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1. Introduction

This paper aims to extend the boundedness of martingale transforms to Banach function spaces. The
martingale transform is one of the important topics in probability and martingale function spaces [1-4].
The main results of this paper use the extrapolation theory to obtain the boundedness of the martingale
transform on Banach function spaces which includes rearrangement-invariant Banach function spaces,
Orlicz spaces, Lorentz-Karamata spaces, Zygmund spaces, Lebesgue spaces with variable exponents
and Morrey type spaces such as Morrey spaces with variable exponents and Lorentz-Karamata-Morrey
spaces.

We use two different methods, the Rubio de Francia extrapolation theory and the interpolation
theorem by Zygmund.

Roughly speaking, the Rubio de Francia extrapolation theory uses the weighted norm inequalities
for the martingale transforms to obtain the mapping properties for those Banach function spaces which
satisfy some conditions related with the boundedness of maximal function. The interpolation theorem
extends the mapping properties to the Zygmund spaces. The Zygmund spaces are rearrangement-
invariant Banach function spaces used to capture the mapping properties of operators on the limiting
cases of the Lebesgue space L? for p approaching 1.
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This paper is organized as follows. The definition of Banach function spaces on probability spaces
and some assumptions for the probability spaces are given in Section 2. The main results are estab-
lished in Section 3. The applications of the main results on some concrete function spaces such as the
Orlicz spaces, the Lorentz-Karamata spaces, the Lebesgue spaces with variable exponents, the Lorentz-
Karamata-Morrey spaces and the Morrey spaces with variable exponents are presented in Section 4.

2. Definitions and preliminaries

Let (Q,7,P) be a complete probability space and M be the space of measurable functions on
(Q,F,P).

Let ¥ = (F,)n>0 be the filtration on (Q, ¥, P) where (¥,),>0 is a nondecreasing sequence of sub-o-
algebras of. Let ¥_; = F.

For any martingale f = (f,).>0 on Q, write d;f = f; — fi-1, i > 0 and dof = fo. Let f = (fu)us0
be a uniformly integrable martingale. We identify the martingale f with its pointwise limit f., where
the existence of the limit is guaranteed by the uniform integrability. For any integrable function f, the
martingale generated by f is given by f,, = E, f where E, is the expectation operator associated with
Fa.nn > 0.

The maximal function and the truncated maximal function of the martingale f is defined by

Mf =supl|fii and M,f = sup|fi], n=>0,
=0 O<i<n
respectively.

For any predictable sequence v = (v,),>0 and martingale f, the martingale transform 7, is defined
as

(Tofh = D videf,  (Tuf)o = 0.
k=1
The celebrated result on the convergence of martingale transform states that whenever f is a
bounded L' martingale, then T,,f = ((T,,f).).s0 converges almost everywhere on {x € Q : My(x) < oo}.

Definition 2.1. A Banach space X c M is said to be a Banach function space on (Q, 7, P) if it satisfies

L lflx=0 & f=0ae,
2. gl <Iflae. = ligllx < [Ifllx,

3.0<fu 1 fae = [fullx TIIflx,
4. L — X — L,

Item (4) of the above definition guarantees that for any measurable set E, yr € X and fE |fldP <
Cllfllx. In particular, Item (4) assets that for any f € X, f = (f,)us0 is a bounded L' martingale.
Therefore, for any f € X, the pointwise limit of E, f, lim,_,. E,f = fw, exists and we identify the
martingale f = (f,).>0 With f.

Moreover, whenever |[V|[z= = sup,sollvallz= < oo, for any f € X, the martingale transform
T,f = ((T,f)n)uso converges almost everywhere on Q. Thus, we are allowed to identify the martingale
transform 7, f with its pointwise limit (7', f)c.

Furthermore, Item (4) guarantees that X is a Banach function space defined in [5, Chapter 1, Defi-
nitions 1.1 and 1.3]. Thus, the results in [5] apply to the Banach function space defined in Definition
2.1.
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The rearrangement-invariant Banach function spaces are examples of Banach function spaces. The
reader is referred to [5, Chapter 2, Definition 4.1] for the definition of rearrangement-invariant Banach
function spaces. Particularly, the Lorentz spaces, the Lorentz-Karamata spaces, the Orlicz spaces and
the grand Lebesgue spaces are examples of Banach function spaces. The family of Banach function
spaces also includes the Lebesgue spaces with variable exponents and the Morrey type spaces [1, 6].
Notice that the Morrey type spaces on R” are generally not Banach function spaces on R". For the
definitions of Morrey type spaces on R”, the reader is referred to [7, Definition 2.4].

