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Abstract: In this work, we consider a multi-dimensional dual-phase-lag problem arising in porous-
thermoelasticity with microtemperatures. An existence and uniqueness result is proved by applying the
semigroup of linear operators theory. Then, by using the finite element method and the Euler scheme,
a fully discrete approximation is numerically studied, proving a discrete stability property and a priori
error estimates. Finally, we perform some numerical simulations to demonstrate the accuracy of the
approximation and the behavior of the solution in one- and two-dimensional problems.
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1. Introduction

In the second part of the past century, there were developed different theories where the microstruc-
ture of elastic materials was taken into account. Two good books concerning these aspects were written
by Eringen [1] and Iesan [2]. In particular, Goodman and Cowin [3] established the theory of conti-
nuum for granular materials with intersticial voids. They proposed the bulk density of the materials
as a product of the matrix density and the volume fraction. Later, Cowin and Nunziato [4—6] stated
a theory of porous elastic solids modeling the deformations of materials with small voids distributed
within them. Of course, this theory was extended to include the thermal effects [7]. Contributions
in this theory became huge and we can recall a few of them [8—19]. In general, the microstructure
components of elastic materials have deserved much attention. One of the possibilities could be the
so-called “microtemperatures” [20,21].

If we revise the literature regarding the heat conduction we should agree that most of the contribu-
tions consider the Fourier’s law. That is, the heat flux vector can be obtained as a linear expression of
the gradient of temperature. However, it is also well-known that this assumption brings us to the fact
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that the thermal waves propagate instantaneously. Therefore, the causality principle is not satisfied.
This paradox has motivated many scientists to look for alternative constitutive equations replacing
Fourier’s law in the heat flux vector. Perhaps the most known is the proposition of Cattaneo and
Maxwell [22], who suggested to introduce a relaxation parameter to the Fourier law, bringing to a
damped hyperbolic equation describing the heat conduction. Some other authors have proposed other
alternatives, but in this paper we focus our attention in the Tzou theory [23]. In this case, the au-
thor introduced two relaxation parameters and the theory of Cattaneo and Maxwell can be seen as a
particular case. Many contributions have been obtained in the context of the dual-phase-lag thermoe-
lasticity [24-26]. In a very recent contribution, it was suggested a way to extend the dual-phase-lag
theory to include the microtemperatures [27,28]. In fact, several contributions have been obtained
concerning the stability of the problem.

Here, we center our attention to the case of porous-thermo-elastic solids with microtemperatures
within the context of the dual-phase-lag theory. For this reason, we consider the case where the heat
and the microheat are determined by means of the dual-phase-lag. Therefore, in this work we first show
the existence of solutions in the multi-dimensional setting and then, we propose a numerical study of
the problem, proving a discrete stability property and a priori error estimates, and performing some
numerical simulations.

The paper is structured in the following form. In the next section, we describe the model and the
basic assumptions. Then, in Section 3 we prove that the thermomechanical problem has a unique
solution in the general multi-dimensional setting by means of the semigroup of linear operators theory.
The numerical approximation of this problem is presented in Section 4, by using the finite element
method and the implicit Euler scheme to approximate the spatial variable and to discretize the time
derivatives, respectively. A discrete stability property and a priori error estimates are shown. Finally,
some numerical simulations are described in Section 5 to demonstrate the accuracy of the algorithm
and the behavior of the solution.

2. The thermomechanical model

We recall in this section the basic equations and assumptions under we will work in this paper. We
will consider a domain B c R%, d = 1,2,3, with a boundary I' = B assumed to be smooth enough.

The basic equations for the dual-phase-lag thermoelastic problem with microtemperatures are given
by the evolution equations (see [28]):

pit; = tijj,
Jo =hi; + g,
pTon = qii,

p& = Pijj+qi— Qi
and the constitutive equations®:

tij = ﬂerr(sij + 2,Ll€ij + ﬂ0¢6ij —,8096ij,

*Though we could consider different relaxation parameters for the macrotemperatures and the microtemperatures, we assume here
that they agree. The reason is basically the big difficulty to treat with the general case. We do recognize that we are not able to deal with
it.
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hi = a¢; — T,
g = —Moeii — {P + 310,
pn = Poei;i + B1¢ + ab,

pe = —od,; — bT;
2

T . .
%+nm+§¢:w@+mm+nw&+mm,

2
T
. 1 s
Pij + T]Pij + EPU = _K4Tr,r6ij - K5Tj7i - K6Ti,j
—To(k4T 10 + k5T j; + k6T j),
2

. T7 ..
g+n@+§g=«—m@+m—mm
+75((k — Kl)g,i + (ky — KZ)Ti)’

where u = (u;) is the displacement field, ¢ is the porosity function, 6 is the temperature and 7' = (7;) is
the microtemperatures vector. Moreover, e = (¢;;) denotes the linearized strain tensor given by

€ij = E(”i,j +ujp),

t;j is the stress tensor, h; is the equilibrated stress, g is the equilibrated body force, 7 is the entropy, ¢
is the first moment of the energy, P;; is the first heat flux moment, Q; is the microheat flux average, 7,
and 7, are the time relaxation parameters, and p, J, 4, u, to, Bo, a, 12, ¢, B1, b, K1, K4, Ks, Kg, kKo and « are
constitutive parameters. From now on, we assume that 7, = 1 to simplify the calculations. Anyway,
this assumption is not restrictive.

After substitution of the constitutive equations into the evolution equations we obtain the following
linear system:

pit; = pu ji + (A + @uj ji + pod i — Bob,

2

a@+ 7,6 + E] 0) = k(O + 120) + ki (T + 2T3))
—Bo(it;; + Tyid;; + 5 U i) =B+ 119+ > ¢),
2
b(T; + 7, T; + 51 T ) = ke(Tijj + 12T jj) + (ke + &5)(Tjji + 121 i)
—ko(Ti + 12T7) — k10 + 720,) — po(d; + 719 + 5 ¢ i)

2
A N
Proceeding as in [28], defining f = f + 7, f + 51 f we can write the previous system as follows:

P
i R . T

pit; = pit jj + (A + it ji + pod; — Po(0; + 7,6, + 319,1'), (2.1)
, . 2. . T

Jo = app ;i — po(Ti; + 7 Ti; + ElTi,i) — Hollij — (P + B1(0 + 716 + 319), (2.2)
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2
. " Ty e . . . A
a@+ 7,6 + 51 0) = k(0 + 120.:) + ki(Ti; + 12T3;) — Boitii — P19, (2.3)
. .. T2
b(Tl + TlTi + = ) ) - K6(Tl g + T2Tl }]) + (K4 + KS)( JiJi + 7-2 jl)

—1o(T; + 12T)) — k1 (6, + 120,) — ﬂ2$,i- (2.4)

However, in order to simplify the writing, we remove the superscript hat over all the variables.
Since we assume homogeneous Dirichlet boundary conditions, it follows that

ui(x7 t) = ¢(x’ t) = Q(x, t) = Ti(x9 t) = Oa te [O’ OO), X € aB, (25)
and, to define a well posed problem, we will need to prescribe some initial conditions, for a.e. x € B,

ui(x,0) = u(x), i;(x,0) =1)(x), H(x,0) =¢x), ¢x,0)=yx),
0(x,0) = °(x), Ti(x,0) = T?(x), 0(x,0) = (x), Ti(x,0) = S?(x), (2.6)
0(x,0) = &(x), Ti(x,0) = R)(x).

