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1. Introduction and main results

In this paper, we deal with the following system:

(P/Ls)

—Au+ V(x)u + ¢pu = AK(x) f(u) + |ul*u, xeR>,
—A¢ + 2N’ = 4mu?, x €R?,

where 1 > 0, & > 0, f is a continuous, superlinear and subcritical nonlinearity. V : R?> — Ris a
continuous function satisfying the following conditions:
V) 0<V(x) < Vg := llirlninf V(x) < +oo.

X|—+00

(V5) There exists a constant @ > 0 such that

[Vul> + V(x)|ul>dx
a= inf k: < >0

ueH (B3)\(0) s luldx

Furthermore, for the potential function K, we assume:
(K) K € C(R*,R) and K, := limsup K(x) € (0, +o0) and K(x) > K, for x € R.

|x|>+00

The system (P,.) is a version of the so called Schrodinger-Bopp-Podolsky system, which is a
Schrédinger equation coupled with a Bopp-Podolsky equation. Podolsky’s theory has been proposed
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by Bopp [1] and independently by Podolsky-Schwed [2] as a second order gauge theory for the elec-
tromagnetic field. It appears when one look for standing waves solutions ¥(x,1) = u(x)e" of the
Schrédinger equation coupled with the Bopp-Podolsky Lagrangian of the electromagnetic field, in the
purely electrostatic situation. In the physical point of view, ¢ is the parameter of the Bopp-Podolsky
term, u and ¢ represent the modulus of the wave function and the electrostatic potential, respectively.
As for more details and physical applications of the Bopp-Podolsky equation, we refer to [3—5] and the
references therein.

From a mathematical point of view, the study of system (P,.) can be divided into two cases: (1)
e=0,2)e#0.

If £ = 0, then system (P,) gives back the classical Schrodinger-Poisson system as follows:

1.1
~A¢ = 4nu?, x e R3, (.1

{—Au +V(@u+ du = f(x,u), xR,
which has been introduced by Benci-Fortunato [6] in quantum mechanics as a model describing the
interaction of a charged particle with the electrostatic field. In such system, the potential function V is
regarded as an external potential, u and ¢ represent the wave functions associated with the particle and
electric potential, respectively. For more details on the physical aspects of this system, we refer the
readers to [7-9] and the references therein.

In last decades, system (1.1) has been widely studied under variant assumptions on V and f, by
variational methods, and existence, nonexistence and multiplicity results are obtained in many papers.
For further details, we refer the readers to previous studies [10—15] and the references therein.

In particular, Azzollini-Pomponio [16] proved the existence of ground state solutions to system
(1.1) with f(x,u) = |u|’! and 3 < p < 5. Ambrosetti-Ruiz [17] obtained multiple solutions to system
(1.1) by the monotonicity skills combined with minimax methods. Ruiz [9] dealt with the following
Schrédinger-Poisson system:

—Au+ u+ Apu = |ulP"2u, x €R3,
-Ap =i’ lim ¢ =0, xeR, (-2
x| —>+00
where 2 < p < 6 and 4 > 0. Via a constraint variational method combining the Nehari-PohoZaev
manifold, the existence and nonexistence results were obtained.
If & # 0, then system (P, ) is a Schrodinger-Bopp-Podolsky system. D’ Avenia-Siciliano [18] first
studied the following system from a mathematical point of view:

1.3
—A¢ + g2 N’¢ = 4mu?, xeR3, (1.3)

{—Au + wu + @*du = [ulP~2u, x e R3,
where w > 0, € > 0 and g # 0. Based on the variational methods, D’ Avenia-Siciliano [18] proved the
existence and nonexistence results to system (1.3) depending on the parameters p and q.

Later, for p € (2, 3], Siciliano-Silva [19] obtained the existence and nonexistence of solutions to
system (1.3) by means of the fibering map approach and the implicit function theorem.
Motivated by all results mentioned above, a series of interesting questions naturally arises such as:
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(I) As we can see, the authors in [18] and [19] merely considered system (1.3) with subcritical growth,
so we would much like to know whether similar results hold for system (P, ) if its nonlinearity is at
critical growth.

(IT) Note that in [18] and [19], the authors studied the existence and nonexistence results to system
(1.3), but it has not been considered the asymptotic behavior of solutions. Therefore, it is natural to
ask a question. Can we obtain the asymptotic behavior of solutions to system (P,.)?

Compared to [18] and [19], the main purpose of this paper is to fill the gaps. More specifically,
we will study the existence, nonexistence and asymptotic behavior of ground state solutions to system
(P,.) involving a critical nonlinearity.

Now we state our conditions on f. Let f : R — R be a continuous function such that
(F)) f®) =o() ast — 0and f(t) = 0 for all < 0.

(F») % is strictly increasing on interval (0, +00).
(F3) |f(®)| < CA + |t}P7Y) and f(¢) > y#™! for some C > 0 and y > 0, where 4 < p,m < 6.

1.1. Main Results

We divide the study of system (P, ) into three parts: (I) V(x) = V, and K(x) = Ko; (II) V(x) < V4
and K(x) > K; (III) V(x) > V, and K(x) < K., where one of the strictly inequality holds on a positive
measure subset.

(I) For V(x) = V, and K(x) = K., system (P, ) goes back to its limit system:

(Pe)

—Au+ Vou + ¢u = AKo f(u) + [ul*u, xeR3,
—A¢ + g2 A*¢ = 4mu?, x €R3.

Our first result is as follows:

Theorem 1.1. Suppose that A > 0 and conditions (F)-(F3) hold, then system (P.,) possesses a positive
ground state solution (U, P) € H %,(R3 )X D, where spaces H ‘l,(R3) and D are given in section 2 below.

(II) System (P, ) with V(x) < V and K(x) > K. Our second result is as follows:

Theorem 1.2. Suppose that A > 0, conditions (V1)-(V;), (K) and (F)-(F3) hold. Then the following
statements are true.

(1) System (P, ) possesses a positive ground state solution (u,., ¢.) € H{,(R3) X D.

(ii) For every fixed € > 0, we have

. _ . & _ : & —
Bm luelen =0, m gllo=0  and  lim [|gllie =O.

(iii) There exist A* > 0 and A> A" be fixed. Let (uz ., ;) be a solution of system (P, ) in correspon-

dence of A. Then we have
3 — — . s _ 40
limuy, = uy, and lim¢;, = ¢,,
-0 -0

where (u7, ) € H},(R?) x D'*(R?) is a positive ground state solution of

—Au+ V(x)u + ¢u = ZK(x)f(u) + |ulfu, xeR3,
(P},o)

~A¢ = 4ru?, x €R3.
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By virtue of the symmetric mountain pass theorem, we also obtain a supplementary result of the
infinity many positive solutions for system (P, ). Our third result is as follows:

Theorem 1.3. Suppose that conditions (V1)-(V»), (K) and (Fy)-(F3) hold, and suppose that f(u) is odd.
Then system (P, ) possesses infinitely many positive solutions.

(III) System (P,.) with V(x) > V., and K(x) < K., which one of the strictly inequality holds on a
positive measure subset. Our last result is as follows:

Theorem 1.4. Suppose that conditions (F)-(F5) hold, then for any A > 0, € > 0, system (P,) has no
ground state solution.

