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1. Introduction

Consider the following 2mth-order nonlinear p-Laplacian difference equation containing both ad-
vance and retardation

D" A" (1@ p (A" ty—)) + Wty = f(, Uity U, Up—1), 1 E Z. (1.1)

Here p > 1 is a real number, ¢,(s) = |s|P~25s for all s € R, A is the forward difference operator defined
by Auy = ugeq — ug, NMNuy = AN 'wy) for j > 2, {r,} and {w,} are real positive T-periodic sequences for
a positive integer T, f € C(Z x R}, R) with f being T-periodic in the first variable.

Special cases of (1.1) are produced, for example, when we look for standing waves of the discrete
nonlinear Schrodinger (DNLS) equation,

il/;n = _Azlyl’n—l + Vvl — fn(wn), n € Z.
Assume that the nonlinearity is gauge invariant, i.e.,

fu(eu) = € f,(u), 0€R.
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Since solitons are spatially localized time-periodic solutions and decay to zero at infinity, ¥, has the
form
W, = ue”™ and lim ¢, =0,

[n|—>00
where {u,} is a real valued sequence and w € R is the temporal frequency. Then we arrive at the
nonlinear equation
— A%u, + vou, — wu, = fu(u,), nez. (1.2)

Clearly, (1.2) is a special form of (1.1) with m = 1 and p = 2 but without advance or retardation.

We assume that f(n,0,0,0) = O for each n € Z, then {u,} = {0} is a solution of (1.1), which is
called the trivial solution. As usual, we say that a solution u = {u,} of (1.1) is homoclinic (to 0) if
limy,; e u, = 0. In addition, if {u,} # {0}, then u is called a nontrivial homoclinic solution.

Critical point theory was introduced into discrete systems by Guo-Yu [1] in 2003 to study the
existence of periodic and subharmonic solutions. It has been proved to be a powerful tool for studying
the existence of homoclinic solutions for discrete nonlinear systems [2]. Among them, the theory of
difference equations has been widely used to examine discrete models appearing in many fields [3,4].
In recent years, the existence of homoclinic and heteroclinic solutions and boundary value problems for
various difference equations have been investigated by many researchers [5—14]. For example, some
researchers have studied the following nonlinear difference equation with a coercive weight function

— Aardp(Aug-1)) + biedp(up) = Af(k,we), k€ Z, (1.3)

where A is a positive real parameter, a, b : Z — (0, +c0). By means of critical point theory, lannizzotto
and Tersian [6] have proved the existence of at least two nontrivial homoclinic solutions when A is big
enough of (1.3). Moreover, infinitely many homoclinic solutions were obtained in [12] by employing
Nehari manifold methods, and in [11] by applying the fountain theorem.

In particular, difference equations containing both advance and retardation have important back-
ground and applications in the field of cybernetics and biological mathematics [15, 16]. Thus they
have received considerably attention. For some recent works, we refer readers to [7, 10, 17, 18] and
references therein. For instances, by using the mountain pass theorem and periodic approximations,
Shi et al. [10] studied the existence of a nontrivial homoclinic orbit of

A(Sp(Atn-1)) = Gup(un) + FO1 sty s tyss) =0, n € Z,

where M is a given nonnegative integer. Kong [7] employed the critical point theory to study the
existence of at least three homoclinic solutions for the following p-Laplacian difference equation with
both advance and retardation

(=12 (athk = ), (Autk = ) + bR (k) = A Gk, ulk + 1), u(k), utk = 1)),

k € Z, where A is a positive real parameter, a,b : Z — (0, +c0). Unlike the problem we studied, in this
article, the author requires that b(k) is unbounded.

Inspired by the above interesting research, we shall attempt to establish the new sufficient conditions
on the existence of nontrivial homoclinic solutions for more general nonlinear terms of (1.1), see
remarks 1 and 2 for details. To wit, we have

Theorem 1.1 Assume that there exists a function F € C(Z x R?,R) having the following properties
with p > 2.
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(Ty) Forn e Z,vi,vo,v; €R, F(n+ T,v{,v,) = F(n,vi,v,) and
0L F(n—1,vy,v3) + O3F(n, vy, v2) = f(n, vy, v, v3)

where we denote by

aF Py N aF , ,
0 F(n,vy,v3) = OF(n, v2,v3) and 83F(n,vy,v,) = (n—vl‘}Z);
(9\/'2 avz
(T) .
lim sup Fn, . va) =0;

mbhalo0 V] + V3
(T3) 0;F(n,vi,v2) = o(|(vi,v2)l) as (vi,v2) = (0,0) forall n€Z, i=2,3;
(T4) There exists a real sequence {a,} such that

F
liminf U0V

Wil+val—oo |V1]P + [vo|P

< o0;

(Ts) 02F(n,vi,vo)vy + 03F (n, vy, v2)va — pF(n, vy, vp) > 0 for all (n, vy, v;) € Z x R\ {(0,0)}.

