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Keywords: Hom-pre-Lie algebra; cohomology; abelian extension; formal deformation

1. Introduction

The notion of a pre-Lie algebra has been introduced independently by M. Gerstenhaber in defor-
mation theory of rings and algebras [1] and by Vinberg, under the name of left-symmetric algebra,
in his theory of homogeneous convex cones [2]. Its defining identity is weaker than associativity and
lead also to a Lie algebra using commutators. This algebraic structure describes some properties of
cochain spaces in Hochschild cohomology of an associative algebra, rooted trees and vector fields on
affine spaces. Moreover, it is playing an increasing role in algebra, geometry and physics due to their
applications in nonassociative algebras, combinatorics, numerical analysis and quantum field theory,
see [3–6].

Hom-type algebras appeared naturally when studying q-deformations of some algebras of vector
fields, like Witt and Virasoro algebras. It turns out that the Jacobi identity is no longer satisfied, these
new structures involving a bracket and a linear map satisfy a twisted version of the Jacobi identity and
define a so called Hom-Lie algebras which form a wider class, see [7, 8]. Hom-pre-Lie algebras were
introduced in [9] as a class of Hom-Lie admissible algebras, and play important roles in the study of
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Hom-Lie bialgebras and Hom-Lie 2-algebras [10–12]. Recently Hom-pre-Lie algebras were studied
from several aspects. Cohomologies of Hom-pre-Lie algebras were studied in [13]; The geometrization
of Hom-pre-Lie algebras was studied in [14]; Universal α-central extensions of Hom-pre-Lie algebras
were studied in [15]; Hom-pre-Lie bialgebras were studied in [16, 17]. Furthermore, connections
between (Hom-)pre-Lie algebras and various algebraic structures have been established and discussed;
like with Rota-Baxter operators, O-operators, (Hom-)dendriform algebras, (Hom-)associative algebras
and Yang-Baxter equation, see [5, 18–22].

The cohomology of pre-Lie algebras was defined in [23] and generalized in a straightforward way to
Hom-pre-Lie algebras in [13]. Note that the cohomology given there has some restrictions: the second
cohomology group can only control deformations of the multiplication, and it can not be applied to
study simultaneous deformations of both the multiplication and the homomorphism in a Hom-pre-
Lie algebra. The main purpose of this paper is to define a new type of cohomology of Hom-pre-Lie
algebras which is richer than the previous one. The obtained cohomology is called the full cohomology
and allows to control simultaneous deformations of both the multiplication and the homomorphism
in a Hom-pre-Lie algebra. This type of cohomology was established for Hom-associative algebras
and Hom-Lie algebras in [24, 25], and called respectively α-type Hochschild cohomology and α-type
Chevalley-Eilenberg cohomology. See [26–28] for more studies on deformations and extensions of
Hom-Lie algebras.

The paper is organized as follows. In Section 2, first we recall some basics of Hom-Lie algebras,
Hom-pre-Lie algebras and representations, and then provide our main result defining the full coho-
mology of a Hom-pre-Lie algebra with coefficients in a given representation. In Section 3, we study
one parameter formal deformations of a Hom-pre-Lie algebra, where both the defining multiplication
and homomorphism are deformed, using formal power series. We show that the full cohomology of
Hom-pre-Lie algebras controls these simultaneous deformations. Moreover, a relationship between de-
formations of a Hom-pre-Lie algebra and deformations of its sub-adjacent Lie algebra is established.
Section 4 deals with abelian extensions of Hom-pre-Lie algebras. We show that the full cohomology
fits perfectly and its second cohomology group classifies abelian extensions of a Hom-pre-Lie algebra
by a given representation. The proof of the key Lemma to show that the four operators define a cochain
complex is lengthy and it is given in the Appendix.

2. The full cohomology of Hom-pre-Lie algebras

In this section, first we recall some basic facts about Hom-Lie algebras and Hom-pre-Lie alge-
bras. Then we introduce the full cohomology of Hom-pre-Lie algebras, which will be used to classify
infinitesimal deformations and abelian extensions of Hom-pre-Lie algebras.

Definition 2.1. (see [7]) A Hom-Lie algebra is a triple (g, [·, ·]g, ϕg) consisting of a vector space g,
a skew-symmetric bilinear map [·, ·]g : ∧2g −→ g and a homomorphism ϕg : g −→ g, satisfying
ϕg[x, y] = [ϕg(x), ϕg(y)] and

[ϕg(x), [y, z]g]g + [ϕg(y), [z, x]g]g + [ϕg(z), [x, y]g]g = 0, ∀ x, y, z ∈ g. (2.1)

A Hom-Lie algebra (g, [·, ·]g, ϕg) is said to be regular if ϕg is invertible.

Definition 2.2. (see [29]) A representation of a Hom-Lie algebra (g, [·, ·]g, ϕg) on a vector space V
with respect to β ∈ gl(V) is a linear map ρ : g −→ gl(V), such that for all x, y ∈ g, the following
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equalities are satisfied:

ρ(ϕg(x)) ◦ β = β ◦ ρ(x), (2.2)
ρ([x, y]g) ◦ β = ρ(ϕg(x)) ◦ ρ(y) − ρ(ϕg(y)) ◦ ρ(x). (2.3)

We denote a representation of a Hom-Lie algebra (g, [·, ·]g, ϕg) by a triple (V, β, ρ).

Definition 2.3. (see [9]) A Hom-pre-Lie algebra (A, ·, α) is a vector space A equipped with a bilinear
product · : A ⊗ A −→ A, and α ∈ gl(A), such that for all x, y, z ∈ A, α(x · y) = α(x) · α(y) and the
following equality is satisfied:

(x · y) · α(z) − α(x) · (y · z) = (y · x) · α(z) − α(y) · (x · z). (2.4)

A Hom-pre-Lie algebra (A, ·, α) is said to be regular if α is invertible.

Let (A, ·, α) be a Hom-pre-Lie algebra. The commutator [x, y]C = x · y − y · x defines a Hom-
Lie algebra (A, [·, ·]C, α), which is denoted by AC and called the sub-adjacent Hom-Lie algebra of
(A, ·, α).

Definition 2.4. (see [13]) A morphism from a Hom-pre-Lie algebra (A, ·, α) to a Hom-pre-Lie algebra
(A′, ·′, α′) is a linear map f : A −→ A′ such that for all x, y ∈ A, the following equalities are satisfied:

f (x · y) = f (x) ·′ f (y), ∀x, y ∈ A, (2.5)
f ◦ α = α′ ◦ f . (2.6)

Definition 2.5. (see [17]) A representation of a Hom-pre-Lie algebra (A, ·, α) on a vector space V
with respect to β ∈ gl(V) consists of a pair (ρ, µ), where ρ : A −→ gl(V) is a representation of the
sub-adjacent Hom-Lie algebra AC on V with respect to β ∈ gl(V), and µ : A −→ gl(V) is a linear map,
satisfying, for all x, y ∈ A:

β ◦ µ(x) = µ(α(x)) ◦ β, (2.7)
µ(α(y)) ◦ µ(x) − µ(x · y) ◦ β = µ(α(y)) ◦ ρ(x) − ρ(α(x)) ◦ µ(y). (2.8)

We denote a representation of a Hom-pre-Lie algebra (A, ·, α) by a quadruple (V, β, ρ, µ). Further-
more, Let L,R : A −→ gl(A) be linear maps, where Lxy = x · y,Rxy = y · x. Then (A, α, L,R) is also a
representation, which we call the regular representation.

Let (A, ·, α) be a Hom-pre-Lie algebra. In the sequel, we will also denote the Hom-pre-Lie algebra
multiplication · by ω.

Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ω, α). We define Cn
ω(A; V) and

Cn
α(A; V) respectively by

Cn
ω(A; V) = Hom(∧n−1A ⊗ A,V), Cn

α(A; V) = Hom(∧n−2A ⊗ A,V), ∀n ≥ 2.

Define the set of cochains C̃n(A; V) by{
C̃n(A; V) = Cn

ω(A; V) ⊕ Cn
α(A; V), ∀n ≥ 2,

C̃1(A; V) = Hom(A,V).
(2.9)
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For all (φ, ψ) ∈ C̃n(A; V), x1, . . . , xn+1 ∈ A, we define ∂ωω : Cn
ω(A; V) −→ Cn+1

ω (A; V) by

(∂ωωφ)(x1, . . . , xn+1)

=

n∑
i=1

(−1)i+1ρ(αn−1(xi))φ(x1, . . . , x̂i, . . . , xn+1)

+

n∑
i=1

(−1)i+1µ(αn−1(xn+1))φ(x1, . . . , x̂i, . . . , xn, xi)

−

n∑
i=1

(−1)i+1φ(α(x1), . . . , α̂(xi) . . . , α(xn), xi · xn+1)

+
∑

1≤i< j≤n

(−1)i+ jφ([xi, x j]C, α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1)),

where the hat corresponds to deleting the element, define ∂αα : Cn
α(A; V) −→ Cn+1

α (A; V) by

(∂ααψ)(x1, . . . , xn)

=

n−1∑
i=1

(−1)iρ(αn−1(xi))ψ(x1, . . . , x̂i, . . . , xn)

+

n−1∑
i=1

(−1)iµ(αn−1(xn))ψ(x1, . . . , x̂i, . . . , xn−1, xi)

−

n−1∑
i=1

(−1)iψ(α(x1), . . . , α̂(xi), . . . , α(xn−1), xi · xn)

+
∑

1≤i< j≤n−1

(−1)i+ j−1ψ([xi, x j]C, α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn)),

define ∂ωα : Cn
ω(A; V) −→ Cn+1

α (A; V) by

(∂ωαφ)(x1, . . . , xn) = βφ(x1, . . . , xn) − φ(α(x1), . . . , α(xn)),

and define ∂αω : Cn
α(A; V) −→ Cn+1

ω (A; V) by

(∂αωψ)(x1, . . . , xn+1)
=
∑

1≤i< j≤n

(−1)i+ jρ([αn−2(xi), αn−2(x j)]C)ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1)

+
∑

1≤i< j≤n

(−1)i+ jµ(αn−2(xi) · αn−2(xn+1))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn, x j)

−
∑

1≤i< j≤n

(−1)i+ jµ(αn−2(x j) · αn−2(xn+1))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn, xi).

