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Abstract: In this paper, a fully discrete local discontinuous Galerkin finite element method is proposed
to solve the KdV-Burgers-Kuramoto equation with variable-order Riemann-Liouville time fractional
derivative. The method proposed in this paper is based on the finite difference method in time and
local discontinuous Galerkin method in space. For all €(r) € (0, 1) with variable order, we prove the
scheme is unconditional stable and convergent. Finally, numerical examples are provided to verify the
theoretical analysis and the order of convergence for the proposed method.
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1. Introduction

Fractional calculus is the development and extension of integral calculus, and its practical signifi-
cance has attracted wide attention of many scholars [1-3]. Its theoretical research has been well applied
not only in the field of pure mathematical theory, but also in various fields such as rheology and me-
chanical systems, optical and thermal systems, signal and image processing, industrial production and
technology, electromagnetism, physics and materials [4-9]. In recent years, variable order fractional
calculus has been discovered in some physical processes, such as algebraic structure and noise re-
duction. It is a generalization of the concepts of constant order fractional differential and fractional
differential theory [10-18].

KdV-Burgers-Kuramoto equation is a partial differential equation in nonlinear mathematical physics
equation. The equation includes unsteady term, nonlinear term, dissipation term, dispersion term
and instability term [19]. KdV class equations are the classical equations of nonlinear wave theory


http://http://www.aimspress.com/journal/era
http://dx.doi.org/10.3934/era.2022066

1264

and soliton phenomenon. It is first obtained from the shallow water wave equation, and appears in
plasma acoustic waves, longitudinal dispersion waves in elastic rods, etc., which can well explain
many important physical phenomena. It can be used to describe the movement of unstable systems
such as turbulence in some physical processes, unstable floating waves in plasma, stress waves in
broken porous media, and nonlinear surface long waves of viscous fluids flowing downward on in-
clined surfaces [20,21]. Some papers have studied nonlinear or linear differential equations using local
discontinuous Galerkin or other methods [22-27], while others have studied fourth-order differential
equations [28-32]. In recent years, many scholars have studied various applications and properties of
KdV-Burgers-Kuramoto equation and different numerical methods. Secer and Ozdemir proposed the
wavelet Galerkin method to solve the time fractional order KdV-Burgers-Kuramoto equation, which
was transformed into its corresponding nonlinear algebraic equation, and the numerical solution was
obtained by Newton method [33]. Bruzoén et al. introduced the generalized KdV-Burgers-Kuramoto
equation, and studied the conservation law and classical symmetry with multiplier method [34]. Kim
and Chun found the exact solution of the equation based on empirical function method, and con-
structed a new generalized solitary wave solution of KdV-Burgers-Kuramoto equation by using trun-
cated Painleve expansion method and Exp function method [35]. Kaya et al. linearized the nonlinear
term of the equation by linearization technique, and obtained its numerical solution by finite difference
method [36].

In this paper, we will design a high-order local discontinuous Galerkin method to simulate the frac-
tional KdV-Burgers-Kuramoto equation with variable-order time derivatives, and discuss its stability
and the optimal convergence rate. Discontinuous Galerkin (DG) method not only uses the element
polynomial space of general finite element method as the approximate solution and test function space,
but also allows the basis function to adopt completely discontinuous piecewise polynomial, and has
the advantage of both finite element method and finite volume method [37,38]. DG plays an im-
portant role in volume dynamics, shallow water simulation, magnetohydrodynamics, oceanography,
viscoelastic flow, oil recovery simulation, semiconductor device simulation and so on [39-42].

We consider the following variable-order time fractional KdV-Burgers-Kuramoto equation

thl_E(t)u + L(u)x - gluxx + 02uxxx + 93uxxxx = F(.X, t)’ (.X, t) € (a, b) X (0, T],
u(x,0) = up(x),  xe€la,bl,

(1.1)
in which 0 < €(f) < 1, 6, , 6>, 65 are constants and 8, 63 > 0. The L(u) is an arbitrary nonlinear function
and F, uy are smooth functions. In this paper, the solution is considered to be periodic or compactly
supported.