The reader is referred to [1-3, 8] for the mapping properties of martingale transforms on Lebesgue
spaces, Hardy spaces, Orlicz spaces, rearrangement-invariant Banach function spaces and Morrey
spaces.

We recall the definition of associate space from [5, Chapter 1, Definitions 2.1 and 2.3].

Definition 2.2. Let X be a Banach function space. The associate space of X, X, is the collection of all
measurable function f such that

I llx = sup{flfglcﬂP 18 e X llgllx < 1} < oo,
Q

According to [5, Chapter 1, Theorems 1.7 and 2.2], when X is a Banach function space, X’ is also

a Banach function space. In addition, the Lorentz-Luxemburg theorem [5, Chapter 1, Theorem 2.7]
yields

X=X). (2.1)

We have the Holder inequality for X and X', see [5, Chapter 1, Theorem 2.4].

Theorem 2.1. Let X be a Banach function space. Then, for any f € X and g € X', we have

f |fgldP < |IflIxllgllx -
Q

For any Banach function space X, the weak type Banach function space w — X consists of all f € M
satisfying
f1lw-x = sug) /l”X{xEQ:If(x)le}”X < oo.
A>

For any 0 < r < oo and Banach lattice X, the r-convexification of X, X" is defined as

X' ={f:1fI e X}

The vector space X" is equipped with the quasi-norm || f||x- = ||| f |’||}(/ "

We begin with the assumptions imposed on the filtration 7. We assume that every o-algebra ¥, is
regular and generated by finitely or countably many atoms, where B € ¥, is called an atom if it satisfies
the nested property. That is, any A C B with A € F, satisfying

P(A)=P(B) or P(A)=0.

Denote the set of atoms by A(F,) and write A = U,50A(F,). Whenever ¥ = (F,),»0 satisfy the above
condition, we say that ¥ is generated by atoms.
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The notion of atoms were used in [9] for the studies of the martingale Hardy spaces with variable
exponent and in [1, 6] for the studies of the martingale Morrey and Campanato spaces.
Suppose that 7 is generated by atoms. For any measurable function f, it is easy to see that

Mf(x) = sup PA) f | f1dP (2.2)
where the supremum is taken over all A € A containing x.

Write M°f = |f|. For any k € N, let M* be the k-iteration of M.

Next, we recall the definition of the Muckenhoupt weight functions on probability space. The
Muckenhoupt weight functions on R” were introduced by Muckenhoupt and the extension of this class
of weight functions on probability space was given by Izumisawa and Kazamaki in [10].

In the followings, we recall the definition of the Muckenhoupt weight functions when ¥ is generated
by atoms.

Definition 2.3. Let (QQ, ¥,P) be a complete probability space where # is generated by atoms. A
nonnegative integrable function w is said to be an A, weight if it satisfies

wmzﬁﬂmm]‘ ﬂm&f””m)<m

where p’ = [% A nonnegative integrable function w is said to be an A; weight if there is a constant
C > 0 such that for any A € A

of)
—— | wdP <Cw, a.e. on A. 2.3)
P(A) Ja

The infimum of all such C is denoted by [w]s,. We define A, = U514,

We have A, C A;, 1 < p < g < oo. Itis well known that w € A, p € (1, 00), if and only if for all
n>0 ,
yu A
(W)@ 7)) < C.

When p = 1, we have w € A, if and only if P(M,,w < cw,) = 1 foralln > 0.

Here we give a brief outline on the proof of the above characterization of A;. When P(M,,w <
cw,) = 1 for all n > 0, by applying lim,_,., on both sides of M,w < cw,, we obtain (2.3). Whenever
w satisfies (2.3), for any 1 < k < n, we have w; < Cw,. By taking supremum over 1 < k < n, we get
M,w < Cw,.

We now present the weighted norm inequalities for martingale transforms from [8] and [11, Theo-
rem 5.3].

