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1. Introduction

Let M be a closed connected smooth Riemannian manifold, and L € C*(T M xR, R) be a Lagrangian
satisfying the following conditions introduced by Mather [1]:

1. Periodicity: L is 1-periodic in time, i.e., L(x, v,t) = L(x,v,t + 1) for all (x,v,1) € TM X R;

2. Positive definiteness: 9>L/0v*(x,v,t) is positive definite, as a quadratic form, for all (x,v,?) €
TM X R;

3. Superlinear growth: limy, e % = +oo, in each fiber, i.e., for each A € R, there exists
B(A) € R such that L(x, v, 1) > A||v|l, — B(A), for all (x,v,1) € TM X R.

4. Completeness: Every orbit of the Euler-Lagrange flow introduced by L is defined for all time.

Remark 1.1. || - ||, denotes the norm associated to the Riemannian metric on M. Since M is compact,
condition (3) in the above definition is independent of which Riemannian metric is chosen on M. For
any x,y € M, we use d(x,y) denotes the distance defined by the Riemannian metric.

For any compact interval [a, b] C R, we denote C([a, b], M) by the set of all absolutely continuous
curves defined on [a, b]. The action A, of L on any y € C([a, b], M) is defined by

b
AL(y) = f L(dy(n), t)dt, where dy(t) = (y(1), (1)).
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Given x,y € M, we set Cip(x,y) = {y € C(la,b], M) : y(a) = x,y(b) = y} and Cr(x,y) :=
Cpr)(x,y) for any T > 0. The extremals of A, in C,p)(x,y) are solutions of the Euler-Lagrange
equation which in local coordinates is given by

doL, . . AL
75, 00,70, = 2=, ¥, 1. (EL)

Furthermore we assume L is a critical Lagrangian. A Lagrangian is called critical if the infimum of
the actions of all closed curves is 0. Every Tonelli Lagrangian can be made critical by adding a proper
constant, see [2].

For any (x, a), (y,b) € M x R with a < b, we define

b
h((x, ), (y, b)) = inf{ f L(dy(n),t)dt =y € Crap(x,y)}.

The infimum above is actually a minimum, see Theorem 2.1.
For any (x, @), (v,8) € M x T, we define

B((,a), (0. B) = liminf h(x.@). (0 + 1)),

((x,a), (0.8) = inf h((x,a), (7.8 + T)).

The following propositions of the functions we just defined will be needed in this paper and we
refer the interested readers to [3] for their proofs.

Proposition 1.1. /. The function h : MXRXMXR — R; ((x, a), (y, b)) = h((x,a), (y, b)) is Lipschitz
continuous and bounded on {b — a > 1}.
2. For any a,p € T, h™((*,a), (*,8)) : M X M — R is Lipschitz continuous and satisfies triangle
inequality
h=((x, @), (0, 8) + h™((r, B), (z,p)) = h™((x, @), (z, p)),

for any (x, @), (y,p), (z,p) € M X T.
3 Wesetd : MXTXMXT :— Ras

d((x, @), (3, B)) = D((x, @), (7, B)) + D, B), (x, @),

then d is non-negative.

Let I c R be an interval of time, a curve y € C(I, M) is called semi-static if
ArVap) = ©((y(a),a mod 1), (y(b),b mod 1)), V[a,b] CI.

When I = R, we say v is a global semi-static curve. When I = [a, +00) (or I = (-0, a]) for some a € R,
we say vy is a forward (or backward) semi-static curve. Obviously a semi-static curve is a solution of
(EL).

If y satisfies

AL(Vas) = =@((y(b), b mod 1), (y(a),a mod 1)),  V¥[a,b] C I,
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we say it is static. When I = R, we say v is a global static curve. By Proposition 1.1 it is not hard to
see a static curve must be semi-static.
We define the Mafié set N € TM x T and Aubry set A C TM X T as

N = {(dy(t),t mod 1) : vy € C(R, M) is global semi-static.};

= {(dy(t),t mod 1) : v € C(R, M) is global static.}.

Similarly we define
N* = {(dy(t),t mod 1) : y is forward semi-static. };

N~ = {(dy(t),t mod 1) : y is backward semi-static. }.

It is easy to see L
AcCNcN*

Letnm: TM XT — M X T be the usual prOJectlon We set N = 7r(N )and A = Jr(ﬂ) The famous
Mather’s graph theorem (see [1]) tells us 7| 7 : C A — Ais bijective and its inverse (7] 7)~ L A > Ais
Lipschitz.

Following Mather’s graph theorem, for any (x, @) € A € M XT, there is a unique global static curve,
denoted by 7y, q), satisfying y( (@) = x. Furthermore using d defined in Proposition 1.1, we can define
an equivalence relation on A by saying (x, v, a), (y,w,b) € A are equivalent iff c7(71(x, v,a),n(y,w,b)) =
d((x, a), (y, b)) =

By this equlvalence relation, we break ﬂ into classes will be called staric classes. Let A be the set
of static classes, through the entire paper A, Q,T and A with or without super-index will be used to
represent static classes.

Under the assumption that -

A contains only finite elements, (*1)

we will prove the following two theorems.
Remark 1.2. (%) is a generic condition in the sense of Marié, see [4].
Theorem 1.1. For any two different static classes AL, A% € A, one of the following must be true:

1. There is a global semi-static curve 'y with the a-limit set a(dy) C A and the w-limit set w(dy) C

7\2;

2. There is a finite set of static classes QL,...,on ~‘& \ {A', A2} and global semi-static curves
yi i i=0,...,nwith a(dy) c Q' and a)(dy) c Q! fori = 0,...,n, where Q° = A and
Qr+l — A2

By a(dy) (or w(dy)), we mean the a-limit set (or w-limit set) of the orbit {(y(t), y(¢),t mod 1) : t €
R} of the Euler-Lagrange flow. Similarly we let a(y) ( or w(y)) be the a-limit set ( or w-limit set) of
{y(t) : t € Z}in M.