The variable-order Riemann-Liouville fractional derivative in Eq (1.1) is defined by

4
§w“%mn=(l 4 ;&ﬁl%ﬂ.
(=t

L) dl Jo (& =&)<

In Section 2, some symbols, basic projections and the numerical flux are given. In Section 3, we
will propose a fully discrete local discontinuous Galerkin method for the Eq (1.1), and prove that the
scheme is unconditional stable and convergent. Numerical examples are given to show the reliability
and effectiveness of the method in Section 4. Finally, the conclusion is given in Section 5.
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2. Notations and auxiliary results

2.1. Notations and projection

Leta = X1 < x3 <o <Xy = b be partition of Q = [a,b], denote I; = [xj_%,xﬂ%], for
j= 1,~--N,andhj:xj+% — X1 1<j<N, h= lrllsjg;)](vhj.

2
Let [u;]; o is used to denote (u;’l);l - (”Z);+l , the jump of u} at each element boundary point.
2 2

We denote ut , = limu(x..1 +)and u” , = lim u(x.,1 —1).
i t—0* ( It ) S ( Jt3 )

The piecewise-polynomial space V,’j is defined as
V]]; = {ﬁ:ﬂEPk(Ij), xel, j=1,2,---N},

where k is order of piecewise polynomial.
The fractional derivative of Riemann-Liouville and Caputo are introduced below, which are related
to each other [43,44].

Lemma 2.1. Let W;”(a, b) be the Banach spaces with their weak derivatives of order m in L?(a, b),
and the function u(x,t) € Wl1 (0,T), then we have

,u(x, O)te(t)—l
T(et)) ~

where thl _E(t),u(x, t) is the variable-order Caputo fractional derivative

0D uCx,0) =5 D Cplx, 1) +

1 " Ou(x, d
(C)‘D;—E(Z)#(x’ l’) — f /J()C ’7) 771 .
Len) Jo  on (-~
For any periodic function @, the following are two basic projections that will be used in error
analysis, that is P,

flj(Pw(x) — @(x))¥(x) = 0, V& € PX(I}), 2.1)

and projection P*,

f(?’+w(x) —w(x)Hx) =0, Vo € Pk_l(lj),
I

(2.2)
P+w(x;_%) = w(x;_1),
and
f (P @(x) — @(x))Ix) =0, V& € PI(1)),
I (2.3)
P‘w(xj_.+%) = w(xj+%).
The projections  and P* satisfy [45-47]
VIl + Alvlleo + R2 [Vl < CRT 1D ], (2.4)

where v = Pw — w or v = P*w — w. The positive constant C, solely depending on @, is independent
of h. 7, represents the union of all element boundary points, and the L?>-norm on 7, is defined by

1
2

Wl = ( 2O+ <vj+1>2>)
1 2 2

<j<N
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2.2. Numerical flux

Numerical flux Z((//‘, Y*) is considered in this paper. It is monotone, which depends on the two
values of the function ¢ at the discontinuity point x; +1. Many examples of monotonic flux can be
found in reference [48].

In the paper, C is a positive number that may have different values in different places. Let the scalar
inner product on L(E) be denoted by (-, -)g, and the associated norm by || - ||z. If E = Q, we drop E.

3. Fully discrete LDG scheme

We first describe the fully discrete local discontinuous Galerkin method for the Eq (1.1). By means
of Lemma 2.1, we can rewrite the model Eq (1.1) into the following form

B=uy, Y=, t=—-6u+6,+6y, g=i,

(X)€" (3.1)

C yl-e(®)
D +L(u),+g,=— + F(x,1).
§DI ik L+ g0 =~ + P

Let t, = nAt = T, At = t, — 1,_1. We estimate the time derivative OCD}_G(I)M at ¢, as follows

_ 1 " Ou(x, o)
CDl (1) t,) = f > f, — S e(t)—lda
0P I T Ry Jy T T

I f’ Au(x, 8)
(t, — ) V71ds
2

" (er) 4 35
_ 1 n—1 Tit1 l,[(x, tj+1) — l/t(x, l'l) (-1 "
" T(e(t) 45 ft At (tn = 0)™do +17(x) (32)

_ 1 O U, 1) —u(x, 1) 1 (i) €ty 4 1
- T(et) ; At (= gy = )T = (10 = )T+ 7()

