EDTEY R e () - @ - X)), - alx), ),
1< j<i<k<n+1

@0 ), (X))

L EDTE e @) - @ v, - al), - alxy),
I<i<j<k<n+1

@0 i), (X))

D EDMED e ), @ )l (e, xiles ), - e,
1<k<lI<i<j<n+1

()., a(x), ..., alx), ..., a(x,12))

D EDTEDE e ), @ el Xiles @), L @),
1<k<i<l<j<n+1

()., @), ..., ax), ..., (x,12))

DL EDHED e ), @ el xle, atx), L @),
1<k<i<j<l<n+1

()., @(x), ., (), ..., @(X02))

D EDHED e ), @ ele ([, e, atx), @),
I<i<k<I<j<n+1

a(x), .., (), .., a(x)), ., @(2)

+ EDHED e (o, @ )l (. xjles @), . alx),
1<i<k<j<l<n+1

@) ””” CY/(.)E) """ a//(;l) ~~~~~ a(-x}HZ))

D ENHED e ), o )l ([, xles ), - a(x),

1<i<j<k<I<n+1

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)
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a(x)), ., (X)), ., (XD, ., @(K02)

+ ) CDIED P T xle, o lewan), o), L aln), (4.102)
1<k<i<j<n+1

@), (X))

DL EDTED T p g xle T Gl e, - aln), - e, (4.103)
1<i<k<j<n+l1

@), (X))

Y CUPED e e o Gl (e, . alx). ... alx), (4.104)
1<i<j<k<n+l1

ey @) ..... Cl(xn+2))

)y EDTEDTU@ T @) @ )W 3l )L alk (4.105)
I<k<l<i<j<n+1

@), @), @) @), (X))

DL EDHED T e ) - @ oL xiles @), - (), (4.106)
I<k<i<l<j<n+1

(), @00, @05, - @), ()

DL EDHED @ @) - @ oW xiles @), - ), (4.107)
1<k<i<j<i<n+1

(), @), s (), - @), ()

D EDPED e @) - @ )W e, @), L @), (4.108)
1<i<k<l<j<n+1

A)s s D),y W), s (K1), (1))

DL EDHED e () - @ o)W e, @), L @), (4.109)
1<i<k<j<I<n+1

A, @),y @), s @), ()

D EDTIED @ o) - @ )W e ), ), 4.110)
1<i<j<k<I<n+1

a(x)),....a(0),....a(x),. .., (), a(x)

- D EDIED e () - o oL, X, @), L @), (@.111)
1<k<l<i<j<n+1

(X)) @00, @05, s @), (X))

- D, EDYEDTT @ ) - @ )W (D e @), - alo) (4.112)
1<k<i<l<j<n+1

A, oy @), @(X)), s (K1), (X))

- D EDMIED T () - o oL, X, @), L @), “.113)
1<k<i<j<i<n+1

Qs @), @),y @), (X))

_ Z (_1)i+j(_1)k+lu(a,n—l(xl) . (Infl(xmz))l//([‘xi’ xj]C, a(xy),..., a/(_x\l) ,,,,, 4.114)
I<i<k<l<j<n+1

(X0, @), @05, - @), (X))

- D EDMEDE T @ ) - @ o)W Xl @), - (), (4.115)
1<i<k<j<l<n+1

a(x), . (X)), . (), . @), @(60))

- DL EDPED @ @) - @ )WL xiles ), e, (4.116)
1<i<j<k<I<n+1

(X)), ., (X0, . (), - @), @(60))

+ D, EDED @ xle - @ ()W), -, al), - alx), 4.117)

