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Abstract: We study the normalized solutions for nonlinear Kirchhoff equation with Sobolev critical
exponent in high dimensions RY(N > 4). In particular, in dimension N = 4, there is a special phe-
nomenon for Kirchhoff equation that the mass critical exponent 2 + % is equal to the energy critical
exponent %, which leads to the fact that the equation no longer has a variational structure in dimen-
sions N > 4 if we consider the mass supercritical case, and remains unsolved in the existing literature.
In this paper, by using appropriate transform, we first get the equivalent system of Kirchhoff equa-
tion. With the equivalence result, we obtain the nonexistence, existence and multiplicity of normalized

solutions by variational methods, Cardano’s formulas and PohoZaev identity.
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1. Introduction and main results

In this paper, we are concerned with the existence of positive solutions for the following Kirchhoff
equation in R:

—(a-FbLf\|vuﬁdx)Au-+au::puu¢4u+4uw-%h (%K)
RN

having prescribed mass

j‘M%x:f, (1.1)
RN

where ¢ > 0 is prescribed, N > 4, u € R, a > 0 and b > 0 are positive parameters, 2 < g < p < 2%, 2"
is the Sobolev critical exponent, 2* = % ifN>3,2"=+0if N=1,2.
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Problem (K) is analogous to the stationary case of the following equation:
Uy — (a +b f |Vu|2dx) Au = f(x,u), (x,1) € QxR",
Q

where Q C R" is a smooth domain, u stands for the displacement, f € C(Q x R,R) is the external
force, a is the initial tension and b is related to the intrinsic properties of the string. Such a hyperbolic
equation is a general version of the following equations
2 2
ou
dx) — =0,

Pu (P E [
Por ~ (7 *3L ),
proposed by Kirchhoff [1] as an extension of the classical D’ Alembert’s wave equation for transversal
oscillations of a stretched string, particularly, taking into account the subsequent change in string length
during the oscillations. In addition, nonlocal problems similar to () also arise in biological systems
that can be applied to describe the growth and movement of a specific species [2]. In this situation, u
may describe a process that depends on the average of itself, for example, the population density.

After the pioneering work of [3], problem (K) with fixed A, or even with an additional external
and fixed potential V(x) has been extensively studied in the last ten years, see e.g., [2,4-7] and the
references therein. Compared with Schrodinger type problem, the main difficulty for Kirchhoff type
problem is how to obtain the compactness of the Palais-Smale sequence. Tang-Cheng [5] proposed a
new approach to recover the compactness for the Palais-Smale sequences. Tang-Chen [6] proposed a
new approach to recover the compactness for the minimizing sequences.

In this situation, it is well known that solutions of (%K) are the critical points of the associated energy
functional

1 b 2 1
O,(u) = = alVul> + Au?) dx + = |Vul?dx| - H lulfdx — — lu|Pdx.
2 4
RN RN q JrN P JrN

In the present paper, motivated by the fact that physicists are more interested in solutions satisfying
the prescribed mass (1.1) which are called normalized solutions, we search for solutions of () having
a prescribed L?>-norm. This type of solutions can be obtained as a constrained critical point of the
following functional

b 2 1
Iy =< f |Vu|2dx+—( f |Vu|2dx) _E f uf9dx — — f ulPdx, (1.2)
2 Jgw 4\ Jpy q JrN P JrN

on the L?-sphere

@
0x

Oox?