Ate(tn)—l n

where ! = (i + 1) — j€")_ The truncation error is
IOl < Ci(Ar) e, (3.3)

Further, we have the following results:

CDl—E(l) ( t) Ate(tn)—l ( ( t)
ux,t,) = ————u(x, 1,

0 ’ (1 + e(t,))
., (3.4)

@y = @ ul 1) = Wl u(x 1)) + 1 (x),
i=1
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where w! has the following properties
l=wy>w]>w;> - >w, >0,
Z(wﬁ_l —w) +w, =1, (3.5)
k=1
e(t,)(k + DM <l < et )k
Letuy, g7, ¢, vy, B}, € V;l‘ be the approximations of u(-, t,), g(-,t,), (-, t,), v(-, t,), B(:,t,), respec-

tively, F"(x) = F(x,1,). Find u!, g, ¢, ¥?, B} € V}, such that for all test functions g, o, ¢, &, x € V&,

Ate(t,,)—l

N
T +et) Jo upodx — ( fg (L(uj)ox)dx — Z((LZQ‘) jal — (Lio M)j-1))

~( f gho.dx - Z“gh@ )it = (€100,
j=1

Ap€tn)-1 n-1 .
o dx + d)
r<1+e<rn>>(,z(“’"” - ’)f e - fg”’“g ’
e(ty)—1
- rt"(t) u2@dx+ f F"odx,
(E(tn)) Q Q (36)

N
n n o g —
fg;gh(rdx+ LLhO'xdx— ;((Lha )j% - (o )j,%) =0,
fLZg‘dx - f(—é’l uy, + 0,8, + 03y,)sdx = 0,
Q Q
N —_— —_
fyZde + f,BZdex - Z((BZK_)jJr% — B3k ;1) =0,
Q Q j=1
N —_— —_
f,BZ)(dx + f Uy vdx — Z((u"h)(_)j% - (u’Z)(*)j—%) =0.
Q Q j=1

For the sake of convenience, we take A4 = rg:[,fffj’l)). The choice of the hat term (3.6) will have an

important influence on the stability. We consider the following numerical flux

if 6,>0, B=@)7, B=p+1l+0u - 0B a7
wy = )", g =gy, ="

if 6, <0, EZ = (81", [;7; :EZ + 7[g, + 01uy, + 162151, (3.8)

W=, gi=@ht, o=

where T > 0.
We use iterative method to calculate it because of the nonlinear.
Find u™, g™, ™, vy, By"™ € V§, such that for all test functions o, o, ¢, &, x € V}, we can get
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1268

Ate(tn) 1 - .
Ta+ea) Jo de—(fgh 0xdx = jZ‘((g @)1 = (€701 )

Agetn-1 1=l _ 0
(W_;_ —wZ_i)fu’ dx + w,_ fu dx)
I“(1+6(t,,))(Z ! o ™ t o€
(tn)—-1
fn Y%odx + f F"odx
- u
I'(e(t,)) ! Q

. f (L o) - Z((L"“ Yy (L6, )
3.9

fgnmgdx f( =601, + 0,8, + 03y, )sdx = 0,
fQ andx+fﬁ "k dx — Z( e Dy - ?K+)J_—%):0’
fg )(dx+fuh "y dx — Z((” Yot — G ),1) = 0.

Where m is the iteration step. u” 0= =u, !'is initial condition, ||uZ”” ”’” 1|| < 107° is stop condition.

Next, we give the stability analysis of the numerical scheme (3.6).

3.1. Stability analysis
Without losing generality, we consider the case of F = 0 and (3.8) in the numerical analysis of this

model problem. The following stability result for the scheme (3.6) is obtained.

Theorem 3.1. For periodic or compactly supported boundary conditions, the fully-discrete LDG
scheme (3.6) is unconditionally stable, and the numerical solution uj, satisfies

N
P + 226,851 + 24631051 + U6l Y IBT:,
j=1
N (3.10)
+ 2472[4 + 0y + 0BT, <Nl n=1,2-- M.
2

=1

Proof. Taking the test functions o = u}, xy = —Ag; +40,6}, o = 4B}, x = A, +6,u;, +10:|6}), ¢ = =y,
in scheme (3.6), and with the fluxes choice (3.7), we obtain
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1?12 + A6,|BL11 + ABs|ly PP + AL(u?)

