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Abstract: It has been considered that two close vortex sheets become unstable and evolve simultane-
ously when sufficiently strong uniform shears exist. However, Moore (Mathematika, 1976) suggested
in his linear analysis that a vortex sheet evolves just as if the other vortex sheet were absent under
certain conditions. In the current study, we investigate how the two vortex sheets evolve in the nonlin-
ear region when they satisfy Moore’s condition. We also consider density stratification, which is not
included in Moore’s analysis. Moore’s estimate is only valid within linear theory; however, a motion
suggested by Moore appears even in the nonlinear regime when Moore’s condition is satisfied. We
found that there is a case that a vortex sheet hardly deforms, even though the other sheet becomes
unstable and largely deforms. We also show that there is a case that Moore’s analysis is not effective
even the condition is satisfied when a density instability exists in the system.

Keywords: two vortex sheets; multi-layer flow; Kelvin-Helmholtz instability; density stratification;
vortex method

1. Introduction

When sufficiently strong uniform shears exist between a fluid interface, the interface becomes un-
stable, and it wraps up into vortices (Figure 1). This phenomenon, known as the Kelvin-Helmholtz
instability (KHI), appears in various areas such as geophysical fluid dynamics [1–3], internal gravity
waves [4], and plasma physics [5]. In these systems, multi-interface flows appear mainly due to density
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Figure 1. Typical single-interface Kelvin-Helmholtz instability, where a uniform shear exists
between the interface with initially sinusoidal corrugation. The calculation is performed by
the vortex method.

stratification, and the interaction between the interfaces occurs. When the density stratification is ab-
sent or very small, the nonlinear interaction between the interfaces has been investigated numerically,
giving the result that sufficiently close interfaces roll up simultaneously under strong shear flows [6–8].
This simultaneous roll-up is also found in density stratified flows when a uniform shear exists in one
of the fluid regions [9, 10]. These results suggest that interfaces in multi-layer flow with strong shears
deform and roll up simultaneously.

Moore [11] considered the following undisturbed two-dimensional flow (u(y), 0) in fixed rectangular
axes OX, OY (refer to Figure 2):

u(y) =


U0; (y > 0),

0; (−d ≤ y ≤ 0),
U2; (y < −d),

(1.1)

where two vortex sheets are located at y = 0 and y = −d (d > 0), and U2 ≈ −U0 is assumed (In his
linear analysis, |U2| is assumed to be slightly larger than |U0|). When U2 = −θU0 (θ ∈ R), putting
ε = e−kd � 1, k the wavenumber, he obtained the result that the upper vortex sheet y = eikxη(t) evolvs
as

y = eikxη0(αeσ1t + βeσ2t + decaying terms), (1.2)

under the conditions η(0) = η0 and η̇(0) = 0, where the constants α = O(1) and β = O(ε2), and the
lower sheet is assumed to be y = −d + eikxµ(t), µ(0) = µ̇(0) = 0. The linear growth rate σ1 ∈ C

and σ2 ∈ C are given by σ1 = 1/2U0k(1 − i) + O(ε2) and σ2 = 1/2U0θk(1 + i) + O(ε2), respectively.
Neglecting O(ε2), σ1 corresponds to the complex growth rate on a single vortex sheet with the same
strength as the upper sheet, and σ2 has the same significance for the lower sheet. The second term in
(1.2) divided by the first is O(R(t)), where

R = exp {k/2[U0(θ − 1)t − 4d]} .

When R < 0, i.e., when t < tc, where

tc =
4d

U0(θ − 1)
, (1.3)
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the evolution of the upper vortex sheet is determined only by σ1 described by U0, and it is not affected
by U2. This indicates that the upper vortex sheet evolves just as if the lower sheet were absent. The
value tc does not depend on the wavenumber k. As we see from this estimate, tc → ∞ as θ → 1, i.e.,
as U2 → −U0. When t > tc, the linear theory fails, and the motion of the two vortex sheets is unable to
calculate analytically. This analysis suggests that the two vortex sheets may not roll up simultaneously
in the nonlinear region when the condition U2 ≈ −U0 is satisfied. The long-time behavior of the
vortex sheets with the above conditions is unknown. The purpose of this study is to examine the
nonlinear motion of the two vortex sheets beyond Moore’s linear analysis, taking the lower shear U2

as U2 = −U0. Density stratification is not included in Moore’s analysis. We also investigate the effect
of density stratification on the motion of the two vortex sheets.