When L is time-independent the above theorem has been proved by Contreras and Paternain in [5].

Remark 1.3. Through the entire paper, for any subset U C M and 6 > 0, by U(6) we mean U(9) :=
{xeM:dx,U) <6}
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Let Ny := NN M x {0} and Ay := AN M % {0}. Under an further assumption
No \ Ay(0) is totally isolated, for some 6 > 0 small enough. (2)

We will prove along a chain of heteroclinic orbits obtained in Theorem 1.1, there is a real heteroclinic
orbit connecting the two given static classes.

Theorem 1.2. If (%), () are true, for any two different static classes KI,P € K, there is a curve
veC 2(R_,VM ), such that (dy(t),t mod 1) is an orbit of the Euler-Lagrange system introduced by L with
a(dy) ¢ A" and w(dy) c A>.

Similar variational method has been used in [6] and [7], where the authors established the existence
of homoclinic orbits to the Aubry set under various conditions different from ours.

2. Preliminary

By Mather’s graph theorem, we can break A into a set of equivalent classes A := {A = F(X) A€
A}, By abusing of notation, they will also be called static classes and capital Greek letters A, Q with or
without super-index will be reserved to represent such static classes throughout this paper.

For all the sets A, N, A (A, N,A), by putting a sub-index 7 € T to them, we mean it is their
intersection with TM X {t}( M X {t}), for example fﬂ, ANTM x {th, A, = ANM x {t}.

For any n € N, we define i" : M X M — R by

h*'(x,y) = h((x,0), (y,n)),
andh” : M XM —->R,0: MxXM — Rby
h”(x,y) = liminf A"(x,y);
neN,n—+oo

O(x,y) = O((x, 0), (v, 0)).

In some cases, we need to shift the time parameterization of a given curve for which we introduce
the following operator.

Definition 2.1. Given a < b € R for any c € R, we define an operator 7. : C([a,b], M) — C(la+c,b +
cl, M) by
T.(y)() = y(t — ¢), forany y € C([a,b], M) and t € [a + c,b + c].
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The variational study of Tonelli Lagrangian L depends on some standard results proved by Mather
in [1].

Lemma 2.1. Given a real number K and a compact interval [a, b],
{y e C(la,b], M) : AL (y) < K}

is compact for the topology of uniform convergence.

Theorem 2.1. (Tonelli Theorem) Given two points x,y € M and a compact interval [a, b), there is a
Y € Clap(x,y) with A (y) = h((x, a), (y, b)) and vy is a C* solution of (EL).

If a curve y € Cp)(x,y) satisfies Ap(y) = h((x, a), (y, b)) we will call it a minimizer. Obviously a
semi-static curve is a minimizer, but a minimizer is not necessarily a semi-static curve.

The next lemma is well-known to experts, however we can not locate a complete proof in the
literature, therefore we give one at here.

Lemma 2.2. Given any p,q € M and two sequences of positive integers {T,:} /" +o00, {T,f} /" +oo, if
{yr € C[—T]:,Tlf](p’ q)} is a sequence of minimizers, i.e., Ap(yi) = th!+T§(7k(_Tk1)’ )/k(T,f)),for any k € N,
satisfying

lim A;(yp) = liminf h'(p, q) = h™(p, q),

then there is a global semi-static curve vy, such that vy, converges to y uniformly on any compact interval
along a subsequence.

Proof. By Proposition 1.1 and Lemma 2.1, it is not hard to see for any 7 > 0, along a subsequence vy,
converges uniformly to a yr € C([-7,T], M) on [-T,T]. Apply this to a sequence of positive integers
{T,} /" +oo, then by a diagonal extraction, we can find a subsequence of y;, which we rename as 7y,
and ay € C(R, M), such that y; converges uniformly to y on any compact interval.
We claim for any T € Z*, Ap(yli-r.r7) = @(y(=T),y(T)), so 7y is a global semi-static curve.
Assume this is not true, then there is a T € Z*, such that

e =ArWl-r.r) — ©((y(=T),¥(T)) > 0. (2.1)

Since yi|-r.r; converges uniformly to y|_r.r, the lower semi-continuity of A, implies
Aridi-rm) 2 AL(Yl-rr) — Z for k large enough. (2.2)
By the definition of ® there is a S € Z*, such that
B (y(=T),y(T)) < ©(y(=T), ¥(T)) + Z (2.3)
Because A5 is Lipschitz,
1B (yi=T), yi(T)) = B* (y(=T), y(T)| < Cld(yi(=T), y(=T)) + d(yi(T), (T ))].
As limy, 00 d(yi(£T), v(£T)) = 0, for k large enough we have

IB° (yi(=T), yi(T)) = b* (y(=T), y(T))| < (2.4)

1M
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By Tonelli Theorem, for any k € N, there are & € Cjos1(yx(=T), yx(T)) with

A& = b (=T, y(T)),

so by (2.4), .
AL(&) < P (y(=T),y(T)) + 1 (2.5)

Combine this with (2.1), (2.2) and (2.3), we get

ALE) < QO-T) /(TN + 3
= AL-r) - ;
< AL(yili-r.m) - j—;,

for k large enough.
We define a new sequence of curves {y; € CTkl +T2-0T 48 (p,q)} by

Yt = T}) ifref0, T, —T]
Vilt) = & —T! +T) ifte[T —T,T - T +S5]
vt =T +2T -8) ifte(T} -T+S, T +T;-2T +S].

