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Abstract: This paper is concerned with a class of reaction-diffusion system with density-suppressed
motility

u, = A(yWu) + auF(w), xe€Q, t>0,

v =DAv+u—v, xeQ, t>0,

w, = Aw —uF(w), xeQ, t>0,
under homogeneous Neumann boundary conditions in a smooth bounded domain Q@ c R" (n < 2),
where @ > 0 and D > 0 are constants. The random motility function 7 satisfies

v e C3((0, +0)), v>0, 9y <0 on (0,+c0) and vErJrrioy(v) =0.

The intake rate function F satisfies F € C'([0, +0)), F(0) = 0 and F > 0 on (0, +c0). We show
that the above system admits a unique global classical solution for all non-negative initial data u, €
Wh=(Q), vog € WH*(Q), wy € Wh(Q). Moreover, if there exist k > 0 and v > 0 such that

inf v*y(v) > 0,

>y

then the global solution is bounded uniformly in time.
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1. Introduction and main results

To explain the strip pattern formation observed in the experiment of [1] induced by the
“self-trapping mechanism”, the following three-component reaction-diffusion system with density-
dependent motility was proposed in [1]

w = AyMu) + 24 xeQ, >0,

w2+’
vi=DAv+u-—v, xeQ, >0, (1.1)
w,:Aw—Wvgzj‘A, xeQ, >0,

where u(x, 1), v(x, t), w(x, t) denote the bacterial cell density, concentration of acyl-homoserine lactone
(AHL) and nutrient density, respectively; a, 4, D > 0 are constants and Q is a bounded smooth domain
in R". The first equation of (1.1) describes the random motion of bacterial cells with AHL-density
dependent motility coefficient y(v), and cell growth due to the nutrient intake. The second equation
of (1.1) describes the diffusion, production and turnover of AHL, while the third equation gives the
dynamics of the nutrient with diffusion and consumption. Simultaneously a simplified two-component
system was discussed in the supplemental material of [1] and formally analyzed in [2]:

{u, = A(yOu) + pu(l —u), x€Q,t>0, (1.2)

vi=DAv+u-—v, xeQ,t>0,

where the decay of bacterial cells at high density was used to approximate the nutrient depletion effect.
A striking feature of systems (1.1) and (1.2) is that the cell diffusion rate depends on a motility function
v(v) satisfying y'(v) < 0, which takes into account the repressive effect of AHL concentration on the
cell motility (cf. [1]). The density-suppressed motility mechanism has also been used to model other
biological processes, such as preytaxis [3,4] and chemotaxis [5, 6]. From the expansion

AtyWu) =V - (y0v)Vu + uy’ v)Vv) = y(W)Au + 2y’ (v)Vv - Vu + uy"(v)lel2 + uy’ (v)Av,

we see that the nonlinear diffusion rate function y(v) not only contributes a cross-diffusion structure but
also renders a possible diffusion degeneracy (i.e., y(v) — 0 as v — +o0). Therefore many conventional
methods are inapplicable and the analysis of (1.1) or (1.2) is very delicate. The progresses were not
made to the system (1.2) until recently with homogeneous Neumann boundary conditions in a smooth
bounded domain 2 c R". The existing results on (1.2) can be classified into two cases: u > 0 and
u = 0, to be recalled below.

When u > 0, the global existence and asymptotic behavior of solutions was first established in [7]
under certain conditions on y(v) in two dimensions, followed by a series of works [8—11]. For small u >
0, the existence/nonexistence of nonconstant steady states of (1.2) was rigorously established in [12,
13] in appropriate parameter regimes. Some other works with generalized logistic source or indirect
production of chemical signals can be found in [14—17]. When u = 0, the global well-posedness of
solutions is more delicate. If y(v) decays algebraically in v, the solution may exist globally in two
or higher dimensions [18-20]. While if y(v) decays exponentially, the solution may blow-up in two
dimensions with a critical mass [8,21,22]. The global weak solution with large initial data was studied
in [19,23]. Except the studies on the bounded domain with zero Neumman boundary conditions,
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there are some results obtained in the whole space R: when y(v) is a piecewise constant function, the
dynamics of discontinuity interface was studied in [24] and discontinuous traveling wave solutions of
(1.2) with u > 0 were constructed in [25]; the existence of smooth traveling wave solutions of (1.2)
with g > 0 and a particular motility function y(v) = 1/(1 + v)"(m > 0) was recently shown in [26].