The long-time behavior of a vortex sheet has been investigated by various mathematical models and
numerical methods such as the boundary integral method [12, 13], the vortex (blob) method [14–20],
and the contour dynamics [21–23], in which the boundary integral method and the vortex method
adopt a singular integral equation called the Birkhoff-Rott equation [24–26] to calculate the interfacial
velocity. The vortex method is a regularization of the boundary integral method [27]. The boundary
integral method without regularization is known to provide a weak solution to the two-dimensional
Euler equation as long as the initial condition is sufficiently smooth. Then the obtained numerical
solution uniformly converges to the Birkhoff-Rott equation [15, 27, 28] with spectral accuracy if we
adopt an appropriate spatial integration method such as the alternate point quadrature method [29].
Mathematically, this method provides the most accurate numerical solution that approximates the exact
solution. However, this high-accuracy calculation breaks down with the appearance of a curvature
singularity (curvature divergence) on the interface [30] before the roll-up of the vortex sheet appears
[13]. To avoid the occurrence of the curvature singularity and calculate the vortex sheet motion for a
long time, Krasny [17] introduced a regularized parameter δ (often called Krasny’s δ) and succeeded in
calculating the detailed structure of the roll-up of a vortex sheet. Extending this vortex method to the
sheet motion with density stratification, Matsuoka et al. [31–37] succeeded to capture the complicated
interfacial dynamics in the Rayleigh-Taylor instability (RTI) and the Richtmyer-Meshkov instability
(RMI) [38, 39]. This method is also applicable to multi-component density stratified systems with
multiple interfaces [10, 40], in which the merger of two vortex sheets are observed. The merging of
vortex sheets is found when the compressibility is weak and the dissipation is finite. Tsoutsanis et
al. capture this merging phenomenon in the double vortex pairing process using the compressible and
incompressible structured-grid method [9]. In the boundary integral method or the vortex method, the
same evolution equation (Bernoulli equation) as the analytical calculation is adopted; therefore, we can
use the result of linear analysis straightforwardly as the initial condition of numerical computations.
Moreover, these methods enable us to calculate various physical and mathematical quantities such as
circulations, velocity fields, curvatures, and so on. In the current study, we adopt the vortex method to
calculate the nonlinear motion of the interfaces.

As described above, linear analysis [10, 40] is required to determine the initial conditions for nu-
merical calculations. Generally, the algebra of linear [41–44] or weakly nonlinear analysis [45, 46]
for multi-component fluid systems is lengthy and analytical calculations are daunting tasks. Following
the references [10, 47], we calculate the linear solution to satisfy Moore’s analysis described above by
Newton’s method. Using the obtained initial conditions, we perform the numerical computations by
the vortex method and investigate the nonlinear development of two vortex sheets with uniform shears
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Figure 2. The unperturbed flow configuration, where ρi and φi (i = 0, 1, 2) denote the fluid
density and the velocity potential in the region i, respectively. The interfaces (vortex sheets)
I1 and I2 are evaluated from the undisturbed levels y = 0 and y = −d, respectively.

in opposite direction. Unlike multi-interface flows with uniform shear [10], the simultaneous roll-up
(or merging) of two sheets is not found when U2 = −U0 in (1.1), and the initial amplitude and initial
velocity of the lower vortex sheet are approximately zeros. For this case, the lower vortex sheet does
not roll up, and the growth of the sheet strength, which corresponds to the magnitude of the shear
velocity, is also suppressed for quite a long time. This suggests that the upper vortex sheet controls the
motion of the lower sheet, as pointed out by Moore [11]. We also show that the suppression effect is
more remarkable when a stable density stratification that the upper fluid is the lightest and the lower
fluid is the heaviest exists in the system.

This paper is organized as follows. In Section 2, we perform the linear analysis and derive the dis-
persion relations to adopt as the initial conditions in numerical calculations. In Section 3, we overview
the mathematical model and numerical methods to describe the nonlinear dynamics of two vortex
sheets. In Section 4, we present some numerical results for verifying Moore’s estimate in the nonlinear
region. Section 5 is devoted to conclusion and discussions.

2. Linear stability analysis

In this section, we perform a linear analysis to find the initial conditions satisfying Moore’s condi-
tion. In the current study, we define Moore’s condition as

U2 = −U0 and a2 ≈ 0, (2.1)

under the condition that |a1| � |a2|, where a1 and a2 are the linear amplitudes of the upper and lower
interfaces, respectively [refre to (2.5)]. The obtained results are used for numerical computations in
Section 4. We first derive the analytical dispersion relation from the governing equations, then calculate
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its solution by use of the Newton’s method. More detailed analyses are provided in the reference [10].
We consider a two-dimensional inviscid flow induced by two vortex sheets I1 and I2 such that a density
stratification exists between them (Figure 2), where the undisturbed levels of I1 and I2 are set to y = 0
and y = −d (d > 0), respectively. The fluid motion is assumed to be irrotational except on the interfaces
I1 and I2. Then the velocity potential φi in the region i (i = 0, 1, 2), which is related to the fluid velocity
ui as ui = ∇φi, satisfies the Laplace equation

4φi = 0, (i = 0, 1, 2) (2.2)

and the Bernoulli equation:

ρi

[
∂φi

∂t
+

1
2

(∇φi)2 + gy
]

+ pi = Ci(t), (i = 0, 1, 2)

where ρi is the density of fluid i, pi is the pressure, g is the gravitational acceleration, and Ci(t) is
the Bernoulli constant. Here, we assume that the Bernoulli constant does not depend on time, i.e.,
Ci(t) = Ci. By imposing the pressure continuous condition across the interfaces; p0 = p1 at I1 (y = 0)
and p1 = p2 at I2 (y = −d), and taking into the hydrostatic pressure condition pi = Ci−ρigy (i = 0, 1, 2,
y = 0 at I1 and y = −d at I2), we obtain

C1 = C0, C2 = C1 + (ρ1 − ρ2)gd.