S(c) = {ue H'®Y) : llull e, = cf,
where the Hilbert space H'(R") is defined as

H'[RY) := {u e L>(RM) : f [Vu|*dx < oo},
RN

with the inner product and norm given by

8=

2 2
(U, Vi) = f (Vv + uv)dx, Nl ey = (V6 g, + o)) -
RN
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When a = 1,b = pu = 0, problem (K) is reduced to the classical Schrodinger equation with pure
power nonlinearity:
— Au+ Au = |uf*u, x eRY, (1.3)

where N > 1, p € (2,2%). It is well known that the L?-critical exponent

pP=2+5
plays an important role in dealing with the Schrodinger equation. For the pure power nonlinearity
lu|P~2u satisfying L2-subcritical growth, i.e., 2 < p < p, then the energy functional associated to (1.3) is
bounded from below. Cazenave-Lions [8] and Shibata [9] proved the existence of normalized solution
via minimizing methods. We also refer the reader to the references [10, 11]. While for L?-supercritical
and Sobolev subcritical case p < p < 2%, the energy functional associated to (1.3) cannot be minimized
on the L*-sphere S(c). Jeanjean [12] proved for the first time the existence of a normalized solution
in this case. Whena = 1,b = 0 and u # 0, problem (K) is reduced to the Schrédinger equation with
combined power nonlinearities:

— Au+ Au = plulu + ul’*u, x eRY, (1.4)

where N > 1, u € R, the nonlinearity satisfies the mixed growth, i.e., 2 < ¢ < p < p < 2*. Recently,
a very complete analysis of the various cases that may occur for (1.4), depending on the values of p
and ¢, has been studied exhaustively in [13, 14]. The paper [13] deals with the Sobolev subcritical case
and [14] with Sobolev critical case.
It is well known that two exponents play a special role for existence and properties of the solutions
for the Kirchhoff equation, in addition to the energy (Sobolev) critical exponent
2N

2=,
N-2

we have the mass (L?-) critical one
8

2+ —.
N
The mass and energy critical exponents define the thresholds for the existence of global minima and
H'-solution, respectively. It follows from
8 2N

24+ —<
N N-=-2

that N < 3. For this reason possibly, there are many results on normalized solution of Kirchhoff
problem in low dimensions N < 3, we refer the readers to [15-19] and references therein. Howover, to
the best of our knowledge, the Kirchhoff type problems with prescribed L?-norm in high dimensions
N > 4 remains unsolved in the existing literature. This motivates us to study this kind of problem in the
present paper for the case of N = 4,6,8. When N > 4, since 2* < 4, it is difficult to study the geometric
structure of the energy functional. Also, it is not easy to prove the boundedness and convergence of
the Palais-Smale sequence.

Particularly, in dimension N = 4, there is a special phenomenon for Kirchhoff problems that will
never happen for the Schrodinger equation, i.e., the mass critical exponent 2 + % is the same as the
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energy critical exponent 2* = % We call this special phenomenon the new doubly critical case, which
is first considered to happen for the Kirchhoff equation in this paper. For other types of double critical
exponents, we refer the readers to [20,21] and references therein. Moreover, it is worth mentioning
that when N > 4, if we consider the mass (L2-) supercritical case, the problem will no longer have a
variational structure owing to the fact that the mass critical exponent is larger than the energy critical
exponent. Thus, there will be no mass supercritical and mixed cases.

Motivated by the works mentioned above, our contribution in this paper is to find appropriate trans-
formation to get the following equivalent system of () in different dimension spaces with respect to
(v,B) € RN x R*:

—Av + v = pv|97y + [v|P 2y,
B—a-bs'T [,,|VvPdx =0, (Py)

~_N
Jow WPdx = B ¢,

where
=, N =4,
ﬁN — )1z 21d—4ad’ N =6, (1.5
\/%cos(0+2%)(j:0,2), N =38,
0 = 1 arccos (—% @a) € (%, %’), and
d = b||V|I? (1.6)

LZ(RN) .

We take two steps to get the existence of solutions for system (#y). First, we solve the equation

—Av + v = pv|972y + [v|P~2y,
1.7)

~_N
Jox WPdx =B ¢,

for the special given Sy. Then, when v is known, coincidentally, By can solve the algebra equation

B-a-bgT f IVv2dx = 0. (1.8)
RN

Therefore, Some known difficulties can be overcome by establishing equivalent results, which is the
key ingredient to prove the nonexistence, existence and multiplicity of normalized solutions for the
Kirchhoff equation (K).