In this paper, we are going to assume that
P, ‘]s a, b’ M, ap, K, Ke, Ka + K5, T1, /l +/-la (/l +,u)§_/133 KKy — K%’ T2 — T1/2 (2‘7)

are positive numbers. These assumptions are the natural ones for this theory from the mechanical and
thermal points of view.
Let us define the internal energy & and the dissipation D as follows:

1 A A A a4 o aoA A oA A
&) = 3 f [,Duiui + J1BI* + 2ot i + §|¢|2 + a¢ i@+ i il + (A + ,U)Miiuj,j] dx
B

f |ald + bT,T; + k(xy + T)IVOP + |ver|2 + k(11 + )T,
B

K2T T .
2

T.T; +KT19 6 +K2T1TT +2(t1 + 12)K10,T; + K1 7] TzT@

2
+K1T] (9 T, +9 iTi) + ke(t1 + )T jTi j + Ke—— 2
2

+(ky + k3)(T1 + )T ,T” T (kg + Kg) 2 T”T” + (kg + K5)T1T”T”] dx,

T,JT,] + K@TlTl]TlJ

)
D() = f[l<(|V6’|2 + (T2 — E)|V9| )+ k(TiT; + (1172 — El)TiTi)
? 2, .
+2k1(0,T; + (1172 — El)Tie,i) + k6(T; ;T ; + (1172 — El)Ti,jTi,j)
2
T ..
+(K4 + KS)(T,'J‘T]',J' + (T1T2 - El)T”TJJ)] dx.

It can be proved that, for a.e. t > 0,

&) + f D(s)ds = &(0).
0

In view of the previous assumptions, &(f) and D(¢) are positive definite functions, and the last
equality shows the stability of the solutions.
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3. Existence and uniqueness

In this section, we give an existence and uniqueness result for the problem determined by system
(2.1)-(2.4), boundary conditions (2.5) and initial conditions (2.6).
To this end we will work in the Hilbert space:

H = Wy*(B) x L*(B) x W,*(B) x L*(B) x W,*(B) x W,*(B) x L*(B)
XW,*(B) x Wy*(B) x L*(B).

If we denote by
= (ua v5 ¢$ w9 95 ﬂ, é‘a Ta S9 R)9 U* = (u*9 V*’ ¢*’ lﬁ*» 0*$ ﬂ*5 é‘*’ T*9 S*a R*)9
we define the inner product:

1
< U U >= B f [pv,-v;-" +Jy + po(ui i + u;;¢) + aqb,iqb:"i + ,uu,-,juzj
B
2

A A A KTTT
T+ i’ + abd” + bTTT + k(ry + 100,67, + — 219 9"
* KT%TZ * 2 *
+K2(T1+T2)TiTl~+—2 SiST+ (919 +019)+ (TS +T:S7)

2
K
(11 + Tk (O,T] +0°T)) + %(ais;‘ + 058, +0,T; + ﬂ*.Tl-)

2 2
K112

@87 +95S )+K6(T1+T2)T,]T +K6 (T AN +T Sip)

2
+K6 2 S S* +(K4+K5)(Tl+7'2)(T,,S* + 77,8 J)+(K4+K5) S,,S*
+(ka + ks)(T1 + T T +(K4+K5) (TI,S* + 17,8 )] dx.

2 2
where 8 = 6 + 7,9 + %fandT: T+7,S+ %R.

It is worth noting that this inner product defines a norm which is equivalent to the usual one in the
Hilbert space because of the previous assumptions.

Our problem can be written as

c;—lt](l) =AU, U©0)=1U",

where U° = °,v°, ¢°,y°, 6°,9°,£°, T°, §°, R®) and

01 000 OO0 O O O
AO0OBOCUDTET OO0 O
00070000 O O
G OFOH J KL M N
A= 00000 7 00 0 0
“"looooo0 o0 11 0 0 01}
0 00P QU VW X 0
00000 OO0 O0 I O
00000 OO0 O0 0 I
00 0Y Z A 0B C D
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where [ is the identity operator and

1
Au = ;[,Uui,jj + A+ ,U)uj,ji], A = (A),
1 1
B¢ = ;ﬂofﬁ,i, B =(B;), C#f= —Eﬂog,i, C=(C,
2

T T
.aﬁ=—jﬂﬁﬁ D = (D)), Ef:—j%@ﬁ E = (E),

1 -1
F¢ = j[a0¢,ii -{¢], Gu= — Holkis

2

-
HO = &0, Ji = @19, K¢ = &f’

J J 2J 2
_ T

1T =-271, Ms="Ts, NR=-"IR,,

3 2
OV:_ﬁgvth Pw:_ﬁé ’

“71 Cl‘l'l 5

2
00=—"0; UY=-——[krsd;— 0],

ary T 2

2 2
Vé': = ——¢, WT = _2K1Ti,i’

T1 aTl

27, 24

XS =" 58w YW == 5. Y=,

1 1 2

2
Z:0 = —%9,1', Z=(Z), Av=- Kﬂz-zﬁ,ia A" = (A)),

bt bt

2

BT = ﬁ[l%Ti,jj + (ks +k5)T; i1, B = (B)),
1

2
C;S = P[K672Si,jj + (ks + k5)T2T;;; = bS], C = (C}),
b

D;.kR =——R,;,, D= (Df).
T1

We note that the domain of our operator is the subset (u,v, ¢, ¥, 0,9,¢, T, S, R) € H such that

AueL*(B), £eW,*(B), F¢elL*B), ReW)(B), veW)(B),
PO+ Q9 e L*(B), B'T+C'SelL*B), yeW,*B).

It is clear that this is a dense subspace of our Hilbert space. On the other side, we have that

1 72
Re < AU, U >= —3 f |x(0.,0; + (172 - 51)19,,-19,,-)
B 2 2
+(TT;+ (1172 = 5)8i80) + 20,11 + (1172 = 5181
2
T
+k6(T;;T;j + (1172 — El)Si,jS i.j)
2
T
+(K4 + KS)(Ti,iTj,j + (T1T2 - 51)S i,iSj,j)] dx <0

for every U in the domain of the operator denoted by D(A).
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To show that A generates a contractive semigroup, it is sufficient to prove that zero belongs to the
resolvent of the operator.

To this end, we consider F = (f, f5, f5, fa, [5, fo, f1, Fs» fo» f10) € H. We need to prove that the
equation

AU =F
has a solution in the domain of the operator. That is, we must solve the following system:
v=fi,
Au+ B¢ +CO+ DY + E¢ = f,,
Y=
Gu+Fp+HO+JY+KE+ LT + MS + NR = |y,
0= fs,
&= Je
Ov+Py+Q0+Ud+VE+WT + XS = fr,
S = fs’
R = f,,

Yy+Z0+A"9+BT+C'S+ DR = f,,.