Then the Bernoulli equation yields

ρi

[
∂φi

∂t
+

1
2

(∇φi)2 + gy
]

= ρi−1

[
∂φi−1

∂t
+

1
2

(∇φi−1)2 + gy
]
, (i = 1, 2). (2.3)

Suppose that the vortex sheets I1 and I2 are evaluated as the deviations y = η1(x, t) and y = η2(x, t) from
the undisturbed levels y = 0 and y = −d (Figure 2), respectively. The kinematic boundary conditions
at the vortex sheets are given by

∂η1

∂t
−
∂φi

∂y
=
∂φi

∂x
∂η1

∂x
(i = 0, 1) at I1,

∂η2

∂t
−
∂φi

∂y
=
∂φi

∂x
∂η2

∂x
(i = 1, 2) at I2.

(2.4)

Now we assume the undisturbed velocity profile (1.1). Suppose that the upper (I1) and the lower
(I2) vortex sheets are described by

η1 = <[a1ei(kx−ωt)],
η2 = −d +<[a2ei(kx−ωt)],

(2.5)

where k is the wavenumber, ω is the linear frequency, and< denotes the real part. Then the linearized
kinematic boundary condition (2.4) gives the following solution for the velocity potential φi (i = 0, 1, 2)

φ0 = U0x +<[B0e−kyei(kx−ωt)] (y > 0),
φ1 = <

[
(B11eky + B12e−ky)ei(kx−ωt)

]
(−d ≤ y ≤ 0),

φ2 = U2x +<[B2ekyei(kx−ωt)] (y < −d),
(2.6)
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in which the coefficients B0, B11, B12 and B2 are given as

B0 = <

[
i(ω − kU0)

k
a1

]
,

B11 = <

[
i(ω − kU1)

k(ekd − e−kd)
(a1 − a2e−kd)

]
,

B12 = <

[
i(ω − kU1)

k(ekd − e−kd)
(a2 − a1ekd)

]
,

B2 = <

[
−

i(ω − kU2)
k

a2

]
.

(2.7)

Linearizing the Bernoulli equation (2.3) at the undisturbed interfaces y = 0 and y = −d, and using
the result of (2.7), we obtain the following dispersion relation [10, 47]:

D(ω, k) = −D1(ω, k) +
Λ2(ω, k)
D2(ω, k)

= 0, (2.8)

where

D1(ω, k) = (ρ1 − ρ0)g −
1
k

[
ρ0(ω − kU0)2 + ρ1ω

2 coth(kd)
]
,

D2(ω, k) = (ρ2 − ρ1)g −
1
k

[
ρ2(ω − kU2)2 + ρ1ω

2 coth(kd)
]
,

and

Λ(ω, k) =
ρ1ω

2

k sinh(kd)
.

When the amplitude a1 in (2.5) is given, the amplitude a2 for I2 is determined by a1, D1 and Λ as

a2(ω, k) = −
D1(ω, k)
Λ(ω, k)

a1. (2.9)

We can also describe a1 using a2 as

a1(ω, k) = −
Λ(ω, k)
D1(ω, k)

a2. (2.10)

In the current study, we adopt the relation (2.9) (a1 is assumed to be given).
The linear frequency ω is determined by solving the dispersion relation D(ω, k) = 0 in (2.8). This

calculation is also possible to perform analytically; however, the dispersion relation (2.8) is a fourth-
order equation with respect to ω, and the analytical representation is too complicated to understand
the k − ω relations. Therefore, we adopt the Newton’s method to obtain the solution in the current
study. Here, we select the spacing d as d = π/2. Throughout this paper, we select the initial amplitude
a1 = 0.2 and the gravitational acceleration g = 1.

We present the imaginary part ofω obtained from the dispersion relation (2.8) and the absolute value
of the amplitude a2 obtained from (2.9) in Figures 3−6, in which the four branches of the solution are
colored by black (ω1), blue (ω2), green (ω3) and red (ω4). The fluid densities are set to the same value
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Figure 3. The dispersion relation for ρ0 = ρ1 = ρ2, U2 = −U0 and d = π/2, where (a)
the imaginary part of the frequency ω and (b) the absolute value of a2. The four branches
ω1 (black), ω2 (blue), ω3 (green) and ω4 (red) are depicted in different colors. The color in
(b) corresponds to the branch of ω in (a). The horizontal axis denote the wavenumber k. In
figure (a), ω1 (black) = ω4 (red) and ω2 (blue) = ω3 (green) hold for k > 0.155. In Figure
(b), all modes coincide for k ≤ 0.155, while the mode 1 (black) and mode 2 (blue), and the
mode 3 (green) and mode 4 (red) coincide with each other for k > 0.155.

Figure 4. Dispersion relation for ρ0 = ρ1 = ρ2, U2 = −2U0 and d = π/2, showing (a) the
imaginary part of the frequency ω and (b) the absolute value of a2. The colors are the same
as Figure 3. In Figure (b), the mode 1 (black) and mode 2 (blue) and the mode 3 (green) and
mode 4 (red) coincide with each other for all k.
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Figure 5. Dispersion relation for ρ0 : ρ1 : ρ2 = 2/3 : 1 : 3/2 (ρ0 < ρ1 < ρ2), U2 = −U0 and
d = π/2, showing (a) the imaginary part of the frequency ω and (b) the absolute value of a2.
The colors are the same as Figure 3. In Figure (a), all modes are zeros for k ≤ 0.79 except in
the neighborhood of k = 0.4, and ω2 (blue) = −ω1 (black) and ω4 (red) = −ω3 (green) hold
for k > 0.79.