Theorem 2.2. Let p € (1,0), w € A| and (Q, F,P) be a complete probability space. If ¥ is generated
by atoms and the predictable sequence v = (v,),>0 satisfies ||Vl = sup,so [IVallz < oo, then for any
f el (w),

T fllrw) < Clwla I fllLrw)- (2.4)
for some C > 0 and there is a constant C > 0 such that for any f € L'(w),
wymmmmwmwécwMUH%@mhmmmw (2.5)
A>
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Definition 2.4. Let X be a Banach function space, (Q2, ¥, P) be a complete probability space. Suppose
that # is generated by atoms. For any Banach function space X, we write X € M if the maximal
function M is bounded on X. We write X € M’ if the maximal function M is bounded on X’.

It is well known that the Lebesgue space LF € M N M, p € (1, 00). According to the Boyd interpo-
lation theorem [5, Chapter 3, Thereom 5.16], the maximal function is bounded on the rearrangement-
invariant Banach function space X whenever the Boyd’s indices of X are located in (0, 1). For brevity,
the reader is referred to [5, Chapter 3, Definitions 5.12] for the definition of the Boyd’s indices. Con-
sequently, some Lorentz spaces, Orlicz spaces, Lorentz-Karamata spaces and grand Lebesgue spaces
belong to M, see [2, Section 6] for the Boyd’s indices of the above mentioned function spaces.

3. Main results

The main result on the boundedness of martingale transform on Banach function spaces is presented
and established in this section. We obtain this result by using the Rubio de Francia extrapolation theory
and the Zygmund interpolation theorem. We begin with the definition of an operator used in the Rubio
de Francia extrapolation theory.

Definition 3.1. Let X be a Banach function space and (Q,7,P) be a complete probability space.
Suppose that 7 is generated by atoms and X € M. Define

(9]

k
Ryh = Z _Mh (3.1)

k k
£ 2 Ml

where ||M||x—x denote the operator norm of M.

As X € M, we see that

S
Rehlly < >~ BX < o
;zkuMugx

That is, Ry is bounded on X.
The following proposition gives an embedding result for Banach function space into weighted
Lebesgue spaces.

Proposition 3.1. Let (Q, F,P) be a complete probability space and X be a Banach function space.
Suppose that F is generated by atoms. If there exists a p € (1, 00) such that X'/? and X''? € M, then

X () LPRayh). (3.2)

he(x'/py

Proof: As X'/? € M/, we find that R x1/», is bounded on (X'/7)’.
Let f € X. For any h € (X'/?)’, Theorem 2.1 yields

f |FIPR 1oy hdP < NI FIP o IR xvimy Bll xiiry < ClFNS Al ey -
Q
Therefore, f € LP(Rixivyh). =
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With the above result, we can get rid of the density or the approximation arguments and obtain the
mapping properties of the martingale transform on the entire Banach function space.

We are now ready to present and establish the main result of this paper, the mapping properties
of the martingale transforms on Banach function spaces. We follow the ideas from [7] to obtain the
following result.

Theorem 3.2. Let (Q,F,P) be a complete probability space and X be a Banach function space.
Suppose that F is generated by atoms and the predictable sequence v = (v,),>o satisfies ||V||.~ =
SUP,,5q [[VallLe < oo.

1. If there exists a p € (1,00) such that X7 is a Banach function space and X''? € MU, then there
exists a constant C > 0 such that for any f € X

T, fllx < ClIfllx- (3.3)
2. If X € M, then there exists a constant C > O such that for any f € X
1T, fllw-x < ClIfllx- (3.4)

Proof: We first prove (3.3). For any 4 € (X!/?)" with 2]l x10y < 1, the definition of R xi»,, we see that

& Mk+1h
MRy < "~ < 2AMllx-xRoxny h.
X—-X
According to (2.3), we have Rxipyh € Ay with [Rixiryhla, < 2|IM||x-x.
In addition, we have

IR0y Al < i I e
X!/py Xl/ry =
T LM

k=0 (XVpy >(x\Ipy

o0 k
< Z ||M||(X]/p)/_>(X1/[))/||h||(X1/p),
2K MIf

(Xl/]})/_>(Xl/p)/

< 2||Allxpy -
k=0

Thus, Rx1/»y is bounded on (X'/7)’.
For any f € X, as Theorem 2.2 guarantees that 7', is bounded on LP(Ryu»yh), the embedding (3.2)
assures that 7, f is well defined and

f |va|pR(Xl/p)/hCﬂP < Cf |f|pﬂ(Xl/p)/th
Q Q

for some C > 0 independent of A.
Theorem 2.1 and the boundedness of Rx1/»y give

f T, fIPRixiury hdP < ClI xR ximy Bllery < CllFIl Al ey -
Q

Obviously, the definition of R x1/»y guarantees that
f |7, f1|hldP < f T fIPRx1my hdP < Cll I Al ey -
Q Q
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By taking supremum over i € (X'/?)" with l2llx17y < 1 on both sides of the above inequalities,
Definition 2.2 and (2.1) assert that

1T, Al = NT f 1P llx

= Sup{f T fP1AIP = lAllocry < 1} < ClIfll
Q

which gives the boundedness of the martingale transform 7, : X — X.