We obtain the solution for v, i, R and ¢ satisfying the regularity conditions and we also find that
Au+Bp+CO=f,-Dfs - Efs,
Gu+F¢+HO+LT = f, — Jfs — Kfs — Mfs — Nfo,

Q0+ WT = f,-0Of, —Pfs=Ufs = Vfe — Xfs,
If we consider the last two equations we see that the right-hand side belongs to W='?(B) x W 12(B).
On the other side, the bilinear form
B[O, T),@,T)] =< O,T),(Q6" + WTI'*,Z0" + B'T") >

defines a bounded, and coercive, bilinear form in Wé’z(B) X W(l)’z(B). In view of the Lax-Milgram
lemma, we conclude the existence of (6, T) € WS’Z(B) X W(l)’z(B) satisfying the last two equations. Now,
if we introduce this solution into the first two ones we obtain

Au+B¢=f,— Dfs— Ef; — C,
Gu+F¢=f,—Jfs—Kfs—Mfg—Nfo— HO.

A similar argument shows the existence of (u, ¢) € W})’Z(B) X Wé’z(B).
In fact, we can also prove an inequality of the type
UIl < CTIIF|
for a given positive constant C* > 0, and so, we have proved the following.
Theorem 3.1. The operator ‘A generates a contractive semigroup.

Therefore, we can conclude the existence and uniqueness of solution to problem (2.1)-(2.6), that we
state as follows.

Theorem 3.2. Assume that constitutive coefficients satisfy conditions (2.7) and that U° € D(A). Then,
there exists a unique solution U € C'([0, 00); H) N C([0, 00); D(A)) to system (2.1)-(2.4), boundary
conditions (2.5) and initial conditions (2.6).
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4. Fully discrete approximations: a priori error analysis

In this section, we consider a fully discrete aproximation to a variational problem of the above
thermomechanical problem by using the finite element method and the implicit Euler scheme.

Let Y = L*B), H = [L*(B)]? and Q = [L*(B)]**, and denote by (-,-)y, (-, )x and (-,-)o the
respective scalar products in these spaces, with corresponding norms || - ||y, || - ||z and || - ||o. Moreover,
let the variational spaces E and V be given as

E={zeH'(B);z=0 on T},
V={wel[H'B];w=0 on T},

with respective scalar products (-, -)g and (-, )y, and norms || - ||z and || - ||y.

By using Green’s formula and taking into account the above boundary conditions, we write the
variational formulation of the thermomechanical problem in terms of variables v = (v;) = & = (i;) and
¥ = ¢, the temperature speed 9 = 6, the temperature acceleration & = &, the microtemperature speed

= (S;) = T = (T;) and the microtemperature acceleration R = (R;) = S = ().

Problem VP. Find the functionv : [0,T¢] — V, the function ¢ : [0,Tf] — E, the temperature
acceleration ¢ : [0,T;] — E and the microtemperatures acceleration R : [0,T¢] — V such that
(0) = v°, y(0) = ¥°, £0) = &° and R(0) = R, and, for a.e. t € (0,Tf) andw, n €V, r, z € E,

P10, W) + u(Vu(t), Vw)g + (A + p)(div u(z), div w)y
2
oV, Wi + Bo(V(S£0) + 7190 + 00)), Wi = 0, (4.1)
JW (1), )y + ao(Ve(1), Vg + L(¢(0), 1)y = —po(divu(?), r)y
2
—,uz(%div R®) + 1div S(¢) + div T(?), r)y

+,81( () + 000 + 60, r) . (4.2)
2

a(%é(t) + 716(0) + 9), z)Y + k(V(O() + 129(1)), Vo) = —Bo(div v(), 2)y
_ﬁl(lﬁ(t), 2y + k1(div T(t) + 1,div S(2), 2)y, (4.3)

2
b(%R(t) + 7 R(@) + S(),7) + k6(V(T@) + 28(1)), Vg
+(ks + ks)(div (T(2) + 128(1)), div )y + ko (T(0) + 128(2), Pn
= =1 (VO() + 7.9(0), M — po (VY (1), M, 4.4)

where functions u, ¢, 9, 6, S and T are then recovered from the relations:

u(t)—fv(s)ds+u o(t) = fl,//(s)ds+¢
9) = f Es)ds+9°, S@) = f R(s)ds + S°, 4.5)
0
0(r) = f IHs)ds+6°, T(@) = f S(s)ds + T°,
0 0
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and Ty > 0 denotes the final time of interest.
Thus, we construct the finite element spaces V" ¢ Vand E" C E given by

Vi = w' e [CB); w' e [P(TH]? YTreT", wh'=0onT}, (4.6)

|Tr

E'"={r"eCB); r eP(Tr) ¥YTreT" " =0onT} 4.7)

Tr
where B is assumed to be a polyhedral domain, 7" denotes a regular triangulation, in the sense of [29],
of B, and P,(T'r) represents the space of polynomials of global degree less or equal to 1 in element T'r.
Here, h > 0 denotes the spatial discretization parameter.

In order to discretize the time derivatives, we use a uniform partition of the time interval [0, T4]
denoted by 0 =75 < t; < ... <ty = Ty, with time step k = T¢/N. Moreover, for a continuous function
f(@® let f, = f(t,) and, for the sequence {zn}n _o» We denote by 6z, = (z, — z,-1)/k its corresponding
divided differences.

Using the classical implicit Euler scheme, the fully discrete approximation of Problem VP is the
following.

Problem VP, Find the discrete function v"* = {(v}*} ' V", the discrete function y"* = {y"*}N  c

n=0
E", the discrete temperature acceleration £"™ = | ,’jk}nNz C E" and the discrete microtemperature ac-
. hk hkyN h hk h o hk h ghk h hk h
celeration R™ = {R, }n o C V" such that vy = vy, Yy = g, & = & and Ry = R, and, for all

n=1,...,Nandw", n' e V* r", 7" € E,
p(évﬁk, Wy + ,u(Vu th)Q + (A + ,u)(dlvu ,divw)y
o (V) Wy +/30(V( 5”" + 70+ 05), Wy = 0, (4.8)
J@Y, My + ao(Ver, Vg + L(@h, My = —po(divul, ')y

2
—uz( div R™ + 7,div §™ + div T, rh)Y

+Bl( fhk + 9%+ 9, rh)Y, 4.9)

2
a(—]éfhk + Tlfhk + ﬁﬁk, zh) + K(V(@Zk + Tzﬂzk), VMg = —Bo(div vn 7Ny

_ﬁl (wn 5 Zh)Y + Ky (le TZk + T2diV Szk’ Zh)Y’ (410)
2
p(3ORY + TR+ S )+ k(YT + 8. V)

+(kg + k5)(div (T™ + 7,8™), div ")y + ko (T™ + 7,8™, ")y
= — (VO + T, 0 — (VW ", (4.11)

where discrete functions u"*, gk, 9 gk, Shk and T"™ are then recovered from the relations:

n

ka vuf, @ =k ) W+,
=1
n

hk _ hk gl hk _ Wk, qh

9" _kZQ; + 0, St=k) R+, (4.12)

J=1 J=1

ik _ hk A hk _ hk h
Or =k O +0), Ti=k) SF+T],
j=1

J=1
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1245

and the discrete initial conditions ul, vi, gl yh @, 9% & Ty, Sy and R} are defined as follows:

h = plhy0 vg = Pl ‘/’8 — pzhd)o, wg — p2hl//0’
o = P, Oy =P, & =P, Th=P"T, (4.13)
Sy =P"s°, Rl =P"RC.