Figure 6. Dispersion relation for ρ0 : ρ1 : ρ2 = 3/2 : 1 : 2/3 (ρ0 > ρ1 > ρ2), U2 = −U0

and d = π/2, showing (a) the imaginary part of the frequency ω and (b) the absolute value of
a2. The colors are the same as Figure 3. In Figure (a), ω2 (blue) = −ω1 (black) and ω4 (red)
= −ω3 (green) hold for all k. In Figure (b), the mode 1 (black) and mode 2 (blue), and the
mode 3 (green) and mode 4 (red) coincide with each other for all k.
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in Figures 3 and 4. The densities in Figure 5 are set to ρ0 : ρ1 : ρ2 = 2/3 : 1 : 3/2 so that the upper
fluid is the lightest (ρ0 < ρ1 < ρ2), and the densities in Figure 6 are set to ρ0 : ρ1 : ρ2 = 3/2 : 1 : 2/3 so
that the upper fluid is the heaviest (ρ0 > ρ1 > ρ2). Here, we select the undisturbed flow in these figures
as U2 = −U0 except Figure 4, in which the value of U2 is given by U2 = −2U0; i.e., Figure 4 does not
satisfy Moore’s condition. The value U2 = −U0 corresponds to the value that tc → ∞ in the estimate
(1.3). The mode 1 (black) in Figure 5(b) becomes extremely large in the neighborhood of k = 0.335
due to |ωr| � 1 and ωi = 0 (ω = ωr + iωi) (refer to (2.9)), although it is finite.

In the current system, any of the four modes finally become unstable, but the mode having the
largest positive ωi, the imaginary part of ω, gives the fastest growing mode. In order to apply Moore’s
estimate described in the previous section, the condition a2 ≈ 0 is required as given by (2.1). To satisfy
this condition, we adopt the mode that ωi > 0 and |a2| � 1 at k = 1 (this mode is not necessarily
the largest ωi, but it is required to be ωi > 0). We mention that the real part of ω is not important in
investigating the nonlinear evolution of the vortex sheets. We adopt the values at k = 1 in the above
four cases (Figures 3–6) as the initial conditions for numerical calculations in Section 4 because a2 ≈ 0
is realized at this wavenumber.

3. Mathematical modeling for numerical computations

The detailed derivation of the mathematical model for numerical computations is presented in [40].
Here, we briefly review the numerical methods. We assume that the interfaces are L-periodic in the x
direction, where L is the system size, which corresponds to the wavelength given by the wavenumber
k as L = 2π/k in the current system. Suppose that the interfaces Ii (i = 1, 2) are described by x = Xi,
and we parameterize points on these interfaces as

Xi(e, t) = [Xi(e, t),Yi(e, t)]

using a Lagrangian parameter e (−L/2 ≤ e ≤ L/2). Note that the two interfaces I1 and I2 are pa-
rameterized by the same Lagrangian parameter e. The (average) fluid velocity W at an arbitrary point
x = (x, y) is described by the vortex induced velocities W1 and W2 due to the motion of interfaces I1

and I2 as

W = W1 + W2, (3.1)

where Wi = (Wi,x,Wi,y) (i = 1, 2) is given by

Wi,x(x, y) = −
1

2L

∫ L/2

−L/2

γi(e′, t)si,e(e′, t) sinh k(y − Yi(e′, t))
cosh k(y − Yi(e′, t)) − cos k(x − Xi(e′, t))

de′,

Wi,y(x, y) =
1

2L

∫ L/2

−L/2

γi(e′, t)si,e(e′, t) sin k(x − Xi(e′, t))
cosh k(y − Yi(e′, t)) − cos k(x − Xi(e′, t))

de′,
(3.2)

in which

γi = γi · ti =
∂Γi

∂si
, (γi = ui − ui−1) (3.3)

denotes the (true) vortex sheet strength of interface Ii derived from the circulation Γi ≡ φi − φi−1,
where si is the arc length, and ti is the unit tangent of the interface Ii, respectively. The subscript
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e denotes the differentiation with respect to e and si,e =
√

X2
i,e + Y2

i,e. The integral (3.2) becomes a
principal value integral when (x, y) = (Xi,Yi). Equations (3.1) and (3.2) correspond to the Birkhoff-
Rott equation [24–26] for two interfaces, in which the velocity Wi corresponds to the average velocity
(ui + ui−1)/2 of the two fluid velocities ui and ui−1.

