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Abstract: In this paper, we discuss the generalized quasilinear Schrédinger equation with nonlocal
term:
—div(g*()Vu) + g)g' W) Vul® + V(xu = (™ * F(w)) f(u), x€R", P)

where N > 3, u € (0,N), g € C'(R,R"), V € C'(R",R) and f € C(R,R). Under some “Berestycki-
Lions type conditions” on the nonlinearity f which are almost necessary, we prove that problem (P)
has a nontrivial solution i € H'(R") such that ¥ = G(&t) is a ground state solution of the following
problem

G'()

8(G~' ()

where G(t) := fot g(s)ds. We also give a minimax characterization for the ground state solution v.

—Av+ V() = (™« FG™' D) £(GT' (), xeRY, (P)

Keywords: quasilinear Schrodinger equation; nonlocal term; ground state solution; Berestycki-Lions
conditions

1. Introduction

The purpose of this paper is to explore the quasilinear Schrodinger equation with nonlocal term:
—div(g*(w)Vu) + gu)g' @I Vul* + V(x)u = (X ™ * F(w)) f(u), x €RY, P)

where N > 3, u € (0, N), V is nonnegative, f is continuous and g € C!(R,R*). To obtain solutions of
equation (P), we make the following assumptions about g, V and f:
(g) g e C'(R,R")is even with g'(¥) > 0 for all ¢ > 0;

(Vi) Ve CRNM,[0,))and V(x) <V, := limpy_e V(x), for all x € RY;
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(F1) feCR,R);
(F2) limy o % =0, limye % =0.
gIGI "N~ gIG( N-2~

Such a problem is often referred to as being nonlocal due to the appearance of the term
(|x|™ * F(u)) f(u) which implies that (P) is no longer a pointwise identity. In particular, when u — 0

in (P), then it be reduced to the following generalized quasilinear Schrodinger equation with f := Ff:
— div(g*(w)Vu) + gu)g' WIVul® + V(x)u = f(x,u), x € RV (L.1)

Equation (1.1) has received wide attention and solutions of (1.1) are related to the standing wave
solutions of the quasilinear Schrédinger equation:

i0,z = Az + W)z — h(x, |z)z — al(|z*) (12)z, (1.2)

where z : RxRY - C; W: RY — Ris a given potential; 7 : R¥ xR — Rand [: R — R are
suitable functions. Different expressions of / represent different physical backgrounds. For example,
when [(s) = s, [1] applied (1.2) to superfluid film equation in plasma physics and fluid mechanics;
when I(s) = s* and @ > 1, we can see [2]. Let z(t, x) = exp(—iEt)u(x), where u(x) is a real function
and E € R. Then equation (1.2) can be converted into (see [3]):

— Au+ Vxu — Al @Pu = f(x,u), xeRY, (1.3)

where f(x,t) = h(x, |t|)t and V(x) = W(x) — E.

About Eq (1.1), there are a lot of papers studying the existence of solutions by using variational
methods. Especially, In [4], Liu et al. firstly attained the positive solution through using variational
method and the idea of change of variables. Moreover, in [5], Deng et al. obtained the existence
of positive solutions with critical exponents by using a change of variable and variational argument.
In [6], Li et al. proved the existence of a positive ground state solution which possesses a unique local
maximum and decays exponentially by variational methods. For more about the results of (1.1), we
can see [7-9] and the references therein.

When g(t) = 1 and i - 0, (P) is reduced to the classical elliptic equation
—Au+ V(xu = (Ix™ * F(w) f(u), xeRY. (1.4)
When N =3,u =1,V =1 and f(¢) = t, the equation of (1.4) become
—Au+u=(|x|_1*u2)u, xeR?, (1.5

which arises in the description of the quantum theory of a polaron at rest by Pekar in 1954 [10] and the
modeling of an electron trapped in its own hole in 1976 in the work of Choquard, see [11].

To recall the literature in mathematics, Lieb [11] proved the existence and uniqueness, up to trans-
lations, of the ground state solution for (1.5) and Lions [12] showed the existence of a sequence of
radially symmetric solutions via variational methods. In the last decades, a great deal of efforts have
been devoted to the study of existence, multiplicity and properties of the solutions of (1.4). For exam-
ple, in [13], Gao et al. proved the existence and multiplicity of semiclassical states by critical point
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theory; in [14], Yang established some existence and concentration results of the semiclassical solu-
tions of (1.4) in the whole plane by suppose that the nonlinearity f is critical exponential growth in
R2.

It is worth emphasizing that (P) is more general than (1.1) and (1.4). So it is meaningful to study
(P). Usually, people study the existence of the solution of problem (P) by studying problem (P). A
typical way to deal with (P) is using the mountain-pass theorem. For this purpose, one usually assumes
that V = 1, is periodic, V(x) = V(|x|), or is coercive while f satisfies one of the following conditions:

(1) Super quadratic condition

(SF) limy_, o % = oo uniformly in x € RY, where F(x,1) = fot f(x, s)ds;
(i1) Ambrosetti-Rabinowitz type condition

(AR) there exists @ > 2 such that f(x,7) > aF(x,t) >0 forallz € R;
(iii) Monotonicity condition

(SD) £%2 is increasing for r € R\ {0}.

Under these conditions, it is easy to get a bounded (PS) sequence and verify the Mountain Pass geom-
etry about the corresponding energy functional of (P).

To the authors’ knowledge, in recent paper [15], Yang et al. obtained the existence, multiplicity and
concentration behavior of positive solutions by variational method and the assumption of (SI); in [16],
Li et al. proved that the equation admits a solution by using a constrained minimization argument and
the assumptions of (SF); in [17], Yang et al. got the concentration behavior of ground states via dual
approach and the assumptions of (SF) and (AR). For other related results of (P), we refer the readers
to [18-22] and the references therein.

Different from the existing literature, in the present paper, we shall establish the existence of ground
state solutions of (P) and get the existence of solutions of (P) under (F,), (F,) and

(F3) there exists 5o > 0 such that F(sy) # 0, where F(s) = fos f(tdt.

We know that (F3) is the Berestycki-Lions type assumption which is satisfied by a very wide class of
nonlinearities. These types of nonlinearities were first introduced by Berestycki and Lions in [23] to
get an existence result of the Schrodinger equation

—Av+v=f(v), veH'®RY).

It is easy to see that (F3) is much weaker than (SF), (AR), (SI) and the others in the related literature.
Such kind of conditions are almost necessary for the existence of nontrivial solutions to autonomous
problem or to the scalar field equation. Compared with autonomous problem, the nonautonomous
problem (P) is much more difficult to study. Motivated by the analysis above, in this paper, our goal is
to study the ground state solution of (P) and then get nontrivial solutions of (P) .