Define the operator ∂̃ : C̃n(A; V) −→ C̃n+1(A; V) by

∂̃(φ, ψ) = (∂ωωφ + ∂αωψ, ∂ωαφ + ∂ααψ), ∀φ ∈ Cn
ω(A; V), ψ ∈ Cn

α(A; V), n ≥ 2, (2.10)
∂̃(φ) = (∂ωωφ, ∂ωαφ), ∀φ ∈ Hom(A,V). (2.11)

The following diagram will explain the above operators:
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Cn
ω(A; V) Cn+1

ω (A; V) Cn+2
ω (A; V)

Cn
α(A; V) Cn+1

α (A; V) Cn+2
α (A; V)

∂αα ∂αα

∂αω ∂αω

∂ωω ∂ωω

∂ωα ∂ωα

⊕ ⊕ ⊕

Lemma 2.6. With the above notations, we have

∂ωω ◦ ∂ωω + ∂αω ◦ ∂ωα = 0, (2.12)
∂ωω ◦ ∂αω + ∂αω ◦ ∂αα = 0, (2.13)
∂ωα ◦ ∂ωω + ∂αα ◦ ∂ωα = 0, (2.14)
∂ωα ◦ ∂αω + ∂αα ◦ ∂αα = 0. (2.15)

Proof. The proof is given in the Appendix. □

Theorem 2.7. The operator ∂̃ : C̃n(A; V) −→ C̃n+1(A; V) defined as above satisfies ∂̃ ◦ ∂̃ = 0.

Proof. When n ≥ 2, for all (φ, ψ) ∈ C̃n(A; V), by (2.10) and Lemma 2.6, we have

∂̃ ◦ ∂̃(φ, ψ) = ∂̃(∂ωωφ + ∂αωψ, ∂ωαφ + ∂ααψ)
= (∂ωω∂ωωφ + ∂ωω∂αωψ + ∂αω∂ωαφ + ∂αω∂ααψ,

∂ωα∂ωωφ + ∂ωα∂αωψ + ∂αα∂ωαφ + ∂αα∂ααψ)
= 0.

When n = 1, for all φ ∈ Hom(A,V), by (2.11) and Lemma 2.6, we have

∂̃ ◦ ∂̃(φ) = ∂̃(∂ωωφ, ∂ωαφ)
= (∂ωω∂ωωφ + ∂αω∂ωαφ, ∂ωα∂ωωφ + ∂αα∂ωαφ)
= 0.

This finishes the proof. □

We denote the set of closed n-cochains by Z̃n(A; V) and the set of exact n-cochains by B̃n(A; V). We
denote by H̃n(A; V) = Z̃n(A; V)/B̃n(A; V) the corresponding cohomology groups.

Definition 2.8. Let (V, β, ρ, µ) be a representation of a Hom-pre-Lie algebra (A, ·, α). The cohomology
of the cochain complex (⊕∞n=1C̃

n(A; V), ∂) is called the full cohomology of the Hom-pre-Lie algebra
(A, ·, α) with coefficients in the representation (V, β, ρ, µ).

We use ∂̃reg to denote the coboundary operator of the Hom-pre-Lie algebra (A, ·, α) with coefficients
in the regular representation. The corresponding cohomology group will be denoted by H̃n(A; A).

Remark 2.9. Compared with the cohomology theory of Hom-pre-Lie algebras studied in [13], the
above full cohomology contains more informations. In the next section, we will see that the second
cohomology group can control simultaneous deformations of the multiplication and the homomorphism
in a Hom-pre-Lie algebra.
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3. Formal deformations of Hom-pre-Lie algebras

In this section, we study formal deformations of Hom-pre-Lie algebras using the cohomology theory
established in the last section. We show that the infinitesimal of a formal deformation is a 2-cocycle
and depends only on its cohomology class. Moreover, if the cohomology group H̃2(A; A) is trivial, then
the Hom-pre-Lie algebra is rigid.

Definition 3.1. Let (A, ω, α) be a Hom-pre-Lie algebra, ωt = ω +
∑+∞

i=1 ωiti : A[[t]] ⊗ A[[t]] −→ A[[t]]
be a K[[t]]-bilinear map and αt = α +

∑+∞
i=1 αiti : A[[t]] −→ A[[t]] be a K[[t]]-linear map, where

ωi : A⊗ A −→ A and αi : A −→ A are linear maps. If (A[[t]], ωt, αt) is still a Hom-pre-Lie algebra, we
say that {ωi, αi}i≥1 generates a 1-parameter formal deformation of a Hom-pre-Lie algebra (A, ω, α).

If {ωi, αi}i≥1 generates a 1-parameter formal deformation of a Hom-pre-Lie algebra (A, ω, α), for all
x, y, z ∈ A and n = 1, 2, . . . , we then have∑

i+ j+k=n
i, j,k≥0

ωi(ω j(x, y), αk(z)) − ωi(α j(x), ωk(y, z)) − ωi(ω j(y, x), αk(z)) + ωi(α j(y), ωk(x, z)) = 0. (3.1)

Moreover, we have∑
i+ j+k=n

0<i, j,k≤n−1

ωi(ω j(x, y), αk(z)) − ωi(α j(x), ωk(y, z)) − ωi(ω j(y, x), αk(z)) + ωi(α j(y), ωk(x, z)) (3.2)

= (∂ωωωn + ∂αωαn)(x, y, z).

For all x, y ∈ A and n = 1, 2, . . . , we have∑
i+ j+k=n
i, j,k≥0

ωi(α j(x), αk(y)) −
∑
i+ j=n
i, j≥0

αi(ω j(x, y)) = 0. (3.3)

Moreover, we have ∑
i+ j+k=n

0<i, j,k≤n−1

ωi(α j(x), αk(y)) −
∑
i+ j=n
i, j>0

αi(ω j(x, y)) = (∂ωαωn + ∂αααn)(x, y). (3.4)

Proposition 3.2. Let (ωt = ω+
∑+∞

i=1 ωiti, αt = α+
∑+∞

i=1 αiti) be a 1-parameter formal deformation of a
Hom-pre-Lie algebra (A, ω, α). Then (ω1, α1) is a 2-cocycle of the Hom-pre-Lie algebra (A, ω, α) with
coefficients in the regular representation.

Proof. When n = 1, by (3.1), we have

0 = (x · y) · α1(z) + ω1(x, y) · α(z) + ω1(x · y, α(z)) − α(x) · ω1(y, z)
−α1(x) · (y · z) − ω1(α(x), y · z) − (y · x) · α1(z) − ω1(y, x) · α(z)
−ω1(y · x, α(z)) + α(y) · ω1(x, z) + α1(y) · (x · z) + ω1(α(y), x · z)

= −(∂ωωω1 + ∂αωα1)(x, y, z),

and by (3.3), we have

0 = ω1(α(x), α(y)) + α1(x) · α(y) + α(x) · α1(y) − α(ω1(x, y)) − α1(x · y)
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= −(∂ωαω1 + ∂ααα1)(x, y),

which implies that ∂̃reg(ω1, α1) = 0. Thus, (ω1, α1) is a 2-cocycle of the Hom-pre-Lie algebra (A, ω, α).
□

Definition 3.3. The 2-cocycle (ω1, α1) is called the infinitesimal of the 1-parameter formal deforma-
tion (A[[t]], ωt, αt) of the Hom-pre-Lie algebra (A, ω, α).

Definition 3.4. Let (ω′t = ω +
∑+∞

i=1 ω
′
i t

i, α′t = α +
∑+∞

i=1 α
′
i t

i) and (ωt = ω +
∑+∞

i=1 ωiti, αt = α +
∑+∞

i=1 αiti)
be two 1-parameter formal deformations of a Hom-pre-Lie algebra (A, ω, α). A formal isomorphism
from (A[[t]], ω′t , α

′
t) to (A[[t]], ωt, αt) is a power series Φt =

∑+∞
i=0 φiti, where φi : A −→ A are linear

maps with φ0 = Id, such that

Φt ◦ ω
′
t = ωt ◦ (Φt × Φt), (3.5)

αt ◦ Φt = Φt ◦ α
′
t . (3.6)

Two 1-parameter formal deformations (A[[t]], ω′t , α
′
t) and (A[[t]], ωt, αt) are said to be equivalent if

there exists a formal isomorphism Φt =
∑+∞

i=0 φiti from (A[[t]], ω′t , α
′
t) to (A[[t]], ωt, αt).

Theorem 3.5. Let (A, ω, α) be a Hom-pre-Lie algebra. If two 1-parameter formal deformations (ω′t =
ω +
∑+∞

i=1 ω
′
i t

i, α′t = α +
∑+∞

i=1 α
′
i t

i) and (ωt = ω +
∑+∞

i=1 ωiti, αt = α +
∑+∞

i=1 αiti) are equivalent, then there
infinitesimals (ω′1, α

′
1) and (ω1, α1) are in the same cohomology class of H̃2(A; A).

Proof. Let (ω′t , α
′
t) and (ωt, αt) be two 1-parameter formal deformations. By Proposition 3.2, we have

(ω′1, α
′
1) and (ω1, α1) ∈ Z̃2(A; A). Let Φt =

∑+∞
i=0 φiti be the formal isomorphism. Then for all x, y ∈ A,

we have

ω′t(x, y) = Φ−1
t ◦ ωt(Φt(x),Φt(y))

= (Id − φ1t + . . . )ωt
(
x + φ1(x)t + . . . , y + φ1(y)t + . . .