N N
A7 ) [+ 6+ 0BTy + ) AP, & )
JZI n opn n non ]n:ln (311)
- (D(Mh, 8hsPps Lh)j_l + A(Mh, 8 Pp» Lh)j_%)
-1
=) (W | —Ww,_ l)fuhuhdx+ (W), — e(tn)ne(t”)_l)fuhuhdx
i=1 Q
In each cell /; = [xj_%, xj%], we obtain
—~ N —_—
L(uy) = - (L(L(uﬁ)gx)dx - Z((LZ ol (L”Q )J—l))
=1
Oy, g5 By ) = = (8)7Wh)™ + €)™ + () + B (@) =B
— 8B+ 0B )T = By — u(B)
1 —
#1650 - BB )
2 —~ —~ — (3.12)
Ay, 8hs B i) = = (8)~ )™ + (g ()" + g ()™ = gZ(uZ)+ +u,(8h)”
— (g + (B (W) = (BT = B + B
— QB+ 4B+ 6B U — (BT
= BrG)” + BrGu)" —up(By)” + up(By)")
1 1 — —
+10:l( 5B =SB - BB + B
After some calculation, and sum (3.12) from 1 to N over j, we can easily get
n n | |
A, gl Bl L) = —2[5h : (3.13)

Let L(u) = fou L(u)du. Considering the nonlinear term, we can use a mean value theorem to calcu-
late, so that we can get

Lup) = Z](L © =Dyl 20
J=
where £ is a value between (u})~ and (u})*. We consider the monotonicity of flux function, and obtain
inequality. Combine (3.5) and (3.13), the equality (3.11) becomes

N
A6,

;| P+26:1IB3I1 + 6]y +—Z[/3h]2 : +ATZ[Lz+eluz+|92L8’;]§_%
! (3.14)

n—1
<@l f i + o WL

i=1
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The Theorem 3.1 will be proved by mathematical induction. Let n = 1 in (3.14), and based on the

following formula:

1
2 0112
f Ui < ||uz|| + 3 IgIP.
Q
We can obtain

A6
ey IP+61 B3P + 651y, P +—2th Lt

=1
1110
<wplluylllee |l
1 1
12 012
<=llu ||~ + =|lu, ||,
Sllegll™ + Syl
then we can get the following inequalities immediately

N
P +2261 1B + 2285l + el Y 1B,

j=1
N
1 1 172 0112
+247 ) [+ Oy + 0BT, < )P,

J=1

and
1 0
[lee, || < |l

Now we assume that the following inequality holds

0
”uZ” S ”uh”’ n= 15293 e ’p9

we need to prove
+1 0
llogy, 1 < Hlag ]l

It follows from (3.14) that

/16’
I 1P 20,08, P+ gl + L Z[ﬁ”“ L

+/l7'Z:[Lerl +t91upJrl + 16, IBerl j :

)4
+1 +1 0
< (@ = @y Dl 1+ eolad ™ Il
i=1
)4
+1 0
<[ D@ = )+ f

1l
—

Consequently, we have

ey ™ I + 226,118, 1P + 24651y I ”WZ v
2

N

+1 +1 +192 0112
#2207 ) [ + 6+ 10.08]" T < uplP.

J=1

N
Ax ) L + 61, + 16181,

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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3.2. Error estimate

Consider the linear case L(1) = u and choose (3.8) as the numerical flux in error estimate. We have
the following theorem.

Theorem 3.2. Let u(x, t,) be the exact solution of the problem (1.1), which is sufficiently smooth with
bounded derivatives. Let u; be the numerical solution of the fully discrete LDG scheme (3.6), then
there holds the following error estimates when 0 < €(t,) < € < 1

T _ _ e
- (ADEH + (ADPE + (A T B2 4+ B
— €

llu(x, ,) = ull <
and when €(t,) < € — 1,
lu(x, 1,) — ]l < TCAD™ K" + At + (A" B2+ B,
Proof.