In view of (F,), (F,) and Hardy-Littlewood Sobolev inequality, for p € (2,2*), any € > 0 and
u € H'(R"), one have

F F
f (IxI™ * F(u)) F(u)dx = f f DT gy < I @0)lx N -
RN RN JRN e = b
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2(2N-p)/N 2(2N-p)/(N-2) 2N—-u)/N
< & ([l 4 BN 4 Cllulp PN, (1.6)

It is standard to check that, under (1.6), (V;), (F;) and (F,), the Euler-Lagrange functional associated
with problem (P) in H'(R") is given by
_ 1 1 1
T(u) == f &)\ Vuldx + = f V(x)utdx — = f (Ix™ * F(u)) F(u)dx. (1.7)
2 RN 2 RN 2 RN

Since the term fRN 2*(u)|Vul*dx may not be well-posed in u € H'(RY), to overcome this obstacle, Shen
and Wang [24] made a substitution of variable as v = G(u) = fou g(t)dt. So for all v € H'(R"), we have

f g (w)|Vul*dx = f (G W)IVG w))Pdx = IVvPdx < +oo.
RN RN

RN

Therefore, by this change of variable, (1.7) becomes
§ 1 1
Tw=- f (V9P + V@)IG™ 0)P) dx - f (I « F(G™ (v)) F(G™ (v))dx. (1.8)
2 Jow 2 Jew

Furthermore, we can find that if v € C*(R") is a critical point of (1.8), then u = G~'(v) € C*(RV) is a
corresponding one of (P). Hence, to obtain nontrivial weak solutions of (P), one just need to look for
nontrivial weak solutions of the equation

Gy (W™ F@G' o)) fG o)

— — N P
SRRPTIEEIT) G L e ®)
The energy functional of (P) is
I() = 1 f (|Vv|2 + V(x)lG_l(v)lz)dx 1 f (lxl_“ % F(G‘l(v))) F(G™'(v))dx. (1.9)
2 RN 2 RN

It is evident that v € H'(R") is a weak solution of (P), if it satisfies for all ¢ € Cy'(RY)

G'(v)
LN VyVedx + fRN V(x)g(G‘l(v))(pdx
f (Il « F(G™'()) F(G™' ()
7 2(G'(v)

From (g), (V1), (V2), (F1), (F2) and the Appendix B of [25], we have the PohoZaev type functional #
of (P) in H'(RY):

'), )

@dx = 0. (1.10)

Pv) = NT_z IVvlPdx + % f (NV(x) + VV(x) - x)|G' (v)|Pdx
RN RN

2N f (I + F(G™' (1)) F(G™ (v))dx. (1.11)
2 RN

Define the PohoZaev manifold of 7 by

M= {v e H' R\ {0} : P(v) = o}.
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Then every nontrivial solution of (P) is contained in M. To state our first result, we need to introduce
the following monotonicity condition on V:

. . 2 —_ 3 . . .
(V,) V e CY(R",R) and there exists 8 € [0, 1) such that 7 — ¥ V(”):X,‘;(’x) @) 4 8 45%\_’ ”li?zg is nonincreasing
in (0, o0) for every x € R¥\{0}.

Theorem 1.1. Assume that (g), (V1), (V2) and (F))—(F3) hold. Then problem (P) has a ground state so-
lution v such that

T0) = 1 70) = Inf e 70,

and it = G~ (V) is a nontrivial solution of (P), where

v(x) = vt 'x) and A = {v e H'RY) : (|x|_’“‘ * F(G—‘(v))) F(G'(v))dx > o} i

RN
Applying Theorem 1.1 to the following “limiting problem” of (P):
~div(g*(u)Vu) + gw)g' @IVul® + Vo = (I * Fw)) f(u), x e R". (P*)

Similarly, using the same variable v = G(u) = fou g(®)dt. Then (P™) become the following problem

- ok F(G™! G
AV VL G'(v) _ (le ( (v))) f( (v)),
8(G'(v) g(G~1(v))

One has the following Corollary:

xRV, (P)

Corollary 1.2. Assume that (g), (F\) — (F3) hold. Then problem (P*) has a ground state solution v*
such that
! (V ) B vg/g‘x’ ! (V) - vell{l\iz()} 1'1;1>%XI (V;),

and u® = G~'(v*°) is a nontrivial solution of (P), where

IoWv) = % f (|Vv|2 + VOOIG‘I(V)IZ)dx - % f (|x|_“ % F(G-l(v))) F(G™'(v))dx (1.12)
RN RN

N-2 N
Pe(v) = — f IVv[Pdx + o) f VoolG7 (v)[Pdx
RN RN
2N —u

2

f (le‘“ % F(G-l(v))) F(G™'(v))dx (1.13)
RN
and

M = {v e H'®RY\ {0} : P°(v) = 0}.

To prove the above conclusions, we shall divide our arguments into three steps: (i). Choosing a
minimizing sequence {v,} of 7 on M, which satisfies

I(v,) > m:= i/r&(f], P, =0.
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Then showing that {v,} is bounded in H'(RY) and v, — ¥ in H'(RY) \ {0} up to translations and
extractions of a subsequence. (ii). Showing that ¥ € M and 7(¥) = infsZ. The difficulties of step
(i) are the lake of global compactness and adequate information on Z’(v) = 0. To overcome these
difficulties, for any > 0 and v € H'(R"), we establish a crucial inequality which related to 7(v), Z(v,)
and P(v):
1 — 2N (1 — O)h(1)
TW) > I(v) + ————P) + ————||VV|}3.
()3 T00) + 37— -P0) + 550 SV,

With the help of the inequality, we complete step (i) by Lions’ concentration compactness principle,
the least energy sequence approach and some subtle analysis. (iii). Similar to the proof of Lemma 2.14
in [26], we showing that ¥ is a critical point of 7.

Remark 1.3. By the PohoZaev type identity related to (P®), it is easy to see that (F3) is necessary and
(F1) — (F5) are almost necessary for the existence of nontrivial solutions of (P).

To admit the other classes of ground state solutions of (P), we need to introduce the following decay
assumption on VV:

(V3) V e CY{(RM,R), and there exists R > 1 such that
g(0*(N - 2)

Wwor<y 20x?
T”V(x) x| > R.

0 < |x| <R,

Remark 1.4. There are indeed many functions which satisfy (V;) and (V). For example
(). V(x) = @ — Be ™" where @ > B> 0;
(ii). V(x) = @ = by, Where @ > B> 0, Na > 3N — p)B.
(n—p)(2a—p)
4

In particular, when @ > 8 > 0, B(N — u) > min{ (g(O))22(N—2)2}

satisfies (V) and (V3).