1<k<i<j<n+1
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@), @), ()
+ D EDTPED T @ g e - T )@t ), alE),
1<i<k<j<n+l1
@), @), ()
+ D EDMED @ e - o G, o ), A,
1<i<j<k<n+l1
@0, - (), (%)
- DL EDIED @ (0 - @ @), aE, - alx),
1<k<i<j<n+1
@), @) [ x10)
- DL EDYEDT @ () - @ et L e, alx),
1<i<k<j<n+1
@), @) [ x510)
- D EDYIED @ ) @ ), e, - alx)),
1<i<j<k<n+1
@0, -+, @), [0 X]0)s
and
attw(aaalp)(xl ----- xn+2)
= D0 EDHp(la ! @), @ DI @aath) (X1, s Fir s K Xar2)
I<i<j<n+1
+ L EDTHE@ T ) @ ) Paat) X1 iy By Fe, X))
I<i<j<n+l1
= D DM@ 00) - @ ) @aat) (X1 B B K 1)
1<i<j<n+1
= Z (=D (=Droa™ (x), @ (x)le)p@ ™ o (xy, - . v £, £y Xus2)
1<k<i<j<n+1
+ Z (=DM D o[ (), @ (xp)ledp@™™ e (i, - - - Rirenns Ker s £ ey Xs2)
1<i<k<j<n+1
) CUYED e @ ()Ip@ T W fi B Ts2)
1<i<j<k<n+1
DI V(G VA (LU CONTEIER ST L) TCTRNRIE SR AR e M
1<k<i<j<n+1
DI A G A (A CONTLE) S CL R TZCTINIRE VRTE SRR SRR RS
1<i<k<j<n+1
L EDMED ol (), 0 IR o DX, s B Ky Fi e Xt )
1<i<j<k<n+1
- DL EDTIED p @), @ plowat), el - alx),
1<k<i<j<n+1
@), e (X 1)s X - Xis2)
- D, EDTIEDT pe @), @ e, - ala), L alw),
1<i<k<j<n+1
@), e (X 1)s X - Xis2)
- D, EDIED pl @) eplowat), - als), s alxy),
1<i<j<k<n+1
L) @ vvvvv a(-xn+l)9 Xk * xn+2)
D EDHED e ), @ el (D, e, @), - @),
1<k<l<i<j<n+1
KRN (l’(-X\[) ----- (I’(-)C\,) ssss @ """ CZ(X,HQ))

(4.118)

(4.119)

(4.120)

4.121)

(4.122)

(4.123)

(4.124)

(4.125)

(4.126)

(4.127)

(4.128)

(4.129)

(4.130)

(4.131)

(4.132)
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Y CDPED e ), o, xle atx), .. alxo), (4.133)
1<k<i<l<j<n+1

(X)), @)y X)), . - A(Xs2))

L EDHED e ), @ el (D, e, @), - @), “.134)
1<k<i<j<l<n+1

(X)), X)), ), (X))

D EDHED ol (), @ el ([ diles ax), - alx), (4.135)
1<i<k<i<j<n+1

e @D WXD)s e X)) s U(X12))

D EDTIED e ) o el xies ), - alx), (4.136)
1<i<k<j<i<n+1

e @D X)), (), (X12))

L EDMEDE e (), @ el (s X, alx), - a(x), (4.137)
I<i<j<k<l<n+1

La(x),....a(x),. .. a(x),. ... a(x.0)

O EDMED @ ) - @ (@ DY CE s Fir s Fir e X1, X)) (4.138)
1<k<i<j<n+1

O EDMHED @ () - @ )@ DO s B F e e X, X) (4.139)
1<i<k<j<n+1

L EDHED @ ) - @ )@ B CE s Fis e s F e X1, X)) (4.140)
1<i<j<k<n+1

O EDMED @ ) - 0 (@ T DOt Fi s B E e X, ) (4.141)
1<k<i<j<n+1

O DD @ () - @ o D@ I - Fi s X, X0 (4.142)
1<i<k<j<n+1

L EDMED @ ) - 0 (@ T DOt B Ejy s Fi e Xt ) (4.143)
1<i<j<k<n+1

- D EDHED @ ) 0 @), - alx), - al), (4.144)
1<k<i<j<n+1

(), (X)), X - X))

- D EDHED T e () - o @), - a(x), - al), (4.145)
1<i<k<j<n+1

(), (X)), X - X))

- D EDHED e ) - o @), - a6, - alx), (4.146)
1<i<j<k<n+1

@), o (X)), X X))

O EDMED @ ) - @ o)W, diles @), - @), (4.147)
1<k<l<i<j<n+1

.. ,OXx\,) ..... cx;,v) ..... c@ ..... a(xp41), a(x}))

O EDTED M ) - @ o)W Xl ), - (k) (4.148)
I<k<i<l<j<n+1

a(x),. (), X)), (), (X))

O EDMEDE T @ ) - @ o)W e ), - @), (4.149)
1<k<i<j<i<n+1

(), @), L), (), (X))

D EDTED T @ ) - @ ) e, @), - ax), (4.150)
I<i<k<l<j<n+1

e @) WD), @), s (K1), (X))
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D EDTED T ) - @ W[ diles @), - (), “.151)
1<i<k<j<I<n+1

e @) X)), @R,y (K1), (X))

L EDTEDE @ ) - @ o) Hiles @), - ), (4.152)
1<i<j<k<I<n+1

e @), WD) (), s (X)s (X))

- Z DM (EDru@™™ (x)) - @ )@ ) (x, - Ksenns Kivenns £y Xasts X7) (4.153)
I<k<i<j<n+1