)
= (Id − φ1t + . . . )

(
x · y +

(
x · φ1(y) + φ1(x) · y + ω1(x, y)

)
t + . . .

)
= x · y +

(
x · φ1(y) + φ1(x) · y + ω1(x, y) − φ1(x · y)

)
t + . . . .

Thus, we have

ω′1(x, y) − ω1(x, y) = x · φ1(y) + φ1(x) · y − φ1(x · y)
= ∂ωωφ1(x, y),

which implies that ω′1 − ω1 = ∂ωωφ1.

For all x ∈ A, we have

α′t(x) = Φ−1
t ◦ αt(Φt(x))

= (Id − φ1t + . . . )αt
(
x + φ1(x)t + . . .

)
= (Id − φ1t + . . . )

(
α(x) +

(
α(φ1(x)) + α1(x))t + . . .

)
= α(x) +

(
α(φ1(x)) + α1(x) − φ1(α(x))

)
t + . . . .
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Thus, we have
α′1(x) − α1(x) = α(φ1(x)) − φ1(α(x)) = ∂ωαφ1(x),

which implies that α′1 − α1 = ∂ωαφ1.

Thus, we have (ω′1 − ω1, α
′
1 − α1) ∈ B̃2(A; A). This finishes the proof. □

Definition 3.6. A 1-parameter formal deformation (A[[t]], ωt, αt) of a Hom-pre-Lie algebra (A, ω, α)
is said to be trivial if it is equivalent to (A, ω, α), i.e. there exists Φt =

∑+∞
i=0 φiti, where φi : A −→ A

are linear maps with φ0 = Id, such that

Φt ◦ ωt = ω ◦ (Φt × Φt), (3.7)
α ◦ Φt = Φt ◦ αt. (3.8)

Definition 3.7. Let (A, ω, α) be a Hom-pre-Lie algebra. If all 1-parameter formal deformations are
trivial, we say that (A, ω, α) is rigid.

Theorem 3.8. Let (A, ω, α) be a Hom-pre-Lie algebra. If H̃2(A; A) = 0, then (A, ω, α) is rigid.

Proof. Let (ωt = ω +
∑+∞

i=1 ωiti, αt = α +
∑+∞

i=1 αiti) be a 1-parameter formal deformation and assume
that n ≥ 1 is the minimal number such that at least one of ωn and αn is not zero. By (3.2), (3.4) and
H̃2(A; A) = 0, we have (ωn, αn) ∈ B̃2(A; A). Thus, there exists φn ∈ C̃

1(A; A) such that ωn = ∂ωω(−φn)
and αn = ∂ωα(−φn). Let Φt = Id + φntn and define a new formal deformation (ω′t , α

′
t) by ω′t(x, y) =

Φ−1
t ◦ ωt(Φt(x),Φt(y)) and α′t(x) = Φ−1

t ◦ αt(Φt(x)). Then (ω′t , α
′
t) and (ωt, αt) are equivalent. By a

straightforward computation, for all x, y ∈ A, we have

ω′t(x, y) = Φ−1
t ◦ ωt(Φt(x),Φt(y))

= (Id − φntn + . . . )ωt
(
x + φn(x)tn, y + φn(y)tn)

= (Id − φntn + . . . )
(
x · y +

(
x · φn(y) + φn(x) · y + ωn(x, y)

)
tn + . . .

)
= x · y +

(
x · φn(y) + φn(x) · y + ωn(x, y) − φn(x · y)

)
tn + . . . .

Thus, we have ω′1 = ω
′
2 = · · · = ω

′
n−1 = 0. Moreover, we obtain

ω′n(x, y) = φn(x) · y + x · φn(y) + ωn(x, y) − φn(x · y)
= ∂ωωφn(x, y) + ωn(x, y)
= 0.

For all x ∈ A, we get

α′t(x) = Φ−1
t ◦ αt(Φt(x))

= (Id − φntn + . . . )αt
(
x + φn(x)tn)

= (Id − φ1tn + . . . )
(
α(x) +

(
α(φn(x)) + αn(x))tn + . . .

)
= α(x) +

(
α(φn(x)) + αn(x) − φn(α(x))

)
tn + . . . .

Thus, α′1 = α
′
2 = · · · = α

′
n−1 = 0, and

α′n(x, y) = α(φn(x)) + αn(x) − φn(α(x))
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= ∂ωαφn(x) + αn(x)
= 0.

By repeating this process, we obtain that (A[[t]], ωt, αt) is equivalent to (A, ω, α). The proof is finished.
□

At the end of this section, we recall 1-parameter formal deformations of Hom-Lie algebras, and
establish the relation between 1-parameter formal deformations of Hom-pre-Lie algebras and 1-
parameter formal deformations of Hom-Lie algebras.

Definition 3.9. (see [25]) Let (g, [·, ·]g, ϕg) be a Hom-Lie algebra, [·, ·]t = [·, ·]g +
∑+∞

i=1 ω̄iti : g[[t]] ∧
g[[t]] −→ g[[t]] be a K[[t]]-bilinear map and ϕt = ϕg +

∑+∞
i=1 ϕiti : g[[t]] −→ g[[t]] be a K[[t]]-linear

map, where ω̄i : g ⊗ g −→ g and ϕi : g −→ g are linear maps. If (g[[t]], [·, ·]t, ϕt) is still a Hom-Lie
algebra, we say that {ω̄i, ϕi}i≥1 generates a 1-parameter formal deformation of a Hom-Lie algebra
(g, [·, ·]g, ϕg).

Proposition 3.10. Let (ωt = ω +
∑+∞

i=1 ωiti, αt = α +
∑+∞

i=1 αiti) be a 1-parameter formal deformation of
a Hom-pre-Lie algebra (A, ω, α), then

{ωi − ωi ◦ σ, αi}i≥1

generates a 1-parameter formal deformation of the sub-adjacent Hom-Lie algebra AC, where σ :
A ⊗ A −→ A ⊗ A is the flip operator defined by σ(x ⊗ y) = y ⊗ x for all x, y ∈ A.

Proof. Let (A[[t]], ωt, αt) be a 1-parameter formal deformation of a Hom-pre-Lie algebra (A, ω, α). For
all x, y ∈ A, we have

ωt(x, y) − ωt(y, x) = ω(x, y) − ω(y, x) +
+∞∑
i=1

ωi(x, y)ti −

+∞∑
i=1

ωi(y, x)ti

= [x, y]C +

+∞∑
i=1

(ωi − ωi ◦ σ)(x, y)ti,

and
αt ◦ (ωt(x, y) − ωt(y, x)) = ωt(αt(x), αt(y)) − ωt(αt(y), αt(x)).

Therefore, {ωi−ωi ◦σ, αi}i≥1 generates a 1-parameter formal deformation of the sub-adjacent Hom-Lie
algebra AC. □

4. Abelian extensions of Hom-pre-Lie algebras

In this section, we study abelian extensions of Hom-pre-Lie algebras using the cohomological ap-
proach. We show that abelian extensions are classified by the cohomology group H̃2(A; V).

Definition 4.1. Let (A, ·, α) and (V, ·V , β) be two Hom-pre-Lie algebras. An extension of (A, ·, α) by
(V, ·V , β) is a short exact sequence of Hom-pre-Lie algebra morphisms:

0 // V

β

��

ι // Â

αÂ
��

p // A

α

��

// 0

0 // V ι // Â
p // A // 0,
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where (Â, ·Â, αÂ) is a Hom-pre-Lie algebra.
It is called an abelian extension if (V, ·V , β) is an abelian Hom-pre-Lie algebra, i.e. for all u, v ∈

V, u ·V v = 0.

Definition 4.2. A section of an extension (Â, ·Â, αÂ) of a Hom-pre-Lie algebra (A, ·, α) by (V, ·V , β) is a
linear map s : A −→ Â such that p ◦ s = IdA.

Let (Â, ·Â, αÂ) be an abelian extension of a Hom-pre-Lie algebra (A, ·, α) by (V, β) and s : A −→ Â a
section. For all x, y ∈ A, define linear maps θ : A ⊗ A −→ V and ξ : A −→ V respectively by

θ(x, y) = s(x) ·Â s(y) − s(x · y), (4.1)
ξ(x) = αÂ(s(x)) − s(α(x)). (4.2)

And for all x, y ∈ A, u ∈ V , define ρ, µ : A −→ gl(V) respectively by

ρ(x)(u) = s(x) ·Â u, (4.3)
µ(x)(u) = u ·Â s(x). (4.4)

Obviously, Â is isomorphic to A ⊕ V as vector spaces. Transfer the Hom-pre-Lie algebra structure on
Â to that on A ⊕ V , we obtain a Hom-pre-Lie algebra (A ⊕ V, ⋄, ϕ), where ⋄ and ϕ are given by

(x + u) ⋄ (y + v) = x · y + θ(x, y) + ρ(x)(v) + µ(y)(u), ∀ x, y ∈ A, u, v ∈ V, (4.5)
ϕ(x + u) = α(x) + ξ(x) + β(u), ∀ x ∈ A, u ∈ V. (4.6)

Theorem 4.3. With the above notations, we have

(i) (V, β, ρ, µ) is a representation of the Hom-pre-Lie algebra (A, ·, α),

(ii) (θ, ξ) is a 2-cocycle of the Hom-pre-Lie algebra (A, ·, α) with coefficients in the representation
(V, β, ρ, µ).