Theorem 1.5. Assume that (g), (V1), (V3) and (F,) — (F3) hold. Then problem (P) has a ground state
solution v and u = G™'(v) is a nontrivial solution of (P).

in (i1), the function of (ii) also

b

To prove Theorem 1.5, we will use the idea from Jeanjean and Tanaka [27], that is an approximation
procedure to obtain a bounded (PS)-sequence of 7. Firstly, for 4 € [%, 1] we consider a family of
functionals 7, : H'(RY) — R defined by

(v = % f (19 + V@)IG™ 0)P) dx - % f (I % F(G™'(v)) F(G™' (v))dx. (1.14)
RV RN

These functionals have a Mountain Pass geometry. In what follows, we use ¢, to express the corre-
sponding Mountain Pass levels of 7 ,. Let

A= % fR 3 (|Vv|2 + V(x)lG‘l(v)Iz)dx, B= % fR 3 (le_“ « F(G—l(v))) F(G™'(v))dx.

Unfortunately, B(v) is not sign definite under (F;) — (F3), which prevents us from employing Jeanjean’s
monotonicity trick used in [28]. Thanks to the idea of [27], 7, still has a bounded (PS)-sequence
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{v,} € H'(RM) at level c;, for almost every A € [%, 1]. Secondly, we use the global compactness lemma
to show that the bounded sequence {v,} converges weakly to a nontrivial point of 7,. Finally, we
choose two sequences {4,} C (4%, 1] and {v,,} C H'(R)\ {0} such that 2, — 1 and I;n(vﬁn) = 0, where
A" is defined in Lemma 3.5. By Lemmas 3.5-3.9, we get a nontrivial critical point ¥ of 7.

Throughout the paper we make use of the following notations:
& H'(R") denotes the usual Sobolev space equipped with the inner product and norm

(u,v) = (Vu - Vv +uv)dx, |u|| = {u, u)é, Yu, ve HI(RN);
RN

& L*(RY) (1 < 5 < o) denotes the Lebesgue space with the norm ||ul|, = (fRN |ul® dx)%;
& forany u € H'(RY), u,(x) := u(z"'x) fort > 0;

&forany xe RN andr > 0, B(x) :={y e RN : |y — x| < r};

& C, Cy,C, ... denote positive constants which are possibly different in different places.

& S is the best constant for the embedding of D'?(RM) < L*RY), where D'“?R")
{u e L2RY); Vu € [RY)} and 2* = 2.

The paper is organized as follows: In § 2, we study the existence of ground state solutions of (P) by
using the Pohozaev manifold and give the proof of Theorem 1.1. In § 3, based on an approximation
procedure developed by Jeanjean and Tanaka [27], we show the existence of ground state solutions of
(P) and complete the proof of Theorem 1.5.

2. Preliminaries

In this section, we present some fundamental lemmas and corollaries, study the existence of ground
state solutions of (P) by using the PohoZaev manifold, and give the proof of Theorem 1.1.

Lemma 2.1 (see [5]) Assume that (g) holds. Then the functions G(.) and G~'(.) have the following
properties:

(1) the functions G(.) and G™'(.) are odd and strictly increasing;

-1 G L “17n\2.
(2) forallt e R, |G ()| < || and 2D < |G

L
40)

(3) @ is increasing on (—oo,0) but decreasing on (0, +00) and

1
G ' 1 Gty | —— ifgisbounded,
Hm —— = g0) e 1 8(0)
fl— t]— 00
8 0 if g is unbounded,
-1 B
(4) lim|;|_)0 f(G—% =0and limlt|—>0 F((z;Ni,EI)) =0,
G oy N (TN
—1 _
(5) 1im|t|—>oo L% =0and limm_m F(GZNI_EIZ)) =0.
(G )l V=2 1| V=
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Lemma 2.2 Assume that (g), (V}), (V2), (F)) and (F,) hold. Then, for any t > 0 and v € H'(R"), we
have

| — 2N 1 - Oh) .
I(V) = I(Vt) + mp(\/) + Z(T_’u)llellz, (21)

where h(t) = 2N — p)(1 — V72) — (N = 2)(1 — £2V7#).

Proof. Note that

tN—Z tN
Iv) = — f IVv? dx + — f V(tx)(G™ (v))dx
2 RN 2 RN

t2N—,u

2

f (lxl_" % F(G—l(v))) F(G™'(v))dx. (2.2)
RN

By simple calculation, we have A(f) > 0 with ¢ € [0, 1)U (1, c0). Through (V,) and a simple calculation,
we can verify that

b(x,H) = (N—pu+NP"MV(x)— Q2N - V(tx) — (1 = 2N H)VV(x) - x
N —2)*g*(0)8h(t
_W =2 ORD s ) and x e RV (0). (2.3)
4|x|?
According to Hardy inequality, we have

N —2)? 2
g > V=2 f l%dx, for any v € H'(RY). (2.4)

RN X|

Using (1.9), (1.11), (2.2)—(2.4) and (2) of Lemma 2.1, it is easy to check that, for any ¢ > 0, we have

IT(wv)—-1(v)
1 — N2

= ||Vv||§+l f [V(x) — " V(t)llG™ (v)*dx
RN

2 2

1 _ _1 4 IZN—;J B » »
1 f (W« FG' ) FG™ ) + f (1 # F(G™ ) FG (v)dx
2 R3 RN
_ {2N— _
= 12Nt_ - {N2 2 VI3 + % fRN[NV(x) + VV(x) - x]IG™'(v)Pdx
2N — ~ - ) h(t)
— LN (le % F(G 1(v))) F(G 1(v))dx} + 2N ) VI3
1 -1 2
+2(T—,u) oy b(x, DG~ (v)["dx
1-— IZN_M (1 _ G)h(t) 5
> N PO Sy oIV
This shows that (2.1) holds. 5
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Corollary 2.3 Assume that (g), (F,) and (F,) hold. Then, for any t > 0 and v € H'(RY), we have

. - 1 — N+ h(f) ,  k()Ve
I°W) = I%(,) + N 7)()+2(T_#)||VV||2 22N - )

———IG"' W3, (2.5)
where k(t) = QN —u)(1 = V") = N(1 =M >0, Vte€[0,1)U(l, ).

Corollary 2.4 Assume that (g), (V1), (V2), (F1) and (F,) hold. Then
I(v)= max I(v), YveM.
>

Lemma 2.5 Assume that (g), (V1), (V,) hold. Then there exist tow constants vy, y, > 0 such that for
allv e H'(RM)

YV + 720G~ W5 < 19V + f [NV(x) + VV(x) - x]|G™' (v)[dx. (2.6)
RN
Proof. Lett — 0,t — oo in (2.3) respectively, we have

(N = 2)’(N +2 - )g*(0)8

VV(x)-x < (N —-w)V(x) + e , ¥V x e RM\{0} (2.7)
and
VV(x)- x> -NV(x) - %, vV x € RM\{0}. (2.8)
From (2.7), (2.8) and (V,), there exists a constant M, such that
IVV(x)- x| < My, Y xeR\{0}. (2.9)

By (2.3), for V¢t > 0, x € RV\{0}, one has

(N —2)’¢*(0)8

NV(x)+VV(x)-x > — 2P

+ (2N — p)V(tx)

B [(N —2)’(N +2 —1)g*(0)8

A - VV(x)-x+ (N - u)V(x)] #72N (2.10)

