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Abstract: Let £ and A be Lie triple systems, and let 64 be a representation of £ on A. We first
construct the third-order cohomology classes by derivations of A and £, then obtain a Lie algebra G,
with a representation ® on H>(£, A), where 6, is given by an abelian extension

0 A =0 0.

We study obstruction classes for extensibility of derivations of A and € to those of £. An application
of @ is discussed.
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1. Introduction

Lie triple systems were introduced by E. Cartan in his studies on Riemannian geometry. Since then,
it has been studied by many scholars. For example, Jacobson studied Lie triple systems by an algebraic
method in [1,2]. The cohomology theories have been given by Yamaguti in [3] and some problems
about cohomology have been solved, see [4—6]. Note that Lie triple systems are closely related to Lie
algebras, so it is natural to generalize some properties of Lie algebras to Lie triple systems.

Automorphisms are very important subjects in the research of algebras. In [7], the authors studied
extension of a pair of automorphisms of Lie algebras, and they gave a necessary and sufficient condition
for a pair of automorphisms to be extensible. Since derivations are infinitesimals of automorphisms,
it is interesting to study extension of a pair of derivations. Recently, extension of a pair of derivations
on Lie algebras, 3-Lie algebras, Leibniz algebras and associative algebras have been studied, refer
to [8—11]. We attempt to consider the same problems on Lie triple systems. Inspired by [11], we define
a Lie algebra Gg,, where 6, is a representation of a Lie triple system £ on a Lie triple system A, using
compatible derivations of £ and A. Then we show that a certain representation of Gy, can characterize
the extensibility of above compatible derivations.
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This paper is organized as follows. In Section 2, we recall some basic definitions and properties of
Lie triple systems. Then we construct a Lie algebra Gy, and consider its representation on H>(£, A) in
Section 3. In Section 4, we investigate the abelian extension and extensibility of a pair of derivations.
We prove that a compatible pair (d,, ;) is extensible if and only if [Ob(ﬁa‘,,a,)] € H3(R,A) is trivial and
(04, 0)) is extensible in every reversible extension if and only if ®(9,, d;) = 0.

In this paper, all Lie triple systems £ are defined over a fixed but arbitrary field F.

2. Cohomology of Lie triple systems
In this section, we first recall some basic definitions and properties of Lie triple systems, then we

show that H3(2, A) = 0 for an abelian extension implies split property.

Definition 2.1. [2] A Lie triple system is a vector space £ endowed with a trilinear operation [, -, -] :
L X € x L — ¢ satisfying

la,a,b] =0,
la,b,c] + [b,c,a] + [c,a,b] =0,
la,b,[c,d, e]]l = [la,b,cl,d, e] +]|c,la,b,d],e]+[c,d,]a,b,e]l,

forall a,b,c,d, e € 2.
For a Lie triple system £, a linear map 0 : £ — £ is called a derivation of £, if for all a, b, c € &,
d([a, b, c]) = [0(a), b, c] + [a,d(b),c] + [a, b, d(c)].
Denote by Der(2) the space of derivations of £.

Definition 2.2. [3] An £-module is a vector space V with a bilinear map

0, : ¢ x € —s End(V)
(a,b) — Oy(a,b)

such that the following conditions hold:

Ov(c,d)8y(a,b) — 6y(b,d)bv(a,c) — Oy(a,|b,c,d]) + Dy(b,c)bv(a,d) =0,
Ov(c,d)Dy(a, b) — Dy(a,b)0y(c,d) + 0y([a, b, c],d) + Oy(c, [a,b,d]) = 0,

where Dy(a, b) = 6y(b,a) — 0y(a,b), for all a, b, c,d € L. Also 0y is called a representation of £ on V.

Definition 2.3. [3] Let 6y be a representation of a Lie triple system £. An n-linear map f :
L x--- X & — Vsatisfying
—————

n times
F (X1, X2y ey X3, X, X, X)) = 0
and
S (X1 X2 ey X3, X, Y, 2) + (X1, X2y o0y X023, V5 2, X) + f(X1, X2y ooy X3, 2, X, Y) = 0

is called an n-cochain of € on V. Denote by C"(¥, V) the set of all n-cochains, for n > 0.
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Definition 2.4. [3] Let £ be a Lie triple system and 6y a representation of £ on V. The coboundary
operator ¢ : C*"71(2, V) — C?"*1(€, V) is given by

(Of)(xX15 X2, evey X2p11)

= Ov(Xan, X2041) [ (X1, X25 oy X2p—1) — Ov(X2n-1, X2n+1) f (X1, X2, .., X21)

n
i+1

+ Z:(—l)l+ Dy(x2i-1, X2i) f(X1..0s X2i2, X2i 15 wves X2n41) 2.1)

i=1

n  2n+l

j 1

+ Z Z (_1)l+n+ f(-xl'"a X2i-25 X2j+15 «+es xja [x2i—l’ X2i, Xj], cees x2n+l)

=1 j=2it1

for any xi, xa, ..., Xou1 € &, f € C*71(L, V).
Let £ be a Lie triple system and V an £-module. The set
27N, V) = {f e C*N (L, V)| 6f = 0)

is called the space of (2n + 1)-cocycles of £ on V.
The set

BN, V) ={of | feC” (L, V)

is called the space of (2n + 1)-coboundaries of £ on V.
The n-th cohomology group is

H'(L,V):=Z"(L,V)/B"(L,V).
Note that, by Eq 2.1, for f € C*(£, V) we have

Of(x1, X2, X3, X4, X5) = Oy (X4, X5) f (X1, X2, X3) — Oy(x3, X5) f (X1, X2, X4)
+ Dy (x1, x2) f(x3, X4, X5) — Dy (x3, X4) f (x1, X2, X5)
+ f([x1, X2, x31, X4, X5) + f(x3, [x1, X2, X4], X5)

+ f(x3, x4, [x1, X2, X5]) — f(x1, x2, [X3, X4, X5]).