In the previous definitions, operators P and P> are the projection operators over the finite element
spaces V" and E", respectively (see, for instance, [30]).

Using the previously given assumptions (2.7), applying the well-known Lax-Milgram lemma we
can easily show that fully discrete problem VP has a unique solution.

In this section, the objective is to prove a main error estimates result regarding the approximation of
the solution to Problem VP by the solution to Problem VP So, first we have the following discrete
stability property.

Lemma 4.1. Under the assumptions of Theorem 3.2, it follows that the sequences
[l ik gk gk gk ghk gk ik ghk phky
generated by Problem V P, satisfy the stability estimate:

2 2 2 hk |2 2 2 2
[vaIlz, + eI, + IIhfﬁ"lly + IO + 163411 + I95EIE + ISR
hky2 2 hk |2
HIR, g + 1S, Iy + 17571y < €

where C is a positive constant assumed to be independent of the discretization parameters h and k.

Proof. For the sake of simplicity, in this proof we need to assume that 77/2 = 1. We note that we can
extend the analysis provided below to the general case doing some simple modifications.

First, we estimate the terms on the discrete function v"*, Taking w" = v as a test function in
discrete variational equation (4.8) we obtain

PV VY + (V' VviR) o + (4 + )(div ™, div vy,
—po(VO™ VY + Bo(V(EX + 7190 + 61%),v/")y = 0

From the estimates i
hk 12
@' v = o {||v [ AN A
(Vul ,szk)g {||Vu”’<||Q — Ve 113}
(div u", div v,’;k)y o {lldlv |y - Idival, I3}
applying the Cauchy’s inequality:
1
ab < ea* + 4—b2, a,b,e €R, € >0, (4.14)
€

it follows that

2 (W = W) + 2 (9 = 19 1)
A+u
+—E {idivuy’ ||Y Idiv a1 + Iidiv @ — a5
+Bo(VEX VI < CWEE, + VGG, + IVOAIE, + V913, ).
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hk

Now, we estimate the terms on the discrete function y/*. Taking 7 = as a test function in discrete

variational equation (4.9) we have

JOWE WYy + ag(Volk, Yy + L@, ¢y = —po(div u, %)y
—uo(div R™ + 7,div 8™ + div T™, /)y + B1(£" + 1, ﬁf;" + @k gk,

and, using the estimates

Gy 2 o 1{nw U5 = o 117
(VoL VU 2 5 IV — IV
(@ w2 2k{||¢’”<||y 162,17}

we find that

1 1
o {||w2klfy =~ + 5 IV 19615
o LI = I8 7} + oty BRI 03y
< C(Ig1, + Nidiv w3 + lidiv S} IR + lldiv TR + 1213 + 162418 + €241,

Thirdly, we get the estimates on the discrete temperature acceleration £, Thus, taking 7 = & as a
test function in discrete variational equation (4.10) we obtain

a(0eM* + ﬁfh" + " €Yy + k(V(OF + 10, VER), = —Bo(div v, &),
By (Y™ fh% + ki (div T™ + 1div 8™, £y,

and therefore, taking into account that

©& &Ny 2 o {||§hk||y 125,17}
1
(Vo Vf,’;")H 5z UIVOIE = V05,16
@ &Ny 2 o {||ﬂhk||y — 195,15}
we find that 4 -
2
o VERI = N6} + o (VI = IV9LE ) + Bo(div k. £y
a
o (I35 - ||z9h"1||y} + (VO VEN
< C(IEMIR + IVOIZ, + 13 + lidiv S + idiv T/AE).

Finally, we get the estimates on the discrete microtemperatures acceleration R"™. Then, taking
i7" = R™ as a test function in discrete variational equation (4.11) it follows that

B(SR™ + 7\ R™ + §", R™)y + k6 (V(T™ + 1,8"), VR™),,
+(ky + k5)(div (T™ + 7,8™), div R"™)y + ko(T™ + 7,8, R"™)
= k1 (V@ + 7,97%), Ry — iy (Vy*, R,

Electronic Research Archive Volume 30, Issue 4, 1236-1262.



1247

and so, keeping in mind that

R R 2 o {||th||H — IR 113}

(VShk Vth)Q 1 {”VShkllz _ ||VShk1||2}

(div S, div th)y {Ildlehklly Idiv S, 13}
(S R = o {nshkuH NN

(Vi ROm =~k div Ry,

we obtain
b .
S (VRS — NRIE I} + 52 (19S5 = I9SIA 1) = s div Ry

K. K
+ “2k {I1di vs’“‘n2 — Ildiv S2% 113} + ;kz (ST = 18011
+(ky + k5)(div T, div R™)y + 16 (VT™, VR™),
< C(IIRER, + VO, + VIR, + IITH2,)-

Combining all these estimates, it leads to

P k2 hk 12 H k)2 Rk 2
o IV = W + 2 (9, = 19k 1)

A+
=k {Ildlvuhk||2 Idiv a2}

1 1
o W = WO I} + o (VI = 196 1
o I = N8 7 + o (IR = 0 )

7{ 15, = 6 ) + o (VI = 19935 1)
+i(VO*, VER) y + (kg + K5)(diV T, div R™)y + 16(VT™, VR™),

1 hk hk hk hk
o IR = IR )+ 5 {||vsn 5 = 11VS2, 113}

oz {Ildiv S35 - ||dwshk1||y} k{uszkn%,—uszzu,,}

hk2 hk 1k hky 2 hky2 : hky2
< C(IvA1, + IV A1, + VORI, + IVOAIG, + il + lidiv w1
: hk : hk hk
lidiv SR + v TR + 9241 + 161 + P13 + RN,
hk hk
HITHE, + IVTHE).

Multiplying the above estimates by k and summing up to n we get

hk2 hky2 : hky2 hk |2 hky2 hk2 hk)2
vy 17 + IIZCuz,, o + ”;iwzu” Iy 2;”2% Ily +/|l|kV;f)n e + II% !y + II% |2|y
+HIE lly + IVl + IR, (7 + [IVS, g + IIdiv SFlly + 1185 1l

+h O [KVOE VER + (k4 + ks)(div T, div Ry + k(VT™, VR ), |

J=1
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n
hky2 hk()2 k(12 hk12 hk)2 . hk)2
< Ch Y (WA, + I, + VO, + IO, + /11 + Iidiv |
=1
. hk )12 : hk )12 2 2 2 hky 2
+ldiv S™IE + ldiv TR + 9413 + 6% + €12 + IR

TR, + VTR + C(||v0||2 I + AR + I + 19412
+IERIR + IRGIE, + ISEIE ).