Proof. For all x ∈ A, v ∈ V , by the definition of a Hom-pre-Lie algebra, we have

ϕ(x ⋄ v) − ϕ(x) ⋄ ϕ(v) = β(ρ(x)(v)) − ρ(α(x))β(v) = 0,

which implies that
β ◦ ρ(x) = ρ(α(x)) ◦ β. (4.7)

Similarly, we have
β ◦ µ(x) = µ(α(x)) ◦ β. (4.8)

For all x, y ∈ A, v ∈ V , by the definition of a Hom-pre-Lie algebra, we have

(x ⋄ y) ⋄ ϕ(v) − ϕ(x) ⋄ (y ⋄ v) − (y ⋄ x) ⋄ ϕ(v) + ϕ(y) ⋄ (x ⋄ v)
= (x · y + θ(x, y)) ⋄ β(v) − (α(x) + ξ(x)) ⋄ ρ(y)(v)
−(y · x + θ(y, x)) ⋄ β(v) + (α(y) + ξ(y)) ⋄ ρ(x)(v)

= ρ(x · y)β(v) − ρ(α(x))ρ(y)(v) − ρ(y · x)β(v) + ρ(α(y))ρ(x)(v)
= ρ([x, y]C)β(v) − ρ(α(x))ρ(y)(v) + ρ(α(y))ρ(x)(v)
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= 0,

which implies that
ρ([x, y]C) ◦ β = ρ(α(x)) ◦ ρ(y) − ρ(α(y)) ◦ ρ(x). (4.9)

Similarly, we have

µ(α(y)) ◦ µ(x) − µ(x · y) ◦ β = µ(α(y)) ◦ ρ(x) − ρ(α(x)) ◦ µ(y). (4.10)

By (4.7), (4.8), (4.9), (4.10), we obtain that (V, β, ρ, µ) is a representation.
For all x, y ∈ A, by the definition of a Hom-pre-Lie algebra, we have

ϕ(x ⋄ y) − ϕ(x) ⋄ ϕ(y)
= ϕ

(
x · y + θ(x, y)

)
− α(x) · α(y) − θ(α(x), α(y)) − ρ(α(x))ξ(y) − µ(α(y))ξ(x)

= ξ(x · y) + β(θ(x, y)) − θ(α(x), α(y)) − ρ(α(x))ξ(y) − µ(α(y))ξ(x)
= ∂ωαθ(x, y) + ∂ααξ(x, y)
= 0,

which implies that
∂ωαθ + ∂ααξ = 0. (4.11)

For all x, y, z ∈ A, by the definition of a Hom-pre-Lie algebra, we have

(x ⋄ y) ⋄ ϕ(z) − ϕ(x) ⋄ (y ⋄ z) − (y ⋄ x) ⋄ ϕ(z) + ϕ(y) ⋄ (x ⋄ z)
=
(
x · y + θ(x, y)

)
⋄ (α(z) + ξ(z)) − (α(x) + ξ(x)) ⋄

(
y · z + θ(y, z)

)
−
(
y · x + θ(y, x)

)
⋄ (α(z) + ξ(z)) + (α(y) + ξ(y)) ⋄

(
x · z + θ(x, z)

)
= θ(x · y, α(z)) + µ(α(z))θ(x, y) − θ(α(x), y · z) − ρ(α(x))θ(y, z)
−θ(y · x, α(z)) − µ(α(z))θ(y, x) + θ(α(y), x · z) + ρ(α(y))θ(x, z)
+ρ(x · y)ξ(z) − µ(y · z)ξ(x) − ρ(y · x)ξ(z) + µ(x · z)ξ(y)

= −∂ωωθ(x, y, z) − ∂αωξ(x, y, z)
= 0,

which implies that
∂ωωθ + ∂αωξ = 0. (4.12)

By Eqs (4.11) and (4.12), we obtain that ∂̃(θ, ξ) = 0, which implies that (θ, ξ) is a 2-cocycle of the
Hom-pre-Lie algebra (A, ·, α). The proof is finished. □

Definition 4.4. Let (Â1, ·Â1
, αÂ1

) and (Â2, ·Â2
, αÂ2

) be two abelian extensions of a Hom-pre-Lie algebra
(A, ·, α) by (V, β). They are said to be isomorphic if there exists a Hom-pre-Lie algebra isomorphism
ζ : (Â1, ·Â1

, αÂ1
) −→ (Â2, ·Â2

, αÂ2
) such that the following diagram is commutative:

0 // V
ι1 // Â1

ζ
��

p1 // A // 0

0 // V
ι2 // Â2

p2 // A // 0.
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Proposition 4.5. With the above notations, we have

(i) Two different sections of an abelian extension of a Hom-pre-Lie algebra (A, ·, α) by (V, β) give
rise to the same representation of (A, ·, α),

(ii) Isomorphic abelian extensions give rise to the same representation of (A, ·, α).

Proof. (i) Let (Â, ·Â, αÂ) be an abelian extension of a Hom-pre-Lie algebra (A, ·, α) by (V, β). Choosing
two different sections s1, s2 : A −→ Â, by equations (4.3), (4.4) and Theorem 4.3, we obtain two
representations (V, β, ρ1, µ1) and (V, β, ρ2, µ2). Define φ : A −→ V by φ(x) = s1(x) − s2(x). Then for all
x ∈ A, we have

ρ1(x)(u) − ρ2(x)(u) = s1(x) ·Â u − s2(x) ·Â u

= (φ(x) + s2(x)) ·Â u − s2(x) ·Â u

= φ(x) ·Â u

= 0,

which implies that ρ1 = ρ2. Similarly, we have µ1 = µ2. This finishes the proof.
(ii) Let (Â1, ·Â1

, αÂ1
) and (Â2, ·Â2

, αÂ2
) are two isomorphic abelian extensions of a Hom-pre-Lie al-

gebra (A, ·, α) by (V, β). Let s1 : A1 −→ Â1 and s2 : A2 −→ Â2 be two sections of (Â1, ·Â1
, αÂ1

) and
(Â2, ·Â2

, αÂ2
) respectively. By equations (4.3), (4.4) and Theorem 4.3, we obtain that (V, β, ρ1, µ1) and

(V, β, ρ2, µ2) are their representations respectively. Define s′1 : A1 −→ Â1 by s′1 = ζ−1 ◦ s2. Since
ζ : (Â1, ·Â1

, αÂ1
) −→ (Â2, ·Â2

, αÂ2
) is a Hom-pre-Lie algebra isomorphism satisfying the commutative

diagram in Definition 4.4, by p2 ◦ ζ = p1, we have

p1 ◦ s′1 = p2 ◦ ζ ◦ ζ
−1 ◦ s2 = IdA. (4.13)

Thus, we obtain that s′1 is a section of (Â1, ·Â1
, αÂ1

). For all x ∈ A, u ∈ V , we have

ρ1(x)(u) = s′1(x) ·Â1
u

= (ζ−1 ◦ s2)(x) ·Â1
u

= ζ−1(s2(x) ·Â2
u)

= ρ2(x)(u),

which implies that ρ1 = ρ2. Similarly, we have µ1 = µ2. This finishes the proof. □

So in the sequel, we fix a representation (V, β, ρ, µ) of a Hom-pre-Lie algebra (A, ·, α) and consider
abelian extensions that induce the given representation.

Theorem 4.6. Abelian extensions of a Hom-pre-Lie algebra (A, ·, α) by (V, β) are classified by
H̃2(A; V).

Proof. Let (Â, ·Â, αÂ) be an abelian extension of a Hom-pre-Lie algebra (A, ·, α) by (V, β). Choosing
a section s : A −→ Â, by Theorem 4.3, we obtain that (θ, ξ) ∈ Z̃2(A; V). Now we show that the
cohomological class of (θ, ξ) does not depend on the choice of sections. In fact, let s1 and s2 be two
different sections. Define φ : A −→ V by φ(x) = s1(x) − s2(x). Then for all x, y ∈ A, we have

θ1(x, y) = s1(x) ·Â s1(y) − s1(x · y)
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=
(
s2(x) + φ(x)

)
·Â
(
s2(y) + φ(y)

)
− s2(x · y) − φ(x · y)

= s2(x) ·Â s2(y) + ρ(x)φ(y) + µ(y)φ(x) − s2(x · y) − φ(x · y)
= θ2(x, y) + ∂ωωφ(x, y),

which implies that θ1 − θ2 = ∂ωωφ.
For all x ∈ A, we have

ξ1(x) = αÂ(s1(x)) − s1(α(x))
= αÂ(φ(x) + s2(x)) − φ(α(x)) − s2(α(x))
= αÂ(φ(x)) + αÂ(s2(x)) − φ(α(x)) − s2(α(x))
= ξ2(x) + β(φ(x)) − φ(α(x)),

which implies that ξ1 − ξ2 = ∂ωαφ.
Therefore, we obtain that (θ1 − θ2, ξ1 − ξ2) ∈ B̃2(A; V), (θ1, ξ1) and (θ2, ξ2) are in the same cohomo-

logical class.
Now we prove that isomorphic abelian extensions give rise to the same element in H̃2(A; V). As-

sume that (Â1, ·Â1
, αÂ1

) and (Â2, ·Â2
, αÂ2

) are two isomorphic abelian extensions of a Hom-pre-Lie al-
gebra (A, ·, α) by (V, β), and ζ : (Â1, ·Â1

, αÂ1
) −→ (Â2, ·Â2

, αÂ2
) is a Hom-pre-Lie algebra isomorphism

satisfying the commutative diagram in Definition 4.4. Assume that s1 : A −→ Â1 is a section of Â1. By
p2 ◦ ζ = p1, we have

p2 ◦ (ζ ◦ s1) = p1 ◦ s1 = IdA. (4.14)

Thus, we obtain that ζ ◦ s1 is a section of Â2. Define s2 = ζ ◦ s1. Since ζ is an isomorphism of
Hom-pre-Lie algebras and ζ |V= IdV, for all x, y ∈ A, we have

θ2(x, y) = s2(x) ·Â2
s2(y) − s2(x · y)

= (ζ ◦ s1)(x) ·Â2
(ζ ◦ s1)(y) − (ζ ◦ s1)(x · y)

= ζ
(
s1(x) ·Â1

s1(y) − s1(x · y)
)

= θ1(x, y),

and

ξ2(x) = αÂ2
(s2(x)) − s2(α(x))

= αÂ2
(ζ(s1(x))) − ζ(s1(α(x)))

= ζ(αÂ1
(s1(x)) − s1(α(x)))

= ξ1(x).