The fluid velocities of the upper and the lower sides of the interfaces I1 and I2 are given by

u0 = W1 −
γ1

2
t1, u11 = W1 +

γ1

2
t1,

u12 = W2 −
γ2

2
t2, u2 = W2 +

γ2

2
t2,

(3.4)

where u11 and u12 are the velocities of the lower side of interface I1 and the upper side of interface I2

in the fluid region 1, respectively. There are two interfaces in the current system, and accordingly, two
Lagrangian velocities exist associated with their motion. The normal component of the fluid velocity
across each interface should always be continuous; however, there is an arbitrariness how to select
the tangential velocity at the interfaces [31, 48–50]. Introducing the Atwood number Ai (i = 1, 2)
describing the density ratio between fluids i and i − 1 (i = 1, 2) as

Ai =
ρi−1 − ρi

ρi−1 + ρi
, (3.5)

we define the interfacial velocity u+
i at each interface Ii as

u+
i = Wi −

Ai

2
γi (3.6)

so that the interfacial velocities u+
1 and u+

2 become the weighted averages

u+
1 =

ρ0u0 + ρ1u11

ρ0 + ρ1
, u+

2 =
ρ1u12 + ρ2u2

ρ1 + ρ2
.

Equating u+
i with the evolution of the interface Ii, we obtain the interfacial velocity for the La-

grangian motion as
dXi

dt
= u+

i ,
d
dt

=
∂

∂t
+ u+

i · ∇, (3.7)

where d/dt denotes the Largange derivative moving with the velocity u+
i . Rewriting the the Bernoulli

equation (2.3) using the relation Γi = φi − φi−1 and differentiating the obtained equation with respect to
e, we obtain the evolution equation for the sheet strength γi

dγi

dt
=

2Ai

si,e

(
Xi,e

dWi,x

dt
+ Yi,e

dWi,y

dt

)
−
γi

s2
i,e

(Xi,eWi,x,e + Yi,eWi,y,e)

+
Ai

2si,e
(γ2

i )e −
A2

i

si,e
γi,eTi +

2AigYi,e

si,e
, (3.8)

where Ti = ti · Wi. Equation (3.8) is the simultaneous Fredholm integral equations of the second
kind. Solving (3.7) and (3.8) simultaneously taking (3.1) and (3.2) into account, we can determine the
motion of two vortex sheets.
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4. Nonlinear evolution

In this section, we present the nonlinear evolution of two vortex sheets based on the linear analysis
in Section 2 using the governing Eqs (3.7) and (3.8) provided in Section 3. As described in the last
paragraph in Section 2, the condition a2 ≈ 0 is required to apply Moore’s estimate (1.3). Since Moore’s
analysis does not depend on the wavenumber k and that condition is realized in the neighborhood of
k = 1 in our linear analysis in Figures 3–6, we adopt k = 1 in all quantities requited for numerical
computations. Taking this into account, the initial conditions for numerical computations are selected
as

X1 = X2 = e, Y1 = a1 cos ke, Y2 = −d +<
(
a2eike

)
,

γ1 = <

(
∂φ1

∂x
−
∂φ0

∂x

)
t=0
x=e
y=0

, γ2 = <

(
∂φ2

∂x
−
∂φ1

∂x

)
t=0
x=e

y=−d

,
(4.1)

where φi (i = 0, 1, 2) are given by (2.6) and (2.7). The initial conditions (4.1) are identical to those
used in the reference [10].

In the current study, we adopt the vortex method [14–20] to investigate the nonlinear evolution of
the vortex sheets. In numerical computations, we introduce a regularized parameter δ [17] in the the
denominators of the singular integrals (3.2) so that the denominators do not tend to zero when x = Xi.
We mention that this regularization is only needed for the calculation of Wi, and it is unnecessary for
the calculation of W j when x = Xi,(i , j, i, j = 1, 2) in the velocity (3.1). The numerical results deviate
from the analytical calculations performed in Section 2 when δ , 0 [10, 13, 32, 33], and the deviation
becomes more significant as the parameter δ becomes large. However, the curvature singularity [30]
occurs in the limit of δ = 0, and the computation breaks down before the roll-ups appear [10,13,31,40],
which does not describe the real experiments [51,52] or direct numerical simulations [35]. Krasny et al.
[17,52] concluded that the values δ = 0.1 ∼ 0.2 are appropriate for the vortex method. Following these
studies, we select the value of δ as δ = 0.1 throughout this paper. For reference, the calculations with
smaller values of δ are provided in Appendix A. In numerical computations, the interfacial coordinate
(Xi,Yi) (i = 1, 2) is discretized using Fourier modes as [13, 31, 40]

Xi(e, t) = e +

N/2∑
k=−N/2+1

X̂i,k(t)eike,

Yi(e, t) =

N/2∑
k=−N/2+1

Ŷi,k(t)eike.

Here, we adopt the alternate point quadrature method (alternative trapezoidal rule) [13, 29, 31, 40] and
the fourth-order Runge-Kutta scheme for the spatial integration and the temporal integration, respec-
tively. For the spatial integration, we can also use the conventional trapezoidal rule for the current
value of δ. The accuracy of both methods is the same for finite δ. When the discretization number N
is sufficiently large, the conventional trapezoidal rule becomes unstable as δ → 0. The simultaneous
Fredholm equations of the second kind (3.8) are solved by iteration with tolerance level 10−12. For
other techniques for numerical computations, refer to the references [10, 40]. We select the number of
grid points N discretizing on the interfaces as N = 1024 and the time step 4t as 4t = 1.25 × 10−3 for
all calculations.
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Figure 7. Temporal evolution of interfaces with the colored scale of the vortex sheet strengths
for A1 = A2 = 0 and U2 = −U0, where t = (a) 1, (b) 3, and (c) 5.