Compared to the abundant results recently obtained for the system (1.2) as recalled above, the
progress made to the three-component system (1.1) is very limited. The purpose of this paper is to
explore the global well-posedness of the following system

u; = A(y(u) + auF(w), xeQ, t>0,

vi=DAv+u-—v, xeQ, >0,

w; = Aw — uF(w), xeQ, >0, (1.3)
Qo oo, x€0Q, t>0,

(u, v, w)(x,0) = (up, vo, wo) (x), x€Q,

with constants @ > 0 and D > 0, where the system (1.1) is a special case of (1.3) with F(w) = WZ“—;
By postulating that
y(v) € C¥([0,+00)) and 0 < y; < ¥(») < ¥2, (W] <75 on [0, +00) (1.4)

where vy, y, are positive constants, and
F € CY([0, +0)), F(0) =0 and F(w) >0, F’'(w) > 0 on (0, +0),

a recent work [27] showed that the problem (1.3) admits a global classical solution (u, v, w) which
asymptotically converges to (i, u,, 0) in L* with u, = ﬁ (luollpr + allwollpr) if D > 0 is suitably large.
The main approaches employed in [27] to establish the global classical solutions with uniform-in-
time bounds are based on the method of energy estimates and Moser iteration by fully capturing the
diffusive dissipation of u with the assumption that y(v) has a positive lower bound. The assumption
(1.4) bypasses the possible diffusion degeneracy/singularity and rules out a large class of functions
such as y(v) = i—‘,ﬁ(co, k > 0) and y(v) = e*"(y > 0) widely studied in the existing works as recalled
above. The goal of this paper is to remove this essential restriction imposed in (1.4) and establish the
global well-posedness of solutions to (1.3). Roughly speaking, under the following relaxed structural
assumptions on y(v) and F(v):

y(v) € C*((0, +0)), y(v) >0, ¥'(v) <0 on (0,+c0), and lir+n y(v) =0, (1.5)
and
F € C'([0,40)), F(0O)=0 and F >0 on (0, +0), (1.6)

then for any initial data (uo, vy, wp) satisfying

uy € WH(Q), vy € WH(Q), wy € WH(Q),

(1.7)
uy =0, v >0, wyg=>0and uy #0,

we show the problem (1.3) admits a unique global classical solution in two dimensions. Moreover if
there exist k > 0 and ¥ > 0O such that
inf vV'y(v) > 0 (1.8)
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the solution is uniformly bounded in time.
Our main results are precisely stated as follows.

Theorem 1.1. Let Q Cc R"(n < 2) be a bounded domain with smooth boundary. Assume that the

conditions (1.5) and (1.6) hold. Then for any initial data (uy, vy, wo) satisfying the condition (1.7),
there exists a triple (u, v, w) of non-negative functions

(v, w) € [C°@ % [0, +00)) N C>' @ x (0, +oo))]3

which solves (1.3) in the classical sense. Moreover, if the motility function vy satisfies the condition
(1.8), then the global solution is uniformly bounded in time, that is there exists a constant C > 0 such
that

lluC, Dl + 1vC, Dllwres + W, Dllwrs < € forall 1> 0.

The key of proving Theorem 1.1 is to derive that v has a positive lower bound to rule out the diffusion
singularity and has an upper bound to exclude the diffusion degeneracy (see section 3.3.) The positive
lower bound of v can be obtained easily by showing that fQ udx has a positive lower bound along with
a nice result of [28]. The crucial step is to show that v has an upper bound. Inspired by an idea from the
work [8], we construct an auxiliary problem and use the maximum principle for the inverse operator
(I — DA)™! to derive an upper bound of v through the constructed auxiliary problem.

The rest of this paper is organized as follows. Section 2 is devoted to the local existence of solutions
and extensibility of (1.3). With some important inequalities which will be used frequently, we derive
a priori estimates of solutions for the system (1.3) in section 3. Finally, we prove Theorem 1.1 in
section 4.