(2.2)

Definition 2.5. [6] Suppose that £ and A are Lie triple systems. If

0 A [t} 0

is an exact sequence of Lie triple systems, and [, A, A] = 0 (which implies that [A, €, A] = [4, A, €] =
0), then we call € an abelian extension of € by A. A linear map s : £ — € is called a section of € if it
satisfies mo s = id¢. If there exists a section which is also a homomorphism between Lie triple systems,
we say that the abelian extension is split.

The following properties have been proved in [6], which will be used in Sections 3 and 4.
Let £ be an abelian extension of € by A. We construct a representation of £ on A. Fix any section
s: 2 — L of 7 and define 6, : € X € —> End(A) by

0a(x, »)(V) = [v, 5(x), s(]s, (2.3)
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for all x,y € &, v € A. In particular, D4 (x, y)(v) = (64(y, x) — 04(x, ¥))(v) = [s(x), s(y), v]s. Note that 64
is independent on the choice of s. Moreover, since

[s(x), s(¥), s(2)]s — s([x, y,z]e) € A,

for any x,y,z € £, we have amap w : £ X & X &£ — A given by

w(x,y,2) = [s(x), s(y), s(2)]s — s([x, y,2]e) €A, (2.4)
forall x,y,z € L.

Lemma 2.6. Let € be an abelian extension of a Lie triple system £ by A. Then
(1) 64 given by Eq 2.3 is a representation of £ on A,
(2) w given by Eq 2.4 is a 3-cocycle associated to 0,.

Corollary 2.7. Let & be an abelian extension of a Lie triple system € by A. Keep the same notations
as in Lemma 2.6. Then the cohomology class [w] does not depend on the choice of s.

Proposition 2.8. If 6, is a representation of & on A and w is a 3-cocycle i.e., 6w = 0 in Eq 2.2 then
L@ A is a Lie triple system with the bracket given by

[x + u,y +V,Z2+ W]QGBA = [-xa Y, Z]Q + (,()(X, Y, Z) + DA(X, y)(W) + HA(ya Z)(u) - QA(.X, Z)(v)a
where x,y,z € L, u,v,w € A.

Corollary 2.9. Retain all the notations and assumptions in Proposition 2.8. Let t : L&A — & be the
canonical projection. Then there is an abelian extension £ = £ @ A of Lie triple systems L by A.

Based on the previous notations, we have the following

Proposition 2.10. Let 6, be a representation of a Lie triple system & on a Lie triple system A. If
H?(2,A) = 0 then any abelian extension of £ by A is split.

Proof. It suffices to show that there is a section s of 7 which is a homomorphism. Recall that 64 given
by Eq 2.3 is independent on the choice of s. Consider the 3-cocycle w given by Lemma 2.6, since
H?*(L,A) = 0, there exists an & € C'(£, A) such that w = da. For any x,y,z € £, it holds that

w(x,y,2) = —a([x,y,2]e) + Da(x, y)(@(2)) + 04y, D)(@(x)) = Oa(x, 2)(@()).

Define a linear map s" : £ — [V by §’(x) = s(x) — a(x). Note that s’ is also a section of 7. Then for any
X,y,Z € £, we have

[ (x), 5'(1), 8" (D)) = [s(x) — a(x), s(¥) — a(¥), $(z) — @(2)]z
= [s(x), s(), ()] — [5(x), 5(), a(2)] = [@(x), 5(), $(2)] = [5(x), (), 5(2)]
= [s(x), s(v), $(2)]g — Da(x, y)(@(2)) + Oa(x, 2)(@(¥)) = a(y, D)(@(x))
= s([x, ¥, 2]¢) + w(x,y,2) = Da(x, y)(@(2)) + O4(x, 2)(a()) — 04y, 2)((x))
= s([x,y,z]e) — a([x, y, z]¢)
= s"([x,y, z]e)-

Therefore, s’ is a homomorphism. O
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3. Cohomology classes and a Lie algebra

In this section, £ and A denote Lie triple systems. We choose derivations of £ and A, and use these
derivations to construct third-order cohomology classes. Based on these preparations, we construct a
Lie algebra Gy, and its representation on H 38, A).

Given a representation 6, of £ on A. Suppose w € C*(2, A). For any pair (8,, 9;) € Der(A) x Der(£),
define a 3-cochain Ob{ , € C*(2,A) as

Ob(;, 5, = 0w — w(9;®1d ®id) — w(id ® 9, ® id) — W(id ® id ® 9)), (3.1)
or equivalently,

Ob?éa,al)(x’ ys Z) = 6aw(x, Ys Z) - (U(a](X), Y, Z) - CL)(.X', al(y)’ Z) - CL)(.X, Vs al(Z)),

for all x,y,z € £.

Lemma 3.1. Let 0, be a representation of £ on A and w € C*(8, A) with respect to the representation
04. Assume that a pair (0,,0;) € Der(A) X Der(L) satisfies that

9404(x,y) = 0a(x, )00 = 04(01(x),y) + 0a(x, 0)(y)), (3.2)

orall x,y € L. If wis a 3-cocycle then Ob, .. given by Eq 3.1 is also a 3-cocycle.
(aa’al)

Proof. We only need to prove that 60bj; ,, = 0. Since w is a 3-cocycle, dw = 0, by Eq 2.2 it follows
that, for any xy, x», X3, X4, X5 € £,

0 = 04(xs, x5)w(x1, X2, X3) — Oa(x3, X5)W(X1, X2, X4) + Da(x1, X2)w(X3, X4, X5)
— Dy (x3, x4)w(x1, X2, X5) + w([ X1, X2, X3], X4, X5) + w(x3, [X1, X2, X4], X5) (3.3)

+ w(x3, X3, [x1, X2, X5]) — w(x1, X2, [ X3, X4, X5]).
Then for any xi, x,, X3, X4, X5 € £, we have

(6Obi‘3a’6l))(x1, X2, X3, X4, X5)

= Oa(x4, x5)Ob, 5 (X1, X2, X3) — Oa (X3, X5)Ob(y 5 (x1, X2, X4) + Da(x1, x2)Ob( 51 (x3, X4, X5)

) ) 3)
= D (x3, x4)Oby 5 (x1, %2, x5) +Ob 5 ([x1, X2, X3], X4, X5) + Ob( 51 (x3, [X1, X2, X4], x5)  (3.4)

4) ) ©)
+ Ob((%u,a,)(x% X4, [XI, X2, XS]) - Ob?:?a’a])(X1, X2, [X3, X4, XS]) .