For all k large enough, A, (¥x) < A (yx) — £. Since (T} + T} — 2T + S} goes to infinity as k — +co,
we have

h(p.q) < lim inf RIS (p g) < lim inf A, (7%)
—+00 —+00
. g £
< lim Ay(yo) = 3 =hip.q) = 7
which is absurd and we proved our claim. O

Remark 2.1. In the previous lemma, if we assume {Tkl} (resp. {T,?} ) is bounded, by the same arguments
it is not hard to see there is a forward semi-static curve (resp. backward semi-static curve) vy, such
that, y, converges uniformly to y on any compact interval in the domain of y along a subsequence.

In this paper a stronger version of Lemma 2.2 will be needed.

Lemma 2.3. Given any p,q € M and a sequence of positive integers {Ty} / +oo, let {y; € Cr,(p, q)}
be a sequence of minimizers, i.e., Ar(yx) = h((p,0), (g, T})), satisfies limy_, . Ar(yx) = h™(p, q).
If{ay} / +o0,{by} /" +00 are two sequence of positive integers satisfying

1. 0<a, < b, <Ty, forall k e N;
2. by —ay — +ooas k — +oo;
3. there are x,y € M, such that along a subsequences d(yi(ay),x) — 0 and d(yi(by),y) — 0 as

k — o0,

then along a subsequence, limy_, oo AL(Viliap5) = AT (X, ).
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Proof. Noticing that {A(Vili,.»,1)} has a finite upper bound, passing to a subsequence if necessary, we
can say
kEToo R (yila), yi(br)) = kl_i)rJrﬂoo ArVilapy) = B < +co.

We claim B = h*(x, y) and the lemma follows immediately from this claim.
By Lipschitz continuity of 4",

K% (yilar), yi(be)) = B (x, )| < C(d(yiar), x) + d(yi(b), y)),

by passing to a proper subsequence, we can say d(yi(ax), x) + d(yi(br),y)) — 0 as k — +oo, then

lim AP (x,y) = kEIPw R (yi(ar), Y (Dr).

k—+o00
Hence,

B = klim hP=%(x,y) > liminf K"(x,y) = h¥(x, y).
—+00 n—+co

Assume £ = B — h™(x,y) > 0, then there are non-negative integers a; < b; with b} —a; — +oo as
k — 400 satisfying
lim A% %(x,y) = h™(x,y) = B — &.
k—+00

Then for k large enough, we have

’ ’ 3

hP%(x,y) < B — 25 (2.6)

On the other hand, B = limy_, o, 1 % (y(ar), Ye(by)), so for k large enough

a g
W (v, yibi)) = B = 7. 2.7)
Combine (2.6) and (2.7), we get
br—ay b —a) €

= (yilar), yi(bi)) = 7% (x, y) + 5 (2.8)

Again by the Lipschitz continuity of 4" and d(y,(ay), x) + d(yi(br),y)) — 0 as k — +oo, for k large
enough we have

. . e
WP (yan), b)) < h%(x, y) + T (2.9)
(2.8) and (2.9) imply

K% (yar), yibi) = W (vian), vi(be)) + Z

Now following the same argument as in the proof of Lemma 2.2, we can construct a new sequence
{vi € Crit—ap+-a)) (P, @)} With

h(p,q) < liminf A, (y}) < liminf A;(y)) — = = h¥(p, q) — <.
k—+00 k—+00 4 4

which is a contradiction.
O
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In next lemma we will strengthen the triangle inequality of 4™ given in Proposition 1.1.

Lemma 2.4. Given a A € A and a compact set U C M with Ao N U = 0, then we can find an € > 0
small enough and a 6 = 6(¢) > 0, such that

h(x,y)+h™(y,2) =2 h¥(x,2) + €&, Vx,z€ Ao(6), VyeU.
Proof. Because Ao N U = 0 and U is compact, there is an & > 0, such that

d(p,y) = h~(p,y) +h°(,p) =& >0, VpeAy, VyeU.
Then for any g € Ay, as h*™ satisfies triangle inequality,

h=(p,y) + h=(,q) + h™(q, p) = h™(p,y) + h™(y, p) = €,

SO
h=(p,y) + h=(y,q) = =h™(q,p) + & = h™(p,q) + €', (2.10)

the last equality is because of h*(p, q) + h*(q, p) = caid(p, q) = 0, as p,q € Ay are in the same static
class.

Lete = % and 6 = % then for any x, z € Ay(9), there are p’,q" € Ao withd(x, p’) <6 and d(z,q’) <

6. By the Lipschitz continuity of 2%, we have
hoo(-x7 )’) Z hoo(p,’ )7) - C(s’

h=(y,2) > h™(y,q') — C,
h*(x,z) < h(p’,q') + 2C6,

combine these with (2.10), we get

h=(x,y) + h™(y,2) 2 h™(p',y) + h™(y.q') = 2C6 > h(p',q') + & —2C6
> h™(x,z) — 2C5 + 26 — 2C6 = h™(x,7) + 2 — 4CS
3
=h%(x,2) + 58

O

Given an arbitrary (x,@) € M x T, by Fathi’s weak KAM theory [8], there are at least one forward
semi-static curve y* € C*([a, +o0), M) with y*(a) = x, amod 1 = a and one backward semi-static
curve y~ € C*((—o0,al], M) with y~(a) = x,amod 1 = a.

One of the most important feature of these forward (or backward) semi-static curves is that the must
asymptotic to a unique static class of A.

Lemma 2.5. If y is a forward (or backward) semi-static curve, then there is a unique static class
A € A, such that w(dy) (or a(dy) ) C A.