According to (V), there exists #y > 1 and Ry > 0 such that V(x) > VT‘” for all |x| > toRy > Ry and

N —2)%(N +2 — w)g(0)0 2N — )Ve
& =2 MO0 g+ N = v | < GV 2.11)
4|x|? 4
From (2.10) and (2.11), we have
N =2)3¢20)0 (N - wRNV,,
NV(x) +VV(x)- x> _¢ )¢ O +( Ry x> 1 (2.12)
4|x[? 4
Making use of the Holder inequality and Sobolev inequality, we get
2%/2
f Vidx < oy " ( f vz*dx) <ol ., (2.13)
lxl<1 lxl<1
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where wy denotes the volume of the unit ball of RY. Then, it follows from (V,), (2.4), (2.12), (2.13),
(2) of Lemma 2.1 and Sobolev inequality that

(N = 2)||Vv|i3 + f (NV(x) + VV(x) - 0)IG (v)|Pdx
RN

> (N =2)|Vv5 + (NV(x) + VV(x) - x)|G' (v)|Pdx
[x|]<1
+ (NV(x) + VV(x) - 0)IG L (v)[*dx
[x|>1
(N-2°%0 (" IG'(gO)F ,  @N-mRy™"Vy i
> (N -=2)|V3 - f f dx + 0 f G~ (v)|Pdx
4 RV |x] 4 |x[=1
2N — RNV,
> (=N -2V + DN H 31 0 f G~ (v)Pdx
[x>1
(1 —6)(N -2) (1 —6)(N - 2)S (2N — WREV V. .
> —— Wi+ T f Vidx + 1 2 IG™' (v)IPdx
Wy lxl<1 [x>1
1—6)N -2 0)2(1 — (N —2)S (N — RNV,
5 ( )( )IIVv||2 + min (g(0)*( ) ) ’ ( R, G (v)Pdx
- 5 2 2/N 4
2(,()N RN
= ylIWIE + %lG M5
So we completes the proof of the lemma. O

Lemma 2.6 Assume that (V,), (V,) hold. Then

IVV(x)- x| = 0, as |x| —» .

Proof. Arguing by contradiction, we assume that there exist {x,} € R" and & > 0 such that

as |x,| — oo,we have VV(x,)-x, >ecor VV(x,)-x, < —¢&, YneN.,

Now, we distinguish two case.

Case i) as |x,| = oo, we have VV(x,) - x, > &, ¥ n € N. In this case, by (2.3), one has

Since

e < VV(x,) - x,
(N —u+ NEVMV(x,) = 2N — 1"V (1x,)
- 1 — 2N-n
(2N —2)*(2(0))*6h(1)
P = vy forVO<t<1. (2.14)
— 2N—py _ _ N
lim [N —p+ NeTH) = CN - )" Ve _ 0. (2.15)

t—1 1 —2N-u
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there exists 0 < #; < 1 such that

(N —p+ NG = QN - i1V _ &
| S
Then it follows from (V;), (2.20) and (2.16) that
e < VV(x,) - x,
[(N =+ Ni" ™) = N = i*1V(x,)
- 1 -
LN - (VOw) = V) 2N — ) (g(0)70h(n)
12N A, (1 =1
e @N-prlVe) - Vo)l 2N - u(g(0)70h(n)
-2 1-nv Ax (1= 5
= S +o(),

which is a contradiction.

Case 1) as |x,| = oo, we have VV(x,) - x, < —&, ¥ n € N. In this case, by (2.3), one has

- > VV(x,) - x,
(N —u+ NP V(x,) — 2N — iV V(rx,)
- N1 — 1
(2N —2)*(2(0))*6h(1)
AP =)

, forVie>1.

From (2.15), there exists t, > 1 such that

(N —p+ NG - N - Ve &

1-N* 2

Then it follows from (Vy), (2.18) and (2.19) that

€ 2 Vv(xn) * Xn
[(N =g+ NG"™) = N = 1)1V (x,)
1 -
2N — el (V(x,) = V(t1x,)) (2N — 1)*(g(0))*0h(t>)
+ 1 ZZN_# + 4| 2 2N—u
) Xpl*(1 = tz )
&, @N - (V@) — V) 2N - ) (g(0)°0h(r)

2 1 - 4,21 =BV

—g +o(1),

which is a contradiction.
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Lemma 2.7 Assume that (V1), (V,) and (Fy) — (F3) hold. Then A # 0 and
{ve H'®RY)\ {0} : P°(v) <0 or P(v) <0} C A

Proof. It follows from the proof of Theorem 2 in [23], the properties of g and condition (F3) that A # 0.
Next, we have two cases to distinguish:

(1) v e H'(RM) \ {0} and P=(v) < 0, then (1.13) implies v € A.

(2)ve H'@®RM)\ {0} and P(v) < 0. By (1.11), (2.3) and (2.8), one has

2N -
S f (I« F(G™' ) F(G™ (v))dx
2 RN
= PO) - ——IVip =35 | INVD)+TVx)- 0l ()] dx
R

(1-6(\N-2)

< —fllwllﬁ <0,
which implies v € A.
From the above two cases, we complete the proof of this lemma. O

Lemma 2.8 Assume that (g), (V1), (V) and (Fy) — (F3) hold. Then for any v € A, there exists a unique
t, > 0 such that v, € M.

Proof. Letv € A\ {0} be fixed. Define a function N(¢) := Z(v,) on (0, o). Clearly, by (1.9) and (2.2)
we have

N(@#) =0
N2 , 1N NN
= THVVII2 + 5 [NV(tx) + VV(tx) - tx]|G™ (v)|"dx
RN
t2N—/1

> f (I % F(G™' ) FG'(0)dx =0 &= Pr) =0 = v, e M.

RN
Using (2.4), (2.8) and (2) of Lemma 2.1, we have 8(#) > 0 for ¢t small and R(¢) < 0 for 7 is large enough.
Therefore, maxe(o..0) N(?) is achieved at some #, > 0 such that 8'(z,) = 0 and v, € M. Next, we claim
that 7, is unique. In fact, if #; ,, > O such that v, , v, € M, then P(v,)) = P(v;,) = 0. From (2.1), we
have

@ end)
I(vy) =2 I(vy)+ WP(W.) + mllwllg > 1(v,)
> I(v,)+ MP@ )+ %nwnz > I(v,)
T N N T 20N - R T
which implies #; = £,. So, we complete the proof. O

Combining Corollary 2.4 with Lemma 2.8, we have the following corollary:

Corollary 2.9 Assume that (g) and (Fy) — (F3) hold. Then for any v € A, there exists a unique t, > 0
such that v,, € M.
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Lemma 2.10 Assume that (g), (V1), (V) and (Fy) — (F3) hold. Then

inf 7(v) :=m = inf maxJ(v,).
veM veA\{0} >0

From Corollaries 2.3 and 2.9, we have the following corollary:

Corollary 2.11 Assume that (g) and (Fy) — (F3) hold. Then

inf 7°W) :=m™ = inf max 7% (v,).
veM® veA\{0} >0

The following version of Brezis-Lieb lemma for the nonlocal term is useful for our analysis. We
refer to [29] for a proof.