Figure 8. Temporal evolution of the absolute value of the maximum sheet strength for A1 =

A2 = 0 and U2 = −U0, where the blue and red lines denote the maximum value of |γ1| and
|γ2|, respectively.
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Figure 9. Velocity fields with interfacial structures and the vortex sheet strengths for A1 =

A2 = 0 and U2 = −U0, where the upper and lower panels correspond to t = 0 and t = 5,
respectively.
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4.1. Nonlinear evolution of vortex sheets without density stratification

In this subsection, we present the numerical results for ρ0 = ρ1 = ρ2 (A1 = A2 = 0). Note that
the gravitational term in (3.8) is negligible when A1 = A2 = 0. We consider the cases U2 = −U0 in
Section 4.1.1 and U2 = −2U0 in Section 4.1.2.

4.1.1. Interfacial dynamics in uniform shears with the same magnitude

The initial conditions for numerical computations in this sub-subsection are provided in Figure 3,
in which Moore’s condition for the estimate (1.3) is almost satisfied. The linear frequency ω and the
initial amplitude a2 are given by

ω = 0.4834616 + 0.5053138 i,

a2 = 0.0105694 + 0.0109203 i,
(4.2)

for a1 = 0.2, d = π/2, and k = 1. These values are denoted by blue lines (mode 2) in Figure 3.
We present the interfacial structures with the colored scale of the vortex sheet strengths γ1 and γ2

in Figure 7, where the positive and negative strengths denote the counterclockwise and clockwise flow
in the velocity field, respectively. As we see from the figure, the change of the lower interface I2 is
much smaller than that of I1 in shape, and the roll-up is not observed even at the last computed time
t = 5. Temporal evolution of the maximum values of |γ1| (blue line) and |γ2| (red line) are depicted in
Figure 8. We see that the vortex sheet strength |γ2| almost does not grow when t < 3. The maximum
sheet strength of |γ1| is realized in the neighborhood of vortex cores [53], the center of roll-ups (refer
to Figure 7), around which a strong negative sheet strength (clockwise flow) is generated (refer to
Figure 9). The velocity fields at t = 0 and t = 5 calculated using (3.2) are provided in Figure 9. The
velocity field in the region between I1 and I2 at t = 0 is almost zero as found in the upper panel of
Figure 9. A complicated velocity field is gradually induced in the flow region between the two vortex
sheets due to the roll-up of the upper vortex sheet. As Moore predicted in the linear theory [11], the
upper vortex sheet evolves as if the lower sheet were absent for quite a long time in Figure 7. This
independent motion between the two vortex sheets is found for d > π/2 as well. As the distance d
becomes smaller, the interaction between the two vortex sheets becomes stronger, and the lower sheet
also rolls up when d ≤ π/4. The result for d = π/4 is presented in Appendix B.

4.1.2. Interfacial dynamics in uniform shears with a different magnitude

The initial conditions for numerical computations in this sub-subsection are provided in Figure 4.
All parameters are the same as those in Section 4.1.1 except the value of the shear, which corresponds to
U2 = −2U0. This value does not satisfy Moore’s condition in the linear analysis. The linear frequency
ω and the initial amplitude a2 for numerical computations are given by

ω = 0.4795729 + 0.5024849 i,

a2 = 0.0026368 + 0.0057789 i,
(4.3)

for a1 = 0.2, d = π/2 and k = 1. These values are denoted by black lines (mode 1) in Figure 4.
Although the value of ω in (4.3) is close to the one in (4.2), and a2 ≈ 0 is satisfied, the evolution of the
two vortex sheets is different from that in Section 4.1.1. We see that below.
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Figure 10. Temporal evolution of interfaces with the colored scale of the vortex sheet
strengths for A1 = A2 = 0 and U2 = −2U0, where t = (a) 1, (b) 3, and (c) 5.

Figure 11. Temporal evolution of the absolute value of the maximum sheet strength for
A1 = A2 = 0 and U2 = −2U0, where the blue and red lines denote the maximum value in |γ1|

and |γ2|, respectively.
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Figure 12. Velocity fields with interfacial structures and the vortex sheet strengths for
A1 = A2 = 0 and U2 = −2U0, where the upper and lower panels denote t = 0 and t = 5,
respectively.
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Figure 13. Temporal evolution of interfaces with density stratification, where A1 = A2 =

−0.2 (ρ0 < ρ1 < ρ2) and U2 = −U0. The panels denote t = (a) 1, (b) 3 and (c) 5.

The interfacial structures with the colored scale of the vortex sheet strengths are provided in Fig-
ure 10. Unlike the evolution in Figure 7, the lower vortex sheet begins to roll up at around t = 3, which
is also confirmed in the maximum sheet strength in Figure 11, where a sharp growth occurs in the curve
of |γ2| (red line). The initial amplitude of I2 is almost zero; however, quite a strong velocity field is
induced initially in the region between I1 and I2 as found in the upper panel of Figure 12. This initial
velocity fields cause the deformation of the lower vortex sheet, and finally, a vortex street [6–8, 23]
is formed as found in the panel at t = 5 in Figure 10. This is a typical multi-layer nonlinear KHI. A
similar interfacial structure is also found in [10].