Theorem 1.1. Let N = 4,6, 8. Then equation (K) has at least one positive, radially symmetric normal-
ized solution u € S(c) if and only if the system (Py) has at least one solution (v,By) € S (Bz_v% c) X R*
such that u is positive and radially symmetric, where By is defined by (1.5).

To state our another main results, we introduce some frequently used constants. For p € (2,2%), we
use the notation
_Np-2)

p - 2p
and we denote by Cy,, the best constant in the Gagliardo-Nirenberg inequality [22]

¥ 1-y, 1N
lullzoy < CovplIVall o el 5700 ¥ e € H'@RY).
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B

In the special case p = p, we denote by Cy(8) = (

and u > 0, we denote:

( P(2-v49) )m( a(rpr-2) )

ZCZP(VPP—7hQ) Zczg(pr—qu)

KB = — o
((ﬁ—%c)(l—vq)fI) ((,3—% c)(l—vp)P)W
ok _ pﬁ
we = 2C1’3,’1_7c%.

For2 <g<p < p<2andu <0, we denote:

2-vq9

( 1_'}/]) 1 Ypp—2
Crg(rr=70) J\7Ch,y
/’t*(ﬁ) = d 2-vqq °

((ﬁ—%c)(l—m)q) ((,3—% c)(l—w)p)wT‘z

For2 <g < p < p=2"and u > 0, we denote:

2-yqq

o (2ST2-va))’ ¢@ -2
l’l(ﬁ) = q N (1_ ) 4
2(2* - v49) 2C% (27 = v,q) (B~ F ) (177)a
2-yqq
() = 22 44S* )
T N, =) (00 (2= 70
9 Nyg q
For g = p < p =2 and u > 0, we denote:
_ P
/l(lg) = B N .
ZCZ’ﬁc%(IB_Xc)(I*Yq)q
For p < g < p =2 and u > 0, we denote:
S%(l‘?’q)q

Ue(B) = +o0 if N = 4, and w..(B) = > 5,

—ifN
yq(ﬁ_%c)(l_yq)q
where the optimal Sobolev embedding constant S [23] is given by

2
S _ ”Vu”LZ(RN)
- 2

in ,
ueD2(ENNO) (el v,

- ) the critical mass. For2 < g < p < p <2*

where D'"2(R") denotes the completion of Cg’(RN ) with respect to the semi-norm [[u||pi2gyy =

||VU||L2(RN)-

Applying Theorem 1.1, we can prove the following results. Firstly, in the Sobolev subcritical case

2<g<p=por2<qg<p<p<2 wehave:

Electronic Research Archive Volume 30, Issue 4, 1282—-1295.
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Theorem 1.2. Suppose that a,b > 0 and 2 < g < p < 2* hold. Let By and d be defined by (1.5) and

(1.6), respectively. If one of the following conditions holds:

(1) 2<qg<p=p0<c<Cy@By) andu>0;

Q) 2<qg<p<p<2,c>0and0 <y <min{u*By), £ By));

B) 2<qg<p<p<2ic>0and—u.(By) <pu<O0;

then we have the following conclusions:

(i) for N = 4, equation (K) has a positive, radially symmetric solution u € S(c) ifd € (0, 1), and
has no nontrivial solution if d € [1, +00);

(i) for N = 6,8, equation (K) has two positive, radially symmetric solutions u,, u, € S(c) if
d € (0,dy), has one positive, radially symmetric solution u € S(c) if d = dy, and has no
nontrivial solution if d € (dy, +00), where dy = ﬁ when N = 6 and dy = ﬁ when N = 8.