2. Preliminaries

In this section, we present some basic results and facts, including local existence and extensibility
criterion of classical solutions as well as some frequently used well-known inequalities.

The existence of local solutions and extensibility criterion for the system (1.3) can be obtained by
Amann’s theorem (cf. [29]) or fixed point theorem (cf. [7]). Below, we only state the local existence
result without proof.

Lemma 2.1 (Local existence). Let Q C R" be a bounded domain with smooth boundary. If the initial

data satisfy the condition (1.7), then there exist a constant T, € (0, 0] and a triple (u,v,w) of non-
negative functions

_ — 3

(v, w) € [ CU@Q X [0, Tae)) N C*HQ X (0, Ta)|

which solves (1.3) in the classical sense in Q X (0, T\.). Moreover, if T,y < +00, then

lim sup({luC:, Dlle= + [IVC, Dllwres + W, Dllwre) = 0.
[/Tmux

Next, we recall some well-known results which will be used later frequently. The first one is an
ODE inequality [30].
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Lemma 2.2. Let T, > 0, 7 € (0,T,0x), a > 0 and b > 0. Suppose that y : [0, T,.) — [0,00) is
absolutely continuous and satisfies

V() + ay(t) < h(t) forall t € (0,T,q.)

with some nonnegative function h € L} ([0, T uax)) fulfilling

loc

+T
f h(s)ds < b forall t€[0,T, 4 — 7).
t

Then it follows that

b
y(t) < max {y(O) + b, o + 2b} forall t €0, T,

Below is an uniform Gronwall inequality [31] which can help us derive the uniform-in-time esti-
mates of solutions.

Lemma 2.3. Let T, > 0, 7 € (0,T,.). Suppose that a,b,y are three positive locally integrable
functions on (0, T,,..) such that y’" is locally integrable on (0, T,,.,) and the following inequalities are
satisfied:

Y (1) < a(t)y(t) + b(t) forall t € (0, Tpax)

4T 4T t+T
f a<a, f b < ay, f y<as forall te€[0,T,., —1),
t t t

where a;(i = 1,2, 3) are positive constants. Then

as well as

y(t) < (@ + az) " forall t €1, T pnux).
T

The third one is about the regularity of solutions to the linear parabolic equation and the proof can
be found in [32].

Lemma 2.4. Assume that Q C R" is a bounded domain with smooth boundary. Suppose that y(x,t) €
C>1(Q % (0, Trpax)) is the solution of

i = Ay —y+ ¢(x,1), x€Q,t€(0,T ),

% = 0, X € GQ,I S (0, Tmax)a

y(-x’ t) = )’O(X) € CO(Q)?
where ¢(x,t) € L*((0, Typax); LP()). Then there exists a constant C > 0 such that
Iy(, Dllwra < € forall t € (0, Tyax)

with
1’ﬂ7 J S )
ge [1..=). ifp<n
[1, o], if p>n.
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3. A priori estimates

This section is devoted to deriving a priori estimates of solutions for the system (1.3), so that the
global existence of solutions can be obtained by the extensibility criterion. We will proceed in several
steps. In the following, we shall use C;(i = 1,2, ---) to denote a generic positive constant which may
vary in the context.

3.1. The boundedness of u in L' (Q)

A basic property of solutions is the uniform-in-time L' boundedness of u due to the special structure
of the system (1.3).

Lemma 3.1. Let (u, v, w) be a solution of (1.3). Then there exist constants c,C > 0 such that
c < fu < C forall te0,T,). (3.1
Q

Proof. Integrating the first equation of (1.3) over Q with the boundary conditions, we have % fQ u>0

which implies
fl/l > fl/t().
Q Q

We multiply the third equation of (1.3) by @ and add the resulting equation to the first equation of (1.3).
Then integrating the result over Q by parts along with the boundary conditions, we get

d
E(Lu+a‘[gw):()
fu+a/fw:fu0+afwo.
Q Q Q Q

Then, the non-negativity of u and w yields (3.1). O

which yields

3.2. The upper bound of w

The following lemma concerns the upper bound of w which is an immediate consequence of the
maximum principle (see [27]).