Generally speaking there may be more than one forward (or backward) semi-static curves starting
from (or ending at) a given point (x, @) € M X T, however if (x, @) belongs to A, then they are unique.
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Lemma 2.6. If (x, @) € A, then there is a unique v € T, M, such that (x,v, @) € Ac N*.

As a consequence there is a unique forward semi-static curve y* € C([a, +0), M) with y*(a) = x
and a unique backward semi-static curve y~ € C((—oo, a], M) with vy (a) = x, and y*,y~ must be
static, with

7+(t) = 7(x,a)(t)» ift € [a, +OO);
7_(t) = y(x,a)(t)a l:ft € (_007 a]’
where (v 1 the unique global static curve passing (x, @).

The proofs of the above two lemmas can be found in [2, 5, 8], which we will not repeat here.
3. Heteroclinic chain

We will give the proof of Theorem 1.1 in this section. By assumption (x;), we can fix a 6 > 0
small enough, such that for any two different static classes A', A* € A, Aj(6") N Aj(6*) = 0. In order
to distinguish the two different cases in Theorem 1.1, we introduce the following definition

Definition 3.1. Given a § > 0 and a curve y € C([a, b], M), for any two static classes A', A* € A, we
defined the following set

K(y,6, A", A*) == {A e A\ (A", A} : {n;]rlzd(y(t),Ao) <6}
tela,b]N

A similar idea was used by Maxwell [9] and Rabinowitz [10] on a special class of Hamiltonian
systems including periodic forced multiple pendulum under time-reversibility assumption.

For the remainder of this section, we fix two arbitrary static classes A' # A% € A, and two points
p € A}, q € A}. By Tonelli Theorem, there is a sequence of minimizers {y; € Ci_r 721(p, @)} satisfying

1. {T}! € Z*} / +0o (T} € Z*} / +o0 as k — +oo;
2. limgo o0 AL(y) = limy, s K574 (p, @) = B(p, q).

Let’s consider the collection of sets K(y;, 5, A!, A?), for all k € N and 6 > 0, there are two possibil-
ities:

Case 1: There is a 69 > 0 small enough, such that for each m € N, there is a k > m with
K(yi, 60, A, A?) = 0;

Case 2: For each § > 0, there is a m € N, such that K(y;, 6, A, A®) #0, Yk > m.

First we shall assume case 1 hold, then by passing {y;} to a subsequence, we may assume
K (Y1, 80, A", A?) = 0 for all k € N.

Proposition 3.1. If Case 1 hold, there is a global semi-static curve 7y satisfying
a(dy) C A and w(dy) C A2

Proof. For each k € N, we set Sy := min{r € [T, T1NZ : d(y(t), Ay) > 6*}. It is not hard to see, for
each k € N, S is a well-defined integer and d(y,(r), A}) < 6*, forall r € [-T},S;) N Z.

Lemma 3.2. Both {Sy + T, } and {T} — S} go to infinity as k goes to infinity.
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Proof. (Lemma 3.2) We will only give the detailed proof for S, + Tk1 — +o00, while T,f -8 > 400
can be proven similarly.

Suppose {S; + T} is bounded, then passing {y;} to a subsequence, we cansay S+ 7, = T € Z* for
all k € N. For each k € N, we define y; € C([0,T} + T7], M) by y; = 771 (i), where 771 is defined as
in Definition 2.1, i.e., we shift the time parameterization on y; forward by Tkl.

Replace y; by a proper subsequence, by Remark 2.1, there is a forward semi-static curve y* €
C([0, +00), M), such that y; converges to y* on any compact interval of [0, +oc0). Since

dy' (1), A} = lim d{(T), AD) = Tim d(y(Sp). A = &',

v(T) ¢ A(l). At the same time y*(0) = limy;(0) = p € Al, then y* can not be a static curve.
Because p € A(l) C Ay, there must be a global static curve & with £(0) = p. As a result we have two
different forward semi-static curves starting from p and this is a contradiction to Lemma 2.6. O

By Lemma 3.2, without loss of generality, we may assume S; = O for all k € N. Passing vy, to a
subsequence, by Lemma 2.2, there is a global semi-static curve vy, such that y; converges uniformly to
7 on any compact interval.

Since d(yk(t),A(l)) < o forallt € [-T),0) N Z and k € N, we have d(y(t),A(l)) < ¢%, for all
te(—o0,0)NZ.

By Lemma 2.5, there is a unique A€ A: such that a(dy) C X, hence we must have A = A! and
a(dy) c A'.

Because Case 1 is true, either w(dy) C A% or w(dy) C A! must be true. Assume w(dy) C A!, then
there is a sequence of positive integers {7;} " +oo with lim;_, .. d(y(T), x) = 0 for some x € A(l).

On the other hand we can find a subsequence {y;, € C[—T;l»Tf.](p’ q)} of {y} with T'; < T,fj for all
J € N and d(y,(T)), y(T;)) approaches to 0 as j — +oo. Therefore d(yi,(T)), x) approaches to 0 as
J — 400,

Replacing {y;;} by a proper subsequence, by Lemma 2.3
H(p.x) = Tim Al ). (3.1)

Since {Tklf} and {T';} goes to infinity, as j — +oo, both sequences {kal[—Tkl o} and {yglo.r;} satisfy
: =Ty, :

conditions of Lemma 2.3, passing {y;, } to a proper subsequence, we have
h=(p,y(0)) = jliglw ALYilir o)y BT ((0), x) = ,-Erfio AL(yklor))- (3.2)