Next, in the Sobolev critical case 2 < g < p = 2%, we have the following result:

Theorem 1.3. Suppose that a,b,c > 0 and 2 < g < p = 2* hold. Let By and d be defined by (1.5) and

(1.6), respectively. If one of the following conditions holds:

(1) 2<g<p<p=2"and0 <y <min{i@By), By}

(2) p=q<p=2"and0<p<ppBy);

B) p<g<p=2"and0 < pu < w.(By);

then we have the following conclusions:

(i) for N = 4, equation (K) has a positive, radially symmetric solution u € S(c) if d € (0, 1), and
has no nontrivial solution if d € [1, +00);

(i) for N = 6,8, equation (K) has two positive, radially symmetric solutions uy, u, € S(c) if
d € (0,dy), has one positive, radially symmetric solution u € S(c) if d = dy, and has no
nontrivial solution if d € (dy, +0), where dy = t when N = 6 and dy = ﬁ when N = 8.

Remark 1.1. Theorem 1.3 covers the doubly critical case that the mass critical exponent is the same
as the energy critical exponent i.e., in dimension N = 4,

. 8

p=2"=2+ N
Remark 1.2. As far as we know, Theorems 1.2 and 1.3 seem to be the first results on the existence and
multiplicity of normalized solutions for equation () in high dimensions N = 4,6, 8. We also remark
that it is interesting to know whether () has a normalized solution for a'7" b small in more general
dimensions N > 4. However, we can not solve this question now. So far, we just know that (%) has
at least a positive normalized solution for a7 b small, and has no nontrivial solution for a' b large in
the special dimensions N = 4,6, 8. Moreover, it is reasonable to regard a and b as parameters in (K)
since, as already noted before, a is the initial tension and b is related to the intrinsic properties of the
string.

Finally, in the doubly Sobolev critical case g = p = 2*, based on the PohoZaev identity, we have the
following nonexistence result, which is not related to the equivalent results but interesting in itself.

Theorem 1.4. Suppose that p = q = 2* and N = 4 holds, then equation (K) has no positive solutions
u € S(c)forany u > 0.

This paper is organized as follows: In Section 2, we present some preliminaries. In Section 3, we
show some results of (Py). In Section 4, we give the proofs of Theorems 1.1-1.4.
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2. preliminaries

In this section, we introduce some preliminaries that will be used to prove Theorems 1.2—1.4.
Lemma 2.1. Let u > 0, N <4 and u € S(c) be a solution of (K). Ifu > 0 and u % 0, then 1 > Q.

Proof. Arguing indirectly, suppose that A < 0. It follows from u > 0 that
- (a + bf |Vu|2dx) Au = —Au + plulu + [uPu > 0,
RN

Thus —Au > 0. Moreover, from standard regularity results we have that u € C>(R"). By the Liouville’s
result [24, Lemma A.2], we obtain that ¥ = 0. This contradicts with u # 0. Thus 4 > 0. O

Lemma 2.2. Leta,b > 0, p,q € (2,2 and pu, A € R. Ifu € H'(R") is a weak solution of the Kirchhoff
equation ('K), then the following PohoZaev identity holds:

P(M) - allvu”LZ(RN) + bllvu”LZ(RN) Nyqllulqu(RN) ||u||Z1)(RN) = O (21)

Proof. Let M = ||Vul? then u € H'(R") is a weak solution of the following problem

L2(RN)?

1
—Au = = bM(ylul"_zu + ulPu - Au).

Then the elliptic regularity theory implies that u € C2(R"). Combining

allVuls g, + DIVl gy = il + 1 ) = Al
with
allvu”LZ(RN) + bllvu”LZ(RN) N 2 || ”L‘i(RN) ||u||€p RN) ||u”L2(RN)
we conclude that (2.1) holds. |

Lemma 2.3. For m,n € R and (%)2 + (%)3 < 0, then the following cubic
X +mx+n=0, (2.2)

has three distinct real roots, which can be written in the form

)
xj:2\3/;cos(9+$)(j:0,l,2), (2.3)

where r = \|—(%) and 6 = 1 arccos(—£).