@) ®

Since (d,, ;) € Der(A) x Der({) and Ob?:?a,ﬁz) satisfies Eq 3.1, we have

(1) = O4(x4, X5)0q(xX1, X2, X3) — O4(X4, X5)W(0)(X1), X2, X3) — Oa(X4, X5)W(X1, O(X2), X3)
— 04 (x4, X5)w (X1, X2, 01(x3)), (3.5)
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(2) = = 0a(x3, X5)0,(x1, X2, X4) + O4(x3, X5)wW(0)(X1), X2, X4) + Oa(X3, X5)W(X1, O)(x2), X4)
+ 04 (x3, X5)w(X1, X2, 01(X4)), (3.6)

(3) = Da(x1, x2)0,0(x3, X4, X5) — Da(x1, X2)w(0)(X3), X4, X5) — Da(x1, X2)w (X3, 0)(X4), X5)
— Da(x1, x2)w(x3, X4, 0(x5)), 3.7

(4) = — Da(x3, X4)0,0(X1, X2, X5) + Da(X3, X4)w(0)(X1), X2, X5) + Da(X3, X4)w(x1, 0)(x2), X5)
+ Da(x3, x4)w(x1, X2, 0/(X5)), (3.8)

(5) = du(w([x1, X2, x3], X4, X5)) — W([01(x1), X2, X3], X4, X5) — W([x1, Of(X2), X3], X4, X5)

— w([x1, X2, 01(x3)], X4, x5) — W([X1, X2, X3], 0i(x4), X5) — W([ X1, X2, X3], X4, O(X5)), (3.9)

(6) = da(w(x3, [x1, X2, X4, X5)) — W(0)(x3), [X1, X2, X4], X5) — w(x3, [0(x1), X2, X4], X5)

— w(x3, [X1,0/(x2), X4, x5) — w(x3, [X1, X2, O1(x4)], X5) — wW(x3, [X1, X2, X4], i(X5)), (3.10)

(7) = 0(w(x3, X4, [X1, X2, X5])) — W(0)(X3), X4, [X1, X2, X5]) — W(X3, O1(x4), [ X1, X2, X5])

— w(x3, X4, [0)(x1), X2, X5]) — W(x3, X4, [x1, O(x2), X5]) — W(x3, X4, [X1, X2, Oi(X5)]), (3.11)
(8) = = du(w(x1, X2, [x3, X4, X5])) + W(O)(x1), X2, [X3, X4, X5]) + w(x1, O(x2), [X3, X4, X5])
+ w(x1, X2, [01(x3), X4, X5]) + W(x1, X2, [ X3, O1(x4), X5]) + W(x1, X2, [ X3, X4, Oy(x5)]). (3.12)

For Egs 3.5-3.12, by suitable combination and with the aid of Eq 3.3, we get the following

— O4(x4, X5)w(0(x1), X2, X3) + Oa(X3, X5)w(0)(X1), X2, X4) — W([0)(x1), X2, X3], X4, X5)

+ Du(x3, X4)w(01(x1), X2, X5) — w(x3, [01(X1), X2, X4], X5) — (X3, X4, [0)(x1), X2, X5])

(3.13)
+ w(0i(x1), X2, [ X3, X4, X5])
= DA (0i(x1), X2)w(x3, X4, X5),
— O4(x4, X5)w (X1, 01(X2), X3) + Oa(x3, X5)w(x1, 0(X2), X4) — W([x1, 0i(X2), X3], X4, X5)
+ Da(x3, X4)w(x1, 01(x2), X5) — w(x3, [x1, O1(x2), X4], X5) — w(x3, X4, [ X1, 0i(x2), X5]) (3.14)

+ w(xy, 0)(x2), [x3, X4, X5])

= Da(x1, 01(x2))w(x3, X4, Xs5),

— O4(x4, X5)w (X1, X2, 01(x3)) — Da(x1, X2)w(01(X3), X4, X5) — W([X1, X2, 0)(x3)], X4, X5)
— w(0)(x3), [ X1, X2, X4], X5) — Ww(O1(Xx3), X4, [X1, X2, X5]) + W(X1, X2, [01(x3), X4, X5]) (3.15)

= — 04(0,(x3), x5)w(x1, X2, X4) — Da(0i(x3), X4)w(X1, X2, X5),
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Oa(x3, X5)w(x1, X2, 01(x4)) — Da(x1, X2)w (X3, 01(x4), X5) — w([x1, X2, X3], 0i(X4), X5)
— w(x3,0/(x4), [X1, X2, X5]) + w(x1, X2, [ X3, O1(x4), X5]) — W(x3, [X1, X2, 0i(X4)], X5) (3.16)

= 04(01(x4), x5)w(x1, X2, X3) — Da(x3, 0)(x4)) (X1, X2, X5),

— Da(x1, x2)w(x3, X4, 0(x5)) — w([x1, X2, X3], X4, 0i(X5)) — w(x3, [X1, X2, X4], Dy(x5))
+ Da(x3, x4)w(x1, X2, 0)(X5)) — (X3, X4, [X1, X2, 01(X5)]) + w(x1, X2, [X3, X4, O(x5)]) (3.17)

= 04 (x4, 01(x5))w (X1, X2, X3) — Oa(x3, 0)(x5))w(xX1, X2, X4).
Next, let us substituting Eqs 3.13-3.17 into Eq 3.4 having the following
(5Ob?3a,al))(xl s X2, X3, X4, X5)
= Oa (x4, X5)0,0(X1, X2, X3) — Oa(x3, X5)0, (X1, X2, X4) + Da(X1, X2)0,0(X3, X4, X5)