Lemma 2.12 Assume that (g), (F)) and (F,) hold. If u, — u in H'(R"), then

f (x* % F(u,))F(u,)dx = f (x*x F(u)F(u)dx + f (x* * F(u, — u))F(u, — u)dx + o(1).
RN RN RN

From the above Lemma 2.12 and Lemma 1.32 of [25], we have the following lemma

Lemma 2.13 Assume that (g), (V,), (V,) and (F,) — (F3) hold. If v, — v in H'(RN), then
ITw)=IW)+I(v,—v)+o0(1l), P, =PW)+PW,—v)+o(l).

Lemma 2.14 Assume that (g), (V1), (V) and (Fy) — (F3) hold. Then there exists some 6 > 0 such that

(1) inf,cpq fRNHVvl2 + |G 'W)*1dx > 6 for any v € M; (ii) m = inf,ep T (v) > 0.

Proof. (i) Since P(v) = 0 for any v € M, it follows from (F,), (F;), (1.6), (2.6), Sobolev embedding
inequality and Lemma 2.1 that

min{%,)/z}f [V + G ()P 1dx
RN

IA

RN

(N -2) IVv[dx + f [NV(x) + VV(x) - x]|G'(v)Pdx
RN

= @N-p) f (™ FG™' D) F(G™ (v)dx
RN

2(2N—p1) 2(2N-p)

- N N2

< ( f [|Vv|2+|G-‘<v>|2]dx) +C ( f [|Vv|2+|G—‘(v>|2]dx) ,

RN RN
which implies
2 —1/.82 s minfy;, y,}
[(IVV]> + |G~ '()*ldx > 6 := min{ 1, | —= . Vve M. (2.21)
RN 1 + C]

(i1). Let {v,} € M be such that 7 (v,) — m as n — co. There are two possible case:
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Case i) inf,ey [|[VV,l]2 > 0 > 0. Let t — 0 in (2.1), we find

(-6 +2—pu) -6\ +2—pu)

+o(l) = I(vy)> vl > > 0.
m +o(1) 0n) > oIVl > e
Case ii) inf ¢y ||an||§ = 0. From (2.21), passsing to a subsequence, we have
2 -1 » 1
IVvall; = 0 and [|G™ (vy)ll; > 56. (2.22)

Together with (1.6), (4), (5) of Lemma 2.1 and the Sobolev inequality, for v € H'(RY)

f (x* % F(G'W)F(G™ (v))dx
RN

< Cz(“G_l(V)”;(ZN_'u)/N+S_(ZN_'H)/(N_Z)||VV||§(2N_#)/(N_2)). (223)

From (V,), there exists R > 0 such that V(x) > % for |x| > R, and we have

f V(tx)(G'(v))*dx > % (G'(v)’dx, Yt>0andve H'[RM). (2.24)
|tx|>R

[tx|>R

Making use of the Sobolev inequality and Holder inequality, for all > 0 and v € H'(R"), we have

RN (2-2)/2" ) 2/2* wZ/NRz
G (v)dx < | f Gl dx] < =W 225
LQ (dx ( tN R = (223
Let
1/(N—p)
8o = min{Ve, S (R *w, "} and 1, = (é) G~ vl . (2.26)

Then (2.22) shows {t,} is bounded. Finally combine (V;), (2.1), (2.23)—(2.26) and Corollary 2.4, to
discover

m+o(l)=1,) > I((vn),)

N-2 N 2N-u
_ tn 2 tL -1 2 _ In —u -1 -1
= IVvall; + » V)G (va)) dx = —— RN(X * F(GT(v))F(G™ (va))dx

2 2
StV Vool
> o f (G (v)dx + =2 f (G '(vp))dx
2(g(0))*R%*wy," Jii<r 4 sk
o A . CorN .
—ITHG )l - WHV\M”;(M a
SotN CyN .
> =G Wl = S IGT I + o(1)
t 2AN—)/N So( 6\
_ n -1 2 _ - -1 —H _ V| v
= 216 0WIE (60 - 20 G IR ) + o(1) = ( 402) +o(1).
From the above analysis we know that m = inf ¢y Z (1) > 0. O
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Note that since V(x) = V,, satisfies (V1) and (V,), all above conclusions on I are still true for 7.

Lemma 2.15 Assume that (g), (Vy), (V) and (Fy) — (F3) hold. Then

m® =inf I > m.
MDO

Proof. In view of Corollary 2.9, we have M*® # (. Arguing indirectly, we assume that m* < m. Let
& = m —m®. Then there exists v, such that

v e M and m®™ + g > I°0%). (2.27)

In view of Lemma 2.8, there exists z, > 0 such that (v{°),, € M. Thus, it follows from (V,), (1.9),
(1.12), (2.1) and (2.27) that

&
m> + > > I = I((v)),) =2m=m"™ +¢.
This contradiction shows that m™ > m. O

Lemma 2.16 Assume that (g), (V1), (V) and (Fy) — (F3) hold. Then m is achieved.

Proof. From Lemmas 2.8, and 2.14, we know that M # 0 and m > 0. Let {v,} € M be a sequence
verifying 7 (v,) — m. From P(v,) = 0, (1.9) and (1.11), we have
(1-0)(N+2-p)

— 2
m+o(l) =1, > 20N = ) [IVV,ll5. (2.28)

This shows that {||Vv,]||,} is bounded. Next, we need to prove {v,} is also bounded in L>(R"). Firstly, we
claim that {G~!(v,)} is bounded in L>(RY). Arguing by contradiction, suppose that [|G!(v,)|l, — .
Combine (1.6), Lemma 2.1 and the Sobolev inequality, we get

(W FG™ W)FG™ (v)dx
RN
Y Y (N-pw)/N - ~
D) GO 4 SN (229)

~ 1 i
for V v € H'(RY), where 8, is given by (2.26). Lett, = (1(?—0’") [

n — oo. Thus, from (2.2), (2.29), (V) and Corollary 2.4, we have

IG™' w)IL*™, then 7, — 0 as

m+o(l) = I(v,)=T()s)
N-2 N F2NH

Iy 2 I PN In - -1 -1
= IVv,ll; + — f V(t,x)v,dx — f (xI™ % F(GT (v))F (G (vp)))dx
2 2 RN 2 RN

Sffly -1 2 Voofrlzv -1 2

2R2 2/N (G (Vn)) dx + T (G (Vn))) dx
Wy |xI<R |x|>R

Sof"H 1§y \ NN

8 ( 16m)

\%

RN—u
2QN-w/N Cat, Vv ||2(2N—/J)
n

(e O: S Vvl
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\%

G )IEEY N 4 o(1)