If pa,, > 2" for each n € Z, then (1.1) has at least a nontrivial solution u in I?, where ¥ = maX,ez{r,}.

Theorem 1.2 Assume that there exists F € C'(Z x R%,R) satisfying (T),(T»), (T3) and the following
properties with 1 < p < 2.

(Te) There exists a real sequence {b,} such that

F(n,vi,v) _ b < oo

— s

lim inf R
[il+|va|—00 Vi + v

(T7) 2F(n,vi,v)vy + 03F (n,v1,v2)va — 2F (n,vy,v2) > 0 for all (n,vy,v2) € ZxR*\ {(0,0)};
(Ts) 02F(n,vi,v2)vi + 05F(n, vi,v2)va — 2F(n, v, v2) — +00 as [vi| + |va| — oo
If 2b,, > w, for each n € Z, then (1.1) has at least a nontrivial solution u in I°.

Remark 1. If a solution {u,} of (1.1) is in /%, then limy,e u#, = 0 and {u,} is a homoclinic solution. The
condition (7,) implies that the nonlinearity F' can be mixed super p-linear with asymptotically p-linear
at co and (7) implies that the nonlinear term F can be mixed superquadratic linear with asymptotically
quadratic linear at co. In some references, the nonlinear f is assumed to be either only superlinear or
only asymptotically linear at co, which plays an important role in establishing the existence of nontrivial
homoclinic solutions.

Remark 2. If m = 1, r, = 1, and f(n, u,y1, Uy, u,—1) = g(n,u,), then Theorem 1.1 reduces to Theo-
rem 2.2 in [9] when ¢-Laplacian is p-Laplacian. Moreover, our sufficient conditions are based on the
limit superior and limit inferior, which are more applicable.

This rest of the paper is organized as follows. In Section 2, we establish the variational framework
associated with (1.1) and cite the Mountain Pass Lemma. Section 3 and Section 4 are devoted to
the proofs of Theorem 1.1 and Theorem 1.2, respectively. The paper concludes with an example to
illustrate the applicability of the main results.
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2. The variational structure

We first establish the corresponding variational framework for (1.1).
Let S be the set of all two-sided sequences, that is,

S ={u = {u,}lu, e R,n € Z}.

Then S is a vector space with au + bv = {au, + bv,} for u,v € §,a, b € R. For any fixed positive integer

k, we define the subspace E; of S as

Ey = {u = {u,} € Slupsonr = up,n € Z}.

Obviously, E; is isomorphic to R*” and we identify u = (uj,us,--- ,unr)* € Ej, where * denotes
the transpose of a vector. E; can be equipped with the inner product (-, -); and norm || - ||, defined
respectively by
kT—-1
(u, V)i = Z UnVns UV € Ep
n=—kT
and 1
kT—1 2
e = [ > ui] . u€k.
n=—kT

In E;, we also define the equivalent norms || - ||y by
lte]|koo = max {|u,|: —kT <n < kT -1}, ue€ E;

and || - ||, by

1

kT—-1 P
||u||k,,:(z uﬁ] , ue k.

n=—kT

By Holder inequality and Jensen inequality, we have

lulley < ci(Pllulle, u € Ey,

where -

QkT)>», 1<p<?2,

c(p) =
1, 2<p.
For p > 1, let
1
P=3u={u)es |luly = (Z |un|f’] <
nez

For simplicity, the inner product and norm in /? are denoted by (-, -) and || - ||, respectively.