Remark 1.1. To our best knowledge, there is still no results concerning the existence and asymptotic
behavior of solutions for Schrodinger-Bopp-Podolsky system with critical exponent. Hence our results
are new. By comparing with [18] and [19], we have to face three major difficulties. First, the exis-
tence of critical term and noncompact potential function V(x) set an obstacle that the bounded (PS)
sequences may not converge. Second, the presence of the potential functions V(x) and K(x) cause
the splitting lemma for recovering the compactness developed in [18] cannot be applied to system
(P,.). Third, the Podolsky’s term in system (P,.) makes the corresponding Brézis-Lieb type conver-
gence lemma invalid. As we will see later, these difficulties prevent us from using the way as in [18]
and [19]. So we need some new tricks to deal with these essential problems.

Remark 1.2. The proof of Theorems 1.1 and 1.2 is mainly based on the methods of the Nehari manifold
and the concentration compactness principle [20]. However, since the nonlinearity f is only continu-
ous, we cannot use standard arguments on the Nehari manifold. To overcome the non-differentiability
of the Nehari manifold, we shall use some variants of critical point theorems from Szulkin-Weth [21].
At the same time, because of the presence of the potential functions V(x) and K(x), it is difficult to
study the minimization problem of system (P,.) directly. Therefore we first study its limit system
(P), which is given in section 3. Then by comparing the ground state energy between system (P,.)
and (P.,), the existence results is obtained.

In Theorems 1.1 and 1.2, we just consider the following two cases: (i) V(x) = V, and K(x) = K.;
(ii) V(x) < V. and K(x) > K. This motivates an interesting open problem: Does the existence of
ground state solutions for system (P, ) hold for V(x) < V, or K(x) > K.,?

The remainder of this paper is as follows. In section 2, variational setting and some preliminaries
are presented. In sections 3 to 6, the proof of Theorems 1.1 to 1.4 is given, respectively.

2. Preliminaries and variational settings

Throughout this paper, the letters C, C; (i = 1,2...) will denote possibly different positive constants
which may change from line to line.
Let

HYy(R®) = {u € H'®)| f V(xutdx < +oo
R3

endowed with the inner product
(W, V)1 g3y = f (VuVv + V(x)uv)dx
R3
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and the related norm 1
2
ol ) = [ f (IVuP + V(u?)dx
RS

Under conditions (V;)-(V>), it is easy to see that the norms |u|| HY(®3) and ||u||p1 g3y are equivalent and
the embedding H},(R*) < L*(R?) is continuous for each s € [2, 6].

Next we outline the variational framework for system (P, ) and give some preliminary lemmas. In
particular, we give some fundamental properties on the operator —A + g2A2.

2.1. The variational settings

We define D be the completion of C (R?) with respect to the norm || - ||p induced by the scalar
product

(u,v)p = f (Vqu + 82AL£AV) dx.
R3

Then D is a Hilbert space, which is continuously embedded into D'*(R?) and consequently in LS(R?).
Lemma 2.1. (18]) The space D is continuously embedded into L™ (R?).

We recall that by the Lax-Milgram theorem, for every fixed u € HJ(R?), there exists a unique
solution ¢, € O of the second equation in system (P, ). To write explicitly such a solution (see [5]),
we consider i
—e

|x]

For K, we have the following fundamental properties.

K = -

Lemma 2.2. (18]) For all y € R?, K(- — y) solves in the sense of distributions
~Ap + £ N’¢ = 4n6,.

Moreover,
() if f € L. (R?) and for a.e. x € R?, the map y € R? — L2 is summable, then K * f € L. (R?);

[x=yl
(i) if fe PR with1 < p < %, then K = f € LY(R?) for g € (E, +00].
In both cases K = f solves
—Ap + 2N’ = 4rnf.

Then if we fix u € H! (R3) the unique solution in D of the second equation in system (P, ) can be
expressed by

ol

1 - s
9 = K il = f 12e .
R3 |X—)’|

Now, let us summarize some properties of ¢°.

Lemma 2.3. ([18]) For every u,v € H %,(R3), the following statements are true.
(D ¢;>0
(ii) For each t > 0, ¢¢, = £*¢¢.
(i) If u, — win H! (Rg) then ¢; — ¢ in D.
@) Wg5llo < Cllll < Clly, ., and. [ @il < Cllall < Clll

Hl (R3 *
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Lemma 2.4. ((18]) Consider f € LE(R?), {felee0.y C L3(R®) and let
¢2f € D"*(R?) be the unique solution of — A¢ = f in R,
and
¢jf € D be the unique solution of — Ap + &*A*¢ = f, in R>.

As € — 0, we have:

@) If fo = f in LS(R?), then ¢, — ¢ in D'2(R?).

) Iff, — fin Lg(R3), then ¢j/ - ¢2/ in D'2(R?) and sAzf);j/ — 0in L*(R?).

By using the classical reduction argument, system (P, ) can be reduced to a single equation:

—Au+ V(x)u + ¢°u = AK(x) f(u) + [ul*u, xeR>. (2.1)

Then from now on we speak of solutions of system (P,.) is equal to the solutions of equation (2.1).
It is easy to see that the solutions of equation (2.1) can be regarded as critical points of the energy
functional 7, .: H},(R*) — R defined by

1 1 1
Lis() = 5 f 3 (qu|2 + V(x)u2)dx *7 f 3 ¢S lul*dx — A f K@FGdx - g f |u|®d.x.
R R R R3

From (F) and (F3), it is easy to check that I, is a well defined C' functional in HJ,(R?). Moreover,
Vo € H‘l,(R3),

<I:L8(u), g0> = fR3 (VuVp + V(x)up)dx + ]E;B diupdx — A fR3 K(x)f(u)pdx — Lz |ul* uepdx.

2.2. The Key Lemmas

The following lemma is the Young convolution inequality, which is a fundamental tool in our anal-
ysis.

Lemma 2.5. ([27]) If G € LYR?) and H € L'(R®) with 1 <

1=141_1and
N q r

tl] +1 <2 then G+ H € L'(R?) with

f |G*H|de<( f |G|"dx)q ( f |H|’dx)r.
R3 R3 R3

We will apply the concentration compactness principle [20] and vanishing lemma [22] to prove the
compactness of (PS) sequence of 1, .. Now, we recall them as follows.