50?}%1\"# 5o\

8 (16m)

Soby IG' (va))II3
16m

0
206G B

0 1
= 20IGT vl [1 - —(

N-w/N
3 ) ] +o0(1) =2m + +o(1). (2.30)

This contradiction shows that {||G!(v,))||,} is bounded. Secondly, we show that {||v,||,} is also bounded.
Note that (3) of Lemma 2.1 implies that

s <IGTTDIPAG )P, s < 1. (2.31)

fvﬁdx = f vﬁdx+f Vvidx
RY val<1 [val>1

IG~L(D)[™? f G~ (v,)[Pdx + f vEdx
[val<1 [vel>1
G (DG WIE + S 2 Vvl (2.32)

So, we have

IA

IA

Combine with (2.28) and (2.32), we know that {v,} is bounded in H'(R"). Passing to a subsequence,
there exists ¥ € H'(R™)\{0} such that v, — ¥, in H'R"); v, —» ¥, on L} (R"), Vs € (2,2%) and
v, — p,a.e. on R". There are tow cases: (i) ¥ = 0 and (ii) v # 0.

Casei). v =0, 1ie., v, — 0in H'(RY). By (V,) and Lemma 2.6, it is easy to show that

lim | [V, - V(x)]idx = lim f (VV(x) - x)v2dx =0 (2.33)
RV n—oo RN

n—oo

It follows from (1.9) and (2.33) that
I*(,) » m and P(v,) — 0. (2.34)

Since P(u,) = 0, from (1.6), (2.6) and Sobolev embedding inequality, one has

IA

min{y;,y>}6 IVv,ll; + f (NV(x) + VV(x) - (G (v,))) dx
RN

(2N — ) f (™ % F(G™ (V) F(G™ (vp))dx
RN

2Q2N-u)/N 2(2N—-
Ellval 32V 4 Cl[ Vv, 3N (2.35)

IA

Together with (2.35) and Lions’ concentration compactness principle [25], one can easily verify that

there exist §; > 0 and {y,} € R such that o) [v,|dx > %‘. Let 9,(x) = v,(x + y,), we have

0
P2 (oIl = llvall  and f p2dx > =, (2.36)
B(O,1) 2

and there exists » € H'(RY)\{0} such that §, — 9, in H'(R"); 9, —» 9, on L} (R"), Vs € (2,2*) and
P, — 9, a.e. on RY. By (2.34) and (2.36), one has

Iy - m, P, — 0. (2.37)
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Let w, = ¥, — ¥. From Lemma 2.13, we deserve
I%M,) =I°0) + I%(w,) + o(l), P@,) =P7@) + P> (w,) + o(1). (2.38)
For any v € H'(R"), set

N+2-pu (N = )V

00 _ oo _ 00 — 2 -1 2
PR0) = I70) = 3 P70 = Sa— IV + Sa e SIGT W (2.39)
From (2.37)—(2.39), it is easy to check that
Y*(w,) =m—-¥Y* @)+ o(1) and P°(w,) = -P7®) + o(1). (2.40)

If there is some subsequence {w,,} of {w,} such that w,, = 0, then for this subsequence, there holds
I“W)=m, P®)=0. (2.41)

Next, we show that w, # 0. We assert that P.,(¥) < 0. On the contrary, if () > 0, then (2.40)
indicates that for sufficiently large n, P*(w,) < 0. Because of Lemma 2.7 and Corollary 2.9, there
exists £, > 0 such that (w,),, € M>. (1.12), (1.13),(2.37), (2.39) and(2.40) tell us that

m—-Y"0)+o(l) > ¥Y°(w,) =I"(w,) - P=(wy)
2N —u
t2N—y IZN—;I
> T7(0n) = G P00 2 m” = S P wn) 2

which implies P*(P) < 0 due to m < m*®. Hence, as ¥ # 0, in view of Corollary 2.9, there exists

t» > 0 such that ¥,, € M™. According to (1.12), (1.13), (2.37), (2.39), (2.40), Corollary 2.3 and
Fatou’s lemma, we find

mo= (T @) = 5P 6] = lim $00)
> lPOO A - o0 A _ o0 /A
=2 ) =170 ZN_ﬂP(W
t2N—;1 2N—u
> I°(,)— 2;; _IUSD‘X’(\A/) >m” — 21:; _IUSD‘X’(\A/) > m,

which implies (2.41). In view of Lemma 2.8, there exists 7 > 0 such that 9; € M. By (1.9), (1.12),
(2.41), (V,), Corollaries 2.4, we obtain

m< I <I70) <I70) =m.

This shows that m is achieved at ; € M.

Caseii). v # 0. Let u, = v, — V. Then Lemma 2.13 yields
I(v,) =I®)+I(u, +o(l), P, =PW)+Pu, +o(l). (2.42)
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Through (1.9), (1.11), (2.4) and (2.8), we obtain

Yov) = 1(v)-

2N_'UP(V)
N+2-u

= AN — N S - - ) ~17,7)2
= Son ™ g [ IOV =RV = TV 016 0

A-6OWN+2—p)

2 1N
> 2N — 0 IVull5, ¥veH®RY). (2.43)
Since
I(u,) » m, Pu, =0, (2.44)
it follows from (2.42)—(2.44) that
Y(u,) =m—-Y@)+o(l) and P(u,) = -P@) + o(1). (2.45)

If there is some subsequence {u,,} of {u,} such that u,, = 0, then for this subsequence, there holds
I®=m, PH)=0. (2.46)

Next, we show that u,, # 0. We assert that (V) < 0. On the contrary, if P(v) > 0, then (2.45) indicates
that for sufficiently large n, P(u,) < 0. Because of Lemma 2.8, there exists ¢, > 0 such that (u,), € M.
From (1.9), (1.11), (2.43) and (2.45), we have

m—-Y®) +o(l) = Y(u,) =I(u,) - ﬁp(un)
tﬁN—y tﬁN—y
> Tu),) = e Pln) 2 m = S Pluy) = m

which implies P(V) < 0 due to W(¥) > 0. Hence, as ¥ # 0, in view of Lemma 2.8, there exists a
f > 0 such that v; € M. From (1.9), (1.11), (2.11), (2.43), (2.45) and Fatou’s lemma, one has

1
m = lim[Z(v,)— 2—7’(\/,,)] = lim ¥(v,)

N—-p
2N—u iQN—y
> YY) =1@)- N _ﬂ?’(\?) > 1 (v5) — N _MP(\‘/) >m-— N _#P(\‘/) >m,
which implies (2.46). This implies that the desired conclusion holds. O

Lemma 2.17 Assume that (g), (V1), (V,) and (Fy) — (F3) hold. If v € M and I (V) = m, then v is a
critical point of 1.