Next, we prove (3.4). Let f € X. In view of Theorem 2.2, for any A > 0, F\y = Ax(xeq: |1, fiz1) 18
well defined. Moreover, for any 4 € X’, Theorems 2.1, 2.2 and the boundedness of Ry yield a constant
independent of A and /4 such that

f FalhldP < f FRx-hdP < C f | f1Rx hdP
Q Q Q
< ClifllxlIRxhllx < ClI fllxlIllx -

By taking supremum over & € X’ with ||h||y» < 1 on both sides of the above inequalities, Definition 2.2
and (2.1) assert that

I1Fallx < ClIfllx

for some C > 0 independent of A4 > (. By taking supremum over A4 > 0, we obtain

17, fll-x = sup /l”/\/{xEQ:IT‘,f(x)\ZJ}”X =sup||Fallx < ClIfllx
A >0
whichis (3.4). =
Next, we use the Zygmund interpolation theorem to study the mapping properties of the martingale
transforms on Zygmund spaces. The Zygmund spaces are used to capture the mapping properties of
the martingale transform for the limiting cases of Lebesgue spaces L” when p is approaching to 1.

Definition 3.2. Let @ € R and (Q,%,P) be a complete probability space. The Zygmund space
L'(log L) consists of all Lebesgue measurable functions f satisfying

”f”Ll(logL)" = inf {/l >0: L(%) (log (e + %)) dP} < 0

When o = 0, we have L'(log L)® = L'. The reader is referred to [5, Chapter 4, Section 6] for more
information of Zygmund spaces.

Theorem 3.3. Let « € (—1,00). If T is a linear operator, T : L? — L? for some p € (1,0) and
T : L' — w-L' are bounded, then T : L'(log L)**' — L'(log L)® is bounded.

For the proof of the above result, see [5, Corollary 6.15]. Notice the result given in [5, Corollary
6.15] are presented with the assumption that 7 is of joint weak type (1, 1, p, p). In view of [5, Chapter
4, Proposition 4.2, Definition 4.9 and Theorem 4.11], whenever T : L” — L? for some p € (1, o) and
T : L' — w-L' are bounded, T is of joint weak type (1,1, p, p).

In view of Theorems 2.2, the martingale transform 7', satisfies the conditions in Theorem 3.3, there-
fore, we obtain the following result.
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Theorem 3.4. Let (Q,F,P) be a complete probability space. If F is generated by atoms and the
predictable sequence v = (v,)ns0 satisfies ||[Vlli» = sup,solVallz= < oo, then for any a > -1, the
martingale transform T, : L'(log L)**' — L'(log L)® is bounded.

The above result yields and extends the boundedness of T, : L'(log L) — L'.
4. Applications

In this section, we apply Theorem 3.2 to some concrete Banach function spaces, namely, the
rearrangement-invariant Banach function spaces, the Orlicz spaces, the Lorentz-Karamata spaces, the
Lebesgue spaces with variable exponents and the Morrey type spaces built on Banach function spaces.

4.1. Rearrangement-invariant Banach function spaces

For any f € M, define
di() =P({xeQ:|f(x)] > 1), a1>0.

The decreasing rearrangement of f is defined as
ff@=inf{A:d,)<t}, t>0.

Two measurable functions f and g are equimeasurable if for any A > 0, dy(1) = d,(1). We say that a
Banach function space X is rearrangement-invariant if for every pair of equimeasurable functions f, g,
we have || fllx = [Igllx-

If (Q,P) is a nonatomic measure space, in view of the Luxemburg representation theorem [5, Chap-
ter 2, Theorem 4.10], for any rearrangement-invariant Banach function space X, there exists a norm py
satisfies Items (1)—(3) of Definition 2.1 such that ||f|lx = px(f*). We write X for the Banach function
space on [0, 1] endowed with the norm py.