— Dy(x3, x4)0,0(x1, X2, X5) + O,0([X1, X2, X3], X4, X5) + O (x3, [ X1, X2, X4], X5)

+ 0,w(x3, X4, [ X1, X2, X5]) — (X1, X2, [X3, X4, X5]) + Da(0)(x1), X2)w(X3, X4, X5)

(3.18)
+ Da(x1,0i(x2))w(x3, X4, X5) — 04(0)(X3), X5)W(X1, X2, X2)
— Dx(0/(x3), x4)w(x1, X2, X5) — Da(x3, 0i(x4))w(X1, X2, X5)
+ 04(0i(x4), X5)w(X1, X2, X3) + Oa(X4, 0i(x5))w(x1, X2, X3)
— O4(x3, 0i(x5))w(x1, X2, X4).
By Eq 3.3, we have
0w ([ X1, X2, X3], X4, X5) + Dg(X3, [X1, X2, X4], X5) + Op(X3, X4, [ X1, X2, X5])
— 0,w(x1, X2, [ X3, X4, X5]) (3.19)

= — 0,04(x4, X5)W(X1, X2, X3) + 0q04(x3, X5)W(X1, X2, Xa) — O Da(x1, X2)w(X3, X4, Xs)

+ 04D a(x3, X4)w (X1, X2, X5).
Here, inserting Eq 3.19 into Eq 3.18 gives that

(60b(, 5,))(X1, X2, X3, X4, X5)

= 04 (x4, X5)00(X1, X2, X3) — Oa(X3, X5)0,W(X1, X2, X4) + D (X1, X2)00(X3, X4, X5)
— Da(x3, x4)0,w(x1, X2, X5) — 0,04(xX4, X5)W(X1, X2, X3) + 0,04(X3, X5)W (X1, X2, X4)
= 0aDa(x1, X2)W(X3, X4, X5) + 04D a(X3, X4)w(X1, X2, X5) + Da(91(x1), X2)w(x3, X4, X5)
+ Da(x1, 01(x2))w(x3, Xa, X5) = 04(91(x3), X5)w(X1, X2, X4) — Da(01(X3), X4)w(x1, X2, X5)
+ 04(01(x4), X5)w(X1, X2, X3) — Da(x3, 01(x4))w (X1, X2, X5) + Oa(xs, F1(X5))w(x1, X2, X3)
= Oa(x3, 0)(x5))w(x1, X2, X4)

= (=0a04(x4, X5) + O4(x4, X5)04 + 04(01(x4), X5) + 0a(xs, 01(X5)))w (X1, X2, X3)
+ (0404(x3, X5) = Oa(x3, X5)00 — 04(01(x3), X5) — Oa(x3, Di(x5)))w(X1, X2, Xs)
+ (=0,Da(x1, x2) + Da(x1, X2)0, + Da(0i(x1), x2) + Da(x1,91(x2)))w(x3, X4, X5)
+ (0aDa(x3, x4) = Da(x3, X4)04 — Dp(01(X3), X4) — Da(x3, 0i(x4)))w(x1, X2, X5).

Electronic Research Archive Volume 30, Issue 3, 1087-1103.



1094

Since (d,, 0)) satisfies Eq 3.2, we only need to show that

0uDa(x,y) — Da(x,y)04 = Da(0i(x),y) + Da(x, 0i(y)),
by Ds(x,y) = 04(y, x) — 04(x,y), we have
aaDA(x» y) - DA(x» y)aa = aa(QA(y’ )C) - HA(X, y)) - (HA(y’ X) - HA(X» y))aa
= (0u84(y, X) = 0a(y, )0a) — (0aa(x, ¥) = 04(x, )3,
= (0a(1y), ) + 043, 0(x))) = (6a(B1(x), ) + Oa(x, B1(1)))
= (0a(B1(y). X) = 04(x, B1(1))) + (640, B(x)) = 04(81(x). )
= DA(X’ al()’)) + DA(al(-x)’ )’)
Then we have 60bg, 5, = 0 as required. O

Definition 3.2. Let 6, be a representation of £ on A. A pair (d,,9;) € Der(A) x Der(¥) is called
compatible with respect to 64 if Eq 3.2 holds.

Based on the previous works, we are ready to construct a Lie algebra and its representation on the
third cohomology group. Set

Gy, = {(04,0)) € Der(A) x Der(2) | (0,4, 0;) is compatible with respect to 64}.
Lemma 3.3. There is a linear map ® : Gy, — End(H*(2, A)) given by
O(d,, 0))([w]) = [Oby 41, forany w € 732, A), (3.20)

where Obg, o is given by Eq 3.1.

Proof. By Lemma 3.1 and (9,,d,) is compatible with respect to 6, it follows that Ob{; ,, is a 3-
cocycle whenever w is a 3-cocycle. Therefore, we only need to show that if 4 is a 3-coboundary,
then ®(9,, 0;)(61) = 0, which means that ® is well-defined.

(@(3a» IN(OD))(X, ¥, 2)

= (8u(61) — (6)(3; ® id ® id) - (52)(id ® 8, ® id) - (51)(id ® id ® 3)))(x. . 2)

= 9,( = A%, y,21) + 00, DA)) = 04(x, DAG)) + Da(x,Y)AR))
= (= A[0(x). 3. 21) + 04> DABH())) = 04(D1(%), DAG)) + Da(B1(x), )(A())))
— (= ALx, 8i3), 21) + 62(013), DAR)) = B4(x, DABIY))) + Da(x, B())(A(2)))
= (= A0x. 3, 02D + 04, DNAX)) = B4(x, B (2)AG)) + Dax, Y)ADB2)))).