Lemma 3.2. Let (u, v, w) be a solution of (1.3). We can find a constant C = ||wgl|z~ > O such that
w < C forany (x,t) € QX (0, T par)-

3.3. The lower and upper bounds of v

The following lemma is vital for us to rule out the possible singularity of y(v) near v = 0. The mass
inequality (3.1) plays a key role in the proof of this lemma. The proof can be found in [28].

Lemma 3.3. Let (u, v, w) be a solution of (1.3). Then there exists a constant C > 0 fulfilling

v>C forany (x,t) € QX (0, T ).
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Motivated from the paper [8,22], next, we derive the upper bound of v, which is a key to preclude
the degeneracy of diffusion.
Let us introduce an auxiliary function g which satisfies the following equation

_DAg tg8=u, X € Q’ re [O, Tmax)’
% = 0’ X € aQ’ re [O, Tmax)’ (32)
8(x,0) =go(x) 20, xeQ,

where u is the solution of (1.3) obtained in Lemma 2.1. Then, g is non-negative since u > 0 and has
the following basic properties. The first property states that the L? norm of g can be controlled by the
L' norm of u (cf. [33]).

Lemma 3.4. Let u € C(Q) be a non-negative function such that fQ u> 0. If g € CXQ) is a solution of

the system (3.2), then for any q satisfying 1 < g < (n_”2)+ there exists a constant C > 0 such that

l1gllze < Clluell 1

The second property tells us that g satisfies a simple inequality.

Lemma 3.5. Let (u, v, w) be a solution of (1.3) and g satisfies (3.2). Then for all (x,t) € Q X (0, T nar),
we have

1 1
g+ By(v)u = 5(1 — DAY '[y(w)ul + a(I — DA) ' [uF(w)]. (3.3)
Moreover, there exists a constant C > 0 such that
g < Cg forany (x,t) € QX (0, T ). (3.4)

Proof. The first equation of (1.3) can be rewritten as
1 1
u; = _B(I — DA)[yW)u] + auF(w) + By(v)u.

Taking the operator (I — DA)™! on both side of the above equation and noticing the definition of g, we
can get (3.3) directly.
Now we prove (3.4). According to the non-increasing property of v and Lemma 3.3, there exists a
constant C; > 0O such that
v(v) < Cy.

Noticing Lemma 2.1, Lemma 3.2 and the smoothing property of F, we get a constant C, > 0 such that
Fw) <.

Owing to the nonnegativity of u, it holds that
y(v)u > 0.

Recall (3.2). Then by the comparison principle for elliptic equations, we have

%(1 — DAY [yl + a(I — DAY [uF(w)] < (% + acz) 2,
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which, combined with (3.3), implies that

g < (— + aCz)g.

This finishes the proof. O

With the help of Lemma 3.5 and the standard comparison principle for parabolic equations, we shall
derive the upper bound of v.

Lemma 3.6. Let (u,v,w) be a solution of (1.3) and g satisfies (3.2). Then there is a constant C > 0
such that
v<C(g+1) forany (x,t) € QX (0, T,ay)-

Moreover, if Ty, < +00, there exists Cy > 0 such that
v < Cy forany (x,t) € QX (0, Tux).
Proof. With the hypothesis (1.5), we can choose a constant C; > 0 large enough such that
0< ’)’(Cl) < D.
Let e
I'(s) := —f y(x)dx forall s >0,
D Je,

which gives

vyWu =y(v)(v; — DAv +v)
=DI,(v) — D*AT(v) + Dy’ ")V + y(v)v.

This, combined with Lemma 3.5, implies
vi—DAv+v=—DAg+g
=8 —DAg + g + %y(V)u
- %(1 — DAY [y()ul — a(I = DAY [uF (w)] (3.5)
=(g + (), = DA(g +T() + (g + T(») + 7' IV + %W)v -T'()
- %(1 — DAY '[y(u] = a(I = DAY [uF(w)].