Proof. This lemma is a special case of Cardano’s formulas, and for the convenience of the reader, we
give a simple proof. Set
m=-3yzandn = —y* - 2°, 2.4

Electronic Research Archive Volume 30, Issue 4, 1282-1295.
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it follows from the Binomial Theorem that x = y + z always satisfies (2.2). From (2.4), we can obtain
that y* and z* are the two roots of the quadratic

3
m

X +nX-— =0.
Y

Furthermore, by (g)2 + (%)3 < 0, without loss of generality, we may assume that

3 f— _E 7 — E — — — . 1

y = 5 + l1, (2)2 (3 )3 = r(cos(36) + isin(30)),
3 —_ _H — " — E J— — — — . 3

7 = 5 ‘/ (2)2 (3 )? = r(cos(36) — isin(30)),

where r = /—(%)3 and 0 = % arccos(—3-) € (0, 5). It follows that

and

2j 2j
y=r cos(9+%ﬂ)+isin(9+%ﬂ))(fzo’1’2)’

and

2] 2j
7z = Vr|cos(6 + %)—isin(9+ %))(j:O,l,Z).

Note that x = y + z, we then conclude that (2.2) has three distinct real roots, which can be expressed as
in (2.3). O

3. Existence of solutions of (Py)

We devote to solve system ($y) in this section. We will prove the following results which will be
used to conclude Theorems 1.2 and 1.3.
Firstly, in the Sobolev subcritical case 2 < g < p=por2 < g < p < p < 2*, we have:

Proposition 3.1. Suppose thata > 0 and 2 < g < p < 2* hold. Let By and d be defined by (1.5) and

(1.6), respectively. If one of the following conditions holds:

(1) 2<qg<p=p0<c<Cy@By) andu>0;

(2) 2<g<p<p<2ic>0and0 <y < min{u*By), u™*(By)};

3B) 2<q<p<p<2,c>0and—u,[By) <pu<0;

then we can obtain the following results:

(i) for N =4, system (Py) has a positive, radially symmetric solution (v, %) if d € (0, 1), and has
no nontrivial solution if d € [1, +o0);

(i) for N = 6,8, system (Py) has two positive, radially symmetric solutions (v, ﬁ}v) and (v, Bf\,) if

1

d € (0,dy), has one positive, radially symmetric solution (v, 5;) if d = dy, and has no nontrivial

solution if d € (dy, +00), where dy = ﬁ when N = 6 and dy = # when N = 8.

Next, in the Sobolev critical case 2 < g < p = 2%, we have the following result.

Electronic Research Archive Volume 30, Issue 4, 1282—-1295.



1290

Proposition 3.2. Suppose that ¢ > 0 and 2 < q < p = 2* hold. Let By and d be defined by (1.5) and

(1.6), respectively. If one of the following conditions holds:

(1) 2<g<p<p=2 and0 << miniBy). ABx));

(2) p=q<p=2"and0<p<papBy);

(3) p<q<p=2"and0 <p < u.(Bn);

then we have the following results:

(i) for N =4, system (Py) has a positive, radially symmetric solution (v, 1) if d € (0, 1), and has
no nontrivial solution if d € [1, +0o0).

(ii) for N = 6,8, system (Py) has two positive, radially symmetric solutions (v, lev) and (v, Elzv) if
d € (0,dy), has one positive, radially symmetric solution (v, ﬁ) if d = dy, and has no nontrivial
solution if d € (dy,+00), where dy = ﬁ when N = 6 and dy = ﬁ when N = 8.

In order to obtain conclusions of Proposition 3.1 and 3.2, we first recall some results about existence
of normalized solutions for the equation (1.7).

Theorem 3.1. [13] Suppose that ¢,y > 0, N > 4 and 2 < g < p < 2* hold. If one of the following
conditions holds: o

(1) 2<qg<p=p 0<c<CyPBy)andpu>0;

(2) 2<qg<p<p<2i¢c>0and0 < u<min{u*By), 1By}

(3) 2<q<p<p<2,c>0and—u,By) <u<0;

then Eq (1.7) has at least one positive, radially symmetric solution.