Since 9, is a derivation, we have

/1([3[()(,‘), Yy, Z]) + /l([xa 6l(y)7 Z]) + /l([x’ Yy, aI(Z)]) = ﬂ(al([x’ Yy, Z]))
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Then
(O(Das OB ))(X, Y, 2)
= 0404y, D)(A(X)) = 040a(x, 2)(AY)) + 0aDa(x, Y)(A(2)) = O4(y, 2)(A(I1(x)))
+ 04(01(x), 2)(A(Y)) — Da(91(x), Y)(A(2)) — 04(91(y), 2)(A(x)) + Oa(x, 2)(AIi(¥)))
= Da(x, 0:(0))(A(2)) = Oa(y, 01(2))(A(x)) + O4(x, 0/(2))(A(y)) = Da(x, y)(A(i(2)))
= 04(A([x, y, 2])) + A x, y,zD)
= = 04y, (A01(x))) + Oa(x, 2)(A01())) — Da(x, y)(A(01(2))) + O4(y, 2)0u(A(x))
= 04(x,2)0,(A()) + Da(x,9)0a(A(2)) — 0a(A([x, ¥, 2])) + AIi([x, y, 2]))
=0(0y 01— A038)(x,y,2) =0,
it is obvious that @ is a linear map. O

We will end this section with the following conclusion.

Theorem 3.4. Let 64 be a representation of & on A. Then Gy, is a Lie subalgebra of Der(A) x Der(£)
and the map @ given by Eq 3.20 is a Lie algebra homomorphism.

Proof. Note that Gy, is a subalgebra of Der(A) xDer(L). First, we prove that if (3,,,, d},), (04,,9),) € Gy,,
then the commutator [(d,,, 0y,), (0,,,01,)] € Gg,. For all x,y € £, we have
(aalaaz - aazaal )OA(X’ y) - QA()C, y)(aauaaz - auzam)
= aal (6a20A(x’ y)) - aa2(0a10A(-x’ )’)) - QA(X’ y)aalaaz + QA(X, y)aazaal
= 601 (HA('X’ y)aaz + QA(alz(x)’ y) + HA(.X, alz (y))) - aaz (GA(-X’ y)aal + QA(all (x)9 )’) + HA(X9 611 (y))) (321)

I L
- HA(X7 y)aalaaz + QA()C, y)aazaal .

By Eq 3.2 it follows that

Il = HA(x» y)aalaaz + GA(all ()C), y)aaz + HA(X» 811(y))aa2 + OA(alz(x)’ y)aal + QA(allalz(x)’ Y)

3.22
+04(01,(x), 01, () + O4(x,0,(¥))0a, + 0a(y,(x), 3, (¥)) + 6a(x, 0,01, (), (322

b = 04(X,9)04,04, + 04(01,(x),¥)0a, + 0a(x,01,(y))0a, + 04(0;,(X),¥)04, + 04(0,,01,(X),y)
+ 64(0;,(x), 01,(y)) + 0a(x,0,,(¥))04, + 04(0,(x), 0;,(y)) + Oa(x, 0,01, (¥)).

Then taking Eqs 3.22 and 3.23 into Eq 3.21 gives that

(3.23)

(0 Oy = DD JOA (X, Y) = Oa (%, Y)(ayOuy — D) = Oa((81,61, = 8,01 )(x),y) + Oa(x. (81,01, = OLDL)(D)),

which implies that [(8,,, 0),), (04,, 0;,)] 1S compatible.
Next, for any (8,,,0;,), (84,,01,) € Gy,, [w] € H*(L, A), we have

[(D(aal 5 all )9 (D(aap alz)]([a)]) = (D(aal B all )(D(aazv 812)([(")]) - (D(aazv alz)q)(aal s a11 )([(,L)]) (324)

Electronic Research Archive Volume 30, Issue 3, 1087-1103.



1096

By Eqgs 3.1 and 3.20, we have

Oy, 1)y, ) ([w])

= ®(d,,, 01,00, — (8}, ® Id ® id) — w(id ® 9, ® id) - w(id ® id ® 3,))

= |04, (00,0 — (3, ®id ®id) — w(id ® 3, ® id) - wW(id ® id ® 3),))
= (0w — (3), ®id ®id) - w(id ® 8, ® id) — w(id ® id ® 3),))(3;, ® id ® id)
~ (80, - (0, ®1d ®1d) - w(id ® 9, ®id) — w(id ® id ® 4,,))(id ® &), ® id)
~ (0uw - (3, ®1d ® id) - w(id ® 0y, ® id) - w(id ®id ® 3),))(d @ id ® 3y, ) |-

Similarly, one obtains

D04y, 01,)P (9, 01 N [w])

= O(Juy. 01,00y — (), ® 1d ®id) - w(id ® 3, ® id) - w(id ®id ® J),))

= [0,(0u 0 - (0}, ®id ®id) - W(id ® F), ®id) - w(id®id ® ;)
(80,0 - w0, ®i1d®id) - w(id ® 9, ®id) — w(id ®id ® §;,))(3), ® id ® id)
~ (00w - (3, ®id®id) - w(id ® §;, ® id) — w(id ®id ® J),))(id ® 3, ® id)
(80,0 - w0, ®1d®id) - w(id ® ), ®id) - w(id ®id ® d;,))(id ®id ® dy,) -

Inserting the above two identities into Eq 3.24, we deduce

[D(dy,, 01y), (D, ) 1([W])
= [(04,04, — 04,04, ) — w((0},01, — 0,,0),) ® 1d ® 1d)

- w(id ® (0,0, — 0,,0),) ® 1d) — w(id ® id ® (0,0}, — 0,,0,,))]
= [Ob?éa 1 Oay ~0arOay B1, By ~01, 01, )]
= @(04y 04y = 00y04y, 01,01, — 01,0, )([w])

= O[(dy,, 1), 04y, 1) I([w])

as desired. O
4. Abelian extensions and extensibility of derivations

In this section, we construct obstruction classes for extensibility of derivations by Lemma 3.1. Also,
for Gy, we give a representation in terms of extensibility of derivations.