Now, we estimate the terms on the right hand side of (3.5). In view of the monotone decreasing
property of v, Lemma 3.3 and the definition of I', we see that there exists a constant C, > 0 such that

1 Fo =) I J
FYOW=T0) =y o [ yoodx

<5 [0 + 40, — )]
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C C
:Bly(v) < 32 for0 <v<C
or otherwise

%?’(v)v -T(v) =%)’(V)V - % j; lv y(x)dx
1
35 [y()v =y (v = Cy)]

C C
:Bly(v) < 32 forv > C,.

Due to the non-negativity of —y’(v), y(v)u as well as uF'(w) and the comparison principle for elliptic
equations, we get from (3.5)

vi—DAv+v<(g+T(v),—DA(g+T()+(g+T(W)+ %

Noticing for the initial data, we can choose a constant C3 > 0 large enough such that % < C;zand
vo < go + I'(vg) + Cs.
Hence, the comparison principle for parabolic equations gives that
v<g+I()+C;s,

which along with the fact
I'(v) <

v,

y(C)
D

implies

< ———(g+C).
-5

With the aid of Lemma 3.5, if T,,,,, < +00, then there exists a constant C, > 0 such that
v < C4.
Hence we complete the proof of this lemma. m|

Note the upper bound derived in Lemma 3.6 may depend on 7., see (3.4). The following lemma
asserts the upper bound of v which is independent of 7., under additional condition (1.8).

Lemma 3.7. Let (u,v,w) be a solution of (1.3). If the motility function vy satisfies the condition (1.8),
then there exists a constant C > 0 independent of T ., such that

v < C forany (x,t) € QX (0, Tpux)-
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Proof. We can rewrite the first equation of (1.3) as
1 1
((I = DA)g), + 5(1 - DA)(y(v)u) = BV(V)M + auF(w).

Multiplying the above equation by g = (I — DA) 'u and integrating the result over Q, we have

li 2 2 l 2_1
ZdI(Lg +DL|V(§’| )+DL7’(V)M —DL7(V)Mg+aLuF(w)g. (3.6)

In view of the assumption (1.5) and Lemma 3.3, we get C; > 0 fulfilling
v(v) < Cy. 3.7
Noticing Lemma 2.1, Lemma 3.2 and the smoothing property of F, we get a constant C, > 0 such that
F(w) < Cs. (3.8)

Substituting (3.7) and (3.8) into (3.6), we obtain from Lemma 3.1 that

2di ( fg g +D fg 'Vglz) 5 fg YW’ < (31 + CVC2)C3||8||L°°, (3.9)

holds for some constant Cz > 0. Moreover, it follows from (3.2) that

Df Vel* + ng = fug < Gsllgllz~
Q Q Q
which, added to (3.9) yields

i(fgzwf|Vg|2)+(fg2+0f|Vg|2)+3fy(v)u2
dt Q Q Q Q D Q (310)

C
<2 (31 +aCy + 1| G5ligll~.

Now we estimate the right hand side of the above inequality. For any max{3, 1} < p < 2, thanks to
the Sobolev embedding theorem, the standard elliptic estimate and Hdolder’s inequality, we can find
constants Cy, Cs, Cg > 0 such that

gl <Callgllw2r < Csllullr

2-p

1 1 f 2 — a2

< yWu + Cg (fy 2-P(v)) .
2D (S +aCy+1)C5 Ja Q

In view of the assumption (1.8), there exist k > 0, v > 0 and C7 > 0 such that

Vy(v) > C; forall v>7v

i.e.,
y'(v) < ;W forall v > 7.
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Noticing the non-increasing property of y, we get
y ') <y '®) forall 0 <v <.

Therefore, it holds that
y ') <y'@) + C;1WF forall v > 0.

Hence, using Lemma 3.6 and Lemma 3.4, there exist constants Cg, Cy, C;o > 0 such that

fy‘zpp(v)ﬁf(y_l(\_/)+C7_lvk)2"
Q Q

< fg ('@ +C5' (g + 1Y)