Thus, isomorphic abelian extensions gives rise to the same element in H̃2(A; V).
Conversely, given two 2-cocycles (θ1, ξ1) and (θ2, ξ2), by Eqs (4.5) and (4.6), we can construct two

abelian extensions (A ⊕ V, ⋄1, ϕ1) and (A ⊕ V, ⋄2, ϕ2). If (θ1, ξ1), (θ2, ξ2) ∈ H̃2(A; V), then there exists
φ : A −→ V , such that θ1 = θ2 + ∂ωωφ and ξ1 = ξ2 + ∂ωαφ. We define ζ : A ⊕ V −→ A ⊕ V by

ζ(x + u) = x + u + φ(x), ∀ x ∈ A, u ∈ V. (4.15)
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For all x, y ∈ A, u, v ∈ V , by θ1 = θ2 + ∂ωωφ, we have

ζ
(
(x + u) ⋄1 (y + v)

)
− ζ(x + u) ⋄2 ζ(y + v)

= ζ
(
x · y + θ1(x, y) + ρ(x)(v) + µ(y)(u)

)
−
(
x + u + φ(x)

)
⋄2
(
y + v + φ(y)

)
= θ1(x, y) + φ(x · y) − θ2(x, y) − ρ(x)φ(y) − µ(y)φ(x)
= θ1(x, y) − θ2(x, y) − ∂ωωφ(x, y)
= 0, (4.16)

and for all x ∈ A, u ∈ V , by ξ1 = ξ2 + ∂ωαφ, we have

ζ ◦ ϕ1(x + u) − ϕ1 ◦ ζ(x + u)
= ζ
(
α(x) + ξ1(x) + β(u)

)
− ϕ2
(
x + u + φ(x)

)
= ξ1(x) + φ(α(x)) − ξ2(x) − β(φ(x))
= ξ1(x) − ξ2(x) − ∂ωαφ(x)
= 0, (4.17)

which implies that ζ is a Hom-pre-Lie algebra isomorphism from (A ⊕ V, ⋄1, ϕ1) to (A ⊕ V, ⋄2, ϕ2).
Moreover, it is obvious that the diagram in Definition 4.4 is commutative. This finishes the proof. □

Appendix: The proof of Lemma 2.6

By straightforward computations, for all x1, . . . , xn+2 ∈ A, we have

∂ωω(∂ωωφ)(x1, . . . , xn+2)

=

n+1∑
i=1

(−1)i+1ρ(αn(xi))(∂ωωφ)(x1, . . . , x̂i, . . . , xn+2)

+

n+1∑
i=1

(−1)i+1µ(αn(xn+2))(∂ωωφ)(x1, . . . , x̂i, . . . , xn+1, xi)

−

n+1∑
i=1

(−1)i+1(∂ωωφ)(α(x1), . . . , α̂(xi), . . . , α(xn+1), xi · xn+2)

+
∑

1≤i< j≤n+1

(−1)i+ j(∂ωωφ)([xi, x j]C , α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2))

=
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1ρ(αn(xi))ρ(αn−1(x j))φ(x1, . . . , x̂ j, . . . , x̂i, . . . , xn+2) (4.18)

+
∑

1≤i< j≤n+1

(−1)i+1(−1) jρ(αn(xi))ρ(αn−1(x j))φ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+2) (4.19)

+
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1ρ(αn(xi))µ(αn−1(xn+2))φ(x1, . . . , x̂ j, . . . , x̂i, . . . , xn+1, x j) (4.20)

+
∑

1≤i< j≤n+1

(−1)i+1(−1) jρ(αn(xi))µ(αn−1(xn+2))φ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, x j) (4.21)

−
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1ρ(αn(xi))φ(α(x1), . . . , α̂(x j), . . . , α̂(xi), . . . , α(xn+1), x j · xn+2) (4.22)

−
∑

1≤i< j≤n+1

(−1)i+1(−1) jρ(αn(xi))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), x j · xn+2) (4.23)

+
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kρ(αn(xi))φ([x j, xk]C , α(x1), . . . , α̂(x j), . . . , α̂(xk), . . . , α̂(xi), . . . , α(xn+2)) (4.24)
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+
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1ρ(αn(xi))φ([x j, xk]C , α(x1), . . . , α̂(x j), . . . , α̂(xi), . . . , α̂(xk), . . . , α(xn+2)) (4.25)

+
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kρ(αn(xi))φ([x j, xk]C , α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α̂(xk), . . . , α(xn+2)) (4.26)

+
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1µ(αn(xn+2))ρ(αn−1(x j))φ(x1, . . . , x̂ j, . . . , x̂i, . . . , xn+1, xi) (4.27)

+
∑

1≤i< j≤n+1

(−1)i+1(−1) jµ(αn(xn+2))ρ(αn−1(x j))φ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, xi) (4.28)

+
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1µ(αn(xn+2))µ(αn−1(xi))φ(x1, . . . , x̂ j, . . . , x̂i, . . . , xn+1, x j) (4.29)

+
∑

1≤i< j≤n+1

(−1)i+1(−1) jµ(αn(xn+2))µ(αn−1(xi))φ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, x j) (4.30)

−
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1µ(αn(xn+2))φ(α(x1), . . . , α̂(x j), . . . , α̂(xi), . . . , α(xn+1), x j · xi) (4.31)

−
∑

1≤i< j≤n+1

(−1)i+1(−1) jµ(αn(xn+2))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), x j · xi) (4.32)

+
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))φ([x j, xk]C , α(x1), . . . , α̂(x j), . . . , α̂(xk), (4.33)

. . . , α̂(xi), . . . , α(xn+1), α(xi))

+
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1µ(αn(xn+2))φ([x j, xk]C , α(x1), . . . , α̂(x j), . . . , α̂(xi), (4.34)

. . . , α̂(xk), . . . , α(xn+1), α(xi))

+
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))φ([x j, xk]C , α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.35)

. . . , α̂(xk), . . . , α(xn+1), α(xi))

−
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1ρ(αn(x j))φ(α(x1), . . . , α̂(x j), . . . , α̂(xi), . . . , α(xn+1), xi · xn+2) (4.36)

−
∑

1≤i< j≤n+1

(−1)i+1(−1) jρ(αn(x j))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), xi · xn+2) (4.37)

−
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1µ(αn−1(xi · xn+2))φ(α(x1), . . . , α̂(x j), . . . , α̂(xi), . . . , α(xn+1), α(x j)) (4.38)

−
∑

1≤i< j≤n+1

(−1)i+1(−1) jµ(αn−1(xi · xn+2))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(x j)) (4.39)

+
∑

1≤ j<i≤n+1

(−1)i+1(−1) j+1φ(α2(x1), . . . , α̂2(x j), . . . , α̂2(xi), . . . , α2(xn+1), α(x j) · (xi · xn+2)) (4.40)

+
∑

1≤i< j≤n+1

(−1)i+1(−1) jφ(α2(x1), . . . , α̂2(xi), . . . , α̂2(x j), . . . , α2(xn+1), α(x j) · (xi · xn+2)) (4.41)

−
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kφ([α(x j), α(xk)]C , α
2(x1), . . . , α̂2(x j), . . . , α̂2(xk), . . . , (4.42)

α̂2(xi), . . . , α2(xn+1), α(xi · xn+2))

−
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1φ([α(x j), α(xk)]C , α
2(x1), . . . , α̂2(x j), . . . , α̂2(xi), . . . , (4.43)

α̂2(xk), . . . , α2(xn+1), α(xi · xn+2))

−
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kφ([α(x j), α(xk)]C , α
2(x1), . . . , α̂2(xi), . . . , α̂2(x j), . . . , (4.44)

α̂2(xk), . . . , α2(xn+1), α(xi · xn+2))

+
∑

1≤i< j≤n+1

(−1)i+ jρ(αn−1[xi, x j]C)φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2)) (4.45)

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kρ(αn(xk)))φ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2)) (4.46)
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+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1ρ(αn(xk)))φ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , α̂(xk), . . . , α̂(x j), . . . , α(xn+2)) (4.47)

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kρ(αn(xk)))φ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α̂(xk), . . . , α(xn+2)) (4.48)

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn(xn+2)))φ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , α̂(xi), . . . , (4.49)

α̂(x j), . . . , α(xn+1), α(xk))

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn(xn+2)))φ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , α̂(xk), . . . , (4.50)

α̂(x j), . . . , α(xn+1), α(xk))

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn(xn+2)))φ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , (4.51)

α̂(xk), . . . , α(xn+1), α(xk))

+
∑

1≤i< j≤n+1

(−1)i+ jµ(αn(xn+2))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), [xi, x j]C) (4.52)

−
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kφ(α[xi, x j]C , α
2(x1), . . . , α̂2(xk), . . . , α̂2(xi), . . . , α̂2(x j), (4.53)

. . . , α2(xn+1), α(xk) · α(xn+2))

−
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1φ(α[xi, x j]C , α
2(x1), . . . , α̂2(xi), . . . , α̂2(xk), . . . , α̂2(x j), (4.54)