Proof. From (g), (V1), (V) and (F;) — (F3) (1.11), there exist T, € (0, 1) and T, € (1, o0) such that
P(\_/Tl) >0 and P(‘_}Tz) < 0.
Similar to the proof Lemma 2.13 in [26], we can prove this lemma only by using

_ 1= 1=-0)h@) )
I(v) <1I(v)— mp(\/) - m (IVVll; = m

(1 - 0)h()

_2
T 20N -1 Vi3 (2.47)
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for any # > 0 and

1 — OWT)IIVY|? (1 - O)h(T,)||V|]? 5
. m min ( Wa(T)| IIZ,( ()| ||2’1,Q_ (2.48)
6(2N — ) 6(2N — W) 8
respectively, instead of (2.40) and € in [26]. |
Proof of Theorem 1.1. In view of Lemmas 2.10, 2.16 and 2.17, there exists v € M such that
I®)=m= velAIl\f{O} IItl>%X I®), I'(v)=0. (2.49)

This shows that ¥ is a ground state solution of (P) such that 7(¥) = inf,ep J(v) and it = G™'(P) is a
nontrivial solution of (P).

3. Proof of Theorem 1.5

In this section, we assume that V(x) # V., and give the proof of Theorems 1.5. In order to find
a bounded (PS)-sequence of 7, we use the idea employed by Jeanjean and Tanaka [27] which is an
approximation procedure.

Proposition 3.1 [27] Let X be a Banach space and Q C R* be an interval, and
Jav) =A@W) - AB(v), 1€ Q,

be a family of C'-functional on X such that

i) either A(v) — oo or B(v) — o0, as ||v|| — oo,

ii) B maps every bounded set of X into a set of R bounded below;

iii) there are two points vy, v, in X such that

¢y = inf max J,(y(1)) > max {F,(v1), Ja(v2)}

yel te[0,1]

where I' = {y € C([0, 1], X) : ¥(0) = vy,¥(1) = v»}. Then, for almost every A € Q, there is a bounded
(PS)-sequence for c,, that is, there exists a sequence such that

(i) {v,(D)} is bounded in X; (ii) T,(v,(1)) — cy;

(iii) J,(v,(1)) — 0in X*, where X* is the dual of X.

Lemma 3.2 (see [25], Appendix B). Assume that (g), (V1), (V3), (F1) and (F,) hold. Let v be a critical
point of I, in H'(RY), then for A € [%, 1], we have the following PohoZaev type identity:

N-2 1
Pav): = TIIVvH% +3 fR i [NV(x) + (VV(x) - )G (v)Pdx
_2N —Ha f (lxl_“ * F(G—l(v))) F(G™'(v))dx = 0. (3.1)
2 RN
Let
M, = {v e H'RY)\ {0} : P,(v) = 0} and m, = inf 7. (3.2)
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We also let

1 Vo A _ _ _
I;"(v) = EHV\)H% + THG 1(v)||§ - 5 LN (|x| Hx F(G 1(\1))) FG l(v))dx.

Similarly, the Pohozaev type identity of 77 is

N-2 NV,
PYV): = TIIVVII§+TIIG O[5
_ Nk f (lxl_" x F(G‘l(v))) F(G'(v)dx =0
2 RN

and

MS = {ve H'®R)\ {0} : PY(v) = 0} and m5 = inf 7%

A
By Corollary 2.3, we have the following lemma:

Lemma 3.3 Assume that (g), (F,) and (F3) hold. Then, for any t > 0 and v € H'(RY), we have

1 — 2N—-u h ~
T30)> T30 + S P + 0 __jouig + z(z(zv) 0

e SN = IG W),

where k(t) = QN —u)(1 =tV = N(1 —2¥#*) > 0, Vt€[0,1)U(1,o0).

In view of Corollary 1.2, 7{° = 7 has a minimizer v{* # 0 on M{" = M>, i.e

vii e MY, (IT) () =0 and m = I707),

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

where m? is defined by (3.5). From (V) and V(x) < V,, but V(x) # V., there exist X € RMNand 7 >0

such that

Vo = V(x)>0, ae.|[x—X|<F.

Lemma 3.4 Assume that (g), (V) and (Fy) — (F3) hold. Then
(i) there exists T > 0 such that 1,((v{)r) <0, forall 1 € [%, 1];

(ii) there exists a positive constant k, independent of A, such that for all A € [%, 1], we have

cy = inf max I,(y(¢)) > k > max {Z,(0), T ,((v?)r))
yel te€[0,1]

where T’ = {y € C([0, 1], H'(RY)) : y(0) = 0, (1) = (v‘f’)T};
(iii) c, is bounded for A € [%, 1];
(iv) mY is non-increasing on A € [%, 1];

(v)limsup,_,, ca < ¢y, forall A € [%, 1].

(3.8)

Proof. Since my = I$(vS) and fRN (le"‘ * F(GT'O0Y ))) F(G™'(vY))dx > 0, (1)-(iv) of Lemma 3.4 are

standard and (v) can be proved similar to Lemma 2.3 of [28], so we omit it.

O
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Lemma 3.5 Assume that (g), (V1) and (Fy)—(F3) hold. Then there exists 1* € [%, 1) such that c, < mg
for A € (A", 1].

Proof. 1t is easy to see that 7,(v;°) is continuous on ¢ € [0, +o0). Hence for any A € [%, 1], we can
choose 2, € (0,T) such that 7,(v;’) = maxejo.r1 Z2(v;"). Setting yo(r) = (v{)ir for £ > 0 and yo(7) = 0
for t = 0. Then 7y, € I defined by (ii) of Lemma 3.4. Moreover, one has

Li(O7)) = max Ta(yo(0) 2 ca. (3.9)
Let . .
. r
§0 = mln{m, L_‘.} . (310)

Then it follows from (3.8) and (3.10) that

Ix—)'clsgand se[l=do,1+0]=[sx—X<T. (3.11)
Since PY(v") = 0 and vy # 0, then [, (Ix{™ + F(G™'(v?))) F(G™'(v))dx > 0. Let

oo ol ¢ — L0 Minei—gp14a) fon(Veo = V()G (V) Pdx
2 TN [l (IXI‘“ « F (G‘l(v‘{"))) F(G'(v?))dx

C2min{B(1 = &), B + IR
TN [ (16 FG o) FG o da |

(3.12)

where S(t) = 2(2}'152#). Then (3.8), (3.11) and (3.12) imply that 1* € [%, 1). We have two cases to
distinguish:

Case (i). ty € [1 — &y, 1 + ). From (1.14), (3.3)—-(3.8), (3.11), (3.12) and (iv) of Lemma 3.4, we have

my > my =I707) = 11(0v),)
(1-pe™

= LV - 7

N

t/l —1 /. 00y|2
5 | Ve = VL)IG™ 07 dx
RN

(1 - )TN+
2

EOMN : 1y, con2
+——"—  min (Voo = V(s)IG™ (v]D)I"dx
2 se[1-4o,1+40] Jg3

f (I « F(G™ 7)) F(G™ (v))dx
RN

\%

f (1™ F(G™' 7)) F(G™ (v7))dx
RN

Ca

> C,.