€y = u(X,ty) —uy =& —1,, & =P, 1, =P ulx 1) - ulxt,),
Z = g(x, tn) - gz = frgl - 77;, fg = 7D+€Z’ 77’g1 = P-'—g(x’ tn) - g(x, tn)a
r=uxt) - =€ -, E =P, n' =P ux,t,) —ux,t,), (3.20)
z = Y(X’ tn) - YZ = é‘:; - TI;’ é; = Pe;l/’ UZ = PY(X’ tn) - y(xa tn),
eg =B, 1) =B, =& — Mg, § = Peg, g = PB(x, 1,) — B(x, 1,).
Here n;, my, 0/, 17, and M have been estimated by the inequality (Eq 2.4).
Taking the flux (3.7), we can get the following error equation

N
fg eiodx fg (¢ho)dx - ;«?z@‘)ﬁ; - @o")-y))
N
-4 fg ehosdx - ;«Eg@-)ﬁ; - @o"),-y))

n—1
- Z(U)Z—i—l - w,_;) f e odx — !, f edodx + e(t,)n“ ! f edodx
i=1 Q Q

Q

N
+ Af r"(x)odx + fegcrdx + f elodx — Z ((g\?o-_)]url - (é?o’r)j_l) (3.21)
Q Q Q j:l 2 2

+fef’gdx—f(—@leﬁ+|92|eg+93e;)gdx+fezkdx+fez,/<xdx
Q Q Q Q

N
- Z; (((e + 7le + bhey, + 10alegDe) i1 — (e + le + Orey + |OalegDx) ;1)
J:
N

+ f epydx + fe"u)(xdx - Z ((@X_).,-J,% - (Z”M)(Jr)j_%) = 0.
Q Q

J=1
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Take the test function ¢ = &, x = —A&; + A&y, 0 = A, k= A& +0,&, + |92|§Z), ¢ =-1&), and
use (3.20) in the error equation (3.21), we can get

N
fg eéndx=A( fg EEDx = Y (@) E s — (E €, )

=1
N
-4 fg EEDdx = Y (@) E s — (@ E),)
=1
' N
+ fg £1aEpdx + fg L dx = (€ AE Yy — (€A )
=1
o [ gagan- [(agp-o - g + o
v [ g0@ o+l | g + o +1ode).dx
N
= @ AE + 08+ 101E ) 1)~ (ETAE + 61+ 16IENT, )
=1
v [ gace sogace | gacg s aga

N
= D (€ A€ + 01800y = (ED7(AUE; + 6:E)) )
j=1
: N
+7 ) I8+ 0E + IIIAE + 08 +10:1E)] s
j=1

N
=7 ) [+ O + 1WA + 0iE) + 102Ep)] 1y

=1

n—1
=Y -on) [ dadve e, [ faar
i=1 Q Q
-2 f ' (x)Edx — e(t,)n <! f E&dx + f n'Endx
Q Q Q

N
-4 fg M dx Zl () €)1 = (€,

N
-4 fg TEDdx = ) (R €D )0y = (G E)),p)
=1
n—1
- -0l [ s ol [ g ! [ b
Q Q Q

i=1
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N
- fg 7i(AEDdx + fg MQAERdx = (G AE) )01 = (G AEN ;1)
j=1

+ fg (-0 ~ fg (AL~ — 6l + BNl
+ fg TAE + 6,8 + 100 + f TAE + 6, + 164 dx
Q

N (3.22)
3 (R AE + 0E 4100 )0y — () AE + 0,1+ 101ED)),1)

j=1
+ fg TACE + 6,E)dx + fg TAE + 0,60 dx

N
= () Q£+ 0D )y — () A€+ 0EN),y).

=1

From the stability result (3.13), and notice that w” | > €(z,)n“ !, we could have the following
equality

N
A
[ @rars 52&] (a0 [ @rare 'Z'Z[fﬁ
=1

+ 265 f @ )demTZ[g + 0.8 + 1615
-1
= @l [ Eeser ol f geidx - [ dean
P Q Q Q
n—-1
—ﬂfr"(x)fﬁdx+fnﬁfﬁdx—Z(wﬁ_i_l—wZ_,-)fande—wZ_lfnSdex
Q Q P Q Q

+e(tn)nf(’")_1fngf,'jdx+/lfng§2dx+fnf’(—/lfg)dx—f(—@mﬁ)(—/lgz)dx
N @ (3.23)