From the definition of #"¢ and T"* we can easily show that

1249 < Ch > WA + 1681

j=1
VO < Cki VO3 + 1196515
/1
1T 1 < Ckz [Nl X
]1
VTG < CkZIIVT”"II2 + IVT5lp,
,1
ldiv T)45 < Ckz [ div T%15 + [Idiv Tg[5-
j=1

Observing that

k Z(V@Zk, Vé:,];k)H = Z(V@?k, V(ﬂ?k - ﬂilfl))H
j=1

j=1
n—1
= (VO , VI, + Z(V(th 05, V') + (YOI, VO )4,
j=1
n—1
Z(V(ehk D, VI < Ckz IV, + — Z IV - oI,
j=1
< Ckz IV,
j=1
kZ(VThk, VR™), = Z(VTﬁk, V(S — ™))
j=1

n—1
= (VI VS0 + D (VT = T ), VST + (VTT, VS0)o,
j=1
n—1 n—l
DUV - 1), V8, < CkZ V™, + Z V(T - T DI
=1 j:l

j=1

< Ck Y IVSTIR,

J=1
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k Z(div T, div R™), = Z(div T, div ($" — $")))y

= (div T, div $™)y + Z(div (T - T')), div S™)y + (div T1, div Sp)y.,
n-1 n n—1

. . oh : C :
Z(dw (T = T7%). div S}y < Ck ) div ST + Z:; Ildiv (% = T"% DI

J=1

< Ck Y IIdiv SIS,

=1
and, using a discrete version of Gronwall’s inequality (see [31]), we conclude the discrete stability
property. O

Now, we will derive a main error estimates result on the numerical errors v, — v §,, §f’lk

and R, — R"™. We have the following.

Theorem 4.2. Under the assumptions of Lemma 4.1, if we denote by (v, , €, R) the solution to Problem
VP and by (W', ", &% R™) the solution to Problem VP"™, then we have the following a priori error

estimates, for all {w J}j 0 {T]J}j 0 C V" and {r J}j 0,{ZJ}§VO C E,

ik k2 k2 kg2
[nax {||Vn — vl + Nl — w15 + N — 11 + Wm = WF15 + 1€, = EFI

18, = I + 16, = 015 + IRy — RIAG, + 1S, = SIAI + 1T — TG
N
< Ch " (19— v, + v = whIR, + Wi — Su 1R, + Wy — 6113 + I, — 6,1
j=1
i = Pl + €)= 6EIly + 105 — 69,1l + 1€, = ZjliE + IR, — SR |17
HIR; = 7l + 1S = 68,115 + 17 + J)

hy2 2 hy2 hy2
+C max (b, = il + I = 7315 + 1€, = 2315 + IR, = mil )

=

a

h 2
[y = W = 0 =W DIG + Il = 7 = (s = DI

+k Z
HIR; =t = Ry = DI + 1) = 25 = e = 2 DI

+C(I° = I, + g — @I + e — wfl, + Iy — Wil + 1E° - &1
19 = O + 116° — I + IR® = RYIIE, + IIS° = SEII, + I1T° = T3,

where C > 0 is a positive constant which is be independent of the discretization parameters h and k,

but depending on the continuous solution, 6€; = (€;—&j-1) [k, 6¢; = (pj—dj-1)/k, oY j = (Wj—¥j-1)/k,

6V] (V] Vj_l)/k, (5uj:(uj—uj_1)/k, 6Rj:(Rj—Rj_1)/k, 6Tj:(Tj—Tj_1)/k, 6Sj:(Sj—Sj_1)/k,
= ;- 9_1)/kand 66; = (0; — 0,_1)/k, and I, and J, are the integration errors defined as:

= fotn ﬁ(s)ds—ka:ej
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5= | ft" S(s)ds — ki s (4.16)
0 =

2
-
Proof. As we did in the proof of Lemma 4.1, we also assume that the time relaxation parameter — = 1.

First, we obtain a priori error estimates on function v. Then, subtracting variational equation (4.1)
at time t = t, for a test function w = w" € V" C V and discrete variational equation (4.8), we have, for
all wh e Vi,

o, — V™ whyy + u(V(u, — u'™), Vwh)o + (4 + p(div (w, — u'*), divwh)y
—to(V(pn — ), WMy + Bo(V(E, — EF + 71 (F, — 91%) + 6, — 0%), w")y = 0,

and so, we obtain

Py — VI v, = VI + (Y, — ul*), Vv, —vi9))e
+(A + p)(div (w, — ul*), div (v, = vI*))y — po(V($, — ¢, v, — vy
+Bo(V(&y = & + 710y — 915 + 6, — 025), v, —viF)y
= p(¥, — Vv, — Wy + u(V(u, — ul*), Vv, —wh)o
+(A + p)(div (w, — ul*), div (v, = w")y = uo(V(dy — %), v, — Wy
+Bo(V(&, — E™ + 71, — I"™) + 6, — 6", v, —wh)y VW' e V"

Keeping in mind that

1
: hk hk : hk hk2 hk (12
(= 8V, v =¥ 2 O = 69 =V o [ = v = Wy = Vil

V@, — ), YV, =)o = (Y, — u), V(a, - 6u,))o

1 hk~p 12 hk 2
oz [V, = w9 = IV @y = DI

(div (w, — u™), div (v, —v'*))y > (div (w, — u™), div (@, - 6u,))y

1 ) .
+og (i e = I, = i ey = DI

Bo(V(E, = EF), Wi = —Bo(é, — EF, divw)y,

using inequality (4.14) several times, after some easy calculations we get

% (v = V251G = Iy = I 11| = Bo(én — €15, div (v, = i)y
+ 2 (19, = Wl = VG- — ) )]
A+, .. .
+ Idiv @ = w1~ lldiv @y — i DI

hk2 . 2 hkvp 12 : hky(12

< C(Ilvn =V Wl + V0 = 6Vl + IV Q@n — w5l + [1div (e — Oy
hy2 3 2 hk h hky|2
HWvn = willy + N, = Sually + (6vn — 6,7, v =W + 116 = &7y

n

IV (g — SN, + IV, = NG + IV, — OOIG) W' e V. (4.17)

Secondly, we obtain the error estimates on function . If we subtract variational equation (4.2) at
time t = t, for a test function r = * € E" C E and discrete variational equation (4.9), we find that, for
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all #* € E",

TWrn = S, ™y + ao(V(@n = 43, V' + L(pn = 3 1"y
+uto(div (u, — ul®), My — Bi(&, — EF + 119, — I) + 9n — 0%, My
+tp(div (R, — R™) + 7,div (S, — 8™ + div (T,, — T™), ")y = 0