Consider the functional J; in E; defined by

2

kT—1

1

Ji(u) = Z [—rnlAmunlp + —wnui — F(n, u,.1,uy,)
n=—kT p 2

2.1

(2.2)
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whose Fréchet derivative is given by

kT—1

(Jew),v) = Z |7 (A1) A", + @ty vy = 0, U1 s 1)V,
n=—kT
kT-1

= Z [_A (rn—l¢p(Amun—l)) Am_lvn + Wyl Vy — f(n, Up+1, Up, un—l)vn]
n=—kT

(2.3)
kT—1

= Z [(_l)mAm (rn—m¢p(Amun—m)) Vn + WaltyVy — f(n’ Upt1, Uy, un—l)vn] s

n=—kT

foru,v € E,.
Equation (2.3) implies that (1.1) is the corresponding Euler-Lagrange equation for J;. It is easy to
see that the critical points of J; in E; are exactly 2kT -periodic solutions of the difference equation (1.1).
Let P be the 2kT x 2kT matrix corresponding to the quadratic form Zi'j(Auk)z with uyr1 = uy for

k € Z, that is,

2 -1 0 -+ 0 -1
-1 2 -1 -~ 0 O
P 0 -1 2 -0 0
0 0 O 2 -1
-1 0 O -1 2
By matrix theory, the eigenvalues of P are
.o JT .
A= 4Sln22k—T,] =0,1,2,--- ,2kT - 1.

It follows that 4g = 0,4; > 0,4, > 0,--- , Adyer—1 > 0. Moreover, Ay, = max{d;, Ay, -+, Adyr_1} = 4.
For the readers’ convenience, we now cite the Mountain Pass Lemma. Let H be a Hilbert space and

C'(H,R) denote the set of functionals that are Fréchet differentiable and their Fréchet derivatives are

continuous on H, B, be the open ball in H with radius r and center 0, and dB, denote its boundary.

Definition 2.1 Let J € C'(H,R). A sequence {x i} € H is called a Cerami sequence ((C) sequence for
short) for J if J(x;) — c for some ¢ € R and (1 + ||x,]))J'(x;) — 0 as j — co. We say J satisfies the Ce-
rami condition ((C) condition for short) if any (C) sequence for J possesses a convergent subsequence.

Lemma 2.1 (Mountain Pass Lemma [19]) If J € C'(H, R) and satisfies the following conditions: there
exist e € H\{0} and r € (0, |le||) such that max{J(0), J(e)} < inf,csp, J(u). Then there exists a (C)
sequence {u,} for the mountain pass level c which is defined by

c= g max J(h(s)),

where
I'={heC(0,1],H) | h(0) =0,h(1) = e}.
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Finally, by similar arguments as those in [18], we can obtain the following result.

Lemma 2.2 For u € E;, we have

kT-1 »
2\2 7z
(D) A")*) < Adwlully = 2"l n e Z.

n=—kT

By Lemma 2.2 and (2.1), for u € E},

1 kT -1 7 [ kT-1 1 p
— Z I'n |Amun|p < = ( Z |Amun|p)ﬂ}
pn:—kT p L n=—kT
= r kT-1 VY
< =lap)( Y (Amun)2)2]
p L n=—kT
7.
< el (p2" .

3. Proof of Theorem 1.1

In order to prove Theorem 1.1, we need some preparation. Denote w, = min,cz{w,}.
Lemma 3.1 Under the assumptions of Theorem 1.1, the functional J; satisfies the (C) condition.

Proof. Let {u’} C Ej; be a (C) sequence for J,. We need to show that {u’} has a convergent
subsequence. Since E; is finite dimensional, it suffices to show that |[u'”|; is bounded. By as-
sumption, Jy(u"’) — ¢ for some ¢ € R and (1 + [u?||)J(u?) — 0 as j — oco. Then there
exists M > 0 such that [Jy(u?)] < M and [|(1 + [lu|l)J, )| < M for j € N. So we have
NNl T, @< NI+ 6]l ()| < M for j € N. Then by (2.2), (2.3) and (Ts), we have

kT—-1 kT-1

5, (5= jertr)= 55 (8=1)essr

n=—kT n=—kT
< pl@)y = (J' @), u?) (3.1)
< Pl + Nl 1T @]
<(p+1M.

Choose 6 > 0 such that
(g - l)w*uz > (p+ DM for [u] > 6.

This and (3.1) imply that | < S for n € Z, that is,
4] oo < 6. (3.2)

Since E; is finite dimensional, || - ||y and || - |lwo are equivalent. Then (3.2) implies that {||u'?||;} is
bounded. The proof is completed.

Lemma 3.2 Under the assumptions of Theorem 1.1, there exists ny € N such that J; has at least a

Electronic Research Archive Volume 30, Issue 6, 2205-2219.
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nonzero critical point u® in E for each k > ny.