. . . , α2(xn+1), α(xk) · α(xn+2))

−
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kφ(α[xi, x j]C , α
2(x1), . . . , α̂2(xi), . . . , α̂2(x j), . . . , α̂2(xk), (4.55)

. . . , α2(xn+1), α(xk) · α(xn+2))

−
∑

1≤i< j≤n+1

(−1)i+ jφ(α2(x1), . . . , α̂2(xi), . . . , α̂2(x j), . . . , α2(xn+1), [xi, x j]C · α(xn+2)) (4.56)

+
∑

1≤k<l<i< j≤n+1

(−1)i+ j(−1)k+lφ([α(xk), α(xl)]C , α[xi, x j]C , α
2(x1), . . . , α̂2(xk), . . . , (4.57)

α̂2(xl), . . . , α̂2(xi), . . . , α̂2(x j), . . . , α2(xn+2))

+
∑

1≤k<i<l< j≤n+1

(−1)i+ j(−1)k+l+1φ([α(xk), α(xl)]C , α[xi, x j]C , α
2(x1), . . . , α̂2(xk), . . . , (4.58)

α̂2(xi), . . . , α̂2(xl), . . . , α̂2(x j), . . . , α2(xn+2))

+
∑

1≤i<k<l< j≤n+1

(−1)i+ j(−1)k+lφ([α(xk), α(xl)]C , α[xi, x j]C , α
2(x1), . . . , α̂2(xi), . . . , (4.59)

α̂2(xk), . . . , α̂2(xl), . . . , α̂2(x j), . . . , α2(xn+2))

+
∑

1≤i< j<k<l≤n+1

(−1)i+ j(−1)k+lφ([α(xk), α(xl)]C , α[xi, x j]C , α
2(x1), . . . , α̂2(xi), . . . , (4.60)

α̂2(x j), . . . , α̂2(xk), . . . , α̂2(xl), . . . , α2(xn+2))

+
∑

1≤i<k< j<l≤n+1

(−1)i+ j(−1)k+l+1φ([α(xk), α(xl)]C , α[xi, x j]C , α
2(x1), . . . , α̂2(xi), . . . , (4.61)

α̂2(xk), . . . , α̂2(x j), . . . , α̂2(xl), . . . , α2(xn+2))

+
∑

1≤k<i< j<l≤n+1

(−1)i+ j(−1)k+lφ([α(xk), α(xl)]C , α[xi, x j]C , α
2(x1), . . . , α̂2(xk), . . . , (4.62)

α̂2(xi), . . . , α̂2(x j), . . . , α̂2(xl), . . . , α2(xn+2))

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kφ([[xi, x j]C , α(xk)]C , α
2(x1), . . . , α̂2(xk), . . . , α̂2(xi), . . . , α̂2(x j), . . . , α2(xn+2)) (4.63)

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1φ([[xi, x j]C , α(xk)]C , α
2(x1), . . . , α̂2(xi), . . . , α̂2(xk), . . . , α̂2(x j), . . . , α2(xn+2)) (4.64)
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+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kφ([[xi, x j]C , α(xk)]C , α
2(x1), . . . , α̂2(xi), . . . , α̂2(x j), . . . , α̂2(xk), . . . , α2(xn+2)). (4.65)

The terms (4.22) and (4.37), (4.23) and (4.36), (4.24) and (4.48), (4.25) and (4.47), (4.26) and (4.46),
(4.33) and (4.51), (4.34) and (4.50), (4.35) and (4.49) cancel each other. By the definition of the sub-
adjacent Hom-Lie algebra, the sum of (4.63), (4.64) and (4.65) is zero. By the antisymmetry condition,
the term (4.57) and (4.60), (4.58) and (4.61), (4.59) and (4.62) cancel each other. By the definition of
the sub-adjacent Lie bracket, the sum of (4.31), (4.32) and (4.52) is zero. By the definition of Hom-
pre-Lie algebras, the sum of (4.40), (4.41) and (4.56) is zero. Since α is an algebra morphism, the term
(4.42) and (4.55), (4.43) and (4.54), (4.44) and (4.53) cancel each other.

Since (V, β, ρ, µ) is a representation of the Hom-pre-Lie algebra (A, ·, α), the sum of (4.18) and (4.19)
can be written as ∑

1≤i< j≤n+1

(−1)i+ j+1ρ([αn−1(xi), αn−1(x j)]C)βφ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+2), (4.66)

the sum of (4.20), (4.28) and (4.29) can be written as

−
∑

1≤ j<i≤n+1

(−1)i+ j+1µ(αn−1(xi) · αn−1(xn+2))βφ(x1, . . . , x̂ j, . . . , x̂i, . . . , xn+1, x j), (4.67)

and the sum of (4.21), (4.27) and (4.30) can be written as∑
1≤i< j≤n+1

(−1)i+ j+1µ(αn−1(xi) · αn−1(xn+2))βφ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, x j). (4.68)

Thus, we have

∂ωω(∂ωωφ)(x1, . . . , xn+2)

=
∑

1≤i< j≤n+1

(−1)i+ j+1ρ([αn−1(xi), αn−1(x j)]C)βφ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+2),

+
∑

1≤i< j≤n+1

(−1)i+ j+1µ(αn−1(xi) · αn−1(xn+2))βφ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, x j)

−
∑

1≤ j<i≤n+1

(−1)i+ j+1µ(αn−1(xi) · αn−1(xn+2))βφ(x1, . . . , x̂ j, . . . , x̂i, . . . , xn+1, x j)

−
∑

1≤i< j≤n+1

(−1)i+ j+1ρ(αn−1[xi, x j]C)φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2))

−
∑

1≤i< j≤n+1

(−1)i+ j+1µ(αn−1(xi · xn+2))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(x j))

+
∑

1≤ j<i≤n+1

(−1)i+ j+1µ(αn−1(xi · xn+2))φ(α(x1), . . . , α̂(x j), . . . , α̂(xi), . . . , α(xn+1), α(x j)).

For all x1, . . . , xn+2 ∈ A, we have

∂αω(∂ωαφ)(x1, . . . , xn+2)

=
∑

1≤i< j≤n+1

(−1)i+ jρ([αn−1(xi), αn−1(x j)]C)(∂ωαφ)(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+2)

+
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(xi) · αn−1(xn+2))(∂ωαφ)(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, x j)

−
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(x j) · αn−1(xn+2))(∂ωαφ)(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, xi)

=
∑

1≤i< j≤n+1

(−1)i+ jρ([αn−1(xi), αn−1(x j)]C)βφ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+2),

−
∑

1≤i< j≤n+1

(−1)i+ jρ([αn−1(xi), αn−1(x j)]C)φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(xi) · αn−1(xn+2))βφ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, x j)
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−
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(xi) · αn−1(xn+2))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(x j))

−
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(x j) · αn−1(xn+2))βφ(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, xi)

+
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(x j) · αn−1(xn+2))φ(α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(xi)).

Since α is an algebra morphism, we obtain that ∂ωω ◦ ∂ωω + ∂αω ◦ ∂ωα=0.
For all x1, . . . , xn+2 ∈ A, we have

∂ωω(∂αωψ)(x1, . . . , xn+2)

=

n+1∑
i=1

(−1)i+1ρ(αn(xi))(∂αωψ)(x1, . . . , x̂i, . . . , xn+2)

+

n+1∑
i=1

(−1)i+1µ(αn(xn+2))(∂αωψ)(x1, . . . , x̂i, . . . , xn+1, xi)

−

n+1∑
i=1

(−1)i+1(∂αωψ)(α(x1), . . . , α̂(xi), . . . , α(xn+1), xi · xn+2)

+
∑

1≤i< j≤n+1

(−1)i+ j(∂αωψ)([xi, x j]C , α(x1), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2))

=
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kρ(αn(xi))ρ([αn−2(x j), αn−2(xk)]C)ψ(x1, . . . , x̂ j, . . . , x̂k . . . , x̂i, . . . , xn+2) (4.69)

+
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1ρ(αn(xi))ρ([αn−2(x j), αn−2(xk)]C)ψ(x1, . . . , x̂ j, . . . , x̂i . . . , x̂k, . . . , xn+2) (4.70)

+
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kρ(αn(xi))ρ([αn−2(x j), αn−2(xk)]C)ψ(x1, . . . , x̂i, . . . , x̂ j . . . , x̂k, . . . , xn+2) (4.71)

+
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kρ(αn(xi))µ(αn−2(x j) · αn−2(xn+2))ψ(x1, . . . , x̂ j, . . . , x̂k . . . , x̂i, . . . , xn+1, xk) (4.72)

+
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1ρ(αn(xi))µ(αn−2(x j) · αn−2(xn+2))ψ(x1, . . . , x̂ j, . . . , x̂i . . . , x̂k, . . . , xn+1, xk) (4.73)

+
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kρ(αn(xi))µ(αn−2(x j) · αn−2(xn+2))ψ(x1, . . . , x̂i, . . . , x̂ j . . . , x̂k, . . . , xn+1, xk) (4.74)

−
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kρ(αn(xi))µ(αn−2(xk) · αn−2(xn+2))ψ(x1, . . . , x̂ j, . . . , x̂k . . . , x̂i, . . . , xn+1, x j) (4.75)

−
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1ρ(αn(xi))µ(αn−2(xk) · αn−2(xn+2))ψ(x1, . . . , x̂ j, . . . , x̂i . . . , x̂k, . . . , xn+1, x j) (4.76)

−
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kρ(αn(xi))µ(αn−2(xk) · αn−2(xn+2))ψ(x1, . . . , x̂i, . . . , x̂ j . . . , x̂k, . . . , xn+1, x j) (4.77)

+
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))ρ([αn−2(x j), αn−2(xk)]C)ψ(x1, . . . , x̂ j, . . . , x̂k . . . , x̂i, . . . , xn+1, xi) (4.78)