Theorem 3.2. [14, Theorem 1.1] Suppose that ¢,By > 0, N > 4 and 2 < g < p = 2* hold. If one of
the following conditions holds:

(1) 2<g<p<p=2"and0 <y <min{i@By), 4By}

(2) p=q<p=2"and0 <pu<ppy);

(3) p<qg<p=2"and0 <p < u.(Bn);

then Eq (1.7) has at least one positive, radially symmetric solution.

Remark 3.1.
(i) Theorem 3.1 can be obtained from [13] with some minor modifications. Specifically, (i), (ii) and

(iii) of Theorem 3.1 can be derived from Theorems 1.1, 1.3 and 1.6, 1.9 of [13], respectively.

(ii) In dimension N = 4, the right hand side of the condition (1.6) in [14] is positive infinity. In
dimension N > 5, instead, the value is finit. For more detail, we refer to the formula (6.1)
in [14].

Proof of Proposition 3.1. By Theorem 3.1, equation (1.7) has at least one positive, radially symmetric
solution v when the assumptions in any case are satisfied. We define the function f,(5) as

£B) =B —a—bBT VI g, 3.1)
Case 1: N = 4. In this case, by (1.6), (3.1), we have
HPB)=1-d)B-a.
It follows that if d € (0, 1), then

Electronic Research Archive Volume 30, Issue 4, 1282-1295.
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defined as in (1.5), is a solution of f,(8) = 0, and (v, 8,) is a solution of (Py). If d € [1, +o0), (Py) has
no nontrivial solution. This implies that Proposition 3.1 (i) holds.
Case 2: N = 6. In this case, by (1.6), (3.1), we have

fB) = ~dp’ + - a.

Then it is easy to know that ﬂlim fy(B) = —oo for any a,b > 0 and f,(8) < O for any 8 € (0,a]. If
—+00

d € (0, 7-), then there exist

N 1= V1—4ad 1
ﬁG,l = € ((1, )a
2d 2d
and
N 1+\/1—4ad€(1 o)
= —., 400
6.2 2d 247

such that (v, Bs.1), (v, Bs2) solve (Py). If d = 1-, then (v, 5;) solves (Py). If d € (35, +0), then (Py) has
no nontrivial solution. Thus, we can obtain that Proposition 3.1 (ii) holds.
Case 3: N = 8. In this case, by (1.6), (3.1), we have

f(B) = ~dp* + B~ a.

Then it is easy to know that ﬁlim fv(B) = —co for any a, b > 0 and f,(B) < 0 for any 8 € (0, a]. For each
—+00

v # 0, we have

d
—£.(B) = 1 —3dB>.
dﬁf(ﬂ) B

It is easy to see that f, () has a unique maximum point 3, = ﬁ > (, and

2
max /() = fu (B) = = —a.

3V3d
Ifd € (0, 2747), it follows from Lemma 2.3 that the equation f,(8) = 0 has three distinct real solutions

- 2 27
Bsj = —— cos(6 + %)(j =0,1,2),

V3d
where |
6= 3 arccos (—3; @) . (3.2)

It is easy to see that one of which is negative and two of which are positive. Due to 8 > 0, we next
wish to exclude the negative solution. Note that (3.2) and d € (0, ﬁ), it follows that

3
—f@e (-1,0),

and then

Electronic Research Archive Volume 30, Issue 4, 1282—-1295.
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This leads to Bg’o, B&Q > 0 and B&] < 0. Moreover, it is easy to see that Bg’o > B&z. Therefore, we
conclude that if d € (0, ﬁ), then there exist

i 2 11
Pro = —— c0s 0 € (—, —),
0 \V3d V3d Va

and

- 2 4 1
fBso = —— cos(d + ?”) € (a, —),

V3d V3d

such that (v, Bs), (v,Bs2) solve (Py). If d = 5, the equation £,(8) = 0 has a unique positive real
solution

~ 1
ﬁg =
V3d
then (v, Bg) solves (Py). If d € (2747, +00), then (Py) has no nontrivial solution. Thus, we can obtain
that Proposition 3.1 (iii) hold. O