The reader may consult [2, 3] for studies of the martingale function spaces built on rearrangement-
invariant function spaces.

For any s > 0 and Lebesgue measurable function f on [0, 1], define (D f)(¥) = f(st), t € (0, 0). Let
|D;|l5_ x be the operator norm of D, on X. We recall the definition of Boyd’s indices for rearrangement-
invariant Banach function spaces from [5, Chapter 3, Definition 5.12].

Definition 4.1. Let (Q2,P) be a nonatomic measure space and X be a rearrangement-invariant Banach
function space. Define the lower Boyd index of X, a,, and the upper Boyd index of X, ax, by

v = it 08lDydle _ . loglIDidlx

=X ielle)  logt —o  logt

dx = sup log||D1/llx ~ lim log||Dy %
1€(0,1) log t -0+ ]()g t

respectively.

According to [12, Theorem B], we have the following boundedness result of maximal function M
on rearrangement-invariant Banach function spaces.
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Theorem 4.1. Let (QQ,P) be nonatomic and X be a rearrangement-invariant Banach function space.
The maximal function M is bounded on X if and only if @y < 1.

The results in [12, Theorem B] are for continuous martingale, the proof of the discrete martingale
is similar, see also [5, Chapter 3, Theorem 5.17].

The boundedness of the martingale transform for rearrangement-invariant Banach function space X
satisfying 0 < a,, < @x < 1 follows from Boyd’s interpolation theorem [5, Chapter 3, Theorem 5.16],
see also [3]. It is also a special case of [2, Theorem 4.4].

Theorem 4.2. Let (QQ,F,P) be a complete probability space and X be a rearrangement-invariant
Banach function space. Suppose that F is generated by atoms and the predictable sequence v = (v,,),>0
satisfies ||Vl = Sup,q [[Vallr> < oo.

If0 < @, < ax < 1, then there exists a constant C > 0 such that for any f € X,

T, flix < ClIfllx.

The reader is referred to [2, Theorem 4.4] for a generalization of the preceding result.
Next, we consider the mapping properties of the martingale transform 7', in the limiting case, 0 <
@y < ay < 1.

Theorem 4.3. Let (O, F,P) be a complete probability space and X be a rearrangement-invariant
Banach function space. Suppose that ¥ is generated by atoms and the predictable sequence v = (v,),0
satisfies ||Vl = sup,s [[Vall= < 0.

If0 < @, < @x < 1, then there exists a constant C > 0 such that for any f € X

1T fllw—x < Clifllx.

Proof: As ¥ is generated by atoms, (€2, P) is a nonatomic measure space. In addition, [5, Chapter 3,
(5.33)] shows that ay: = 1-a, < 1, therefore, Theorem 4.1 asserts that the Hardy-Littlewood maximal
function is bounded on X € M’. Consequently, Theorem 3.2 yields a constant C > 0 such that for any
feX,

T fllv-x < Cllfllx. =

We apply Theorem 4.3 to two concrete rearrangement-invariant Banach function spaces, the
Lorentz-Karamata spaces and the Orlicz spaces.

We first consider the Lorentz-Karamata spaces. We recall the definition of the Lorentz-Karamata
spaces from [13].

Definition 4.2. A Lebesgue measurable function b : [1,00) — (0, 00) is called as a slowly varying
function if for any € > 0

1. the function t — #°b(t) is equivalent to a non-decreasing function on [1, o), and
2. the function ¢t — t~“b(¢) is equivalent to a non-increasing function on [1, co).

For any slowly varying function b, define
() =bt"), 0<t<l
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Definition 4.3. Let 0 < r, p < oo, b be a slowly varying function and (€, ¥, P) be a complete proba-
bility space. The Lorentz-Karamata space L, consists of all f € M satisfying

1 ’
Wz, = ( f (O f D) dt| < oo.
0

The reader is referred to [13—15] for the studies of martingale functions spaces built on Lorentz-
Karamata spaces. In addition, it had been further extended to the Orlicz-Karamata spaces in [16].

When 1 < r, p < oo, the Lorentz-Karamata space L, is a rearrangement-invariant Banach function
space. Furthermore, according to [17, Proposition 6.1], we have Q= a,,, = % Notice that the
Boyd’s indices defined in [17, Proposition 6.1] are reciprocals of the ones defined in Definition 4.1.

When b = 1, the Lorentz-Karamata space L, ,;, becomes the Lorentz space L, .