By (3.1) and (3.2), h*(p, y(0)) + h=(y(0), x) = h™(p, x).
However it is easy to see d(y(0), Aj) > ¢*, at the same time p, x € A}, by Lemma 2.4, h™(p, ¥(0)) +
h>(y(0), x) > h*=(p, x), which is a contradiction and we finished our proof. m|

Now we assume Case 2 is true, because of (x;), by passing {y;} to a subsequence, we can say
that for a sequence of positive real numbers {6, € (0,6%)} \, O, there is a finite set of static classes
Q... Q" c A\ {A', A} satisfying K(y, 0, A1, A%} = {Q!, ..., Q" forall k € N,

We set Q0 = A! and Q"' = A2,

Proposition 3.3. If Case 2 is true, there is a chain of global semi-static curves Y :i=0,...,n
satisfying a(dy’) C Q' and w(dy') Cc Q™' fori=0,...,n.
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Proof. By Definition 3.1, for every i = 1,...,n and k € N, we can find an S} € (-T},T7) N Z with
d(yi(S}), Q) < 6, and we set S = =T, and S¥*' = T} for all k € N.

Without loss of generality, we can assume S ;{ <S j{” foralli =0,...,n and k € N. Furthermore by
passing {y,} to a proper subsequence , we can say there are x; € Q] fori = 0,...,n + 1 with

lim d(y(S5). ) =0,
k—+00
where xp = p and x,,,; = g.

Lemma 3.4. Foreveryi=0,...,n, {S;:r1 - S;{} — +o0o as k — +oo.

Proof. (Lemma 3.4) It can be proven similarly as we did in the proof of Lemma 3.2 and we will not
repeat it here. O

Lemma 3.5. There is a 6 € (0,6%) small enough, such that for every k large enough
K('}’k|[s§(,s;¢+1],a Q' QH]) =0,¥Vi=0,...,n.

Proof. (Lemma 3.5) If not, without loss of generality we can assume there are 0 < iy # ij <nanda
sequence of positive numbers {0, € (0,67)} ~\, O satisfying

Qil € K(ykl[s;;o’s;'\p”]’ék»gioaQiOH)
for all k large enough.
By the definition of K, we must have i; # ip + 1. Let’s assume i; > iy + 1 (the case of i; < iy can be
proven similarly), then there is a sequence of integers {S; € (SZ’, S ;'f” )}, such that d(y,(S ), Qg) < gk.
First we will show that {Sff“ — S} approaches positive infinity as k goes to +co. If this is not true,
replacing {y;} by a proper subsequence, we may assume S ;}’“ -Sy=S eRforall k e N.

We define a new sequence of minimizers {y; = 7_s,(y:)}, then

d(y;(0), Q) = d(r_5,(y)(0), Q) = d(yi(S1), Q) < 6.

Since 6, — 0 as k — +co, passing {y*} to a proper subsequence, we can say limy_, ., ¥;(0) = x for
some x € Qg.

Again passing {y,} to a proper subsequence, by Lemma 2.2, there is a global semi-static curve y*
such that y; converges to y* on any compact interval. Hence

* _ . * _ il
y(0) = klirglm Y:(0) =x € Q.
On the other hand
Y(S) = lim y(S) = lim y(S + S¢)
k—+oc0 k—+oco
= lim y(S") = xy € Q7.

As Qg)“ N Qg = (), y* can not be a static curve. Since (x, 0) € Q,; C A, there is a global static curve
Y0y With ¥,0)(0) = x. Obviously y.0) # ¥* and we have two different forward semi-static curves
starting from x, which is a contradiction to Lemma 2.6. Therefore {S;{"Jrl - Si} > +tooask — +oo.
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At the same time by Lemma 3.4, {Sfcl — Sf(””} — +o00 as k — +oo. Noticing that {7k|[sks"l]} is a
Pk
sequence of minimizers with
lim 7,(S,) = x, lim y(S*') = x5y and lim y(S}) = x,,
k—+00 k—+00 k—+00
by Lemma 2.3, passing {y} to a proper subsequence, we have
h™(x, x;,) = kl_l)rflooAL(’}/kl[Sk’Sil])
= kl—l)l-}’loo AL(ykl[Sk,SZOH]) + k1—1>rPoo AL(’ykl[S;(OH’SlZI])
= hoo(-xa -xio+1) + hoo(xi()+1 » Xiy )
However x, x;, € Qg and x;,.; € Qg’“, by Lemma 2.4,
hoo(xa xi]) < hoo(-xa -xi0+1) + hoo('xi0+1’ xi] )a
which is absurd, so we are done. O

Now we resume our proof of Proposition 3.3.
Foreachi = 0,...,n, by Lemma 3.4 and Lemma 3.5, we showed that {'yl[si’s;':rl]} is a sequence of
minimizers satisfying the following:

1. S#1—§i — +o0as k — +oo;
2. liMps oo di(S1), x7) = 0 and limy s dy(S), xis1) = 0;
3. K(¥ilisi 51132 65 Qi, Q1) =, for all k large enough.

i Sitgitl . .
Let {y, = 7, (7|[si ’S;'(H])} , where ¢, = — k+2 L then following the same argument as in the proof

of Proposition 3.1, we can show that along a subsequence {y;} converges uniformly on any compact
interval to a global semi-static curve y* satisfying a(dy’) C Q' and w(dy’) € Q.
Hence {y’ : i = 0,...,n} form a chain of heteroclinic orbits as we wanted and {x; : i = 0,...,n}
satisfies x; € w(y™) Na(y) N Q] fori =1,...,n, and xy € a(3°) N QY x,11 € W(Y") N Q.
Furthermore we have

h(x;, Xip1) = kg?wAL(ykl[Si»Si“])’ foralli=0,...,n, 3.3)

Hence,
h=(p,q) = im Ar(yelisosp)) = Z:kl_i};nooAL(thsi,si“]) = Znohm(xi, Xi+1)- (3.4)
O

Obviously Theorem 1.1 follows directly from Proposition 3.1 and Proposition 3.3.
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4. Heteroclinic Orbits

This section will be devoted to the proof of Theorem 1.2. In the previous section we proved that
for any two different static classes, there is a chain of heteroclinic orbits connecting them. Under the
assumption (x;), we will show that there is a real heteroclinic orbit connecting those two static classes
along such a chain of heteroclinic orbits.