+
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1µ(αn(xn+2))ρ([αn−2(x j), αn−2(xk)]C)ψ(x1, . . . , x̂ j, . . . , x̂i . . . , x̂k, . . . , xn+1, xi) (4.79)

+
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))ρ([αn−2(x j), αn−2(xk)]C)ψ(x1, . . . , x̂i, . . . , x̂ j . . . , x̂k, . . . , xn+1, xi) (4.80)

+
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))µ(αn−2(x j) · αn−2(xi))ψ(x1, . . . , x̂ j, . . . , x̂k . . . , x̂i, . . . , xn+1, xk) (4.81)

+
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1µ(αn(xn+2))µ(αn−2(x j) · αn−2(xi))ψ(x1, . . . , x̂ j, . . . , x̂i . . . , x̂k, . . . , xn+1, xk) (4.82)

+
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))µ(αn−2(x j) · αn−2(xi))ψ(x1, . . . , x̂i, . . . , x̂ j . . . , x̂k, . . . , xn+1, xk) (4.83)

−
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))µ(αn−2(xk) · αn−2(xi))ψ(x1, . . . , x̂ j, . . . , x̂k . . . , x̂i, . . . , xn+1, x j) (4.84)
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−
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1µ(αn(xn+2))µ(αn−2(xk) · αn−2(xi))ψ(x1, . . . , x̂ j, . . . , x̂i . . . , x̂k, . . . , xn+1, x j) (4.85)

−
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kµ(αn(xn+2))µ(αn−2(xk) · αn−2(xi))ψ(x1, . . . , x̂i, . . . , x̂ j . . . , x̂k, . . . , xn+1, x j) (4.86)

−
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kρ([αn−1(x j), αn−1(xk)]C)ψ(α(x1), . . . , α̂(x j), . . . , α̂(xk), (4.87)

. . . , α̂(xi), . . . , α(xn+1), xi · xn+2)

−
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1ρ([αn−1(x j), αn−1(xk)]C)ψ(α(x1), . . . , α̂(x j), . . . , α̂(xi), (4.88)

. . . , α̂(xk), . . . , α(xn+1), xi · xn+2)

−
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kρ([αn−1(x j), αn−1(xk)]C)ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.89)

. . . , α̂(xk), . . . , α(xn+1), xi · xn+2)

−
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kµ(αn−1(x j) · αn−2(xi · xn+2))ψ(α(x1), . . . , α̂(x j), . . . , α̂(xk), (4.90)

. . . , α̂(xi), . . . , α(xn+1), α(xk))

−
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1µ(αn−1(x j) · αn−2(xi · xn+2))ψ(α(x1), . . . , α̂(x j), . . . , α̂(xi), (4.91)

. . . , α̂(xk), . . . , α(xn+1), α(xk))

−
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kµ(αn−1(x j) · αn−2(xi · xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.92)

. . . , α̂(xk), . . . , α(xn+1), α(xk))

+
∑

1≤ j<k<i≤n+1

(−1)i+1(−1) j+kµ(αn−1(xk) · αn−2(xi · xn+2))ψ(α(x1), . . . , α̂(x j), . . . , α̂(xk), (4.93)

. . . , α̂(xi), . . . , α(xn+1), α(x j))

+
∑

1≤ j<i<k≤n+1

(−1)i+1(−1) j+k−1µ(αn−1(xk) · αn−2(xi · xn+2))ψ(α(x1), . . . , α̂(x j), . . . , α̂(xi), (4.94)

. . . , α̂(xk), . . . , α(xn+1), α(x j))

+
∑

1≤i< j<k≤n+1

(−1)i+1(−1) j+kµ(αn−1(xk) · αn−2(xi · xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.95)

. . . , α̂(xk), . . . , α(xn+1), α(x j))

+
∑

1≤k<l<i< j≤n+1

(−1)i+ j(−1)k+lρ([αn−1(xk), αn−1(xl)]C)ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.96)

α̂(xl), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤k<i<l< j≤n+1

(−1)i+ j(−1)k+l−1ρ([αn−1(xk), αn−1(xl)]C)ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.97)

α̂(xi), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤k<i< j<l≤n+1

(−1)i+ j(−1)k+lρ([αn−1(xk), αn−1(xl)]C)ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.98)

α̂(xi), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+2))

+
∑

1≤i<k<l< j≤n+1

(−1)i+ j(−1)k+lρ([αn−1(xk), αn−1(xl)]C)ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.99)

α̂(xk), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤i<k< j<l≤n+1

(−1)i+ j(−1)k+l−1ρ([αn−1(xk), αn−1(xl)]C)ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.100)

α̂(xk), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+2))

+
∑

1≤i< j<k<l≤n+1

(−1)i+ j(−1)k+lρ([αn−1(xk), αn−1(xl)]C)ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.101)

Electronic Research Archive Volume 30, Issue 8, 2748–2773.



2767

α̂(x j), . . . , α̂(xk), . . . , α̂(xl), . . . , α(xn+2))

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kρ([αn−2[xi, x j]C , α
n−1(xk)]C)ψ(α(x1), . . . , α̂(xk), . . . , α̂(xi), (4.102)

. . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1ρ([αn−2[xi, x j]C , α
n−1(xk)]C)ψ(α(x1), . . . , α̂(xi), . . . , α̂(xk), (4.103)

. . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kρ([αn−2[xi, x j]C , α
n−1(xk)]C)ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.104)

. . . , α̂(xk), . . . , α(xn+2))

+
∑

1≤k<l<i< j≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xk) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.105)

α̂(xl), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(xl))

+
∑

1≤k<i<l< j≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xk) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.106)

α̂(xi), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(xl))

+
∑

1≤k<i< j<l≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xk) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.107)

α̂(xi), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(xl))

+
∑

1≤i<k<l< j≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xk) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.108)

α̂(xk), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(xl))

+
∑

1≤i<k< j<l≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xk) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.109)

α̂(xk), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(xl))

+
∑

1≤i< j<k<l≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xk) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.110)

α̂(x j), . . . , α̂(xk), . . . , α̂(xl), . . . , α(xn+1), α(xl))

−
∑

1≤k<l<i< j≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xl) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.111)

α̂(xl), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(xk))

−
∑

1≤k<i<l< j≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xl) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.112)

α̂(xi), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(xk))

−
∑

1≤k<i< j<l≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xl) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xk), . . . , (4.113)

α̂(xi), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(xk))

−
∑

1≤i<k<l< j≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xl) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.114)

α̂(xk), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(xk))

−
∑

1≤i<k< j<l≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xl) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.115)

α̂(xk), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(xk))

−
∑

1≤i< j<k<l≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xl) · αn−1(xn+2))ψ([xi, x j]C , α(x1), . . . , α̂(xi), . . . , (4.116)

α̂(x j), . . . , α̂(xk), . . . , α̂(xl), . . . , α(xn+1), α(xk))

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−2[xi, x j]C · α
n−1(xn+2))ψ(α(x1), . . . , α̂(xk), . . . , α̂(xi), (4.117)
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. . . , α̂(x j), . . . , α(xn+1), α(xk))

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−2[xi, x j]C · α
n−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(xk), (4.118)

. . . , α̂(x j), . . . , α(xn+1), α(xk))

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−2[xi, x j]C · α
n−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.119)

. . . , α̂(xk), . . . , α(xn+1), α(xk))

−
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−1(xk) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xk), . . . , α̂(xi), (4.120)

. . . , α̂(x j), . . . , α(xn+1), [xi, x j]C)

−
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−1(xk) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(xk), (4.121)

. . . , α̂(x j), . . . , α(xn+1), [xi, x j]C)

−
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−1(xk) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.122)

. . . , α̂(xk), . . . , α(xn+1), [xi, x j]C),

and

∂αω(∂ααψ)(x1, . . . , xn+2)

=
∑

1≤i< j≤n+1

(−1)i+ jρ([αn−1(xi), αn−1(x j)]C)(∂ααψ)(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+2)

+
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(xi) · αn−1(xn+2))(∂ααψ)(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, x j)

−
∑

1≤i< j≤n+1

(−1)i+ jµ(αn−1(x j) · αn−1(xn+2))(∂ααψ)(x1, . . . , x̂i, . . . , x̂ j, . . . , xn+1, xi)

=
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kρ([αn−1(xi), αn−1(x j)]C)ρ(αn−1(xk))ψ(x1, . . . , x̂k, . . . , x̂i, . . . , x̂ j . . . , xn+2) (4.123)

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1ρ([αn−1(xi), αn−1(x j)]C)ρ(αn−1(xk))ψ(x1, . . . , x̂i, . . . , x̂k, . . . , x̂ j . . . , xn+2) (4.124)

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kρ([αn−1(xi), αn−1(x j)]C)ρ(αn−1(xk))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , x̂k, . . . , xn+2) (4.125)

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kρ([αn−1(xi), αn−1(x j)]C)µ(αn−1(xn+2))ψ(x1, . . . , x̂k, . . . , x̂i, . . . , x̂ j . . . , xn+1, xk) (4.126)

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1ρ([αn−1(xi), αn−1(x j)]C)µ(αn−1(xn+2))ψ(x1, . . . , x̂i, . . . , x̂k, . . . , x̂ j . . . , xn+1, xk) (4.127)

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kρ([αn−1(xi), αn−1(x j)]C)µ(αn−1(xn+2))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , x̂k . . . , xn+1, xk) (4.128)

−
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kρ([αn−1(xi), αn−1(x j)]C)ψ(α(x1), . . . , α̂(xk), . . . , α̂(xi), (4.129)

. . . , α̂(x j), . . . , α(xn+1), xk · xn+2)

