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Abstract: In this paper, we study the multiplicity of solutions for the following fourth-order Kirchhoff
type problem involving concave-convex nonlinearities and indefinite weight function

A’y — (a +b |Vu|2dx) Au+ V(xX)u = ALl u + |ul’2u,

RN
where u € H*(RVM)(4 < N < 8),4> 0,1 <g<2,4<p<2.2,=2N/(N—4)), f(x) satisfy suitable
conditions, and f(x) may change sign in RY. Using Nehari manifold and fibering maps, the existense
of multiple solutions is established. Moreover, the existence of sign-changing solution is obtained for
f(x) = 0. Our results generalize some recent results in the literature.

Keywords: fourth-order Kirchhoff type problems; multiple solutions; indefinite weight functions;
Nehari manifold; fibering maps

1. Introduction and main results

In this paper we study the following fourth-order Kirchhoff type problem:
Au— (a +b f |vu|2dx) Au+ V(x)u = AL COul™u + |ulPu, (1.1)
RN

where u € H*(RM)(4 < N <8),1 < g <2,4<p <22, =2N/(N —4)). The parameter 1 > 0, a
and b are positive constants, the potential function V and the weight function f satisfy the following
conditions:

(V) V(x) e CRM,R),Vy := infgv V(x) > 0 and there exists a constant /, > 0 such that

lim meas({x e RV||x —y| < lp, V(x) < M}) =0, YM >0,

[y[—00
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where meas(-) denotes the Lebesgue measure in RY.
(F) feCRN)nL«R"), where r, = r/(r — g) for some r € (2,2,).
The general form of (1.1) can be written as

Ay — (a +b f |Vu|2dx) Au+ V(x)u = g(x,u), (1.2)
RN

where u € H*(R"), a and b are positive constants, V(x) : R¥ — R is a continuous potential. Different
forms of the nonlinearity g(x,u) will lead to different difficulties, such as the existence of critical
sequence in sublinear case, the boundedness of critical sequence in superlinear case or the compactness
in critical case. The nonlinearity g(x, u) is superlinear, sublinear and critical growth, which has been
widely studied by many scholars, see [1-3] and their references therein.

Let V(x) = 0, replace R" by a smooth bounded domain Q c RY and set u = Vu = 0 on 9<Q, the
problem (1.2) is reduced to the following fourth-order Kirchhoff type problem:

Au—(a+b [, [VuPdx) Au = g(x,u), inQ, 13
u=Vu=0, on 0Q,
which is related to the following stationary analogue of the Kirchhoff type problem:
Uy + Nu— (a +b f |Vu|2dx) Au=g(x,u), inQ, (1.4)
Q

where A? is the biharmonic operator. In low dimensions, (1.4) is often used to describe the phenomenon
of nonlinear vibration of beam or plate in physics and engineering (see [4,5]). Because of the existence
of integral term fQ |Vu|*dx, this kind of problem is nonlocal, which indicates that Eq (1.4) is no longer
pointwise identity. This phenomenon has caused some difficulties for mathematical research, so it has
attracted the attention of a large number of scholars.

Here we focus on g(x,u) with concave-convex nonlinearities. Semilinear elliptic equations with
concave-convex nonlinearities in bounded domains are extensively researched. Ambrosetti et al. [6],
for example, considered the following equation:

—Au = At + ul !, in Q,
u>0, in Q, (1.5)
u=0, on 0Q),

where 4 > 0,1 < g <2 < p < 2" =2N/(N —2). They proved that there exists 1o > 0 such that
(1.5) admits at least two positive solutions for all A € (0, 4y) and has one positive solution for 4 = A,
and no positive solution for 4 > 4y. Actually, many scholars have also obtained this result in the unit
ball B¥(0; 1), see [7-9]. In addition, Chen, Kuo and Wu [10] investigated the following KirchhofT type
problem:

{—(a +b fQ \Vul?dx)Au = Af()\ul!u + g(x)lulPu, inQ, (1.6)

u=0, on 0Q,

wherea, b > 0,1 < g <2< p<2and f, g € C(Q) are sign-changing weight functions. Using the
Nehari manifold and fibering maps, the authors examined the existence of multiple positive solutions
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for three cases: p > 4, p = 4 and p < 4 when b and A belong to specific intervals. For more results
of problems involving concave-convex nonlinearities and sign-changing weights in bounded domain,
the reader may see [11, 12] and the references therein. Furthermore, this kind of question in R" also
arouses the scholar’s interest. Wu [13] has researched the following equation involving sign-changing
weight functions:

{_Au Fu=a (o £ b, iR, (17)

u>0, in RV,

where u € H'(RY), 1 < ¢ < 2 < p < 2%, the parameters A,u > 0. He assumed that a;(x) =
Aa,(x) + a_(x) is sign-changing and b,(x) = c(x) + ud(x), where c(x) and d(x) satisfy appropriate
hypotheses, and obtained the multiplicity of positive solutions for the problem (1.7).

Inspired by the above work, the main aim of this paper is to study the Kirchhoff problem (1.1) in
RY involving conave-convex nonlinearities and sign-changing weight function. In addition, from the
condition (F), we can see that f is allowed to be sign-changing. As far as we know, there are few
articles to deal with the fourth-order Kirchhoff type problem (1.1). We are going to discuss the Nehari
manifold and thoroughly check the relation between the Nehari manifold and the fibering maps; then
using methods similar to those used in [14], we will prove the existence of two solutions by using
Ekeland variational principle [15].

Set
2-g
r-lfl, )\p-q P

1/r,
and 0 < A, = p%z/ll < Ay, where |f],, = (fRN Ifqudx) Ira and § , is described below. Now, we state the
main result about the multiciplity of solution of (1.1) in R,

Theorem 1.1. Assume that (V) and (F) hold. If A € (0, Ay), then (1.1) admits at least two nontrivial
solutions, one of which has negative energy. Furthermore, if A € (0, A,), then (1.1) has at least one
negative energy ground state solution and one positive energy solution.

Theorem 1.2. Assume (V) holds. Then (1.1) has a sign-changing solution for f(x) = O.

In Eq (1.1), the unboundedness of the whole space R" leads to no compactness, therefore we con-
sider condition (V) to recover the compactness. The condition (V) was first mentioned by Bartsch and
Wang in [11]. At the same time, we also have (V) and (V,) conditions in the following remark to
repair compactness. Therefore, using (Vi) or (V,) instead of (V) can also get the same result. But the
following two conditions are stronger than (V).

Remark 1.2. These conditions are usually used to restore compactness.

(V1) V(x) € C(RY,R), Vp := infgy V(x) > 0, V(x) = +00 as |x| = +oo (see [16]).

(Vo) V(x) € CRM,R),V, := infry V(x) > 0, for each M > 0, meas({x € R¥|V(x) < M}) < o
(see [17]).

This paper is organized as follows. In Section 2, some notations and preliminaries are given, in-
cluding lemmas that are required in proving the main theorem. In Section 3, we are concerned with
the proof of Theorem 1.1. In Section 4, we are concerned with the proof of Theorem 1.2.
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2. Preliminaries

Define our working space
E:= {u € H*(R")| fR N(IAu|2 +|Vul* + V(xu?)dx < +oo}
with the inner product and norm
(u,v) = ~[};N(AMAV +aVuVv + Vxu)dx,  |lull® = (u, u).

where H*(R") is the well known Sololev space.

Throughout this paper, under assumption (V), the embedding E — L’(R") is continuous for r €
[2,2.] and compact for r € [2,2,) [18]. We denote by S, the best Sobolev constant for the embedding
of E in L"(R") with r € [2,2,). In particular,

lul, < SV ||ul| for all u € E\{0},

1/r
where L'(R") is the usual Lebesgue space endowed with the standard norm [u|, = ( j;w |u|’dx) / for
1<r<oo.