Then, we have, for all " € E",

J('vl’n - &//Zk’ 'wbn - l/’Zk)Y + aO(V(¢n - ¢Zk)’ V(wn - l//Zk))H
+L(n — B — W)y + po(div (u, — u), , — )y
+ua(div (R, — RY) + 71div (S, — S + div (T, — Th), v — Y1)y
=B — f”" + 710, — ) + 6, — 0%y, — Yty
= J(r, — SY" wn ™y + ag(V(dn = 1), VW — ")
+§(¢n - n s wn - rh)Y + /JO(diV (un - uzk)’ lpn - rh)Y
+p(div (R, — R™) + 7,div (S, — §™) + div (T, — T™),y, — ")y
_ﬁl('fn - glek + Tl(ﬂn - ﬁzk) + 6)n - inka lpn - rh)Y’

and, taking into account that

. . 1
A e (e N e VA N A (2B s el Wy A [
(V(¢ —1¢>Z"), V(g = WiV = (Vb = $1), V(y = 56
IV = 0 = IVt = S5 DI + ||V(¢n = g — (Guer — S

(n = B bu = U2 )y = (B0 — B, b — 6u)y + [||¢n ST = llpnar — G113,
(div (R, — R}, ¢ = ™)y = ~(R, = R, V(@ ~ r”»H,

using again several times inequality (4.14) we get, for all " € E",

J
o W = 00 = s = 0017 + %{n@ — G115 = lign1 — 15,117

ao
eIV @ = Ol = IV @t = 915l
+/-12(diV (Rn - RZk), lpn - lﬁzk)Y
< Ol = S0all? + i = 68ll% + W = P13 + 118, — 9412

+HIdiv @, — w7 + 116, = 61115 + 11, = £ + lidiv (T, = T,

g = G + 1V G0 = SN + 1div (Su = SN + [ = ¥ I7

IR, = RIIG, + (8w — S0 — ™y, (4.18)
Thirdly, we derive the estimates on the temperature acceleration &. Therefore, subtracting varia-

tional equation (4.3) at time ¢ = t, for a test function z = 7" € E" c E and discrete variational equation
(4.10), for all " € E" we find that

a(é, = 66 + T1(&, — EF) + 9, — D, )y + k(V (6, = 0 + 18, — 57)), VI

+,80(diV (vn - vZk)’ Zh)y + ﬁl (wn nk, Zh)Y
—ky(div (T, — T™) + 7,div (S, — §™),2")y =0
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Thus, it follows that

a(, — SE + 11, — EX) + T, — I, &, — EX)y + Bo(div (v, — V), &, — EF)y
81 (W — YK, &, — EYy — Ky (div (T, = T + 12div (S, — SI9), &, — &)y
+K(V(0, — 0% + 75(8, — 90)), V (&, — ET))y

= a(é:n - 6§Zk + Tl(fn - ‘ff:k) + ﬂn - ﬁﬁk’ fn - Zh)Y +,8()(diV (vn - vZk)’ fn - Zh)Y
+B1 (W, — Y, &, — 2y — ki (div (T, — T™) + 7odiv (S, — 85), &, — 2)y
+k(V(0, — 0" + 15(, — V™), V(&, — ")y V7" € E".

Using the following estimates

; ; 1
€ = 08" &0 = £y 2 Gy = 0606, = £y + o 16 = £~ 16r = £
(V@& = 90, V(@ = ENn = (V@ = 92, V(I = 69,)m

1
45 [V = 9 = IV = 01D

, : 1
@ =930 = £ 2 @ = 90, = 80y + {119 = B — 19,0 = 91515 .

(div (v, =V}, & = 2y = =, = V)5 VE — D,

applying several times inequality (4.14) we find that

S (160 = €55 = 1601 = 515} + {10, = B = 19,1 - 915,15
#5196, = O = 191 = 015 )
+Bo(div (v, = Vi), & = EF)y + (V(6, = 6)), V(& = €8N

< C(Ilé, = O£ + IV (8, — NG, + 18 — 69417 + l1€, — 217
HIV @, = IV + I = ViEIG + 1€, = EXIF + ldiv (T, = TIOIF

+div (Sy = ST + I — eIy + (56, — 68)F, &, = Zh)y)- (4.19)

Finally, we get the error estimates for the microtemperature acceleration R. Then, if we subtract
variational equation (4.4) at time ¢ = t, for a test function § = 57 € V" C V and discrete variational
equation (4.11), we have, for all " € V",

bR, — 6R™ + 7/ (R, — R™) + S, — S, n")y
+(ky + ks)(div (T, — T™ + 15(S, — 8™)), div ")y
+k6(V(Ty = T+ 72(S0 = SI)), Vg + kao(Ty = T + 72(S, =SB ")y
+Kk1(V(0, — 01 + 73, — ), 1y + o (VW — ¥, ")y = 0,
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and therefore, we obtain

b(R, - 6R"™ + 7/ (R, - R™) + S, - S" R, — R"™)y
+x6(V(T, — T + 12(S, — SI)), V(R, — R!*))o
+(ky + k5)(div (T, = T™ + 7,(S, — §")), div (R, — R™))y
+ko (T, — TH* + 72(S, = SI), Ry — ROy + (VW — W15, R, — R}y
+K1(V(0, — 0% + 7 (9, — 9)), R, — Ry
= bR, - SR™ + 7/ (R, - R™) + S, - S"* R, — ")y
+k6(V(T, = T + 72(S, — $2), V(R, — "))o
+(ky + k5)(div (T, = T™ + 7(S, — §™)), div (R, — 7))y
+ko(T,y — TH + 72(S, = SI), Ry = 1) + 1o(V (W — W19, R, —
+Kk1(V(O, — 0% + 7,(, — )N, R, — )y Iy € V"

Keeping in mind that

. . 1
(R, ~ 6R Ry = Ry 2 (Ry = 0R,. Ry = R + o (IR, = R 1R, = RIS .