(3.11)
SCgfg;-dex+ Cy
Q
<Cy
which implies that
1 2p
lgllz> < =+ fV(V)u2 +CeC g - (3.12)
2D(%+Q’C2+1)C3 o 10
Combining (3.10), (3.11) with (3.12), we get
d 1
—(fg2+Df|Vg|2)+(fg2+0f|Vg|2)+—fy(v)u2
dt \Jg Q Q Q D Jq
C, e
< (3 +aCy +1)C,CiC;
which along with Gronwall’s inequality yields a constant C; > 0 such that
[¢+0 [ mer=cy
Q Q
and
1+T
f fy(v)u2 <Cy forallte (0, —1) (3.13)
t Q
with 7 = min{1, %Tmax}. Due to (3.12) and (3.13), the following inequality
[+T +T
f fg < IQlf ligllze < Cyp forall t € (0, Tpax — 1), (3.14)
t Q t

holds for some constant Cj, > 0. According to Lemma 3.5, we can find a constant C;3 > 0 such that
g: < Ci3g forall t € (0,T,4,)-

Using Lemma 2.3 with (3.14) and the definition of 7, we get a constant Cy4 > 0 so that

C
g<Cuy= #e‘fw forany (x,7) € QX (T, Tyax)
T

which, along with Lemma 3.5 applied to any (x, 7) € Q X [0, 7], asserts that
g < Cys forany (x,1) € QX [0, T ar)

holds for some constant C;5 > 0. This completes the proof by using Lemma 3.6. O

Electronic Research Archive Volume 30, Issue 3, 995-1015.



1006

3.4. L*-estimates of u

Once we get the positive lower and upper bounds of v, then the diffusion motility function y(v) is
neither degenerate nor singular and the estimate of L*-norm of u essentially can be derived by the
procedures as shown in [27]. For completeness, we briefly demonstrate the mains steps below.

3.4.1. The space-time L2>-bound of u

In this subsection, we aim to derive the bound of u in space-time L?>-norm by the classical duality-
based arguments (cf. [27,34,35]). For convenience, we introduce some notations here. Let Ay denote
the self-adjoint realization of —A defined in the Hilbert space

L Q)= {¢ e Q)| fg¢ = 0},

D(Ay) = {qs e W*(Q) N L2(Q) ' % —0on aQ}.

with its domain

Then Ay is self-adjoint and possesses bound self-adjoint fractional powers A(;ﬁ for any 8 > 0 (cf. [36]).
Now the classical duality-based arguments lead to the boundedness of u in space-time L.

Lemma 3.8. Let (u,v,w) be a solution of (1.3). Then there exists a constant C > 0 such that

1+T
f fu2 <C forall t€[0,Tu—T)
t Q

Proof. According to Lemma 3.3, Lemma 3.6 and (1.5), we can find constants Cy, C, > 0 such that

with T = min{l, %Tmax}.

Ci <vyv) (.

Multiplying the third equation of (1.3) by @ and adding the resulting equation to the first equation of
(1.3), we get
(u+ aw), = A(y(u + aw)

which can be rewritten as
(u+aw—u—aw), = -A)(y(Wu + aw — y(v)u — aw), (3.15)

where f = Ilﬁl fg f. In view of (3.15) and the fact fQ(u + aw — u — aw) = 0, integrating by parts, we
obtain

1d _1
Ed—tfg;IAoz(u+aw—ﬁ—aW)|2
_1 _1
:fAOZ(u+aw—ﬁ—aW)-Aoz(u+aw—ﬁ—aW),
Q

:ngl(u+aw—ﬁ—am-(u+aw—ﬁ—aW),
Q
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=- anl(u +aw—u—aw)- - Aj(ty(OWu + aw — y(v)u — aw)

Q
- f(u +aw—u—aw)- - (yOWu+aw —yW»v)u — aw)

Q
- f)’(V)(u -u)y - u f YO —u) —a f(l +yW)u —uw)(w —w)

Q Q Q

- aﬁf YOV w —w) — o f(w -w)?
Q Q
- C, f (u —1)* + Co|QIu* + 2a(1 + C)|Qit - W + Co|Qlaii - W — o f (w —w)?
Q Q
which yields a constant C3 > 0 such that

d
d;f'A Y(u+aw—u—aw)? +2C1f(u—ﬁ)2+2a2f(w—W)2£C3. (3.16)
Q Q

By the Poincaré inequality and the fact

fA;Z(u+aw—ﬁ—aW):0
Q

we can find a constant C4 > 0O such that
_1 2
f ‘Aoz(u +aw—u-— a/W)‘
o)