Proposition 2.1. ([20]) Let p,(x) € L'(R?) be a nonnegative sequence satisfying

f Pp(x)dx =1> 0.
R3

Then there exists a subsequence, still denoted by {p,(x)}, such that one of the following cases occurs.
(i) Compactness: There exists {y,} € R3, such that for each € > 0, there exists R > 0 such that

f on(x)dx > 1 — €.
BR(Yﬂ)
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(ii) Vanishing: For every fixed R > 0, there holds

lim sup f Pn(x)dx = 0.
Br(y)

n—+00 | p3

(iii) Dichotomy: There exist 5 > 0 with 0 < B < [, sequence {R,} with R, — +c0 and two functions
p,lz(x),pﬁ(x) € L'(R?), {y,} € R? such that for each € > 0, there exists ny € N*, for n > ny, there holds

o= O+ 0Dl <6 | f phwdx-pl<e | f pAdx — (- B)| <€,
R3 R3

and
suppp, C Br,(ya), suppp, C Bsg (va)-

Proposition 2.2. ((22]) Suppose that {u,} is bounded in H'(R?) and it satisfies

lim sup f lu,|>dx = 0,
n—+oo BR(y)

yeR3

where R > 0. Then u, — 0 in L*(R?) for s € (2,6).
3. The Proof of Theorem 1.1

In this section, we shall prove the existence of positive ground state solutions to system (P,).
Set

Hy (R®) = {u € H'(®)| f Veoudx < +oo),
R3

endowed with the inner product

(U, Vg @) = f (VuVv + Vouv)dx,

and the related norm 1

2
||M||H‘1/ (R3) = [f3(|vu|2 + Voouz)dx] .
« R

By the Lax-Milgram theorem and Lemma 2.2, we can define the energy functional corresponding
to system (P,) by

1 1 1
Io() = SNl ooy + 5 f iludx - AK. f Flndx -2 f lul°dx, Yu € Hy (R).
0 R R R3

3.1. Mountain Pass Geometry and Nehari Manifold
The Nehari manifold corresponding to I, is defined by

Ne = {u € Hy_RH\(OI(I ), u) = 0}.
We can conclude N, has the following elementary properties.
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Lemma 3.1. (See Appendix) Suppose that € > 0 be fixed and conditions (F1)-(F3) hold. Then the
following statements are true.

(i) The functional 1, possesses the mountain pass geometry.

(ii) For each u € H‘l,m (R*)\{0}, there exists a unique t, > 0 such that I,(t,u) = ntlﬁ)x I..(tu). Moreover,

tu € N if and only if t = t, and

lim ¢, = 0.
A—+00
(iil) Coo = Coo = Coo > 0, where
Coo = inf max I, (y(?)), Coo = Inf I(u) and Coo = inf  max I,(tu),
yer t€[0,1] uENw© ueH‘l,w(R3)\|0| >0

and T = {y € C([0, 1],H‘1/M(R3))| v(0) = 0, I, (y(1)) < 0}.

According to Lemma 3.1 (i), it follows that for any u € Hj, (R*)\{0}, there exists a unique 7, > 0
such that 7,u € N. We define a mapping ni., : Hy, (R*)\{0} = N by

—

s 1 3
Mo =t and Mo =Mals,,  Se = {ue Hy ®)|lully @) = 1).

Moreover, the inverse of m., can be given by

m;l (u) = L.
Hu”H"/OO(R3)

Considering the functionals Y., : Hj, (R)\{0} - Rand Y : S — R given by
To(w) = (@)  and  Tw = Twls...

Then we have the following lemma.

Lemma 3.2. ([21]) Suppose that all conditions described in Lemma 3.1 hold. Then the following
statements are true.
(i) Tw € C' (S, R) and

(Too(w), 2) = [IMmea(@llay_@a) {1 (Meo(w)), 2),

forallze T, (S.):={ve H‘I,N(R3)|(a), v) = 0}.

(ii) {wy} is a (PS) sequence for Y, if and only if {m(w,)} is a (PS) sequence for l.. If {u,} C Nu
is a bounded (PS) sequence for L., then {m_'(u,)} is a (PS) sequence for Y.

(iii) w € S« is a critical point of Y, if and only if m..(w) is a critical point of 1.. Moreover, the
corresponding values of 1, and (', coincide and

uler}\;[; I.(u) = a)ler}?fw Too(W) = Coo.
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3.2. Estimates of c_,

The main feature of the functional I, is that it satisfies the local compactness condition, as we can
see in the following result.

Lemma 3.3. Forall A, & > 0, there exists some v € H‘l,oo (RH\{0} such that

1 3
I.(tv) < =82,
max () < 38

. IIMIIil,Z(R%
where S = inf T
ueDL2(R3\ [0} "Mllj6 53,

Proof. For each € > 0, consider the function

Bl

Ce
U, =

=
(€ + |xI?)?

where C is a normalized constant. We recall that U, satisfies

and

Let n € Cy(R?,[0,1])

—Au=u’, ue DI’Z(R3),

f IVU_dx = f U JPdx = S2.
R3 R3

be suchthat 0 < n < 1,if |x < 1 and n = O if |x| > 2. Now, consider

ve(x) = nU/IINU¢l| 53y then we have the following estimates, if € > 0 small enough:

By (F3), we obtain
Io(tve) <

Note that lim J(f) =
t—+00

t. > 0.
From

Jo(te)

we have

Electronic Research Archive

IVvellZses, = S + O(e?), (3.1)
O(e?), s €1[2,3),
Velly ey = 10 Inlel), 5 =3, (3.2)

O(7), s €(3,6).

£, tt e Ct" . -
EHVE”H‘I/OO(W) + Z ‘fR:S ¢ve|v6| dx - 7 LS |v6| dx - g .= Joo(l)

—oo and J(f) > 0 as ¢t > 0 small enough. So sup J(¢?) is attained at some
>0

2 3 2 -1 5
= tfllvf”Hlv @ Tl fg ¢y Ivel"dx — Cy2! f% [vel"dx — 1) =0, (3.3)
<) R\ R

5 2 3 2
te < tE”vE”Hl (RS) + te f ¢‘\1|v6| d-x’
Voo R3
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which implies that 7, is bounded from above by some * > 0. In view of (3.3), we get

f Vv lPdx < £ + Ci12 f vel"dx.
R3 R3

Choosing € > 0 small enough, by (3.1), we obtain

Thus, we have 7, is bounded from above and below for € > 0 small enough.
Next, we estimate J.(¢). Set
r 1
N=—= | |Vv)dx——.
8 =7 fR3 [Vvel"dx ¢

Then g(¢) attains its maximum at ¢ = ( fR3 |Vv6|2dx)%. Consequently, by (3.2) and Lemma 2.3, there

holds
tg 2 ti & 2 Cltzn m
JDO(te) = g(te) + = VOO|V5| dx + — ¢v |V6| dx — |V6| dx
2 R3 4 R3 € m R3
” tg 2 tﬁ & 2 Clt? m
g+ = Veolvel"dx + — &, [vel~dx — [ve"dx
2 R3 4 R3 € m R3
I o3 3
< 387+ (D) + Collvliasy + Collvllly = Callvelly e 34
1 _
< gs% + O(e7) + C,0(€*) + C30(€) — C40(eT")
|
< =87,
3
for € > 0 small enough. Thus, max I(tve) < %S% is obtained. The proof is completed. O
>

Lemma 3.4. The following statement holds:

lim supce = 0.
A=+ oo

Proof. We need to prove that for every € > 0, there exists A > 0 such that

0< inf maxl.(tu) <e, YA1> A
ueH‘Vw(R3)\{0} >0

Letv e C“(R3) with ||v|| Hl_(®) = 1. In view of Lemma 3.1, we know that there exists ¢, > 0 such that
I.(t,v) = maxl (tv) and lim supt, = 0. By virtue of Lemmas 2.3 and 3.1 for 1 > A, we have the

A—>+e0 oo
following estlmates.