Proof. We first show that J; satisfies conditions of Lemma 2.1. From (73), there exists » > 0 such that

1
Fn,u,uy) < gw*(u% + u%) for |u1| + |lun] < 1.

Then, for u € E; with ||u||y < r,

= kT-1
2
Tu) 2 5 Z Wpit, = Z Fn, tns1, )
n=—kT n=—kT
= K1
2 2 2
> 3 Wyt — gw*(”nn +u,)
n=—kT n=—kT
1 2
> Zw*”u”k-

Taking a = A—I‘a)*r2 gives Jilop, = a > 0.

Since a,, > ;2’”” for each n € Z, there exists € € (0, 1) such that

2a, — &)1 —g) > ~2mP,
p

For a given e = {e,} € > with 322 le,|” = 1. Let ng be large enough such that

noT—-1

Z le,)f > 1—e.

n=—nogT

For k > ny, define e® € E; by

n

o0 = e,, —nyl <n<nyT -1,
10, —kT<n<-nT—-1lornyT <n<kT —1.

By (T,), there exists o > r, such that
F(nnuenﬂ’,uen) 2 (an - 8):up(|en+l|p + |en|p) for — nOT <n< I’l()T -1 and:u 2 HMo-

Then, for u > uy,

kT—-1
1 wy
J(ue®y= " (I;rnm'"e;")w + e - F(n,ue,i’le,uez’”))

n=—kT
7 kT—-1 w

<2ty (DR + (o = a1 +1ePP)
p n=—kT 2 "
7 noT—1 w

< =2pr Y el + 2e - a)(1 - e
p n=—noT 2

_ noT—1
T omp _ _ p Wn 9 2
<[=2"+26-a)d-o)|u+ ) S

n=—nogT

—_——
<
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Noticing that p > 2 and 1%2"”’ + 2(e — a,)(1 — &) < 0, there exists u’ > o such that
Jeu'e®) < 0.

It can easily be seen that J;(0) = 0. Then we have r € (0, ||’e®||x) and

max{J(0), Jy(W'e®)} =0 <a < iglg Ji(u).
uceoB,

Now that we have verified all assumptions of Lemma 2.1, we know J; possesses a (C) sequence

{uy‘) } for the mountain pass level ¢, > a with

¢, = inf max Ji(h(s)),
k hely s€[0,1] k( ( ))

where
Ti = {h € C([0, 11, Ex) | h(0) = 0, h(1) = u'e®}.

According to Lemma 3.1, {ui.k)} has a convergent subsequence {(u®} such that uik) — u® as j, — oo

J’n
for some u®¥ € E;. Since J;, € C'(E;,R), we have

Te@) = Ju@®) and (1 + P07 @) = @ + 1@l T @®)

as j,, — oco. By the uniqueness of the limit, we obtain that u®’ is a critical point of J; corresponding to
¢x. Moreover, u® is nonzero as ¢; > a > 0.

Lemma 3.3 There exist constants a, 8, N > 0 such that
@ < [uPeo < B and lu®ll < N

hold for every critical point u® of Ji in E; with k > ny obtained in Lemma 3.2.

Proof. For k > ny, we define hy, € T as h(s) = suge® for s € [0, 1]. Similarly to the derivation of [18],
we can find

NP (k)
Ji(u )_Srer%% {Jk(suoe )}

noT—-1 , _
r wy,
< max { Z (;lAm(Slqun)lp + T(S,ern)z - F(I’l, SH0€n+15 S,ern))}

sef0.1] | £
=T 3.3)
7 noT—1 2 noT—1 w

Smax{—z'"f’ > Guoe?| + Y (—”(suoen)z—F(n,suoen+1,suoen>)}

s€l0.1] p n=—noT n=—noT 2

=M,.

Obviously, M, > 0 is independent of k.
Since u™® is a critical point of J;, by (2.2), (2.3) and (3.3), we have
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pJ®) = pI®) = (' @®), u®)
kT—-1 kT—-1

p
= 3 (fon = pFn i) + Y ((5 )wnlu(k>|)
n=—kT kT
< }7A4b.

Choose B > 0 such that

(% - 1)wnu2 > pM, for n€Z and |u| > .