Lemma 4.1. Keep notation as above. The cohomology class [Obg, 5.1 € H 3(R, A) does not depend on
the choice of sections of n. (Hence we will denote [Obz‘(;a’(,l)] by [Obéa’al)] ).

Proof. Suppose that s; and s, are sections of 7 and w;, w, are defined by Eq 2.4, while Obz’a'a ) Ob’zgﬂ, P
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are defined by Eq 3.1 with respect to w;, w,. Then

Ob?g‘,,ﬁl)(x’ Y, Z) - Obz:;i’al)(x’ Y, Z)

= 04(w1(x,y,2) — wi1(01(x),y,2) — wi(x,0/(y),2) — wi(x,y, 0/(2))
— 0u(Wa(x,y,2)) + W2(01(x), y,2) + Wa(x, B(y), 2) + wa(X, y, 0i(2))
= aa(wl(x’ ) Z) - (l)g(x, Yy, Z)) - ((JJ](&[(X), Yy, Z) - (L)z(al(X), Y, Z))
I L
— (w1 (x,0/(y), 2) — wa(x, 01(y), 2)) — (W1 (x,y,0/(2)) — wr(x,y,0/(2))) .

I Iy

4.1)

A map A : £ — A is defined by A(x) = s;(x) — s52(x), for all x € &. Recall the proof of Corollary
2.7, we have

wi(x,y,2) — wa(x,y,2) = = A[x, ¥, 2]) + Oa(y, 2)(AX)) = Oa(x, 2)(A(y)) + Da(x, y)(A(2)),
for any x,y,z € £. So
I = 0(1( — A[x, y, 2]) + 04y, 2)(A(x))) = Oa(x, 2)(A(y)) + Dalx, y)(/l(Z)))-

Similarly, we have

b = —A([0i(x), y, 2]) + 04(y, 2)(A(0,(x))) — 0a(0:(x), 2)(A(Y)) + Da(9i(x), y)(A(2)),

I3 = =A([x, 9)(y), 2]) + 04(9i(y), 2)(A(x)) = Oa(x, 2)(AF(¥))) + Da(x, 9)(y))(A(2)),

and

Iy = =A([x,y, 0(2)]) + 04y, 0/(2))(A(X)) — O4(x, 0(2))(A(y)) + Da(x, y)(A(0)(2))).
By 1y, I, I5, I, and Eq 4.1 have

Obfg, ) (% ¥:.2) = 0BG 5, (x,.2)
= (BHQA()’, 2) — 04(0i(y), 2) — 6a(y, ﬁl(z)))(/l(x)) - (0a6’A(X, 2) = 04(9,(x), 2) — O (x, ﬁl(z)))(/l(y))
+ (auDA(X, y) = Da(9/(x),y) — Da(x, 31@)))(/1(@) — 04y, D(AB1(x))) + 0a(x, 2)(ADi()))

— D4 (x, )(A(01(2))) = da(A([x, y, 2])) + Ai([x, y, z])).

Since (d,, 0)) satisfies Eq 3.2 it follows that
Ob , (x,y,2) = Ob? , (x,,2)
= 04y, 2)0,(A(x)) = 04(x, 2)0o(A(Y)) + Ds(x, )Da(A(2)) — O4(, 2)(A(D(x)))

+ 0a(x, 2)(A01(y)) — Da(x, y)(A(01(2))) = o(A[x, y, 2])) + AO([x, y, 2]))
= 6(0a od—Ao al)(x,y, Z),

i.e., [Ob‘(‘é‘a’a])] = [Ob?Jaz,,,a,)] € H3(L, A), so we have done the proof. O
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Next, we will define the extensibility of derivations, and we will give a necessary and sufficient
condition that (d,, ;) is extensible.

Definition 4.2. Let € be an abelian extension of a Lie triple system £ by A. A pair (9,, 9;) € Der(A) x
Der(Q) is called extensible if there is a derivation 05 € Der(2) such that the diagram

L v

0 A [V Q 0
la(, la,— la, (4.2)
0 A — 8 L5 ¢ 0

is commutative, where ¢ : A — £ is the inclusion map.

Proposition 4.3. Assume that L is an abelian extension of a Lie triple system 2 by A. If (8,,0,) €
Der(A) x Der(L) is extensible, then (0,, 0)) is compatible with respect to 0,.

Proof. Since (9,,0;) is extensible, there is a derivation J; € Der(2) such that the diagram (4.2) is
commutative, i.e., t 0 9, = 0y o ¢, hence there is a map u : £ — A given by
p(x) = 9i(s(x)) — $(0i(x)). (4.3)

Since t 0 9, = 97 o ¢, (equivalent, djl4 = 9,) and 9; € Der(f!), we obtain

04(04(x, Y)(V) = Oa(x, )(0,(v)) = 0u([v, 5(x), s(V)]) — [0u(v), 5(x), s(V)]z

= i([v, 5(x), s(]z) — [0a(v), s(x), s(M)]a
= [01(v), 5(x), s(N]g + [v, 9i(s(x)), s(M]g

+ [v, 5(x), 9(s(Y)]z — [0a(v), 5(x), s(V)]z
= [0i(v), s(x), s(N]z + [v, s(0i(x)), s(M)]g

+ [v, u(x), sz + [v, s(x), s(0i(y)]z

+ [v, s(x), u(N]g = [0a(v), s(x), s(¥)]g
= [v, 5(01(x)), s(N]g + [v, s(x), s(01(y)]z
= 04(01(x), Y)(v) + Oa(x, /(y)(v),

hence (d,, d;) is compatible. O

Theorem 4.4. Let & be an abelian extension of a Lie triple system £ by A and (0,, 9;) € Der(A)xDer(%)
compatible with respect to 0,. Then (0,, 0)) is extensible if and only if [Ob(ﬁaa,a,)] € H*(2,A) is trivial.