I A S
< Coo & oo(tvv) X E”V”Hé/md@) + Z 3 ¢v|v| X X 5 + 4 <E€.
The proof is completed. O
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To prove the compactness of the minimizing sequence for /., we need the following result.

Lemma 3.5. Let {u,} C N be a minimizing sequence for I.. Then {u,} is bounded. Moreover, there
exist r,6 > 0 and a sequence {y,} C R? such that

n—+oo

lim inf f u,|*dx > 6 > 0,
B,(yn)

where B,(y,) = {y € R3||y —yal <1}
Proof. For any € > 0, it follows from (F;), (F3) that there exists C, > 0 such that

C.
f@)l < eluf + CulP™ and  |F(u)| < §|u|4 + —S|ul’, Yu € Hy (RY). 3.5)
p

In view of (F,), one can see that
Fu) >0 and 4F(u) — f(wu <0, Yu e H‘I,M(R3). (3.6)
By {u,} € N, we have

1
Im(un) = Im(un) - Z <I(,>o(un)7 Ll>

= gl sy + =57 fR [, — 4F @) |dx + fR i f°dx

2

1
> Z”un”H‘l/m(R})'

Hence, 1., is coercive on N, i.e., I,(1#) — +oo as ||u||H1V ®3 — +09, for u € No. Thus, we can easily
get the boundedness of {u,}.
Next we prove the latter conclusion of this lemma. Arguing by contradiction, we assume

lim sup f junldx = 0,
n—+oo y€R3 Br(}’)

then by Proposition 2.2, there holds u, — 0 in L*(R?) for s € (2,6). Taking into account (3.5) and
Lemma 2.3, we can deduce

f F(u,)dx — 0, f f(u)u,dx — 0 and f gbunlunlzdx — 0, asn — +oo. (3.7)
3 R3 R3

R
So, combined (I’ (u,), u,) = 0 with (3.7), we have

2 6
ey oy = f s °dx + 0,(1).
Voo R3

2 — 1> 0.If] >0, by {u,} is a minimizing sequence of I, and (3.7), we get

We assume [luyl[, s
Voo

1 2 1 6
EHMHHH‘I/W(R3) - 6 ‘[R.% |un| dx — Coo-

Thus, we obtain ¢, = %l. On the other hand, by the definition of S, we know that [ > SI5. Namely,

[>82. So Coo = %l > %S%. This contradicts with Lemma 3.3. Hence [ = 0. However, this contradicts
with Lemma 3.1. The proof is completed. O
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Now we are in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. Let {w,} C Sy, be a minimizing sequence of T.. By the Ekeland variational
principle [23], we assume

Tool(wy) = Coo and Y (w,) = 0, asn — +oco.
Set u, = my.(w,) € N, for all n € N*. Then
(1) = Coo and I’ (u,) > 0, asn — +oo,

By Lemma 3.5, we know that {u,} is bounded and there exist ,6 > 0 and a sequence {y,} € R? such
that

lim inf f lu,|?dx > 6 > 0.
Br(yn)

n—+oo yeR3

So we can choose r; > r > 0 and a sequence {y!} ¢ R? such that

n—+oco ye]R3

5
lim inf f lu,Pdx > = > 0.
) 2

Since I, and N, are invariant under translations in our case, so we can assume {y,} C Z* is bounded.
Moreover we assume, up to a subsequence, there exists u, € H‘I/M(R3) such that u,, — u. and u,, — U
a.e. in R3. Then the weak convergence of {u,} implies I, (i) = 0.

According to the Fatou lemma, we can obtain

Coo < Ioo(Uoo)

1

= Loo(teo) = 7 (L (1), )

1 ) AK 1 6

= gl oy ¥ =4~ jl;g [/t tes = 4F (o) fd + 12 fRa o] e
1 K :

< 11nr3+12f{1||un||§pvm(m + fR 3 [f(un)u,, —4F(un)]dx+ B fR 3 |un|6dx}

= lim inf [[w(un) - % (I (uy), Mn>]

n—+0o

= Ccoos

which implies /., (#s) = c. Next, we need to show the ground state solution u., is positive. In fact, for
|Ueo| € H‘]/w(R?’), there exists #,, > 0 such that ¢.|ue| € N&. From (F;) and the form of I,,, we can infer
Lo(toolttoo]) € Ioo(foolieo). Furthermore, it follows from ue, € Ny that I (feolte) < Io(Uts). SO, We obtain
I(tolue|) < Io(Uo), which implies 7. |u| is @ nonnegative ground state solution. It follows from the
Harnack inequality [24] that t.|u.| > 0, for all x € R?. The proof is completed. O

4. Proof of Theorem 1.2
In this section, we investigate the existence of positive ground state solutions to system (P, ).
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4.1. Mountain pass geometry and Nehari Manifold
Define the Nehari manifold of system (P, ) as follows:
Noe = {u € Hy®OWOIKL) o), u) = O},
We can conclude N, has the following elementary properties without proof.

Lemma 4.1. Suppose that all conditions described in Theorem 1.2 hold. Then the following statements
are true.

(i) The functional 1, . possesses the mountain pass geometry.

(ii) For every u € H},(R3)\{0} and a fixed € > 0, there exists a unique t, > 0 such that I, .(t,u) =
rrtl>%x 1, (tu). Moreover, tu € N, if and only if t = t, and

lim #, = 0.
A—>+0
(iii) cpe = Cre = Cae > 0, where
cpe = inf max I, .(y(1)), Cre = inf J).(u) and Cre = Inf  max [ (tu),
yel te[0,1] UEN ¢ uEH"/(R3)\{O} >0

and T = [y € C([0, 11, H}(R))| ¥(0) = 0, I1.(y(1)) < O}.
Proof. The proof is similar to Lemma 3.1, so we omit it for details. O

Similar to section 2, we define the mappings 1, : Hj,(R*)\{0} = N by

— — 1 (3
Mmye = t,u and Mye = Mygls, S ={ue HyR) el gy 3y = 1}.

Moreover, the inverse of m, . can be given by

. u
my (u) = ————.
¢ ||M||H1V(R3)

Considering the functionals "Y'\M : H(R)\{0} - Rand Y, : S — R given by

Tie = Lie(Mma.(u)) and Toe = /‘r\/l,slS~
Then we have the following lemma.

Lemma 4.2. ([21]) Suppose that all conditions described in Lemma 4.1 hold. Then the following
statements are true.

(i) Ty, € CY(S,R) and
(170 (@), 2) = Imae(@)lly ) (I o(mas(@)), 2)
forallzeT,(S):={ve H%,(R3)|<w, vy =0}
(@) {wy,} is a (PS) sequence for (', ., if and only if {m, o(w,)} is a (PS) sequence for I, .. If {u,} C N,
is a bounded (PS) sequence for I, ., then {m;;(un)} is a (PS) sequence for (' .
(iii) w € § is a critical point of Y ., if and only if m,(w) is a critical point of I, .. Moreover, the

corresponding values of 1, . and 'Y, . coincide and

inf I.(u) =inf V) (w) = Cpe-
MEN/I,.‘; weS

In order to prove that the minimizer of /, . constrained on N, is a critical point of /, ., we need the
following lemmas.
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4.2. The behaviors of (PS). sequence

In this subsection, we study the behaviors of (PS). sequence, which play key roles in the proof of
Theorem 1.2.