This combined with (3.4) implies that || < 8 for each n € Z, that is,

k
4Pl < B.
From (2.3), we have
kT-1 kT—-1
k k)0 Nk
D @ < Y fonulul,ulf Huld.
n=—kT n=—kT

By (T3), there exists @ > 0 such that

1
0. F(n,vi,vy) < g \Vi+ vy for il + vl <2a,i=2,3,
which together with (3.5) produces

kT-1 kT-1
Z wn(u(k)) Z (82F(n ugi)l, E,k))u;kjl + 03 F(n, ui’?l,uﬁlk))uﬁl@)
:—kT n——kT
=
<o o () + wly)
n=—kT
1 012
Arguing by a contradiction, we have
4o > .
In view of (T'5) and (3.4), we have
» kT-1 »
£ _ (k)12 7 _ (k)
o, (5= 1)1ul; < 2 (- 1)nlaR) < pMo.
LetN = % Then we have
wi(5-
lu®lle < N.

(3.4)

(3.5)

(3.6)
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The proof is complete.

Now, we are ready to prove Theorem 1.1.

According to Lemma 3.2, there exists ny € N such that for every k > ng, J; has a critical point
u® = {(u®Y € E,. Moreover, there exists n; € Z such that

o < |ulP] <. 3.7)

Note that
(D" A" (1o p(A"10,2,)) + 0ot = fln, ) ), n€ Z. (3.8)
By the periodicity of {w,} and f(n, u,,1, u,, u,_1), we see that {un +T} is also a solution of (3.8). Without
loss of generality, we may assume that 0 < ny < 7 — 1 1n (3.7). Moreover, passing to a subsequence of

{u®} if necessary, we can also assume that n; = n* for k > ny and some integer n* between 0 and T — 1.
It follows from (3.7) that we can choose a subsequence, still denoted by {u®}, such that

uﬁlk)—>unask—>oo, nez.

= {u,} € P

Then u = {u,} is a nonzero sequence as (3.7) implies |u,:| >
and it is a solution of (1.1).
Let
Ac=(neZ|lu? | <a and [uP| < a,—kT <n <kT - 1},
Bi=tneZ|lu®|>a or uP|>a,—kT <n<kT -1}

Since F(n,u;,u,) is continuously differentiable in the second and third variables and T-periodic in n,
forneZ,a < |uy| + |uz| < 2B, let

dy = max {0, F(n, uy, up)u; + 03F(n, uy, ur)us},
1
d, = min {— (O2F(n,uy, up)uy + 03 F(n, uy, up)up) — F(n, uy, Mz)} .
P

It is clear that dy, d, > 0. Thus, for n € By,

0,F(n, u® u(k))u(k) + 03F(n, u® uff))uff)

n+1° n+l1 n+1°
4

< dz
This combined with (3.4), (3.5) and (3.6) gives us

n+1’ n+1 n+1’ u, n+1’

( ((92F(n u® (k))u(k) +0;F(n, u® (k))u(k)) F(n, u® u;k))).

kT-1 kT-1
k)\2 RN,k Kby, (K
Z w,(uP)? < Z (82F(n ”231’ ;))u() + 0z F(n, ”2:1’ u®yu! ))
n=—kT n=—kT
1
K12 ST IR Kby, (K
Séw*llu( )Ilk + Z (62F(n ”2:1’ :(1))”;(1421 + 0z F(n, ”2:1’ u®yu! ))

neBy
di My

1
12
<—w.||lu +
> e[ &
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It follows that

2d\ M,
®)2 221770 3
o]l < o, (3.9

Given p € N, for k > max{p, ny}, it follows from (3.9) that

2d, MO

Z(W) < u®If < ==
dz(,t)*

n=-g

2d, My

It is clear that Zgz_p U, < o as k — oo and hence u = {u,} € I by the arbitrariness of o.

Now, for each n € Z, letting k — coin (3.8) gives us

(_1)mAm(rn—m‘Pp(Amun—m)) + wylty, = f(n, Upt1, Up, ul’l—])a ne Z’

that is, u = {u,} satisfies (1.1).
Consequently, we infer that u = {u,} is a nontrivial solution of (1.1). This completes the proof of
Theorem 1.1.

4. Proof of Theorem 1.2

The proof of Theorem 1.2 is quite similar to that of Theorem 1.1. But some of the arguments are
different. As a result, we provide some details below.

Lemma 4.1 Under the assumptions of Theorem 1.2, the functional J satisfies the (C) condition.
Proof. Let {u"’} C E; be a (C) sequence for J;. As in the proof of Lemma 3.1, there exists M > 0 such
that |7, ()] < M and [lu?||¢]|J;(u")]| < M for j € N. Then by (2.2), (2.3) and 1 < p < 2, we have

kT-1

Z (82F(n uiﬁl, ;]))u(]) + 03F(n, ui’jl, UM — 2F(n, ufﬁl, ff)))

n=—kT
S2Jk(l/t(j)) _ <Jl/c(u(j))’ u(j)) 4.1)
<20 + a1 T @ )|
<3M.