Proof. (=) Fix any linear section s of 7. Since (d,, 0;) is extensible, there exists a derivation d; € Der(2)
such that the associated diagram (4.2) is commutative. By mo00d; = d,0m, we have 0;(s(x))—s(0,(x)) € A,
for x € £, then there exists a map u : £ — A given by Eq 4.3. It sufficient to show that

Oby, 4y(%,7,2) = ()%, Y, 2), @.4)

for all x,y,z € £. Next, we compute both hand sides of the following identity

65([s(x1) + vy, s(x2) + va, s(x3) + V3]5§)
= [01(s(x1) + 1), $(x2) + va, 5(x3) + v3]g + [5(x1) + vi, 9i(s(x2) + v2), 5(x3) + V315 (4.5)

+ [sCx1) + v, s(x2) + v, 0(s(x3) + v3)]g,
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for any xp, X, X3 € B, Vi, V2, V3 € A.
At first, since € is an abelian extension of € by A, we have [8,A,A] = 0 and

[s(x1) + vy, s(x2) + vo, s(x3) + v3]5
= [s(x1), 5(x2), s(x3)]5 + [s(x1), 5(x2), V3]s + [s(x1), v2, s(x3)] + [v1, s(x2), s(x3)]5

= [s(x1), 5(x2), s(x3)]g + Oa(x2, x3)(V1) = Oa(x1, X3)(v2) + Da(x1, X2)(v3),
by Eq 2.4 the left-hand side of Eq 4.5 is

LHS of Eq 4.5 = 37([5(?61), 5(x2), s(x3)]g + 0a(x2, X3)(vi) — Oa(x1, X3)(v2) + Da(x1, xz)(Vs))

= 61"(5([361, X2, X3]e) + W(X1, X2, X3) + O4(x2, x3)(V1) — Oa(x1, X3)(v2) + Da(xy, Xz)(V3))-
Since the diagram (4.2) is commutative, we have

LHS of Eq 4.5 = s(9)([x1, x2, x3]¢)) + p([x1, X2, x3]¢) + du(w(x1, X2, X3))
+ 04(0a(x2, x3)(V1)) = 04(0a(x1, X3)(V2)) + 0u(Da(x1, X2)(v3))
= s([01(x1), X2, x3]¢) + s([x1, 01(x2), x3]e) + s([x1, X2, Bi(x3)] ) (4.6)
+ p([x1, x2, x3]0) + Ja(@W(x1, X2, X3)) + 0u(Ba(x2, X3)(V1))
= 04(0a(x1, x3)(v2)) + 04(Da(x1, X2)(v3)).

Now we compute the right-hand side of Eq 4.5. Note that, since ;4 = d,, it holds that

0i(s(x;) +v;) = 01(s(x;)) + 0a(vi)
= 0j(s(x;)) — s(0i(x)) + 5(01(x})) + Du(vi)
= 5(0)(x) + p(x;) + 9,(v;) € s(¥) ® A.

By this the right-hand side of Eq 4.5 is

RHS of Eq 4.5 = [s(9)(x1)) + p(x1) + 0a(v1), s(x2) + v2, s(x3) + v3]a
+ [s(x1) + vi, $(01(x2)) + u(x2) + 94(v2), s(x3) + valg
+ [s(x1) + vi, s(x2) + va, $(9)(x3)) + p(x3) + 94(v3)]s
= [5(0i(x1)), $(x2), s(x3)]5 + [5(9i(x1)), 5(x2), valg
+ [5(0i(x1)), va, 5(x3)]5 + [1(x1), 5(x2), 5(x3)]g
+ [s(x1), u(x2), s(x3)]g + [0a(v1), s(x2), 5(x3)]5 4.7)
+ [s(x1), 5(0(x2)), v3lg + [v1, $(01(x2)), s(x3)]5
+ [s(x1), 0a(v2), s(x3)]5 + [s(x1), s(x2), $(0i(x3))]a
+ [s(x1), 5(x2), u(x3)]g + [s(x1), 5(x2), 84 (v3)]a
+ [s(x1), va, 5(0i(x3)]s + [v1, 5(x2), 5(01(x3))]z
+ [s(x1), 5(0i(x2)), s(x3)]5-

By Eqs 4.6 and 4.7, we have

s([0i(x1), X2, x3]¢) + s([x1, 0i(x2), x3]¢) + s([x1, X2, 0i(x3)]¢) + ([ x1, X2, X3]¢)
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+ 0(w(x1, X2, X3)) + 04(0a4(x2, X3) (V1)) — 0a(0a(x1, X3)(V2)) + Ou(Da(x1, X2)(v3))

= [5(0i(x1)), 5(x2), 5(x3)]g + Da(0i(x1), x2)(v3) — 0a(91(x1), x3)(v2) + O4(x2, X3)(u(x1))
+ 0a(x2, X3)(0,(v1)) + [8(x1), $(01(x2)), 5(x3)]5 + Dalx1, 01(x2))(v3) — O (x1, x3)(p(x2))
= O4(x1, x3)(04(v2) + 04(01(x2), X3)(V1) + [5(x1), $(x2), 5(01(x3))]5 + Dalxr, x2)(u(x3))
+ Da(x1, X2)(04(v3)) = Oa(x1, 01(x3))(v2) + O4(x2, 0i(x3))(V1).

Then
0 = — w(0i(x1), X2, x3) — W(X1, 0i(x2), x3) — W(X1, X2, B1(x3)) + Da(W(x1, X2, X3))
— Da(x1, x2)(1(x3)) — 0a(x2, x3) (1)) + O4(x1, X3)((x2)) + p([x1, X2, x3]0)
+ (&;DA(xl, x2) = Da(x1, X2)00 — Da(91(x1), X2) — Da(x1, 6,(x2)))(v3)
+ (0aBax2, X3) = 0402, X3)0 = O4(D1(x2), X3) = 0 (2, DY (X3)) ) (v1)
- (6a9A(xl’ x3) = 0a(x1, X3)0, — 04(0i(x1), x3) — Oa(x1, 61(?C3)))(V2)-

Since (d,, ;) is compatible and by the proof of Lemma 3.1,

(0aDaCx1, X2) = Da(x1, %2005 = Da(@1(x1), X2) = Dalx1, 1(x2)))(v3) = 0,
(0464 (x2, x3) = (52, X3)0 = 04(1(x2), X3) = a2, By(x3)))(v1) = 0, (4.8)
(004 (x1, x3) = 04(x1, X3)0 = 04(01(x1), %3) = Oa(x1, 0(x3)) ) (v2) = 0.