Case (ii). ; € (0, 1-29)U(1+, T). Since V,, > V(x) for all x € R", it follows from (1.14), (3.3)—~(3.8),
(3.11), (3.12) and (iv) of Lemma 3.4 that

my > me =IY0Y) 2 I1(0]),) + BOIVVI;
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( 2N—-u

1 -
= LD - ——"— fR (W5 FGTIOP)) FG07))dx

N

t
+% (Voo = V(L )IG™ (7)) Pdx + BONIVVYIl;
RN

1 - )TN+
- % fR (™5 FGTOP)) FG 07))dx

+ min{B8(1 — &), (1 + L)} VI3

> C,.

> Cy

In both cases, we obtain that ¢; < m for A € (1%, 1]. O

In order to prove that the functional 7 ,(v) satisfies (PS)., condition for a.e. A € [%, 1], we need
the following new version of global compactness lemma, which is suitable for quasilinear Schrodinger
equation with nonlocal term.

Lemma 3.6 Assume that (g), (V1), (V3) and (F) — (F3) hold. For any c¢; > 0, A € [, 1], if {v,(D)} C
H'RM) is a bounded (PS), . sequence of 1), then there exist a subsequence of {v,(1)}, still denoted by
{va(D), va € H'(RY) such that

(i) va() = vy in H'(RY);

(ii) there exist | € N U {0}, {yt} c R" with |y}| — oo and nonzero o for each 1 < k < I satisfy
(I) (W) =0;

(iii) [[va(D) = vy = Thy WA= YOl = 0;
(iv) T,(v,) = 1) + Yy IS,

Proof. With the aid of Brézis-Lieb lemma in [30], P. L. Lions vanishing lemma in [31], and using the
idea of Lemma 4.2 in [32], we can verify this lemma. O

Lemma 3.7 Assume that (V) and (V) hold. Then for any v € H'(RN), there exists y3 > 0 such that

(N +2 = l[V; + f [(N = i)V (x) = VV(x) - x[(G™'(v))*dx

RN

> y; f [VvI* + (G (v)*1dx. (3.13)
RN

Proof. From (2.4) and (V) and (V3), we have

(N +2 = wlIVvil; + f [(N = @)V(x) = VV(x) - x)(G™' () dx
RN
(N=2)* [ (OG ')

= (V+ 2=l - = |
-1 2 (N_ 2)2 -1 2
| IV =@V = VY@ 2 G0 | s OG0
RV RN

\%

W~ - v + & . 2 f (G (v)dx
RN
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> 3 f (Vv + (G (n)*1dx
RN
where 3 due to u and (V). O

Lemma 3.8 Assume that (Vy), (V3) and (F\) — (F3) hold. Then for every A € (A%, 1), there exists
v, € H'RY)\ {0} such that

I'\(vy)) =0, I,(vy)) =c,>0. (3.14)

Proof. According to Proposition 3.1, Lemmas 3.4 and 3.6. For almost every 4 € (1%, 1], there exist
a subsequence of {v!} (for simplicity, we still denoted by {v,}) of {v,(A)} ¢ H'(R") and v, € H'(R")
satisfying

T vy) = c1>0, [[77,(v)ll > 0asn — co. (3.15)
and v, — v, in H'(R"), I(v)) = 0, an integer [ € N U {0} and w!, ..., ", € H'(R") \ {0} such that

l
ca=T,v) + Z IS(WY) and (IS) (W) =0for 1 <k<l (3.16)

k=1

Since (£,)'(v,) = 0, we have the Pohozaev identity of the functional 7,

N-2 1
Pauug) : = TIIVwH% t3 f [NV(x) + (VV(x) - )G (v)))*dx
RN
—w f (x™ % F(G™'(w)F(G™'(v))dx = 0. (3.17)
RN

Since ||v,|| =» 0, we deduce from (3.16) that if vy = O then [ > 1 and

[
i =T+ ) IYwh) > my,

k=1

which conditions with Lemma 3.5. Thus v, # 0,. It follows from (3.13) and (3.17), we have

La(vy) = Ia(va) - 2N_’u¢’4(v/l)
_ N+2-p e, L _ ~ o
= 2ov VRt 5on s fR [N =V = V) - (G () dx
= #B_ﬂ) RN[IVvﬂ|2+(G‘1(vﬂ))2]dx>0. (3.18)

For A € (1%, 1], from (3.19) and (3.18), we have

!
ci=1,(v) + Z[j’(wlj) > Imy.

k=1

which contradicts with Lemma 3.5. One gets [ = 0, 7 (v,) = ¢, and 1/ (v;) = 0. Obviously, v; # 0 and
we complete the proof. O
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Set

K :={ve H'®R")\{0LI'() =0}, m" = inf 7(v).

Lemma 3.9 Assume that (V,), (V3), (F))-(F3) hold. Then there exists ¥ € H'(RV)\{0} such that
I'P) =0 and 0< I(®)<cy. (3.19)

Proof. In view of Lemmas 3.4, 3.5 and 3.8, there exist a sequence {1,,} C (1%, 1]and {v,,} C H' RM)\{0}
(for the sake of convenience, we denote the latter by {v,}) such that

/ln - 1’ Cr, — e (O,C]] as n — oo,
T () =0, I, (v,)=c, forall neN, (3.20)

It follows from (V3), (1.9), (3.1), (3.16) and Lemmas 3.4, 3.5 and 3.8 that

cr > ¢y, =1, -

2N _ lup/ln(vn)

N+2-u

— 2 1 _ _ . -1 2
B 2(2N_#)||an||2 + 22N - ) LN[(N WVix)—(VV(x) - )G (v,) dx

2 74f Vvl + (G (va))1dx, (3.21)
RN

which combine with (2.32) yields that {v,} is bounded in H'(RY). From (iv) of Lemma 3.4, we have
lim, o ¢y, = ¢* < ¢y. Then, it follows from (1.9) and (3.20) that 7 (v,) = ¢* < ¢y, I’'(v,) — 0. Similar
to the proof of (3.14), we get that there exists § € H'(R") \ {0} such that (3.19) holds. |

Proof of Theorem 1.5. From Lemma 3.9, we know that K # 0 and m* < ¢,. For any v € K, Lemma
3.2 implies P(v) = #1(v) = 0. Hence, as the proof of (3.19), we have 7 (v) = 7,(v) > 0 for any v € K,
and so m* > 0. Let {v,} € K such that 7'(v,) = 0 forall n € N and 7(v,) » m* as n — oo. In view
of Lemmas 3.4 and 3.9, m* < ¢; < m™. By a similar argument as in the proof of Lemma 3.8, we can
prove that there exists v € H'(R") \ {0} such that /(%) = 0 and 7(¥) = m*. So, ¥ is a least energy
solution of (P) and & = G~'(9) is a nontrivial solution of (P). o
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