We now apply Theorem 3.2 to obtain the mapping properties of the martingale transform on L; ;.

Theorem 4.4. Let p € (1,0), b be a slowly varying function and (Q, F,P) be a complete prob-
ability space. If ¥ is generated by atoms and the predictable sequence v = (v,),s0 satisfies
VIl = sup,sq Vallze < o0, then there exists a constant C > 0 such that for any f € L p,

||TV||W—L1,p7[, S C”.f”LI,p,[;'

When b = 1. the above theorem gives the mapping properties of T, on the Lorentz space L; .
Next, we consider the Orlicz spaces. A function @ : [0, co] — [0, oo] is called a Young’s function if
it is convex, left-continuous and ®(0) = 0.

Definition 4.4. Let @ be a Young’s function. The Orlicz space L® consists of all f € M satisfying

s = ine {2 [ CD(IfI/ﬂ)dP} <.
For any Young’s function, we write ® € A, if there exists a constant C > 0 such that for any # > 0
O(21) < CD(2).
The complementary function (the conjugate function) of @ is defined as
O(r) = sup{st — ®(s): s >0}, t>0.
It is well known that the complementary function of ® is ® and
(L% = L°.
Theorem 3.2 yields the mapping properties of the martingale transform on the Orlicz space L®.

Theorem 4.5. Let ® be a Young’s function and (Q, ¥ ,P) be a complete probability space. Suppose
that ® € N,. If F is generated by atoms and the predictable sequence v = (v,),s0 satisfies ||V||~ =
SUp,s0 Vallze < 00, then there exists a constant C > 0 such that for any f € L®,

ITyllw-ro < ClIfllzo. (4.1)

Proof: As @ € A,, [18, Volume II, Corollary 2.b.5] asserts that ,, > 0. Notice that the Boyd’s indices
defined in [18, Volume II, Corollary 2.b.5] are reciprocals of the ones defined in Definition 4.1. Since
Il —a;6 = ;o > 0. Thus, Theorem 4.1 guarantees that the maximal function M is bounded on Lo,
That is, L* € M’. Theorem 3.2 yields (4.1). =

For the martingale transform on exponential Orlicz spaces, the reader is referred to [19].
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4.2. Lebesgue spaces with variable exponents
We apply Theorem 3.2 to Lebesgue spaces with variable exponents. Let $(€2) be the collection of

all measurable functions p(-) : Q — (0, 00). For any measurable set A C Q, write

p+(A) =supp(x), p-(A)= iﬂf p(x),

x€A

p+ =p+(Q)and p_ = p_(Q).

Definition 4.5. Let p(-) : Q — [1, 0] be a measurable function. The Lebesgue space with variable
exponent L”") consists of all measurable functions f satisfying

I f1lLr0 = 1nf {2 > 0 : p(|f(x)/A) < 1} < 00

where

p(f) = f PO + X ectrpormcale
{xeQ: p(x)#oo}

We call p(x) the exponent function of L®.
According to [20, Theorem 3.2.13], L") is a Banach function space. Furthermore, we have (L") =

L”® where /— + =L~ = 1 [20, Theorem 3.2.13].
p(x)  p'(x)

The martingale theory with variable exponents was begun with the fundamental paper [9] by Jiao
et al. Now we recall a condition that guarantees the boundedness of the maximal function M on LP®),
see [9, Theorem 3.5] and [21].

Theorem 4.6. Let (Q, F,P) be a complete probability space. Suppose that F is generated by atoms.
If p(-) € P(Q) satisfies 1 < p_ < p, < oo and

PAY- WD < K, YAeA (4.2)
for some K., > 0, then there exists a C > 0 such that for any f € L"),

M fllpo < Cllflleo.

The condition (4.2) is very crucial for the studies of maximal function on Lebesgue spaces with
variable exponents defined on probability spaces, it replaces the log-Holder continuity [20, Defintion
4.1.1] for the study of Hardy-Littlewood maximal function for L°®) on R".

The reader is referred to [9,22,23] for more information on the maximal function on martingale
function spaces built on Lebesgue spaces with variable exponents.

Lemma 4.7. Let (Q, F,P) be a complete probability space. Suppose that F is generated by atoms. If
p(-) € P(Q) satisfies 1| < p_ < p, < oo and (4.2), then p'(-) also satisfies (4.2).