4.2. Nonlinear evolution of vortex sheets with density stratification in uniform shear flows with the
same magnitude

In this subsection, we present the numerical results for the motion of two vortex sheets with density
stratification. All parameters except the Atwood numbers are the same in Sections 4.2.1 and 4.2.2. In
Moore’s linear analysis, density stratification effect is not considered. In the following sub-subsections,
we investigate that effect and discuss the difference from the evolution of vortex sheets without density
stratification.
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Figure 14. Temporal evolution of the absolute value of the maximum sheet strength for
A1 = A2 = −0.2 and U2 = −U0, where the blue and red lines denote the maximum value in
|γ1| and |γ2|, respectively.

Figure 15. Velocity fields with interfacial structures and the vortex sheet strengths for A1 =

A2 = −0.2 and U2 = −U0, where the upper and lower panels denote t = 0 and t = 5,
respectively.
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4.2.1. Interfacial dynamics when the upper fluid is the lightest

The dispersion relation in this sub-subsection is provided in Figure 5. The linear frequency ω and
the initial amplitude a2 for numerical computations are given by

ω = 0.3829589 + 0.2140951 i,

a2 = 0.0052287 + 0.0035982 i,
(4.4)

for a1 = 0.2, d = π/2 and k = 1. These values are denoted by black lines (mode 1) in Figure 5. Here,
the density ratios are set to ρ0 : ρ1 : ρ2 = 2/3 : 1 : 3/2 (ρ0 < ρ1 < ρ2), which correspond to the Atwood
numbers A1 = A2 = −0.2.

Figure 13 denotes the interfacial structures with the colored scale of the vortex sheet strengths. As
we see from this figure, the lower vortex sheet does not evolve even at t = 5, despite the upper sheet
largely deforms. The separation in motion between the two interfaces is more remarkable than that
in the interfacial evolution for A1 = A2 = 0 found in Figure 7. We can also confirm that the lower
interface does not evolve in Figure 14, in which the maximum value of |γ2| (red line) does not grow at
all during the computation. The velocity fields at t = 0 and t = 5 are depicted in Figure 15. Not only
the initial amplitude a2 ≈ 0 but also the initial velocity da2/dt ≈ 0 holds in the current case, which
almost completely satisfies the applicability conditions of Moore’s estimate (1.3). Unlike Figure 9, we
see that the velocity field is almost zero in the region between I1 and I2 even at the last computed stage
t = 5. Although the density stratification effect is not included in Moore’s analysis, his prediction that
the upper vortex sheet evolves just as if the lower sheet were absent when t < tc is also true beyond
the linear stage even in flows with finite Atwood numbers. Unlike the case in Section 4.1.1, when
A1 = A2 = −0.2, the lower vortex sheet neither deforms nor rolls up, even for the narrower spacing
d ≤ π/4 (refer to Appendix B). On the other hand, the separation of motion between I1 and I2 as found
in Figure 13 is also retained for d > π/2 as well as the case in Section 4.1.1.

4.2.2. Interfacial dynamics when the upper fluid is the heaviest

The only one difference in Section 4.2.2 between Section 4.2.1 is in the density ratios. The dis-
persion relation in this sub-subsection is provided in Figure 6. The linear frequency ω and the initial
amplitude a2 for numerical computations are given by

ω = 0.5869530 + 0.6704780 i,

a2 = 0.0182423 + 0.0168126 i,
(4.5)

for a1 = 0.2, d = π/2 and k = 1. These values are denoted by red lines (mode 4) in Figure 6. The
density ratios in the current computations are given by ρ0 : ρ1 : ρ2 = 3/2 : 1 : 2/3, which correspond
to the Atwood numbers A1 = A2 = 0.2. Since ρ0 > ρ1 > ρ2 (the upper fluid is the heaviest), KHI and
RTI coexist in the current system.

The interfacial structures with the colored scale of the vortex sheet strengths is provided in Fig-
ure 16. Despite a2 ≈ 0, da2/dt ≈ 0 and U2 = −U0, the lower vortex sheet grows and rolls up as found
in this figure. This unstable motion is caused by RTI. As we see from Figure 17, the maximum sheet
strength of |γ2| (red line) begins to grow at a quite early stage, and it increases up to the same value as
the one of |γ1| (blue line) at the last computed stage t = 5. Figure 18 shows the velocity fields at t = 0
and t = 5. As with the case of Figure 15, the velocity field is not induced in the region between I1 and
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Figure 16. Temporal evolution of interfaces with density stratification, where A1 = A2 = 0.2
(ρ0 > ρ1 > ρ2) and U2 = −U0. The panels denote t = (a) 1, (b) 3 and (c) 5.