= 1D IE + OEL + 102051, + AT Z IE + 160+ 10:1€0] 1
=1

n—1
SZ(wZ_i_l—wﬁ_i)f§;§de+wZ_lf‘fgsc;’dx—/lfr”(x)f;’dx
P Q Q Q
n—1
+fnﬁfﬁdx—Z(wZ_i_l—wZ_i)fnifﬁdx—wZ_lfnﬁfﬁdx
Q = Q Q
A [ mgax+ [ ncagax- [ comi-agas
0 0

N
= 1D IE + OEL + 102051, + ATioa] Z IE" + 6160+ 1:1€0] 1

j=1 j=1
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Noticing the fact that ab < sa® + ;-b*, using the Hold’s inequality, we have

ﬂ, N
f(g Vdx+ = Z[g P, +A@1f(§ﬁ )dx + TZ
j=1
+ 65 f (&)dx + At Z[g{’ + gL + 0:IET,
Q = 2

1 n—1
< Q(Z(wﬁ_i_l — Wy IEN + @i I+ Aol + 7|
i=1

n—1

n n i n 1 n
+ Z(‘“n—i—l — W D)l + @) llmlD* + Ell‘ffull2

i=1

(91)

A n(2 &01 n12 % ny2 931 n 2 A n(2
— + — + — + —
g I + SHUERIE + S IP + =SIEE + 2= + =71

P el &
52 DA+ 2 DL€+ 08+ 10T
J=1 J=1

A716])? &
N (7162)) Z[”ﬁ] l+_Z[§ +6,& +|62|§6
=1

choosing a small enough &, we have

n—1

g < (Z(wﬁ_i_l — Wy MEN + wp_IEN + Al (ol + 1

n—1
D@y = Wl Dl + I + - ||n"||2 ||nl||2
i=1
(91) /1 /1(T|92|)2 s
Z((nﬁn . Zl][nﬁ]j_;
]:

(3.24)

(3.25)

The error estimation will be proved by mathematical induction. For the sake of convenience, we

denote
A = Cy(Af) ),

1) We assume that inequality holds

1

€l < w,!, CH! k).
When n = 1, the Eq (3.25) becomes
€A < (I + Allr Ol + Nl + 1ol + ||ng||2 IIm &

@ 1o AN e ATOD
+ =gl +;;«nﬁ> Vo ;[nﬁ]j_;,

(3.26)

(3.27)
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it is easy to see that [|€%]| < Coh**!, we use the projection (2.4), the Eq (3.27) becomes
C2(1 + (T|92|)2 +2e+ 928) 1- e(,,)

€N < BCoh™*! + C1Co(A1)*) + ( LCH(AD 2 K3y
E
Co(1 + (1165]) + 28 + Be) 528
+ (7 + 2 + 05€ —e(tn 1
< BCoh*! + C1Cy (AN + \/( = = ENCo((AD) 3 K3y,
E
denoting C = max{3C,, C;C,, (CZ(H(TWZDZ”HH%S))Co}, then we can obtain
g =
€ < wy' Ch! B, (3.29)
When n = k + 1, from the Eq (3.25), we can get the following formula
k
€ 1P < (Z(w}i_i — W} NEN + @fIIEN + Al ol + )
i=1
4 . A A
+ ;wz_,- — W DI+ @}l + 9—1”:7’;“”2 + 9—3||77f‘“||2
(91) k+1 k+1 2 /1(T|92|)2 X k+172 (3.30)
Z(( - Z[nﬂ .,
< (Z(wk i~ Wnwi CH! )
+cm“u4m)+mnfwwﬁw,
from the fact that a)i‘_ll < w7, we can obtain
k ) 1
€] < Z(wz_,- — W}, + w)w CHH! ), (3.31)
i=1
that is -
1EH] < w'CR! + (An)? + (A1) 2™ 1),

The inequality (Eq 3.26) follows.
By some calculations and analysis, we know that n~*’w’! increasingly tends to
obtain

1
o So we can

(n)

1€ < w; !, CH* + (AL + (An) 2 h’”%)
e(tn) —e(tn) —1 C(hk+1 ‘) (3.32)
e(ty) c(tn )
: 1CT (BT AP Ay SR,
— € n

let € = max{e(t,)}, we get

R 4 (ADPE 4 (AD TR,
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1

iy So we must reconsider
n

2) The above estimate has no any meaning when €(¢,,) — 1 due to
it for the case €(#,) — 1. We suppose the following estimate holds