Proof: For any A € A, since p’ (A) = (p+(A))" and p’,(A) = (p-(A))’, we find that

P(A)P- WP — AP @Y -0-WY — p(a)iniT i

P—(A)=p+(A)
= P(A) »+@-Dp-@-D
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p=(A)-p+(A)

<PA) @--17
1

(p—-1)2
= Kp(-) ’

Thus, p’(-) satisfies (4.2). =
We are now ready to establish the boundedness of the martingale transform 7, on L*®.

Theorem 4.8. Let (Q, F,P) be a complete probability space. Suppose that F is generated by atoms
and the predictable sequence v = (v,),s0 satisfies |[V|[z» = sup,o |[Vallz= < 0.
If p(-) € P(Q) satisfies 1 < p_ < p, < oo and (4.2), then there exists a constant C > O such that for
any f € LP©
T fllro < Cllfllzeo - (4.3)

Proof: Take r € (1, p_). Write g(-) = p(-)/r. Thus, L’"'" is a Banach function space.
We find that

P(A)?- WA = p(a)= < Ki(-)'
Therefore, g(-) satisfies (4.2). Lemma 4.7 guarantees that ¢’(-) = (p(-)/r)" also satisfies (4.2). In
addition, 1 < (p(-)/r)_ < (p(-)/r),. < co. Theorem 4.6 assures that the maximal function is bounded on
LPOM = (LPOITY  Consequently, we are allowed to apply Theorem 3.2 and obtain the boundedness of
T,on LPO. u

4.3. Morrey spaces

We apply Theorem 3.2 to study the martingale transform on Morrey type spaces [1,6]. We recall
the definition of Morrey type spaces from [1, Definition 2.4].

Definition 4.6. Let (Q2, 7, P) be a complete probability space, X be a Banach function space. Suppose
that ¥ is generated by atoms and u : A — (0,00). The Morrey space My, consists of all f € M
satisfying

1
”f”MX# = }_S?lelﬂp @”XBf”X < o0,

1

When X = L?, p € (1,00) and u(B) = P(B)**7, A € R, the Morrey space My, becomes the Morrey
space L, ; introduced and studied in [6].

As the Morrey space My, is defined on # which is generated by atoms, it satisfies the assumptions
that ¥ = {F,} are generated by at most countable families of atoms given in [1, 6]. Thus, the results
in [1,6] apply to Myx,,.

A result on the boundedness of martingale transform on Morrey spaces My, is given in [1, Theorem
3.4]. It requires the assumption that the martingale transform 7, is bounded on X. As the boundedness
of the martingale transform 7, on Banach function space X is obtained in Theorem 3.2, the result
in [1, Theorem 3.4] can be refined as follows.

Theorem 4.9. Let (Q, F,P) be a complete probability space. Let X be a Banach function space.
Suppose that ¥ is generated by atoms and u : T — (0,00). If there exists a p € (1,0) such that
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X € M, X" is a Banach function space, X'/P € M’ and there exists a constant C > 0 such that for any
m > 0 and B € A(F,,),

Zm: u(B)) llsllx _ 4.4)

21 u(B) ilenls

where B is the unique element in A(F,,_;) containing B, then T, : Mx, — My, is bounded.

Proof: As X'/? is a Banach function space and X'/ € M’, Theorem 3.2 assures that 7, : X — X is
bounded. Therefore, [1, Theorem 3.4] yields the boundedness of T, : Mx, — Mx,. =

We apply Theorem 4.9 to the Lorentz-Karamata-Morrey spaces and the Morrey spaces with variable
exponent.

We first consider the Lorentz-Karamata-Morrey spaces. Let, 8 € [0, 1), r, p € (1, ), b be a slowly
Varying function and ug(A) = |[)(A||}‘1m}vb, A € A. We denote the Lorentz-Karamata-Morrey space M,

by M

r,p,b>U6

T, p b*
We first state some results on the Lorentz-Karamata space from [24]. In view of [24, Proposition

3.4.33], we have

(fr?%nmvmyzann
0

leslle,,, ~ (B(B) ys(P(B)).