_1 2
<C, f [VAG (u+ aw — T - W)
Q

:C4‘f|u+a/w—ﬁ—a/W|2
Q

<2C, f (u —u)* +2C,40° f (w —w)?
Q Q

<2C, f (u — )% + 2C4a°|Q [[wol[7
Q

which combined with (3.16) implies there exists a constant Cs > 0 such that

d
EL'A 2(u+cvw—u—cxw)|2+2—C4f'A 2(u+cxw—u—aw)‘

+C1f(u—ﬁ) + 207 f(w—W) < Cs.
Q Q

An application of Gronwall’s inequality gives a constant C¢ > 0 such that

(3.17)

_1
f|A02(u +aw -1 — aw)’ < Cs.
Q

f f(u—ﬁ)sz
t Q
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for some constant C; > 0, which implies
+T +T +T
f fuzzf f(u—ﬁ)2+f fﬁzsC7+ﬁ2|Q|.
t Q t Q t Q
Hence, we complete the proof of the lemma. O

3.4.2. L*-estimate of u

Lemma 3.9. Let (u,v,w) be a solution of (1.3). Then there exists a constant C > 0 such that

f IVv[> < C forall t € (0, T )
Q

and

I+T
f f |AV|2 <C fOl" all t € [0, Ty — 7).
t Q

Proof. By simple computations, we have

1d
—— | W= VvV
o L = o

:va-V(DAv—v+u)

Q
:—Df|Av|2—f|Vv|2—quv
Q Q Q
D 1
S——fIAvlz—fle|2+—fu2

d 1
—fIVv|2+Df|Av|2+2f|Vvlzs—fuz.
dt Jo Q Q D Jo

An application of the Gronwall inequality along with Lemma 2.2 and Lemma 3.8 gives a constant

C; > 0 such that
1+T
f Vo + f f A <G
Q t Q

Therefore, we finish the proof of this lemma. O

which leads to

Lemma 3.10. Let (u,v,w) be a solution of (1.3). There exist constants c,C > 0 such that for any

p =2, we have
d “2p0,12
— | W+cep(p-1) | u’“|Vu|
dt Jo Q

<Cp(p-1) f u’|Vvl* + Cp(p - 1) f uP forall t € (0, Tpax)-
Q Q
Proof. According to Lemma 2.1, Lemma 3.2 and the hypothesis on F, we can find a constant C; > 0
such that
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Noticing Lemma 3.3, Lemma 3.6 and the smoothing property of v, there exist constants C,,C; > 0
such that

y(v) = G, (3.18)
and
’ 2
YOI _ o (3.19)
Y(v)

Using u”~! with p > 2 as a test function for the first equation in (1.3), integrating the resulting equation
by parts and using Young’s inequality, we obtain

lifup:fuP—IA(y(v)uHafu"F(W)
pdt Jo Q Q

S—(p—l)fy(v)u”_2|Vu|2+(p—1)fy'(v)u”_1Vu-Vv+C1a'fu”
Q Q Q

_ 1 _ 1 ’ 2
<L f Y2Vl + 2 YO ovve + Cra f uP
2 Q 2 o YOV Q

which, combined with (3.18) and (3.19), yields that

d -1) -
ELMP—FNPTCZLMP 2\Vul

-1
Sp(p )C3fup|Vv|2+Clapfup.
2 Q Q

This finishes the proof of this lemma. O

Now the uniform-in-time boundedness of u in L?>(Q2) can be established.

Lemma 3.11. Let (u,v,w) be a solution of (1.3). Then there is a constant C > 0 such that
f > < C forall t€(0,T )
Q
Proof. Taking p = 2 in Lemma 3.10, we get the following estimate

d
—fu2+C1f|Vu|2Sszu2|Vv|2+C2fu2 (3.20)
dt Jg 0 0 0

for some constants Cy, C; > 0. Using Lemma 3.9, the Gagliardo-Nirenberg inequality (see [7, Lemma
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2.5]) and Young’s inequality, we can find constants Cs3, C4, Cs > 0 such that