(VS =8, VR, = RY))o = (V(S, = 5,1, V(S = 68,))g
+% [IV(S, = SIONG = IV (Suet = SN

(div (S, — $I), div (R, — R!)y > (div (S, — SI), div (S, — 6S,))y
o v S, = SIIE ~ div (S, — S IR

(VW = ), =~ — YI*, div )y,

using again inequality (4.14), after easy calculations it leads to

b . 7
e IR = R = IR, = Ry | = o = w div (R, = Ry

Ke hk hk
2 [V, = SOl = IV (St = 15Dl |

K4 + Ks . .
S iy (S, = ST = Iidiv (S,m1 = S, I

+ks(V(T, — T™), V(R,, = R™)) o + (k4 + &5)(div (T, — T™), div (R, — R™*))y
< C(IR, = RII + 1R, — ORI, + IV(S, = SO + lldiv (S, = 21

+IR, = "I}, + 1S, = 6S,lly + (OR, — SR, R, — )y + IS, — Si¥1I3,

Hn — WG + IV O — BN, + 11V, — SN + 1T, — T,

HIV(T, = TIOIG + lIdiv (T, = TIOIF) V' e V",

Combining estimates (4.17)—(4.20) it follows that, for all w”, 5 € V" and ", 7" € E",

+ {16, = G145 ~ 16,01 - 014,15

H k(12 Ik N[22
+ 2 IV =G = IV @y — )G

+u
2k

P hk (|2 hk (2
2 I =V = e = vl

A
+

|ldiv (e, — w1 = Idiv @,y — ulf I

(4.20)
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J
o W = 0I5 = Wt = W5 + (V6 = 6. V(& = £n
+ {190 = SO = IVt - 411
#or 16 = £ ~ 601 - £ 13} + 5

K
+ eIV @0 = 9N = V@ = 95 )

{119, = 4 = 191 = 025113

b {
o (1R = RIIEG — IRy — RIS I
Ke hiey (12 Bk (2
2 [V, = SOl = IV GS,1 = 15Dl |
K4 + Ks

S v (S, = ST = Iidiv (S,m1 = S, I
+6(V(T, = T,), VR, = RN + (ks + ks)(div (T, = T,), div (R, = R;))y
< C(lvn = ViU, + 9w = oWl + IV (et — I, + Nldiv G, — w11

v, = W + N, — Sualfy + (v, — V™, v, = W)y + 11, — €51
HIV(@n = SN + 1V, — N + Il — Sl + I — 56,17

i = P11 + 18 — 9 + 116, — 024115 + Ildiv (T, — TIOI

+div (S, — SEOIG + I — W 115 + IR, — REMIZ, + (00, — oW, — ™)y
HIEw = 6&NF + 100 = 63ll7 + 16, — 2% + IV, — 92O,

Hwn — WG + (88, — 66K, &, — 2y + IR, — SR + IV(S, — SIOIG
HIR, — 7"l + IS, = 8S,II5 + (6R, — SR, R, — 1" +1IS, — SVl
il = WG + T = TE, + V(T = TEOIG).

Multiplying the above estimates by k and summing up to n it follows that
v = VEIG + 11n = GRS + 1V ey — i, + 11div (@, — w5 + [ — Il
HIV( = GOM, + €2 = £ + Ch )" (V(0; — 05), V(& = £y
J=1
1 = T + V@ = I + IR = Ry + 1V(S, = S0l

+div (S, = SO + Ck Y (V(T; = T, VR, = R))g
j=1

+Ck Y (div (T; = TH), div (R; — R¥)y

j=1
< Ck Y (v = vIME, + 119 = w1, + 19 — )G + div (e, — )
j=1
Hlv; = Wi + llie; = Sully, + (6v; — V", v; = whyy + 1€, — €115
HIV(B; = $5ONG + IV O, — O + s — w5 + N1b; — 60112
Hiwj = FIE + 19— 915 +110; = 671115 + ldiv (T; — T}OIE

Electronic Research Archive Volume 30, Issue 4, 1236-1262.



1255

+HIdiv (S; = STOIF + lyr; — iU + IR, — REAIG, + Sy — o0 wry — 'y
+€; = SEII5 + 10 — 69,117 + ll€; — Z2IE + IV@; = 9291,

+Hlw; — W + (68, — 6&1%, &, = 2y + IR, = SRl + IV(S,; - S™II5
+HIR; — I + IS, — 68115 + (OR; — SR, R; — 'y + IS, — S™ I,
s = WG + 1T = TG, + V(T = TIIR)

+C(I0° = vl + 16” — BplIE + llu® — g, + g — wily + 1€° = 0113

190 = B4 + IR — R + 1IS° = SEII)-

Taking into account that

n n
hk h hk hk h
kZ(év‘, — OV LV =Wy = Z(vj —V; =W = VL)V Wk
j=1 j=1
hk h h h
=Wn =V Vu = Wn + (Vg = Vo, V1 —=W)n

n—1
hk I/ h
D R R TR IR )
J=1

where similar estimates can be derived for the terms involving functions ¢, & and R, and using the
estimates:

kD (Y0, = 0, V(50 - 69 Nu = > (VO = 01, V@, = 9 = @1 = 9 )n
J=1 j=1

= (V(6, — 61, V(I = 9" + (VO — 0), V(@ — )
n—1
£ Y (VO - 0 = 01 - 05)), V@, - 9,
j=1
n—1
D VO = 0 = 01 = 0 )), V@, = 9PNy
j=1
< C(k D IV@; - 60pIF, + K ) IV, =9I,
j=1

=

16, — 6413 < C(I6° = OFIEE + 12 + Kk > 119 — 0¥ ),

j=1
kY (VT =T, V(S = 65190 = ) (V(T; = T, V(S; = S1 = (S, = ST e
J=1 J=1

= (V(T, — T™),V(S, — §"))o + (V(TW = T1), V(S° - S))o

n—1
F D VT =T = (T = T ), V(S = S,

J=1
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n—1
DUV =T = (T = T ), V(S - ST

J=1

7 2 hkN(12
<k Zl V(T — ST)HI + kzl IV(S; = STOIR).
= =

IT, = TR, < C(IT° = THR + 2+ k ) 1IS; - S™IR),

j=1
kY (div (T, = T), div (&S, - 68)y = Y (div (T; - T%), div (S, - $% = (S, = S )y
j=1 j=1
= (div (T, = T"™), div (S, — §"))y + (div (T"™ - T), div (S° — Sb))y
n—1
+ D (v (T =T = (T = T), div(S; - Sy,
j=1

n—1
D i (T = T = (T = T ). div (S, = S}y

J=1
< C(k " div (T = 6T I +k D lidiv (S, = ST,
J=1 j=1

where [, and J,, are the integration errors defined in (4.15) and (4.16), respectively, applying a discrete
version of Gronwall’s inequality (see, again, [31]) we conclude the desired a priori error estimates. O

We note that the error estimates provided in Theorem 4.2 can be used to obtain the convergence
order of the approximations provided by the fully discrete problem VP". As a particular case, if we
assume the additional regularity:

¢ € HXO,T;Y)n W(0,T; H(B)) N H*(0,T; H'(B)),
0 e H*0,T;Y) N W>*(0,T; H*(B)) N H*(0,T; H'(B)),
ueHO0,T; Hyn WH=(0, T; [H*(B)]Y) n H*0, T;[H'(B)]9),
T € HX0,T; H) N W>>(0, T;[H*(B)]Y) n H*(0, T; [H'(B)]%),

4.21)

we can conclude the following.