−
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1ρ([αn−1(xi), αn−1(x j)]C)ψ(α(x1), . . . , α̂(xi), . . . , α̂(xk), (4.130)

. . . , α̂(x j), . . . , α(xn+1), xk · xn+2)

−
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kρ([αn−1(xi), αn−1(x j)]C)ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.131)

. . . , α̂(xk), . . . , α(xn+1), xk · xn+2)

+
∑

1≤k<l<i< j≤n+1

(−1)i+ j(−1)k+l−1ρ([αn−1(xi), αn−1(x j)]C)ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.132)

. . . , α̂(xl), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+2))
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+
∑

1≤k<i<l< j≤n+1

(−1)i+ j(−1)k+lρ([αn−1(xi), αn−1(x j)]C)ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.133)

. . . , α̂(xi), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤k<i< j<l≤n+1

(−1)i+ j(−1)k+l−1ρ([αn−1(xi), αn−1(x j)]C)ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.134)

. . . , α̂(xi), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+2))

+
∑

1≤i<k<l< j≤n+1

(−1)i+ j(−1)k+l−1ρ([αn−1(xi), αn−1(x j)]C)ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.135)

. . . , α̂(xk), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+2))

+
∑

1≤i<k< j<l≤n+1

(−1)i+ j(−1)k+lρ([αn−1(xi), αn−1(x j)]C)ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.136)

. . . , α̂(xk), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+2))

+
∑

1≤i< j<k<l≤n+1

(−1)i+ j(−1)k+l−1ρ([αn−1(xi), αn−1(x j)]C)ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.137)

. . . , α̂(x j), . . . , α̂(xk), . . . , α̂(xl), . . . , α(xn+2))

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−1(xi) · αn−1(xn+2))ρ(αn−1(xk))ψ(x1, . . . , x̂k, . . . , x̂i, . . . , x̂ j . . . , xn+1, x j) (4.138)

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−1(xi) · αn−1(xn+2))ρ(αn−1(xk))ψ(x1, . . . , x̂i, . . . , x̂k, . . . , x̂ j . . . , xn+1, x j) (4.139)

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−1(xi) · αn−1(xn+2))ρ(αn−1(xk))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , x̂k . . . , xn+1, x j) (4.140)

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−1(xi) · αn−1(xn+2))µ(αn−1(x j))ψ(x1, . . . , x̂k, . . . , x̂i, . . . , x̂ j . . . , xn+1, xk) (4.141)

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−1(xi) · αn−1(xn+2))µ(αn−1(x j))ψ(x1, . . . , x̂i, . . . , x̂k, . . . , x̂ j . . . , xn+1, xk) (4.142)

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−1(xi) · αn−1(xn+2))µ(αn−1(x j))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , x̂k . . . , xn+1, xk) (4.143)

−
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−1(xi) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xk), . . . , α̂(xi), (4.144)

. . . , α̂(x j), . . . , α(xn+1), xk · x j)

−
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−1(xi) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(xk), (4.145)

. . . , α̂(x j), . . . , α(xn+1), xk · x j)

−
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−1(xi) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.146)

. . . , α̂(xk), . . . , α(xn+1), xk · x j)

+
∑

1≤k<l<i< j≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xi) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.147)

. . . , α̂(xl), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(x j))

+
∑

1≤k<i<l< j≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xi) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.148)

. . . , α̂(xi), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(x j))

+
∑

1≤k<i< j<l≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xi) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.149)

. . . , α̂(xi), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(x j))

+
∑

1≤i<k<l< j≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xi) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.150)

. . . , α̂(xk), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(x j))

Electronic Research Archive Volume 30, Issue 8, 2748–2773.



2770

+
∑

1≤i<k< j<l≤n+1

(−1)i+ j(−1)k+lµ(αn−1(xi) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.151)

. . . , α̂(xk), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(x j))

+
∑

1≤i< j<k<l≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(xi) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.152)

. . . , α̂(x j), . . . , α̂(xk), . . . , α̂(xl), . . . , α(xn+1), α(x j))

−
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−1(x j) · αn−1(xn+2))ρ(αn−1(xk))ψ(x1, . . . , x̂k, . . . , x̂i, . . . , x̂ j . . . , xn+1, xi) (4.153)

−
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−1(x j) · αn−1(xn+2))ρ(αn−1(xk))ψ(x1, . . . , x̂i, . . . , x̂k, . . . , x̂ j . . . , xn+1, xi) (4.154)

−
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−1(x j) · αn−1(xn+2))ρ(αn−1(xk))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , x̂k . . . , xn+1, xi) (4.155)

−
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−1(x j) · αn−1(xn+2))µ(αn−1(xi))ψ(x1, . . . , x̂k, . . . , x̂i, . . . , x̂ j . . . , xn+1, xk) (4.156)

−
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−1(x j) · αn−1(xn+2))µ(αn−1(xi))ψ(x1, . . . , x̂i, . . . , x̂k, . . . , x̂ j . . . , xn+1, xk) (4.157)

−
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−1(x j) · αn−1(xn+2))µ(αn−1(xi))ψ(x1, . . . , x̂i, . . . , x̂ j, . . . , x̂k . . . , xn+1, xk) (4.158)

+
∑

1≤k<i< j≤n+1

(−1)i+ j(−1)kµ(αn−1(x j) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xk), . . . , α̂(xi), (4.159)

. . . , α̂(x j), . . . , α(xn+1), xk · xi)

+
∑

1≤i<k< j≤n+1

(−1)i+ j(−1)k+1µ(αn−1(x j) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(xk), (4.160)

. . . , α̂(x j), . . . , α(xn+1), xk · xi)

+
∑

1≤i< j<k≤n+1

(−1)i+ j(−1)kµ(αn−1(x j) · αn−1(xn+2))ψ(α(x1), . . . , α̂(xi), . . . , α̂(x j), (4.161)

. . . , α̂(xk), . . . , α(xn+1), xk · xi)

−
∑

1≤k<l<i< j≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(x j) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.162)

. . . , α̂(xl), . . . , α̂(xi), . . . , α̂(x j), . . . , α(xn+1), α(xi))

−
∑

1≤k<i<l< j≤n+1

(−1)i+ j(−1)k+lµ(αn−1(x j) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.163)

. . . , α̂(xi), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(xi))

−
∑

1≤k<i< j<l≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(x j) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xk), (4.164)

. . . , α̂(xi), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(xi))

−
∑

1≤i<k<l< j≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(x j) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.165)

. . . , α̂(xk), . . . , α̂(xl), . . . , α̂(x j), . . . , α(xn+1), α(xi))

−
∑

1≤i<k< j<l≤n+1

(−1)i+ j(−1)k+lµ(αn−1(x j) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.166)

. . . , α̂(xk), . . . , α̂(x j), . . . , α̂(xl), . . . , α(xn+1), α(xi))

−
∑

1≤i< j<k<l≤n+1

(−1)i+ j(−1)k+l−1µ(αn−1(x j) · αn−1(xn+2))ψ([xk, xl]C , α(x1), . . . , α̂(xi), (4.167)

. . . , α̂(x j), . . . , α̂(xk), . . . , α̂(xl), . . . , α(xn+1), α(xi)).

By the definition of the sub-adjacent Hom-Lie algebra, the sum of (4.102), (4.103) and (4.104) is zero.
By the definition of Hom-pre-Lie algebras, the sum of (4.90), (4.95) and (4.118) is zero, the sum of
(4.91), (4.92) and (4.119) is zero, the sum of (4.93), (4.94) and (4.117) is zero. Obviously, the sum of
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(4.96) and (4.137) is zero, the sum of (4.97) and (4.136) is zero, the sum of (4.98) and (4.135) is zero,
the sum of (4.99) and (4.134) is zero, the sum of (4.100) and (4.133) is zero, the sum of (4.101) and
(4.132) is zero, the sum of (4.87) and (4.131) is zero, the sum of (4.88) and (4.130) is zero, the sum
of (4.89) and (4.129) is zero, the sum of (4.105) and (4.152) is zero, the sum of (4.106) and (4.151) is
zero, the sum of (4.107) and (4.150) is zero, the sum of (4.108) and (4.149) is zero, the sum of (4.109)
and (4.148) is zero, the sum of (4.110) and (4.147) is zero, the sum of (4.111) and (4.167) is zero,
the sum of (4.112) and (4.166) is zero, the sum of (4.113) and (4.165) is zero, the sum of (4.114) and
(4.164) is zero, the sum of (4.115) and (4.163) is zero, the sum of (4.116) and (4.162) is zero. By the
definition of the sub-adjacent Lie bracket, the sum of (4.120), (4.145) and (4.146) is zero, the sum of
(4.121), (4.144) and (4.161) is zero, the sum of (4.122), (4.159) and (4.160) is zero. Since (V, β, ρ) is
a representation of the sub-adjacent Hom-Lie algebra AC, the sum of (4.69), (4.70), (4.71), (4.123),
(4.124) and (4.125) is zero. Since (V, β, ρ, µ) is a representation of the Hom-pre-Lie algebra (A, ·, α),
the sum of (4.73), (4.74), (4.78), (4.82), (4.83), (4.128), (4.138), (4.139), (4.143) and (4.158) is zero,
the sum of (4.72), (4.77), (4.79), (4.81), (4.86), (4.127), (4.140), (4.142), (4.153) and (4.157) is zero,
the sum of (4.75), (4.76), (4.80), (4.84), (4.85), (4.126), (4.141), (4.154), (4.155) and (4.156) is zero.
Thus, we have ∂ωω ◦ ∂αω + ∂αω ◦ ∂αα = 0.

Similarly, we have ∂ωα ◦ ∂ωω + ∂αα ◦ ∂ωα = 0 and ∂ωα ◦ ∂αω + ∂αα ◦ ∂αα = 0. This finishes the proof.
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