Such a heteroclinic orbits will be found as a constraint minimizer of the action of Lagrangian L.
Using the minimizing properties of static curves and semi-static curves, we will show that the constraint
minimizers we find will not bump up to the boundary conditions we posted and it is a real orbit.

First we will introduce some technical lemmas.

Lemma 4.1. There is a 5 € (0,6%) small enough, such that if p,q € Ao(5), for some A € A, then
h>(p,x) +h™(x,q) = h”(p,q), VYxe A, 4.1)

and
h>(p,x) + h™(x,q) > h™(p, q), if x € Ay \ Ao. 4.2)

Proof. Choose an arbitrary p, g € Ay(0%), first let’s show h™(p, x) + h™(x,q) = h™(p, x") + (X', q) if
x,x" € Ay. By the triangle inequality of /2%,

h>(p,x) + h™(x,q) < h™(p,x") + h= (X', x) + h(x, x") + k™ (X', q)
=h¥(p,x") + h¥ (¥, q),

the last equality is due to the fact that x, x” are contained in the same static class, which means
e, xX')+ he(x, x) = c7(x, x)=0.

Therefore h™(p, x) + h>(x,q) < h™(p, x") +h>(x’, q), the other direction of the inequality can be proven
similarly.

First we will prove (4.1) under the assumption that both p, g are contained in A,.

For any x € Ay, by triangle inequality

h=(p, x) + h™(x,q) > h™(p, q).

On the other hand, since ¢, x are contained in the same static class Ay, c?(q, x) = h>(q,x)+h>(x,q) =0,
then

h®(p,q) — h™(x,q) = h™(p,q) + h”(q, x) > h™(p, x),
SO

h®(p,q) 2 h™(p,x) + h™(x, q).

As a result, we proved equality (4.1) under the assumption p, g € Ay.

Now we will drop our previous assumption. Without loss of generality, let’s say g ¢ Ay. Then there
is a sequence of minimizers {y; € Cor,(p,q)} with {T, € Z*} /" +oo, and a forward semi-static curve
v € C([0, +00), M), such that y, converges uniformly to y on any compact sub-interval of [0, +c0).
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Then w(y) C Q for some Q2 € A. We can find a sequence of positive integers {S;} ,” +oco and a
x € Qy, such that limy_,, ., d(y(Sy), x) = 0, then

Jim d(yi(Si), x) =0
—+00

. 0 We claim T} — Sy — +o00 as k — +oo, if this is not true, passing to a subsequence, we may assume
T, —Sr=T eZ". Leté € Cr_r.0/(p> Q); éx = T_1,(vx) be a new sequence of minimizers.

Then passing to a subsequence &, converges uniformly to a backward semi-static curve & on any
compact sub-interval of (—oo, 0].

Noticing that &(-T) = &Sk — Tr) = y(Sk) approaches to x as k goes to +oo, so &(-T) =
limy_ 00 & (—T) = x € Qy. Then by Lemma 2.6, £ must be part of a global static curve and (£(7), 0) € A
for any t € (—o0,0] N Z. However £(0) = lim &,(0) = limy(T}) = g ¢ Ao, which is a contradiction.

As we just showed, when k goes to +oo, {T}; — S} approaches to +oco, {S;} approaches to +co and
vi(S 1) approaches to x, by Lemma 2.3, passing {y,} to a proper subsequence, we have

h*(p,q)

lim A (ylor,)
k—+o00

klilglm Ar(Ylo,s,1) + kl_i)f+nw Ar(Yilis 1)

= h>(p, x) + h™(x, q).

Now we will show that for a small enough § > 0, we must have Q = A, then x € A, and (4.1)
follows immediately from that.

Assume Q # A, then x € Ay \ Ay, which is a compact set without any intersection with Ay, then by
Lemma 2.4, we can find an § € (0, 0"), such that for any p, g € AO(S) and y € Ay \ Ay, we have

h=(p,y) + h=(y,q) > h™(p, q).

This is a contradiction to to what we just proved. Therefore we must have Q = A.
Finally (4.2) follows directly from Lemma 2.4. |

In section 2, we have mentioned that for any (x, @) € M X T, there is at least one forward semi-static
curve y* (or backward semi-static curve y~) starting from ( or ending at ) (x, @) with its w-limit set (
or a-limit set ) contained in a unique static class. Generally we can not determine which static class
it will approach to, however by the above lemma we can determine where it asymptotic to in some
special case.

Lemma 4.2. Let 6 be defined as in Lemma 4.1, if p € Ay(5), g € Ag for some A € A and {y, € Cr,(p,q)}
is a sequence of minimizers with limy_,.., Ar(yx) = h™(p,q) and {T,} /" +oo, then there is a forward
semi-static curve y* € C*([0, +00), M) satisfying the following conditions

]' 7+(O) = p;
2. {yx} converges uniformly to y* along a subsequence on any compact interval;
3. w(dy*) C A.