Thus we have

Oa(w(x1, X2, x3)) — W(0)(X1), X2, X3) — W(X1, 01(X2), X3) — W(X1, X2, 0(x3))

4.9
= Ds(x1, %) (u(x3)) — Oa(x2, x3)((x1)) + Oa(x1, X3)((x2)) + p([x1, X2, x3]0) = 0, ()

which is exactly Eq 4.4 due to Eq 3.1 and the definition of 3-cohomology group. So [Obfaa,al)] = 0as
required. ) )

(<) Assumg that [Ob?aa,a,g] is tri~Vial. Then there is a map u : £ — A such that Ob(ﬁaa,al) = ou. For
any s(x) +v € £, define 9;: £ — £ by

9i(s(x) +v) = 5(9)(x)) + pu(x) + 9u(v),
then the associated diagram in (4.2) is commutative: for any x € &, v € A,

(7m0 Op(s(x) +v) = 7($(Iy(x)) + p(x) + 8o(v)) = 9y(x) = (9, 0 M)(5(x) + V);
070 1(v) = 01(v) = 0,(v) = t00,(v).
Moreover, since (d,, 0;) satisfies Eq 3.2, by Eqs 4.8 and 4.9, it follows that Eq 4.5 holds by Eqgs 4.6 and
4.7, that is, 9; € Der(2). O

Hence, for a compatible pair (d,,0;) € Der(A) X Der(L), the cohomology class [Ob(%aﬂ])] can be
regarded as an obstruction class to extensibility.
By Proposition 4.3 and Theorem 4.4 we have the following result.
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Corollary 4.5. Let & be an abelian extension of a Lie triple system L by A. If H> (£, A) = 0, then any
pair (0,4, 0;) € Der(A) x Der(L) is compatible if and only if it is extensible.

We know that the condition H>(&, A) = 0 is in general not equivalent to split property of extensions.
However, we still have the following result.

Corollary 4.6. Let £ be a split abelian extension of a Lie triple system & by A. Then any pair (9,,0,) €
Der(A) x Der(2) is compatible if and only if it is extensible.

Proof. (<) It holds due to Proposition 4.3.

(=) Since the extension is split there exists a section s’, which is a homomorphism. Let 6, (resp.
wy ) be defined by Eq 2.3 (resp. Eq 2.4) with respect to s”. Then we get wy = 0. By Eq 3.1, we have
Ob;;’ ;= 0. In view of Lemmas 3.1 and 4.1, one has [Oby ;1 = [Ob(;’ ;1 = 0. Then by Theorem
4.4, we deduce that (9,, 0;) is extensible as required. O

Let us end this section with the relation between the representation @ of Gy, and extensibility of
derivations.

Definition 4.7. Let 6, be a representation of € on A and € an abelian extension of Lie triple systems
£ by A. So there exists a section s of & such that the representation 6, defined by Eq 2.3 is the same as
04, then the extension is called reversible with respect to 6,.

Example 4.8. Let 6,4 be a representation of £ on A. By Proposition 2.8 we have a Lie triple system
€ := 2 ® A with the bracket given by

[x+u,y+v,z+wls = [x,y,2]e + 04y, D)) — O4(x, 2)(v) + Ds(x,y)(w),

where x,y,z € &, u,v,w € A. By Corollary 2.9, we have an abelian extension

0 A e, ¢ 0,

and p is the canonical projection. Choose a section s of p given by s(x) = x, x € €. Then s : € — s
a homomorphism, and hence the representation 6, given by Eq 2.3 is the same as 64 which means that
the extension

0—=A O 0

is reversible with respect to 6,.

Theorem 4.9. Let 64 be a representation of £ on A. The pair (0,,0;) € Gy, is extensible in every
reversible extension if and only if ®(d,,0,) = 0.

Proof. (=) For any [¢] € H 3(L,A), by Corollary 2.9, there is an abelian extension

0—=A g-Lo9 0,
where p is the canonical projection and the bracket on £ := € @ A is given by

[x+u,y+v,z+wls = [x,y,2]e + @(x,y,2) + 0a(y, 2)(1) — O4(x, 2)(v) + Da(x, y)(w),
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for any x,y,z € £, u,v,w € A. Choose a section s of p defined by s(x) = x, for any x € £. Then the
representation ¢; is given by Eq 2.3. Let Hy (¥, A) denote the cohomology group with respect to 6. We
first show that 6; is the same as 64 for x,y € L, v € A,

O5(x, (V) = [v, 5(x), sz = [V, x, ¥]a = Oa(x, y)(v).

Hence we obtain that the cohomology group Hy (£, A) associated to 6; is the same as H"(¥, A). Since
we define w; by Eq 2.4 (resp. ¢) is a 3-cocycle in HgS(Q,A) (resp. in H"(Z, A)), we have [w,] = [¢].
Then
D (94, 9)([¢]) = (0, d)([ws])  (by Lemma 3.3)
= [Oby, 5,
=0. (by Theorem 4.4)

(<) Suppose ®(9,, ;) = 0. For any reversible abelian extension

0 A [ ) 0,

there exists a section s of & such that the representation 6; is the same as 4. Therefore, w, defined by
Eq 2.4 is a 3-cocycle in H*(£, A). Then we have

[Obf:?,,,a,)] = (D(aa’ (9[)([&);]) =0.

By Theorem 4.4, (9, 0)) is extensible. This completes the proof. O
The following corollary is straightforward.

Corollary 4.10. Let 64 be a representation of £ on A. Then any pair (0,, 0)) € Gy, is extensible in every
reversible extension if and only if ® = 0.
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