Lemma 4.3. Ifu, — uin H,(R?) and u, — u a.e. in R?, then

. 2 2 2
lim [f ¢, 1| dx—f ¢l — ul dx] — f &) lu|"dx.
n—+oo R3 R3 R3

Proof. Since K € L'(R?) for 7 € (3,+c0]. As a result of {u,} is bounded in Hy(R?) and converges
almost everywhere to u, the sequence {|u, — u|*} converges weakly to 0 in L%(R3) and by the Brézis-
Lieb lemma [25], the sequence {|u,|> — |u, — ul?} converges strongly to the function |u® in L7 (R?).
Putting together Lemma 2.5 with the definition of ¢ and letting n — 400, we get

de

lim

n—+00

P — Prnu — P
Up Up—u u

2 7
f |7<|“dx] [ f <|un|2—|un—u|2—|u|2>§dx]
R3 R3
0.

3

R
<

N
Therefore, we can deduce

. 2 2
nEer Lf3 ¢y, [uy|"dx — f3 ¢l — ul"dx
R? R

= tim | (g5, = 5| (al = Ity = uP) + 2o, — ] dx
R3

n—+co

= f ¢F |ul*dx.
R3

The proof is completed. O

Lemma 4.4. Ifu, — uin H,(R?) and u, — u a.e. in R?, then

lim [f F(u,,)dx—f F(u,,—u)dx] —>f F(u)dx.
n—+0oo R3 R3 R3

Proof. The proof is similar to [26, Lemma 3.2], so we omit it here. O

Lemma 4.5. Let {u,} C H,(R?) be a (PS), sequence of I, with 0 < ¢ < e If u, — 0 in Hy(R?), then
one of the following statements is true.

Du, > 0in H%,(R3).

(ii) There exist a sequence {y,} C R? and constants r,5 > 0 such that

n—+oo

lim inf f lu,|>dx = 6 > 0.
Br(yn)
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Proof. Suppose that (ii) does not occur, then there exists » > 0 such that

lim supf |u,|*dx = 0.
n—-+oo yeR3 JB,(y)

In view of Proposition 2.2, we get u,, — 0 in L’(R?) for s € (2,6). So from (3.7) and (I (), un) = 0,

it follows that
2 _ 6
Moy e = fR il

— [ > 0. So, we getc = %l. Moreover, we have

1
2 2 6 3
il ) > f |Vu, Pdx > S f jus|°dx) .
14 R3 R3

Taking the limit as n — +oco in the above inequality, we obtain

2

Assume that ||u,|l;,, ®)
Vv

3
S2,

c =

W =

which contradicts with our assumption. Thus, [ = 0. The proof is completed. O

Lemma 4.6. Suppose the all conditions described in Theorem 1.2 hold. Let {u,} C H‘l,(R?’) be a (PS),
sequence of I) . with 0 < ¢ < ¢p < Coo If tty = 0 in H(R?), then u, — 0 in H},(R?).

Proof. 1t is easy to see that {u,} is bounded in H‘l,(R3). Therefore, up to a subsequence, we have

u, = 0 in H,(R*), u, —» 0 in L}

loc

(R for2<s<6, u, >0 a.e. onR>.

Next, we use Proposition 2.1 to prove u, — 0 in H},(R?). For this purpose, we set

pa(x) = }N(—Aﬁunﬁ + %V(x)w2 + %K(x)[f(un)un — 4F (u,)] + 11—2|un|6.

Clearly, one has {p,} € L'(R?). Thus, passing to a subsequence, we assume that ®(u,,) := ||o, || ey — !
as n — +oo. Using the fact that ®(u,) = I .(u,) — %(Iig(un), u,y =1, we getl = ¢ > 0. We next claim
that neither vanishing nor dichotomy occurs.
Claim 1. Vanishing does not occur.

If {p,} vanishing, then {uﬁ} also vanishing, i.e., there exists R > 0 such that

lim sup f lu,[*dx = 0.
n—teo Br(y)

yeR3

As in the proof of Lemma 4.5, we can prove vanishing does not happen.
Claim 2. Dichotomy does not occur.
Otherwise, there exist 8 € (0,1) and {y,} € R? such that for every €, > 0, we can choose {R,} C

R*(R, > R + Ry/e, for any fixed € > 0, R, R, are positive constants defined later) with R, — +oo

satisfying
lim sup Uﬁ -

n—+00

pn(x)dx|+‘(l— B) - f p,,(x)dx‘)<6n. 4.1)

B Rn(yn) BZR,L; On)
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Consider a smooth cut-off function ¢ : [0, +c0) — R* such that

W) =1,  xeBgOw,
0<Y) <1, x€ B, )\ Br, (o),
Y0 =0,  xe B ()

W/ | po@sy < 2.

Set
u, = yu, + (1 —Yu, =: 6, + w,.

Then, one can infer

n—+o0o

lim inf ®(6,) > f Pn(x)dx — B,
Bgr, (yn)
and

n—+oo

lim inf ®(w,,) > f Pp(x)dx — [ - .
By ()

Let Q, = Byg, (y,)\Bg,(y,). Taking the limit as n — +oo, then we have

f pn(x)dx = f Pn(x)dx — f Pn(x)dx — f pn(x)dx — 0.
Q, R? B, () By ()

By (4.4), we can deduce

f (IVu,* + V(X)|u,[*)dx — 0 and f |u,°dx — 0.
Qn Qn

According to Lemma 2.3, we get

f ¢° luy)*dx — 0.
Qn n

Putting (3.5), (4.5), (4.6) together with the definition of 6,, w,, we can easily get

2 2 2
”un”H‘l/(R3) = ||0n||H‘1/(R3) + ”wn”H‘l/(Rs) + On(l)’

f K(x)F(u,)dx = f K(x)F(6,)dx + f K(x)F(w,)dx + 0,(1),
R3 3 3

R R

f K(x) f (un)undx = f K(x)f(6,)0,dx + f K(x) f(wn)w,dx + 0,(1),

R R R

|un|6dx:f |9n|6dx+f |wnl®dx + 0,(1),
R3 R3 R3

f ¢F |u,[*dx = f @5 10,°dx + f OF, lwal*dx + 0,(1).
R RS RS
Taking into account (4.7)—(4.11), we get

O(up) = D(0,) + D(wy) + 0,(1).

(4.2)

4.3)

(4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

4.11)

Electronic Research Archive Volume 30, Issue 6, 2138-2164.