Figure 17. Temporal evolution of the absolute value of the maximum sheet strength for
A1 = A2 = 0.2 and U2 = −U0, where the blue and red lines denote the maximum value in |γ1|

and |γ2|, respectively.
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Figure 18. Velocity fields with interfacial structures and the vortex sheet strengths for
A1 = A2 = 0.2 and U2 = −U0, where the upper and lower panels denote t = 0 and t = 5,
respectively.
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I2 at t = 0. However, a complicated velocity field is generated at t = 5 due to the density instability.
This suggests that Moore’s estimate (1.3) does not work in a system in which RTI (the density insta-
bility or the gravitational instability) occurs, even though the initial conditions a2 ≈ 0, da2/dt ≈ 0 and
U2 = −U0 are satisfied.

5. Conclusions

We have investigated the nonlinear motion of two vortex sheets in a three-layer fluid with uniform
shears in the opposite directions using the vortex method. When the uniform shears are equal in abso-
lute value, and the initial amplitude and the initial velocity of the lower vortex sheet are approximately
zero, the two vortex sheets evolve independently for quite a long time as predicted by Moore. Espe-
cially for the case that the fluid densities satisfying ρ0 < ρ1 < ρ2 (the upper fluid is the lightest), the
lower vortex sheet neither deformed nor rolled up while the upper sheet extensively deforms. This is
a stabilization effect by density stratification. On the other hand, when the fluid densities satisfy the
condition ρ0 > ρ1 > ρ2 (the upper fluid is the heaviest), the lower vortex sheet deforms extensively at
an early stage even though all conditions required for Moore’s estimate are satisfied.

Generally, when the spacing d is sufficiently large (d ≥ λ, λ, the wavelength of the initial perturba-
tion), the interaction between the two vortex sheets is weak, and each vortex sheet rolls up as if it is an
independent sheet [6, 23, 40]. However, the results presented in Sections 4.1.1 and 4.2.1 are also true
even for the spacing d > λ (λ = 2π here). When the upper vortex sheet controls the lower sheet even if
the two sheets are far apart from each other. In the current study, we calculate the case that the motion
of the lower vortex sheet is suppressed. The reverse is also possible. When the initial amplitude of
the upper vortex sheet a1 is given by (2.10) for a given lower amplitude a2, and the conditions a1 ≈ 0
and da1/dt ≈ 0 are satisfied under the uniform shear U2 = −U0, the upper vortex sheet almost does
not deform while the lower sheet rolls up. We mention that even though the deformation of the lower
vortex sheet is extremely small, the current system is unstable, and the higher-order Fourier modes
arise in the lower vortex sheet as with the upper sheet.
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Figure 19. Dependence of interfacial structures at t = 3 for A = 0 on the regularized
parameter δ, where δ = 0.1, 0.05, 0.025 and 0.0125 from the top to the bottom. The left
panels sastify Moore’s condition, while the right ones do not.

Appendix A. Effect of the regularized parameter

In this appendix, we discuss the dependence of the regularized parameter on the interfacial structure.
The validity of the vortex method and the choice of the regularized parameter δ has been discussed in
various works [17, 31, 35, 52]. The parameter δ provides a kind of numerical dissipation, and the sys-
tem deviates from the perfect inviscid and incompressible flow when δ , 0. We show the interfacial
structures at t = 3 for A = 0 for various regularized parameters δ in Figure 19, where the left panels
are calculated under the same conditions as those adopted in Sub-subsection 4.1.1, and the right panels
are calculated under the same conditions as adopted in Sub-subsection 4.1.2; i.e., the left panels satisfy
Moore’s condition, while the right ones do not. As the regularized parameter δ becomes smaller, the
roll-up of the interface I1 becomes stronger for both conditions; however, the interface I2 is hardly
affected by the value of δ when Moore’s condition is satisfied. This indicates that the vorticity con-
centration does not occur on the interface I2 when Moore’s condition is satisfied. Although there are
some differences in the finer structure of roll-up, significant differences due to the decrease of δ are not
found in asymptotic interfacial structures in Figure 19. The above tendency due to the decrease of δ is
also true in finite Atwood number cases in Sub-subsections 4.2.1 and 4.2.2.
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Figure 20. Temporal evolution of interfaces with various Atwood numbers at t = 5, where
U2 = −U0 and d = π/4. The panels denote A1 = A2 = (a) 0, (b) −0.2 and (c) −0.5.
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Appendix B. Effects of density stratification and initial spacing

In this appendix, we discuss the effect of density stratification and initial spacing d. Figure 20
shows the interfacial structures with various Atwood numbers at t = 5, where d = π/4 and all figures
satisfy Moore’s condition. Here, the linear frequency ω and the initial amplitude a2 are given by
ω = 0.4129564 + 0.5239015 i and a2 = 0.0250247 + 0.0294614 i for A1 = A2 = 0 [Figure 20(a)],
ω = 0.3152806 + 0.2517213 i and a2 = 0.0108192 − 0.0112804 i for A1 = A2 = −0.2 [Figure 20(b)],
and ω = 0.6601108 + 0 i and a2 = 0.0125539 + 0 i for A1 = A2 = −0.5 (ρ0 : ρ1 : ρ2 = 1/3 : 1 : 3)
[Figure 20(c)]. As the initial spacing d decreases, the lower interface without density stratification
becomes unstable due to strong interaction between the two interfaces, and it also rolls up as found in
Figure 20(a). However, even at this value of d, the shape of the lower sheet hardly changes, and the
sheet strength also does not increase when density stratification exists as found in Figure 20(b),(c).
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