1-€(tn)

€71 < nCH! + (AD? + (Af) 2 B+, (3.33)

By the similar techniques used in 1), we can obtain (3.33) easily. Here we omitted the proof to save
space. Then we know that when €(z,,) — 1,

—1-€ltn)
2

€2 < TCUAD " K + At + (Af) ™ = H*2)
< TCA B + At + (AT K1) (3.34)
< TCUA) ' K + At + (A" B2,

Therefore, the Theorem (3.2) is proved by using triangle inequality and interpolation property (2.4).

4. Numerical experiment
Consider the following Eq (1.1)
thl_E(t)u + L(”)x — Oy, + Oty + 03uxxxx = F(x’ t)’ (X, t) € (O, 27T) X (O, 1],

with u(x,0) = 0 for x € (0,27). Let L(u) = %uz, and the function

1+€(t)

F(x,1) :mex cos(x) + t*e**((cos(x))? — % sin(2x))

+ 26, 2e" sin(x) — 20,17 €*(sin(x) + cos(x)) — 46;1%¢* cos(x)

is chosen such that the exact solution of the equation is u(x, ) = >¢* cos(x).

The convergence results are obtained for both L* norm and L? norm of the error. For uniform
meshes of size h = ﬁ, numerical errors and convergence rates are shown in Table 1 for k = 0, 1 and
2, respectively. The approximate results illustrate that we can obtain the optimal convergence rate for
piecewise P* polynomials.

5. Conclusions

In this paper, a fully discrete local discontinuous Galerkin finite element method for solving the
nonlinear variable order KdV-Burgers-Kuramoto equation is presented, which based on the finite dif-
ference method and the local discontinuous Galerkin method. By choosing the numerical flux care-
fully, we prove that the scheme is unconditionally stable and convergent. Numerical results show that
the method is effective for solving this kind of equations. In the future, we will develop the method
discussed in this paper to solve various fractional problems in physical processes.
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Table 1. Spatial accuracy test using piecewise P* polynomials for different e(¢) with M =

1000, T = 1.
a P* N L®-error order L?*-error order
5 9.685203621798523e-01 - 6.379956735215794e-01 -
10 5.131699687064827e-01 091  3.434021021823682e-01 0.89
P° 15 3.543603097267153e-01 0.91  2.401097883239301e-01 0.88
20 2.718283030769113e-01 0.92  1.850593375414192e-01 0.91
5  4.274575676786749e-01 - 1.356345642784364e-01 -
€(t) = % 10 1.120815477222346e-01 1.93  3.602991578837320e-02 1.91
P' 15 5.080884855810062e-02 1.95  1.646473995390689¢-02 1.93
20 2.925834990380055e-02 1.92  9.481850124524746e-03  1.92
5 5.145354345352343e-02 - 1.617195645938465e-02 -
10 6.745595837790079¢e-03 293  2.146026127377610e-03 2.91
P2 15 2.064961919996569e-03 2.92  6.622073768997247e-04  2.90
20 8.883345186203795e-04 2.93  2.881654245985029¢e-04 2.89
5 9.325542354543543e-01 - 5.964363253453792e-01 -
10 4.953337244608951e-01 091  3.218730635976069¢-01  0.88
P° 15 3.449403321661977e-01  0.89  2.250564940530071e-01  0.89
20  2.655460819343356e-01 0.91  1.732800763214672e-01 0.91
5  3.735644351521624e-01 - 1.036235146245315e-01 -
€)= 6%(‘)‘” 10 9.800607153283283e-02 1.93  2.737829090331864e-02 1.92
P' 15 4.472476489804463e-02 193  1.240513342522110e-02 1.95
20 2.555711903450026e-02 1.94  7.071362495520857e-03  1.95
5  5.313548613457315e-02 - 1.511535475315465e-02 -
10 7.013467489730436e-03 2.92  1.980778635021947e-03 2.93
P> 15 2.189876231664590e-03 2.87  6.134799693484867e-04  2.89
20 9.485624345109698e-04 291  2.647263397865280e-04 2.92
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