Theorem 4.3. Under the assumptions of Theorem 4.2 and the additional regularity conditions (4.21),
it follows the linear convergence of the approximations given by Problem VP™; that is, there exists a
constant C > 0, independent of parameters h and k, such that

Ik hk ik k ik hk
max {||Vn =V g + ey —w, Ny + W — 4" My + ldn — & e + 116, — 6,711 + [0, — 3,7 [le

0<n<N
i = E5ly + 1T = Ty + 1) = S3¥lly + IR, = R} < C(h + k).

n

5. Numerical results

In this section, we describe some numerical results obtained solving one- and two-dimensional
problems. First, the numerical convergence and the discrete energy decay are shown in the one-
dimensional example. Secondly, the numerical dependence on the coupling parameter u, is studied
in a two-dimensional example.
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5.1. First example: numerical convergence in a one-dimensional example

As an academical example, in order to show the accuracy of the approximations the following one-
dimensional problem is considered:

2
. T7 ..
pu:#mw+ﬂw&—ﬁd@+7ﬁ,+éﬂg+F1 in (0, €) X (0, Ty),

. T LT
Jé = a0p,, — pouy — po(T + 1, T, + Elm +B81(6+ 110+ 519> —&p+F, in(0,0)x(0,Ty),
. .. T2 . .
a(+ 71,0+ 31 6) = —Botty — 1 + k(Orr + 120,

+x (T, + TQTX) + F5 in (0, f) X (0, Tf),
2

b(T + T]T + %T) = ﬂ1¢x + K4Txx + TZKGTxx — KQ(T + TQT)

—k1(0y + 120,) — o + F4 in (0,€) x (0, Ty),
0,1 = u(t,t) = ¢(0,1) = ¢(€,1) =0 fora.e.t€(0,Ty),
6(0,7) = 6(t,1) = R(0,t) = R(£,1) =0 forae. t € (0,Ty),
u’(x) =0(x) = ¢°(x) = ¥°(x) = °(x) = x(x = 1) fora.e. x € (0,0),
9°(x) = &%x) = T%(x) = S°%(x) = R°%(x) = x(x — 1) fora.e. x € (0,0).

The following data have been used:

t=1, T;=1, p=1, u=2, o
ﬂ():l, ﬁlzl, §:2 K 3 =

K4:2, T1:1, T2:2,
and the artificial supply terms F;, i = 1,2, 3,4, are given by, for a.e. (x,7) € (0,1) X (0, 1),

Fix,t)=e'Bx+x(x—1)—-11/2),
F(x,t)=e'(Tx+x(x—1)/2 -11/2),
Fs(x,t) = —e'(4x — Tx(x — 1)/2 + 16),
Fi(x,1) = €' (8x + 8x(x—1) — 16).

We note that the numerical scheme was implemented on a 3.2 Ghz PC using MATLAB, and a
typical run (4 = k = 0.001) took about 0.13 seconds of CPU time.

In this case, the exact solution to this one-dimensional problem can be easily calculated and it has
the following form, for (x,¢) € [0, 1] X [0, 1]:

u(x,t) = ¢(x,1) = 0(x,1) = T(x,1) = e'x(x — 1).
Thus, the approximation errors estimated by

Ik Ik hk Ik ik
Inax {||Vn =V lly + ey — |l + g = &3, Ml + I — 4 lly + 116, — 6,7 1IE
sns

Hdy = Dl + 1€, = EFlly + 1T = T lle + 1S = Slle + IR, — Rﬁklly}

n
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Table 1. Example 1: Numerical errors for some £ and k.

hlk— 0.01 0.005 0.002 0.001 0.0005 0.0002 0.0001

1/23 0.574576  0.570780 0.568601 0.567893 0.567542 0.567332 0.567262
1/2¢ 0.290868 0.286851 0.284646 0.283947 0.283604 0.283400 0.283332
1/2° 0.149884 0.145325 0.142983 0.142270 0.141926 0.141724 0.141657
1/2° 0.080538 0.074898 0.072236 0.071480 0.071127 0.070923 0.070856
1/27 0.047632 0.040251 0.036965 0.036114 0.035737 0.035528 0.035460
1/28 0.033167 0.023814 0.019518 0.018481 0.018056 0.017833 0.017764
1/2° 0.027415 0.016591 0.011111 0.009758 0.009240 0.008989 0.008916
1/210 0.025348 0.013719 0.007310 0.005556 0.004879 0.004576 0.004495
1/21 0.024679 0.012688 0.005748 0.003656 0.002778 0.002384 0.002288
1/212 0.024485 0.012356 0.005169 0.002876 0.001829 0.001316 0.001192
1/213 0.024434 0.012260 0.004976 0.002586 0.001439 0.000821 0.000658

0.6

Numerical Error
o o o o
n w S (9]
T T T

e

0

. . . . . .
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
h+k

Figure 1. Example 1: Asymptotic constant error.

are presented in Table 1 for different values of /2 and k. Moreover, the evolution of the error depending
on the parameter 4 + k is plotted in Figure 1. We notice that the convergence of the algorithm is clearly
observed, and the linear convergence, stated in Theorem 4.3, is achieved.

If we assume now that there are not supply terms and we use the final time 7, = 30, the same data
than in the previous example and the initial conditions:

T(x) = R%(x) = S%x) = x(x— 1) forae. x€(0,1),

taking the discretization parameters 2 = k = 0.001, the evolution in time of the discrete energy

EJ = VB, + 20l + IR, + MR, + €015 + I + 31641
hk12 2 2
F2URMIE + 2014 + 2T

is plotted in Figure 2 (in both natural and semi-log scales). As can be seen, it converges to zero and an
exponential decay seems to be achieved.
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Energy functional Energy functional

Figure 2. Example 1: Evolution in time of the discrete energy (natural and semi-log scales).

5.2. Second example: dependence on the coupling parameter i,

We consider now the two-dimensional domain B = (0, 1) X (0, 1). In this case, our aim is to study
the dependence on the coupling parameter ;.

The following data have been used in the simulations of this example:

:15 M:2$ /10:1, le’ a0:19 ,80:1, ﬁlzl’
k=3, a=1, b=2, Ki=1, Ky=1, k=1, ks=1, k=2, &=2,

with the initial conditions:
uO:vozTO:RO:SO:O, ¢O:W0=90:ﬂ0=§()=()a

and null Dirichlet boundary conditions. We also add a supply term in the equation for function # given
by f(x,y,1) = (tx(x — Dy(y = 1), tx(x — Dy(y — 1)) for (x, y) € (0,1) x (0, 1) and 7 € [0, 1].

Using the time discretization parameter k = 0.01 and the uniform finite element mesh obtained
dividing the unit square into 2048 triangles, in Figure 3 we plot the norm of function # and the mi-
crotemperatures, at middle point x = (0.5, 0.5), for some values of parameter yu,. It seems that, for the
highest value u, = 20, an oscillation is produced.
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x10* x107

1, =20

|u((0.5,0.5),1)|

0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
t t

Figure 3. Example 2: Evolution in time of the norm of # and norm of the microtemperatures
at the middle point for different values of parameter u,.

Finally, in Figure 4 we plot function ¢ and the temperature 8 at final time for the value of parameter
> = 20. We can note that they have been generated by the resulting deformation.

& ey, 1)

06 08 9 06 08 ;0
X X

Figure 4. Example 2: Function ¢ and temperature 6 at final time for parameter u, = 20.
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