We state a condition used to study the Morrey spaces. Let 8 > 0. If forany /,J € A with I C J, we
have

Thus, for any B € ¥, we get

P
P

then we say that # is generated by S-atoms.
Consequently, for any B, D € A with B C D, there exists a constant C > 0 such that

<1-27, 4.5)

MmW<C@wwnmm>
olle,, ~  BD) y,(P(D))

Since b satisfies Item (1) of Definition 4.2, for any € € (0, %), there exists a constant C > 0 such that

Welle.,., _ C(P(B) )"_ (4.6)

Iwolle,,, — \P(D)

As a result of the above inequality, we find that

& ug(B)) lslle,,, < (”XB”Lr,p_h )1—9 m (P(B))(l—a)(i—e)
= —_— _C N7
memmbzmmw <;Mm

J=0 J=0

for some C > 0. Whenever ¥ is generated by S-atoms, (4.5) yields

Z ug(B;) lxsllL,,, < CZ(I _ 2 Bym1-0-9 < ¢
—o M{)(B) ”)(B_/”Lr,p,b j=0
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for some C > 0. The above inequality shows that u, satisfies (4.4) with X = L, ,,. We are allowed
to use Theorem 4.9 to obtain the boundedness of the martingale transform on the Lorentz-Karamata-
Morrey space in the following corollary.

Corollary 4.10. Let 6 € [0,1), 8 > 0, r,p € (1,0), b be a slowly varying function and (Q, F,P) be
a complete probability space. If F is generated by 3-atoms and the predictable sequence v = (v,),>0
satisfies ||V|[~ = sup,so [lVallze < oo, then the martingale transform T, is bounded on Mf,p’b.

Proof: As r € (1, 00), in view [17, Proposition 6.1], we have @ = a,,, = } Theorem 4.1 guarantees

that L, ,, € M. In addition, for any ¢ € (1, min(r, p)), we have (L,,p’b)” U = Ligpjaps and ap =

rlq.plq.bd
1 -4 < 1. Thus, L,/ ,qp is a Banach function space and Theorem 4.1 yields L, /g ,/q0 € M’. The

boundedness of the martingale transform 7', : Mf’p,b — Mf,p,b is guaranteed by Theorem 4.9. =

We now turn to the Morrey spaces with variable exponents. Let p(-) € P(Q) with 1 < p_ < p, < o0
satisfying (4.2). Let 8 € [0,1). Define uy(B) = |[,\/B||Z,(‘), B € A. We denote the Morrey space with
variable exponent M0, by MZ(-)'

For any B, D € A with B C D In view of (2.2), we have

P(B)
"P(D)
Forany r € (1, p"), L”©'" is a Banach function space and p’(-)/r satisfies (4.2). Theorem 4.6 assures

that the maximal function M is bounded on L” /", By applying the norm || - ||;,»c;» on both sides of
4.7),

X < Mys. 4.7)

P(B)
”/\/DHLP'(‘)/'M < |IMxsgllror < Cllxsllyor-

That is,

MmscwﬂMW:COmmmy
P(D) “XD”LP’(-)/r “XD”Lp’(-)
As p(-) satisfies (4.2), the maximal function is bounded on L. According to [1, Lemma 2.8], we find

that for any A € A, we have
P(A) < lxallollallro < CPCA).
Consequently,

-}
|M%W<Cﬁwﬁ | (4.8)

Ixpllro —  \P(D)
For any 6 € [0, 1), we get

mLM%WmMo:m(Mﬂmy4 Cm(mmr%ww
Z ug(B) |yl Z Il 5,117 = ]Z:(; P(B)) .

j=0 j=0

Whenever ¥ is generated by S-atoms with 8 > 0, we find that

O to(B)) sl = e
LSBT < ) (1 = 27F)mmna-0d-n o o 4.9)
; up(B) |I)(B.,~||Lp(-) jZO

for some C > 0. Thus, u, fulfills (4.4) with X = L"), Consequently, we obtain the following result for
martingale transform on Mf](,).
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Corollary 4.11. Let 6 € [0, 1), B > 0 and (Q, F,P) be a complete probability space. Let p(-) € P(Q)
satisfy 1 < p_ < p, < oo and (4.2). If F is generated by -atoms and the predictable sequence
V = (Vn)aso satisfies ||Vl = sup,sq [[Vallze < oo, then the martingale transform T, is bounded on M;'(.).

Proof: Since 1 < p_ < p, < oo and p(-) satisfies (4.2), Theorem 4.6 guarantees that L") € M. For
any r € (1, p_), LP"/" is a Banach function space and Lemma 4.7 assures that L’"//" € M'. In addition,
(4.9) asserts that u fulfills (4.4) with X = LP9, Therefore, Theorem 4.9 yields the boundedness of T,

on M?

pe) ™
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