Proof. By Remark 2.1, there is a forward semi-static curve y satisfying conditions (1), (2), we claim
it also sagsﬁes condition (3). If not, by Lemma 2.5, there is another static class Q # A, such that
w(dy) C Q.
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Then there is a x € Qg and a sequence of integers {S, € (0, T})} ,/ +o0, such that
lim d(y(Sy),x) = 0.
k—+00
Hence passing {y;} to a subsequence, we have
lim d(yx(S¢),x) = 0.
k—+o00

Similar to the proof of Lemma 4.1, we have {T; — S} — +o00 as k — +oo.
Since {T), — Si} — 400, {S;} — +oo and limy_,, o d(yi(Sy), x) = 0 as k = +oco, Lemma 2.3 tells us
that along a subsequence of {y,},

h>(p, x) = kETPOO Ar(Yilio,s,1)s

W% q) = lim Ar(yilis, m)-

Therefore
h=(p,q) = kgrflm Ar(vilory) = B™(p, x) + h7(x, q). (4.3)

If x € Qy # Ay, Lemma 4.1 tells us
h*=(p,q) < h™(p,x) + h*(x,q),

which is a contradiction to (4.3). As a result we proved our claim and 7y is the forward semi-static curve
v* we are looking for. O

Remark 4.1. It is not hard to see that similar argument can to be used to show the existence of a
backward semi-static curve y~ with y~(0) = p and a(dy™) C A.

Lemma 4.3. Given a global semi-static curve vy, if p € a(y) N Ay and q € w(y) N Ay, then
h=(p,q) = h=(p,y($)) + AL(Ylisr) + h=(V(T), q), forany S <T € Z.

Proof. For arbitrary p € a(y) N Ay and g € w(y) N A, there are two sequences of integers {S;} N\, —o0
and {T}} /" +oo, such that lim;_, .., y(S4) = p and lim;_, .o, Y(T}) = q.
Following Lemma 2.3, without loss of generality, we can say

h>(p,q) = klirglm Ar(Ylis,.r)

h=(p,y(8)) = kgglm AL(Vlises1s
h=(y(T), q) = kl_i)ffloo ALYl r)-
Therefore
h=(p,q) = m [Ar(ises) + Ais.r) + AcVlirn)]
= kl—i>l:+—lloo ArVlises) + Ar(Ylis.r) + kl_i){rnm Ar(Ylirr)
= h™(p,¥($) + AL(Ylis.rp) + K= (¥ (T), q).

O
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Lemma 4.4. Given a global semi-static curve v, if there are two compact sets U,V C M satisfying

1. y(S)e U, y(T) €V forsomeS <T €Z;
2.0UNNy =0, 0VNnNy=0, where dU,dV are the boundaries of U, V.

Then for any p € a(y) N Ay, g € w(y) N Ay and (x,y) € U X V., we have
AP, %y, q;7) = h(p,x) + 5 (x,3) + h(y,9) = h™(p,q) = 0.
Furthermore, if x € U\ Nyory € V\ Ny, then
Alp, x,y.q;7) > 0
and there is a € > 0 such that
min{A(p, x,y,q;y) : (x,y) € U XV \ Int(U) X Int(V)} > &,
where Int(U), Int(V) are the interiors of U, V.
Proof. Assume there are x € U,y € V with A(p, x,y,q;y) <0, then
K2 (p, x) + h'5 (x,y) + B (y,q) < h™(p, ). (4.4)
By Remark 2.1, we can find two sequences of minimizers
{€k € Clos(p, 0} with {Sy € Z} 7 +o0;

{¢k € Cro,r0(v, @} with {T, € Z} / +o0,
satisfying
h*(p, x) = Jim A (0); (v, q) = Jim A (&)

Let n € Cisr(x,y) be a minimizer, i.e., Ap(n) = h™=5(x,y). We define a new sequence of curves
Vx € Cros,.—s+1a(p> @} by

E(t+ Sy, ift € [-S,0];
vi(®) = in(t+S), ifte0, T -S];
La-T+S), ifte[T-S8,T-S +T.

Obviously S+ Ty +T —S§ — +o0 as k — +o0, and
Jlim AL(i) = B (p, ) + 17 (6, 3) + 500, 9).
However,

hw(p’ q) — l}{{}:gf hn(p, q) < 1}{11}1-:21: hSk+Tk+T—S (p’ q)
< lim Ar(y) = h™(p, x) + 1" (x,) + h™ (7, 9)

< h®(p,q),
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where the last inequality follows from (4.4). However this is absurd and we proved the first part of the
lemma.

For the second part, without loss of generality we can assume there are x € U \ Ny and y € V with
A(p, x,y,q;7y) = 0. Let {y,} be defined as above then

Mim Ar(yo) = h¥(p, x) + A5 (x,y) + B, @) = h°(p, ). (4.5)

Although vy is not necessary a minimizer, by (4.5), it is not hard to see, for any 77 € Z*, {A.(vil[-177.77)}
has a finite upper bound, and the argument in the proof of Lemma 2.2 will still hold. Therefore along a
subsequence {y,} converges uniformly to a global semi-static curve y* on any compact interval. Which
means

¥'(0) = lim %(0) = () = x € No,

and this is a contradiction to our assumption.
Hence A(p, x,y,q;v) > 0,if x € U\ Ny ory € V\ Ny. By the Lipschitz continuity of 4" and h*,
there is a € > 0 such that

min{A(p, x,v,q;y) : (x,y) € UX V \ Int(U) X Int(V)} > € > 0.

Now we are ready to prove Theorem 1.2.

Proof. (Theorem 1.2) We will follow the notations from the previous section, let p € A}, g € Ag and
{vr € Ci-r).r2(P q)} is a sequence of minimizers satisfying

h™(p,q) = kliglwAL(yk)-

Again there are two different cases as we discussed in the previous section.