2154

Combining (4.2) and (4.3), we have
[ = nl_lﬂo O(u,) = lifilio‘lf Ob,) + hanlJ}?of O(w,) =2p+U-p) =1L
Therefore, we obtain
1}111)1 J}gf o6, =6 and lzrg J}gf D(w,) =1-p. (4.12)
Moreover, from (4.7) to (4.11), we get

0u(1) = (I} (). 1) = (1(0,).0,) + (I} (@,), w,) + 0,(1). (4.13)

In order to finish our proof, it suffices to show (4.13) is not true. We separate the following discussion
into three possibilities and show each leads to a contradiction.
Case 1. After passing to a subsequence, we assume (/' (6,),6,) < 0, then

16171 ony + | 85,160, dx =2 | K@) f(6,)8,dx = | 16,/°dx <O0. (4.14)
H,(R) w0 B3 .
By Lemma 4.1, we know that there exists #y, > O such that 7, 6, € N, .. Then
NGO r 10 | @216, Pdx =2 | K(X)f(tg, 0,10 0,dx + 15 | 16,°dx (4.15)
Oy ) T | PO - OnVn) 6, n 0 :

Combined (4.14) with (4.15), one has

! f(ta,00)  f(6,)
(% - 1] ||0n||§-]‘1/(]R3) - ﬂLz K(X) [ (l‘e,ﬂn)3 - (gn)3 ] |0n|4dx — ([gn — 1) ‘[Rx |9n|6dx > O,

which implies #5, < 1. From 74,6, € N, and (4.12), we deduce

1,
Cre S e(t9,0,) = 11.6(9,0,) — Z(h,g(fe,ﬁn), 19,0,)
2 (6

P IEL 2 )| £(t6, 016,00 — 4F (16,0,)|dx + = | 16,/°d
_4 n H‘l,(R3) 4 - X f 6,Yn)t6,Yn 6,Yn X 12 - n X

<P, - pB<l=c,

which leads to a contradiction.

Case 2. After passing to a subsequence, we assume (/) (w,),w,) < 0. This case will lead to a
contradiction again as in Case 1.

Case 3. After passing to a subsequence, we assume (1 (6,),6,) > 0 and (I} (w,), w,) > 0. In view of
(4.13), we get (I .(0,),6,) = 0,(1) and (I, (w,), w,) = 0,(1). Moreover, from (4.7) to (4.11), one has

I/l,s(un) = I/l,s(en) + I/l,s(wn) + 0,1(1). (416)

If the sequence {y,} C R? is bounded, then by conditions (V;) and (K), we have for every € > 0,
there exists Ry > 0, such that

V(x)— Ve > —€ and IK(x) — Kol <€, Vx| > Ry/e. “4.17)
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By the boundedness of {y,} C R?, there exists R > 0 such that [y, < R. Therefore, we have
R>\Bg,(y») C R*\B, _#(0) C R*\Bg,/c(0) for n > 0 large enough. According to (4.17), it follows that

(V(x) = Vo) lwa*dx = f (V(x) = Vo) lw,l*dx
R3 Ix_yn |>Rn

>—€ f |w,|>dx
Ix_yn|>Rn

> — Ce,
which implies

f (V(x) = Vo) |wu*dx = 0,(1). (4.18)
R3

Similarly, it is easy to check
(K(x) = Ko) F(wy)dx = 0,(1)  and f (K(x) = Keo) fwn)wydx = 0,(1). (4.19)
R3 R3

Combined (4.18) with (4.19), there holds
[)e(wy) 2 Io(wn) + 0x(1) and  0,(1) = (I} (W), W) = (T (Wy), w,) + 0(1). (4.20)

By the latter conclusion of (4.20), one has (I’ (w,), w,) < 0, as n — +oo. Similar to the proof in Case
1, there exists t,, < 1 such that 7, w, € N. Then, we can derive from (4.19) and (4.20) that

1
Coo <I(>0(tcu,,(‘~)rz) = IOO(tcu,,wn) - Z(I«:o(tw,,wn),twnwn>

2

twﬂ 2 ﬂ tg))l 6
= 4 ||w””H‘l,w(R3) + Z fR3 Koo(x)[f(twnwn)twnwn - 4F(twnwn)]dx + E L} |a)n| dx

1 Pl 1 ;
<Z”(")n”H‘I/(Rs) + Z L} K(-x)[f(wn)wn - 4F(wn)]dx + E fR3 |wn| dx
=0(w,) »1-B=c-B<c,

which leads to a contradiction.

If {y,} ¢ R? is unbounded, we choose a subsequence, stilled denoted by {y,}, such that |y,| > 3R,.
Then Byg, (y,) C R3\BRH(O) C R3\BR0 1e(0). Using the fact of (4.17) and a similar proof of (4.18) and
(4.19), one has

f (V(x) = Vo) 16,2 dx = 0,(1),
R3
and

f (K(x) — Ko) F(0,)dx = 0,(1) and f (K(x) — Kx) f(6,)0,dx = 0,(1).
R3 R3

Similar to the case {y,} is bounded, we can obtain a contradiction by comparing I, .(6,) and c. There-
fore, dichotomy does not occur.

According to the above arguments, by Proposition 2.1, we know that {p,} must be compactness; i.e,
there exists {y,} C R? such that for every € > 0, there exists R > 0 such that

f pn(x)dx < €.
R3\Ba(yn)
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From the Holder inequality, we obtain

ma m(l-a)

2 6
|| dx < (f |un|2dx] (f Iun|6dx)
fR3\B§0’n> R3\Bg(yn) R3\Bg(yn) (4.21)

< Ce,

where m € [2, 6], a € [0, 1] and satisfies i = % + 1%’. By (4.21), we conclude {)'} is also compactness
with m € [2, 6].

Next we prove the sequence {y,} is bounded. Otherwise, up to a subsequence, we can choose {R,} C
R* with R, — +oo satisfying [y,| > R, > R + Ro/e. Then we have Bg(yn) C R\By _#(0) C R?\Bg,/(0).
In view of (4.21), there holds

f (V(x) = Voo luy*dix =f (V(x) = Voo lun|*dix + f (V(x) = Voo luy*dix
R? Ba(yn) R3\Bg(yn) (4.22)

>0,(1).

Similarly, we get

L*(K(X) - Ko)F(u,)dx = 0,(1) and fRz(K(x) - Ko) f(uy)u,dx = 0,(1). (4.23)
It follows from (4.22) and (4.23) that

Do(uy) > Io(uy) + 0,(1) and 0n(1) = (I (), ) > I (), ) + 0,(1). (4.24)
By the latter conclusion of (4.24), one can see (I’ (u,),u,) < 0, as n — +oco. Similar to the proof of
Case 1, there exists t,, < 1 such that ¢, u, € N. It follows from (4.23) and (4.24) that

1
Ceo <Ioo(tu,,un) = Im(tu,lun) - Z(Iéo(tunun)’ tunun>

tl%n 2 /1 tgn 6
=gl sy + 5 fR Ko f 1), 0 = AF (1,10 + fR AR

<l es) + 7 fR3 KO0\ £ttty = 4F (uy) |dic + 7). | Pdx + 0,(1)

1
:I/l,s(un) - Z(I,llg(un)a un) + On(l) - C,

which leads to a contradiction. Hence, {y,} is bounded in R?.

In view of the boundedness of {y,} and u#, — u in L;OC(R3) for 2 < s < 6, by (4.21) it is easy to
check u, — 0 in L*(R?) for s € [2,6). Thus, we can derive from Lemma 4.5 that u, — 0 in H},(R?).
The proof is completed. m|

Now, we state the proof of Theorem 1.2.