From (T3), there exists 6 > 0 such that
O F(n,uy, ux)uy + F(n,uy, u)uy —2F(n,uy,up) > 3M for n € Z, |uy| + |us| > 6.
Then (4.1) and (T5) imply that || < & for n € Z, that is,
14 lgeo < 6. (4.2)

Since E} is finite dimensional, ||-||; and ||-||x are equivalent. Then (4.2) tells us that {|[u"”||;} is bounded
and hence {u”} has a convergent subsequence. This completes the proof.

Lemma 4.2 Under the assumptions of Theorem 1.2, there exists ny € N such that J; has at least a
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nonzero critical point u® in E for each k > ny.
Proof. Proceeding as in the proof of Lemma 3.2, there exist r > 0 and a > 0 such that Ji|s5, > a > 0.

Since 2b,, > w,, there exists d > 0 such that

bn—%>d for n e Z.
Let € € (0, 1) satisfy
(;2’””62’@) + 1)8 <d.
There exists e = {e,} € > with 3°°__ |e,[* = 1 such that 3°°__ |A™e,|* < &. Let ny be large enough

n=-o0o
such that

noT—1 1
Z |IA"e,|* < & and 3 < Z eﬁg 1.

n=—noT n=-noT

For k > ny, define e € E; by

o0 = e,, —nyl <n<nyT -1,
" 10, —-kT<n<-nT-1ornyT <n<kT - 1.

By (T), there exists o > max{r, 1} such that

F(n,ue,.1,ue,) > (b, — (s‘),uz(eﬁ+1 + eﬁ) for —nyT <n <nyT —1and u > py.

Then, for u > uy,

Je(ue®) = ]JZI (Il)rnlﬂA’”eﬁ,k)l" + %Iﬂeff" P -F (n,ﬂeilfl,ﬂeik)))
n=—kT
< gzmpci(p)suf’ + kTZI (Sl + (e = b (e P + 1)
n=—kT
< L2l + G + (e~ b’
< [(;2’"%{:(19) + 1)8 —d|

Thus

Jie(uoe™®) < (£2m”cf:(p) + 1) € - d] us < 0.

The remaining arguments are the same as those in the proof of Lemma 3.2.

Lemma 4.3 There exist o', > 0 such that

@ <Pl < B

Electronic Research Archive Volume 30, Issue 6, 2205-2219.
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holds for every critical point u® of Jy in E with k > ny obtained in Lemma 4.2.

Proof. we can find M; > 0 (independent of k) such that J,(u®) < M, for k > ny. Since u® is a critical
point of Ji, by (2.2) and (2.3), we have

kT-1
Z (82F (n, u® uﬁlk))u(k) + 03F(n, u® ufj‘))u,ﬂk) - 2F(n, u® u,(f))) <2M,. 4.3)

n+1° n+l n+1° n+1°
n=—kT

From (Ty), there exists 8’ > 0 such that

O F(n,uy, up)uy + O F(n,uy, up)uy — 2F(n, uy, uy) > 2M; for n € Z, |uy| + |up| > B'.

This and (4.3) together imply that |u£,k)| < B’ for each n € Z, that is,

4@l < B
Then similar argumengts as those in the proof of Lemma 3.3 yield

[ lleo = @'

Then Theorem 1.2 can be proved in the same manner as that for Theorem 1.1 and hence we omit
the details.

5. Example

In this section, we give an example to illustrate Theorem 1.1.

Example 5.1. Consider the difference equation (1.1), where
f(n,vi,v2,v3)
nmw L (n— D g1
(2 + cos (?)) (vf + v%)2 + (2 + cos( T )) (v% + v%)2 ] ,

where 6 > p > 2, T is a given positive integer. Take

= 9\/‘2

4
2

Fn,vi,v) = [2 + cos (%)] (vf + v%) .

Then

0 F(n—1,v2,v3) + 3F(n, vy, v2)
nmw S L (n— D 5 \5-l
(2 + cos (7)) (vl + vz) + (2 + cos( T (v2 + v3) .

It is easy to see that all the assumptions of Theorem 1.1 are satisfied. Consequently, equation (1.1) has
at least a nontrivial solution u in /2.

= 9\/‘2
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