Proof of Proposition 3.2. Similar to the proof of Proposition 3.1, and applying Theorem 3.2, we can
prove Proposition 3.2. O

4. Proof of the main results
Proof of Theorem 1.1. Firstly, it is clear that u and v have the same sign and radial symmetry. We next

prove the equivalence.
Necessary condition. Suppose the equation () has a normalized solution u# € S (c), we then have

(@ + BIVUl: gw)) f VuVedx + f ugdx
RN RN

:,uf |u|q_2u<pdx+f lulPupdx, Yo € H'(RY).
RV RV

Let 8 = a + b||Vul|? and v(x) = u(ﬁ%x) = u(y), we conclude that

L2(RN)
B=a+bs T IV g, @.1)
Let By be defined by (1.5), i.e.,
. N =4,
By = {257, N =6,
Zcos(0+%#)(j=0,2), N=38,

Electronic Research Archive Volume 30, Issue 4, 1282—-1295.
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where d = b||Vv||i2 &Ny by a similar argument as used in the proof of Proposition 3.1, we obtain that

B =By > 0 can solve (4.1) in dimensions N = 4, 6, 8. Furthermore, let ¢(x) = go(,B%x) = ¢(y), we have
f Vv(x)Ve(x)dx + 4 f v(x)p(x)dx
RN RN

=ﬁ;ﬁ (BN fR Vu()Vekdy + 4 fR ) u(y)cp(y)dy)

lz

5 oo [ wuorbes) [ vuvama a8, [ woo

=

N
2

=By 1 fR ) U *u(y)e()dy + B, fR ) )P u(y)e(y)dy

=u f VOO v(x)p(x)dx + f V)P 2v(x)$(x)dox.
RN RN

ol

N
Py

~_N ~ ~ ~
Moreover, [, vPdx = B,* [, lu()Pdy = By*c?, which implies that (v.By) € S(By*c) X R* is a

solution of (Py).
~ ~_N
Sufficient condition. Suppose the system (Py) has a solution (v,5y) € S(5,*c) x R*. At leastin a
weak sense, we then have, in dimensions N = 4,6, 8,

f VyVedx + A f vedx = 1 f V9 vpdx + f VP2 vedx, Vo € H'(RY),
RN RN RV RN

and

~ N2
By =a+bBy} f |Vv[*dx.
RN

Let u(x) = V(B;,%)C) =v(y) and ¢(x) = ¢(B1_v% X) = ¢(y) we can obtain that

(a+b f IVu(x)Izdx) f Vu(x)Ve(x)dx + A f u(x)p(x)dx
RN RN RN

=By (BY (a + BB fR . |Vv(y)|2dy) fR RACMZOLEE! f ) v(y)¢<y>dy)

R

3 f TvIVPOy + A f ) v(y>¢(y)dy)

R R

3 (u fR WO O)R0Ny + fR i |v(y>|f’-2v(y>¢(y)dy)

=H f ()1 u(x)p(x)dox + f (Ol u(x)p(x)dx,
RN RN

and
~N
f lul*dx = B} f v)lPdy = ¢,
RN RN
which implies that u € S(c) is a solution of (K). O
Proof of Theorem 1.2. The conclusions follow directly from Theorem 1.1 and Proposition 3.1. O
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Proof of Theorem 1.3. The conclusions follow directly from Theorem 1.1 and Proposition 3.2. O

Proof of Theorem 1.4. Suppose that u € S(c) is a positive solution of (K) with p = g = 2%, then

2 4 2
allvu”LZ(RN) + bHVM“LZ(RN) + /l”uHLZ(RN) = /JHu”Zq(RN) + ||u||§p(RN)'

It follows from Lemma 2.2 and u € S (¢) that
Ac® = p(1 = y)llull] oy + 4= Yl -

Since p = g = 2%, we have y, = vy, = 1, it follows that Ac* = 0. However, by Lemma 2.1, we
have A > 0, which is a contradiction. Hence, equation () has no positive solutions u € S(c) for any
u>0. i
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