= DL EDTIEDT @ (1) @ ()o@ RO R B £ X ) (4.154)
I<i<k<j<n+1

- Z DM (D™ x)) - @ Gea))p@ ™ W (x, - Kiveins Ejens Kooy Xnals Xi) (4.155)
1<i<j<k<n+1

= D, EDTIED @ ) @ ) @ WL Fs s B B Xt X0 (4.156)
I<k<i<j<n+1

= D EDHED ) - @ )@ T W1 B B B X X0 (4.157)
I<i<k<j<n+1

= DL EDTIED @ ) - @ o @ GO i B X ) (4.158)
1<i<j<k<n+1

D, EDIED @ ) o e, e, - alx), (4.159)
I<k<i<j<n+1

. ’@ ~~~~~ a’(-anrl)’ X -xi)

D EDTPEDT @ ) - @ Gt alx) - alx), (4.160)
I<i<k<j<n+1

. ’@ ~~~~~ a’(-anrl)’ Xk -xi)

D EDHED e ) - T e, - alx), L alx)), (4.161)
1<i<j<k<n+1

a(x). @(X1), X+ X;)

- D EDHED e () - @ W Xl @), - @), (4.162)
1<k<I<i<j<n+1

e @)y @O, (X)), s (i), (1))

- D EDIED T () - @ )W (s 1, @), - @), (4.163)
1<k<i<l<j<n+1

() s @Oy, @), s @), @)

- D EDTIEDT @ ) - @ Wk xes ), aCE), (4.164)
I<k<i<j<l<n+1

a5y @05, s @)y @), @)

- D EDIEDE @ () - @ )W, s a(x), @), (4.165)
I<i<k<l<j<n+1

e @O, @), X)), ey (X)), (X))

- D EDTIEDT @ ) - @ )W xes ), - a(), (4.166)
I<i<k<j<l<n+1

s @0, @05, s (), @), ()

- D EDTEDT @ ) - @ o Wk xcs ), - a(), (4.167)
I<i<j<k<i<n+1

LX), (), - X)), ), e(X).

By the definition of the sub-adjacent Hom-Lie algebra, the sum of (4.102), (4.103) and (4.104) is zero.
By the definition of Hom-pre-Lie algebras, the sum of (4.90), (4.95) and (4.118) is zero, the sum of
(4.91), (4.92) and (4.119) is zero, the sum of (4.93), (4.94) and (4.117) is zero. Obviously, the sum of
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(4.96) and (4.137) is zero, the sum of (4.97) and (4.136) is zero, the sum of (4.98) and (4.135) is zero,
the sum of (4.99) and (4.134) is zero, the sum of (4.100) and (4.133) is zero, the sum of (4.101) and
(4.132) is zero, the sum of (4.87) and (4.131) is zero, the sum of (4.88) and (4.130) is zero, the sum
of (4.89) and (4.129) is zero, the sum of (4.105) and (4.152) is zero, the sum of (4.106) and (4.151) is
zero, the sum of (4.107) and (4.150) is zero, the sum of (4.108) and (4.149) is zero, the sum of (4.109)
and (4.148) is zero, the sum of (4.110) and (4.147) is zero, the sum of (4.111) and (4.167) is zero,
the sum of (4.112) and (4.166) is zero, the sum of (4.113) and (4.165) is zero, the sum of (4.114) and
(4.164) is zero, the sum of (4.115) and (4.163) is zero, the sum of (4.116) and (4.162) is zero. By the
definition of the sub-adjacent Lie bracket, the sum of (4.120), (4.145) and (4.146) is zero, the sum of
(4.121), (4.144) and (4.161) is zero, the sum of (4.122), (4.159) and (4.160) is zero. Since (V, S, p) is
a representation of the sub-adjacent Hom-Lie algebra A, the sum of (4.69), (4.70), (4.71), (4.123),
(4.124) and (4.125) is zero. Since (V,f, p, u) 1s a representation of the Hom-pre-Lie algebra (A, -, @),
the sum of (4.73), (4.74), (4.78), (4.82), (4.83), (4.128), (4.138), (4.139), (4.143) and (4.158) is zero,
the sum of (4.72), (4.77), (4.79), (4.81), (4.86), (4.127), (4.140), (4.142), (4.153) and (4.157) is zero,
the sum of (4.75), (4.76), (4.80), (4.84), (4.85), (4.126), (4.141), (4.154), (4.155) and (4.156) is zero.
Thus, we have 0, © 04w + Ogw © Oge = 0.

Similarly, we have 0,4 © 0, + One © 0pe = 0 and 0y © Oy, + Onq © Oae = 0. This finishes the proof.
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