2 2 2 2
C, f P9V <Collull 9V,
Q
T (A IVl T ’
<Cs IVl £+ sz ) (AWML + 191z
5 e 5 e 5 e 2
<ACs (vl F IAVIE 9L+ 9l 91
2 2 e 2 2
HUE AV + 91 )
n 4-n n n 4-n
<C (vl 1A, + 19l
2 5 2
AV, + )

G 2 ~ 5 2
37||VM||L2 +Cs (1 + 1AV + ”AV”Zz) lleell;

C
< IVul + Cs (1 -+ IAVIE:)

where in the last inequality we have used the fact n < 2 so that fT”n < 2. This along with (3.20) implies
there exists a constant Cg > 0 such that

d 2 C] 2 2 2
[ +7L|Vu| < Co(1+ i) |

An application of Lemma 3.9 and Lemma 2.3 gives the desired result. m|

3.4.3. L™-estimate of u

Lemma 3.12. Let (u,v,w) be a solution of (1.3). For any 1 < p < +oo, there exists a constant C > 0
such that

Llelp < C forall t € (0,T,qu).
Moreover, if n = 1, then we can find a constant C > 0 such that
V|| < C forall t € (0, T,qu)-
Proof. Applying Lemma 2.4 and Lemma 3.11, the desired result is obtained. O

Combining Lemma 3.10 and Lemma 3.12, we get the following result.

Lemma 3.13. Let (u, v, w) be a solution of (1.3). There exists a constant C > 0 such that for any p > 2,
we have

2
ifup+p(p—l)fupSCp(p—l)(l+p)‘m(fu§) forall t € (0,T ).
dt Jo Q Q
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Proof. From Lemma 3.10, we can find constants Cy, C, > 0 such that

d p—
— P+ C
dtfgu :

By means of Lemma 3.12 and Young’s inequality, there exists a constant C3 > 0 such that

Cap(p— 1) f uPWstczp(p—l)( f uh’)z ( f |Vv|4)2 scap(p—l)( f uZP)z
Q Q Q Q
(> + Dp(p—1) f u”sC3P(p—1)( f MZP)Z,
Q Q

which combined with (3.21) gives that

d -1 » 2
—fup+C1p fqu2|2+p(p—l)fu”§2C3p(p—l)(fu2p) . (3.22)
dt O Q Q Q

The Gagliardo-Nirenberg inequality and Young’s inequality with & provide constants C4, Cs > 0 such
that

1 P
fIVWI2 <Cpp-1) f w’|Vv* + Cop(p = 1) f u”. (3.21)
Q Q Q

and

1

1

2
264 ( f MZP) G,
Q

2
P
<Cy4 (IIVWIIZ("”)IIWIIZ(’”” + ||u2||L1)

(3.23)
¢, (||Vuz||"+2||uz||"+2 + )
<cl—||Vu 2+ Cs (1 + o) |12,
Substituting (3.23) into (3.22) and noting 1 + p% <+ p)%, we obtain
d 2
u”+p(p— l)fu” < Csp(p - 1)1 + p)* (fLﬂ) :
dt o
Then we get the desired result. O

Now we can obtain the uniform-in-time boundedness of u in L*(Q).

Lemma 3.14. Let (u,v,w) be a solution of (1.3). There exists a constant C > 0 such that
llull;= < C forall t € (0,T ).

Proof. According to Lemma 3.13, there exists a constant C; > 0 such that for any p > 2

d 2\
7 u”+p(p—l)fu”<C1p(p—1)(1+p)4"(f 2)
t Q
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which gives

d o\
o [e”(”_l)tfu”] < Cie"P Vip(p - 1)(1 + p)° (f u2) ) (3.24)
Q Q

Integrating (3.24) over the time interval [0, 7] for 0 < t < T, We get
)2

fu”éfug+cl(l+p)6 sup (fu
Q Q 0<t<Tnax Q

Then, employing a standard Moser iteration (cf. [37]) or the similar argument as in [38], the desired
result can be obtained. O

IS

4. Proof of Theorem 1.1

Proof of Theorem 1.1. Theorem 1.1 is a consequence of Lemma 3.14, Lemma 2.4 and the extensibility
criterion Lemma 2.1. |
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