Proof of Theorem 1.2. We divide this proof into five steps.
Step 1. Making use of the Ekeland variational principle [23], there exists a sequence {w,} C S such
that

Tre(wy) = care and T (W) = 0, asn — +oo.
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Set v, = my(w,), we have v, € N, . for all n € N*. By Lemma 4.2, we can deduce
Lhe(Vn) = Coe and [, (v,) =0, asn — +oco.

By {v,} is bounded in H{(R?), there exists v € H},(R?) such that v, — v in H,(R?). From Lemma
2.3, by a standard argument, we know that v is a critical point of /, . and Iig(vn) — I/’Lg(v) = 0. Set
u, = v, — v, then u, — 0 in H},(R?). Making use of Lemmas 4.3-4.4 and the Brézis-Lieb lemma [25],
it is easy to check

I/Ls(un) = I/l,s(Vn) - I/l,s(v) +0,(1), asn — +oo.

It follows from I, (v)=0 and (3.6) that

1 bl 1
Lo() = 7oy + 5 fR 3 K(x)| f0)y = 4F(v)|dx + 3 fR v*dx > 0.

Thus, we have
I/l,s(un) = I/l,s(vn) - I/l,a(v) + On(l) - C/l,s - d, as n — +oo,

where d := [, .(v) > 0.
For any ¢ € H,(R?), according to u, — 0 in Hy,(R?), one has
(L), @y = (I} (0), ) = 0, asn — +o0.

Hence, we know that {u,} is a (PS)., 4 sequence of I;,. In view of Ijha(un) = (0, it is easy to obtain
d €10, cpel
Step 2. In this step, we show ¢, < c~. Denote by u., be a positive ground state solution of system
(Ps). Then, we have I, (4~) = c.. Moreover, by Lemma 4.1, we know that there exists #,, > 0 such
that fottes € Ny .. We next claim 7., < 1.

Since u., € N, then we have

f (IViteoP + Violuteol?) dix + f ¢° JuolPdx = 2 f Koo f(teo)ttodx + f oo Odx (4.25)
R3 R3 R3 R3
Furthermore, it follows from 7. u., € N, that

1
= | (IVual + Vluel) dx + | 65 _luldx
tgo R3 R3 oo

=) fR 3 K(x)[{t(:zzo;z]luwl4dx+ti fR s

Comparing (4.25) and (4.26), it is easy to get ¢, < 1. Moreover, we have

(4.26)

2
I/l,s(toouoo) :Ioo(toouoo) + tﬁ f (V(X) - Voo) |uc>o|2dx
2 R3
+ Af (Koo — K(x)) F(tooltoo)dx.
R3

Taking into account (V}), (K) and (F), there holds

I/l,s(tool’tOO) < Ioo(toouoo).
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So in general, we get
Clre < I/l,s(toouoo) < Ioo(tool/too) < Ioo(uoo) = Coo-

Step 3. According tod € [0, c,.] and ¢, < ¢, We have
0< Cre —-d< Cle < Ceo-

By Lemma 4.6, we derive v is a ground state solution of system (P,.). Similar to the arguments in
the proof of Theorem 1.1, one can easily prove v is positive. Denote it by (1., ¢¢). So conclusion (i)
follows.

Step 4. Similar to the proof of Lemma 3.4, for a fixed £ > 0, it follows that

. 1,
0= lim ¢y = (upe) = — (I (Uae), thae)
A—>+0 4

2
>Z||M/l,(‘-:||I_I‘l/(R3)7
which implies Alim [0l HY@®) = 0. By Lemma 2.3, we get also Alim ll¢5llp = 0. Atlast, using the fact
—+00 —+00
of Lemma 2.1, one can deduce /llim g%l &3y = 0. So conclusion (ii) follows.
—+00

Step 5. For fixed A = A> 0, itis easy to get {uz  }e>o is bounded. Therefore, up to a subsequence, there
exists uy, € Hy,(R*) such that
Uy, — uzg ase— 0.

Set n, = uy, — uy,. Then 5, — 0 in H}(R?). Similar to the proof of Lemma 3.4, we can deduce there

exists A* > 0 such that
supce =0, VA > A"

>0

Hence we get ¢, < ¢w, for all A> 2, & > 0. Note that all the conditions of Lemma 4.6 are satisfied,
so by Lemma 4.6 we obtain the strong convergence, more precisely it satisfies

lim MI s = ”10'

e—0

In particular, we have (u3,)* — (u7,)” in L3(R3).
Let ¢ € H},(R?). Then we have

(U3, ¥) @) + f qbiu;,ggodx =1 f K(x) f(uz )edx + f |”1s|4”)i,590dx' 4.27)
R3 R3 R3
Pass the limit as € — 0 to the above equality. Now we see each term in (4.27), then we have

(u},g, SO)Hlv(R3) = (uj,o, QO)Hlv(R3)a (4.28)

and as follows by standard arguments we can deduce

L . K(x)f(uz )pdx — L 3 K(x) f(uz0)pdx, (4.29)

and
f |u7’8|4u§’8<,0dx—> f |u10|4u10¢,0dx. (4.30)
R3 R3
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Making use of Lemma 2.4 and taking into account u7, — u, in L5 (R?), ¢ € L= (R?) and the Holder
inequality, we get

f Piug pdx — f Pou ypdx. (4.31)
R3 ’ R3 ’

It follows from (4.28)—(4.31) that

(u},oa‘tﬂ)H‘l,(]I@)"'f ¢ lho‘de— f K(x)f(uw)godx+f |u10|4u10(,0dx,

R3

which shows (u7, ¢%) solves system (P o)- Using the same method in proving Theorem 1.1, we can
prove (uz,, #") is a positive ground state solution of system (P1o)- So conclusion (iii) follows. The
proof is completed. O

5. Proof of Theorem 1.3

In this section, we study the existence of infinitely many solutions to system (P,.). To complete
this proof, we need the following result.

Lemma 5.1. (28]) Let X be an infinite dimensional Banach space and let I € C'(X,R) be even, satisfy
(PS) condition, and 1(0) = 0, If X = Y @5 Z, where Y is finite dimensional and I satisfies the following
conditions.

(1) There exist constants p,a > 0 such that I|yu=pynz > @;

(ii) For any finite dimensional subspace Xc X, there is R = R(X) > 0 such that I(u) < 0 on X\BR
Then I possesses an unbounded sequence of critical values.

Now we give the proof of Theorem 1.3.