If Case 1 is true, nothing needs to be done here.

If Case 2 is true, by the proof of Proposition 3.3, we have a set of finite static classes {Q!,...,Q"} C
A\ {A', A%}, a chain of global semi-static curves {y’ : i = 1,...,n}and {x; € Q) : i = 0,1,...,n+ 1},
where xg = p, X,41 = ¢, satisfying

1. a(dy’) ¢ Q' and w(dy’) c Q! fori=0,...,n, where Q° = Al and Q! = A2,
2. xewy Hnay)nQ, fori=1,...,nand xo = p € a(y°) N Q, X411 € W(Y") N Q.
3. h®(xp, Xps1) = ?:o h™(Xi, Xis1)-

Let 6 > 0 be defined as in Lemma 4.1, for each v/, we can choose S’ < T € Z satisfying
Y'(S7) € Int(Q(5)) and y'(T") € Int(QiH (5)).
Then by assumption (x,), for eachi = 0, ..., n there are compact sets U’, V' C M satisfying
V(S € Int(U"), U' c Qi(b), U NN, =0,
Y(T') € Int(VY), Vic QF'(6), oVinNy=0.
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For each (Y, Z) := {(30,20)s - - - » On» 20)} € [Tl U’ X V', we define a function J by

n n—1
J2) = B0, 30) + Y BT S Gz + > B yier) + B @ X, (4.6)

i=0 i=0
Foreachi=0,...,n—1,z € V' c Qi*'(0) and y;,; € U™! ¢ Qi*'(5), by Lemma 4.1,

h>(zis yie1) = h™ (i, Xip1) + B (X1, Yis1)-

Hence the function J can be rewritten as

n

J(62) = R Gy + BT (3, 2) + (2 X)), 4.7

i=0
For any 7 = (1;)"7) with each 7; € Z* define a J; : [, U’ X V' - R, by

n—1

J(Y, Z) = B (x0, y0) + Z W 0z + ) GaYie) + @y i) (4.8)

i=0 i=0
Let

= lnf{JT(YaZ) . (Y, Z) = {(YO, ZO)’ ) (yn’ Zn)} € l_[ Ui X Vi}’

by the compactness of U, V' and Lipschitz continuity of 4", 1™, it is easy to see the above infimum is
in fact a minimum.

Lemma 4.5. There is a t, such that if (Y',Z') = {(V4:20)s---- Oz} € [limoU' X V' satisfies
Jr(Y',Z") = cr, then

V', Z) = A0 2)s - - > O 2V € | | Ine(U) x Int(V).
We postpone the proof of the above lemma for a moment. Now there is a
V', 2) =G5> 2)s > O 2} € | | Hme(U") x eV

with J.(Y’,Z") = c¢;. Meanwhile for each i = 0, ..., n, there is a minimizer {; € Cjri_si)(y}, z;) with
A& = KT'=S [(ylf,z;), and for each j = 0,.. 1 there is a minimizer 7; € Cy, T}](z y'..,) such that
AL(U]) = hT'(Z;H’y;H)

By Lemma 4.2, there is a forward semi-static y* € C([0, +c0), M) with y*(0) = 7z, and w(dy™) C
Q"1 and a backward semi-static curve y~ € C((—o0, 0], M) with y~(0) = v and a(dy”) C Q.

Gluing these curves together by the following order

Jj+1

VAT CRE IR REEES MU VAL A

we get a new curve y € C(R, M) with a(dy) ¢ A' and w(dy) c A2
By the standard variational argument, it is not hard to see v is a classical solution of (EL) and we

are done.
O
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Proof of Lemma 4.5 . Set {y'(S),y'(T")} = {@°S"). YT, ..., "™,y (T} Since
(Y (S), y(TH} € T, Int(U) X Int(V'), it is enough to show, there is a 7 such that

J.(Y,Z) > J.(y' (S, y(TH)),

for all (Y,Z) = {(0,20)s - - - » On» 2)} € [11g U' X VN [T Int(U") X Int(V"). Using the expression of J
given in (4.7), we get

n

J(,2) = Ay (S, 7 (@) = > i) + BT (0 20) + B (i Xi01)

i=0
=[x,y (S D) + WS GAS ), Y (T) + (T, xi)1).
Meanwhile by Lemma 4.3, foreachi =0, ..., n,
B2 Y (S) + BT GAS D, YT + BT, X)) = h (i, ).
Therefore .
J(,2) = JAY S, YT = > A yis 2 X113 7).
0

By Lemma 4.4, there is an £ > 0 independent of the choice of (¥, Z), such that

JX,Z) = Iy (SH,Y(TH) = &. (4.9)

By the compactness of U’, V' and Lipschitz continuity of 4", h™, there is a " € Z*, such that for all
i=0,....,n—1,whent; > 7,

£
h"(zi, yis1) = h™ (2, yis1) = = .
(2> Y1) = B (i i) =D

Then (4.6) and (4.8) imply
J.(Y.2) > J(Y,Z) - Z. (4.10)

Meanwhile for eachi = 0,...,n — 1, we can always find a 7; > 7/, such that

QAT Y S ) = B GAT), Y (™ <

4n-1)
Again by (4.6) and (4.8), we get

(0 (SD, ¥(TH) < J{Y'(SH, ¥'(TH) + Z- (4.11)
Combining the above inequality with (4.9) and (4.10), we have
& . L 3e L L &
J(Y.Z2) 2 J(Y,Z) - 12 JAY'(SH, Y'(TH) + T2 J({Y'(SH, ¥ (TH) + 5

This finishes our proof of the lemma.
]
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