Proof of Theorem 1.3. To prove Theorem 1.3, it suffices to give the verification of (i) and (ii).
Verification of (i): In view of (3.5) and the Sobolev inequality, we have

1 1
Lao(u) =51l )+ f ¢"luPdx — A f K()F(u)dx — 2 f uffdx

1 C [, /1C2 )
/2||u|| HlE) T flld flldx— flul dx

— A&Csllull} s, = AC4Cellulll, s = Csllull),

1
/2”””1_11 R3) H! (R3 H! (R% H! (R3

For p > 0 small enough, let 6 = %pz — (1eC3 + AC4C, + Cs)p*, then L eWlop,nz = 6 > 0.
Verification of (ii): For any finite dimensional subspace Xc H{,(R?), by the equivalence of norms in

the finite dimensional space, there exists constant C > 0 such that

C||”||H1V(R3) < ||”||LS(R3), s €[2,6], YueX.
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Putting this together with (3.5) and Lemma 2.3, one can infer

1 1 1
L) =5l o + 7 fR3 $ulul*dx — /lfR3 K(x)Fdx - ng Jul°dx

1 6
<Ml s, + Colllyy s, + AC2 | IFGldx - 5 ul®dx
/L‘;‘Cz
2 4 6
<Gy, + Culllly oy + == |+ } 5 | ufdx
1 2
<l e, + Calllly sy + ACSColuly, oo —csnunHl(w

Since 4 < p < 6, there exists R > 0 large enough such that 7, .(#) < 0 on X \Br. Based on the above
facts, all conditions described in Lemma 5.1 are satisfied. Similar to the proof of Theorem 1.1, we can
show that the infinitely many solutions are positive. The proof is completed. O

6. Proof of Theorem 1.4

In this section, our goal is to show the nonexistence of ground state solution to system (P,.).

Lemma 6.1. Suppose that all conditions described in Theorem 1.4 hold. Then for any A,& > 0,
Cle = Coo-

Proof. By the assumptions of V(x) and K(x), one can easily get I,(u) < Iy .(u), for all u € H,(R?). In
view of Lemma 4.1, we have for each u € N, there exists ¢, > 0 such that t,u € N,.. So, for each
u € N, there holds

0 < co = Inf I, () < m%x I.(tu) < m%x L (tu) = 1) (t,u).
> >

UeN

Moreover, according to Lemma 4.1,

0<co < Inf L (t,u) = inf 1,.(v) = Cpe.
ueN« VEN e

Hence, it remains to show ¢, < C.

By Theorem 1.1, we know that system (P,,) has a positive ground state solution u,, € N,. Denote
by w,(x) = Ueo(x — y,), where {y,} € R® and |y,| = +oc0 as n — +oco. Then, there exists a z,, > 0 such
that ¢, w, € N, that s,

£ f (IVateol? + Vx + ylues?) dix + £, f ¢ luooPdx
~ ® ©6.1)

:f K(x+yn)f(twnuoo)twnuoodx+tgnf |uo|0dx.
R3 R3

It is easy to see that {z,, } cannot converge to zero and infinity. We assume f,, — f, as n — +oo.
Passing the limit as n — +o0 in (6.1), we get

f (IViteol? + Violuo?) dx + 27, f ¢° JuolPdx

R3

o, Uoo oo
:f Koof( plheo )t fluoo|6dx
R3 t
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By us € N, we can conclude lim 7, = 1. Since

n—+oo

t2
Clre <I/l,a(tw,,a)n) = Ioo(twnuw) + ;n f (V(x + Yn) - Vw) |u00|2dx
R3

(6.2)
-A f (K(x +y,) — Ko) F(2,,U0)dx.
R3
Furthermore, by the assumption of V(x), we can infer for any € > 0, there exists R > 0 such that
f (V(x + yn) — Veo) lueol*dx < €.
[x[=R
By |y,| — +c0 and the Lebesgue dominated convergence theorem, we have
f (V(x + y2) = Veo) lueol*dx = 0.
|x|<R
Thus, we get
lim f (V(x +Yp) = Vo) Jttoo|*dx = 0.
n——+o0o R3
Similarly, we can arrive at
lim f (K(x+y,) — Ks) F(uso)dx = 0.
n—+oo R3
Hence, using #,,, — 1 and letting n — +oc0 in (6.2), we have ¢, < c. The proof is completed. O

We give the proof of Theorem 1.4.

Proof of Theorem 1.4. By way of contradiction, we assume that there exist 4o > 0 and uy € N,, . such
that I, (1p) = ¢y, In view of Lemma 6.1, one has ¢, = cw. According to Lemma 3.1, we know
that there exists ¢, > 0 such that fyuy € N.. Thus, we have

Coo < Ios(fottg) < Iy (toup) < max Ly, £(tug) = I, £(Up) = Cap6 = Coos

which yields a contradiction. Moreover, the proof of € is similar to A, so we omit it here. The proof is
completed. O

Appendix
Proof of Lemma 3.1. (i) It is standard to show that I, satisfies the mountain pass geometry. By the

mountain pass theorem, we can obtain a (PS),  sequence of /.
(i1) For t > 0, let

7 r* °
ho) = L) = Sl o) + 5 f GluPdx— K., f F(tuydx - = f luf®d.
Voo R R3 R3
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For ¢ > 0 small enough, it follows from (3.5) and Sobolev inequality that

1? AK,, AKC. 10
ho) 25l ooy = 521" f Juftdox - =17 f updx— = f uf*dx
R3 P R3 R3

2

— CJull; Ct"|lull? — COlull?

2
>EHI’l”fI‘I/DO(R? Hl (R’i)_ Hl (R3 Hl (RS

Hence, we get h(t) > 0 for ¢ > 0 small enough. Moreover, it is easy to see I, (fu) — —oo as t — +oo.
Therefore, h(¢) has a maximum at t = 7, > 0. So that 4'(z,) = 0 and 7,u € N,. Next, we show that ¢,
is unique. By the way of contradiction, we assume that there exist 0 < ¢, < 7, such that 7,u, t,u € N.
Then, we have

L] [ [t )
(7?, - ﬂ)”””H‘ w8y = Ko fR3 [(;uu)g - (tuu)3]|ul4dx+(ti ~12) fR3 lulSdx,

which is impossible by 0 < ¢, < 7,. We now show

lim ¢, = 0.
A—+00
By I' (t,u) = 0, then #, satisfies
Clull?, A+t f ¢ lul*dx = AK.,, f ftu)t,udx + 15 f |u|®d.x. (A.1)
HVoo(R ) R3 R3 R3
If lim t, = +oo, then in view of (F), it is easy to lead a contradiction. Thus, hm t,=n=0.1fn >0,

A—+0o0

then combined (A.1) with Lemma 2.3, as 4 — +o00, we can infer

C(n2 + 774) 2 /lKoof f(tuu)tuudx + tSf |u|6dx — 400,
R3 R3

which yields a contradiction. Hence we conclude 1 = 0.
(iii) By (ii) one has ¢, = €. Choosing #; > 0 large enough such that

I.(tju) < 0.

Define a path y : [0, 1] — Hj, (R) by ¥(r) = ,1u, then we have y € I'. Thus, we obtain cs < €. On
the other hand, let k() := (I’ (y(t)), y(t)), where y € I'. Then, k() > 0 for ¢t > 0 small enough. Set
v(1) = e, one has

1
Io(e) - Z(L',o(e),e)

1, 1 1 p
_ZI|€||H¢OO(R3) + AK 11;3 (Zf(e)e - F(e)) dx + T LS le]’dx
>0,

from which we obtain
(I (e),e) < 4l.(e) <O.

Then there exists 1, € (0, 1) such that (I’ (y(t,)), y(t)) = 0, which implies y(#,) € N. Therefore, we
get Coo < Coo. The proof is completed. O
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