The energy functional I; we consider that corresponds to (1.1) is given by, for each u € E,

1 b A
L(u) == f (Auf + alVul* + V(x)u?)dx + —( f \VulPdx)* — = f F0)luldx
2 RN 4 RN q JrN
1 2.1
- — |ulPdx.
P JrN
It is well known that the functional I, is of class C! in E and the solutions of (1.1) are the critical points
of energy functional /, [19] and thus, by taking (V)(F) and using a direct computation, we have

(I'(u),v) =f (AulAv + aVuVv + V(x)uv)dx + bf |Vu|2dxf VuVvdx
RN RN RN

(2.2)
-A f(x)Iulq_Zuvdx—f lulPuvdx,
RN

RN

for any u, v € E, and where (-, -) denotes the usual scalar product in H>(R"). Moreover, it is clear that
lim,_,1,(tu) = —co and so I, is not bounded below on E. In order to obtain critical points, we consider
the I, on the Nehari manifold

Na = {u € E\{O}KI)(w), u) = O}.

Thus, u € N, if and only if

(L), u) = llull® + bIVuly ~ ﬂf JO)lul*dx - f lulPdx = 0.
RN RN

Moreover, N, comprises all nontrivial solutions of problem (1.1). And we have the following lemma.

Lemma 2.1. The energy functional 1, is coercive and bounded below on N,.

Electronic Research Archive Volume 30, Issue 3, 830-849.



834

Proof. For u € N,, by the Holder and Sobolev inequalities,

1
Li(u) = I(u) - Z(G(Lt), uy

1 1 1 1 1

= —|lull* - ﬂ(— — —)f FOlulidx - (— — —)f |ulPdx
4 q 4 RN p 4 RN
1 1 1 L

> —|lulP -] - -- 2 |[aa] 9.

> 4||M|| ﬂ(q 4) 17, S 7 2 leell

This ends the proof dueto 1 < g < 2.

O

Distinctly, N, is a much smaller set than E and so it is simpler to discuss I, on N,. The Nehari
manifold N, is closely related to the character of functions of the form ¢, , : t — I,(tu) for t > 0. Such
functions are known as fibering maps, which were studied by Brown and Wu in [20]. If u € E, we have

£ by A, ‘ 1P ,
Cault) = Lltu) = Zlull” + 70Vul, = —1 JOlulfdx = — | |ul"dx,
q Jrv¥ P Jrvy

@) = tlull® + b |Vuly — At f FOO)lulldx — 7! f lulPdx,
RN RN

@0 = ull” + 368 |Vul; — (g — DA™ f FO)lul%dx — (p — )" f lulPdx.
RN RN

Evidently,
197..(t) = (I (tu), tu)

and so, for u € E\{O} and t > O, @0 =0 if and only if ru € N,, that is, the critical points of ¢,
correspond to points on the Nehari manifold, In particular, u € N, if and only if ¢/, = 0. Thus, it is

inartificial to split NV, into three parts [14]:

Nt = {ue N7, (1) > 0);
N = {u e Njlg,(1) = O);
N, ={uce N/ll(pﬁ{’u(l) < 0}.

It is easy to see that

¢ (1) = llull® + 3b|Vul; — (¢ — DA fN FOlulfdx - (p—1) fN |ulPdx.
R R

Thus, for each u € N, we have
()D:{,u(l) = (p;l/,u(l) - (p - 1)<I//l(u)’ M)

= 2= plull® + (4 = p)b|Vul; (g - p)/lfR JO)lul*dx

N

and
QD:l,,u(l) = Qpi{,u(l) - (q - 1)(1/’1(14), I/l>

= 2= llulP* + (4 = PbIVul; — (p ~ g) fR lul”d.x.

N

We now derive some basic properties of N7, NV and N;.

(2.3)

(2.4)

(2.5)
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Lemma 2.2. Assume that u is a local minimizer for I, on N, and u ¢ N/?. Then I'(u) = 0.
Proof. The details of the proof can be referred to Brown and Zhang [12]. O
Lemma 2.3. If 1 € (0, 4,), then NV = 0.

Proof. Suppose the contrary. There exist u € N, such that ¢7 (1) = 0. From (2.5) and the Sobolev
inequality, we have
Q2 = Qlul® < 2 = @llull* + (4 — Qb|Vul;

=(p —q)f |ul”dx
RN
<(p-qS,’llull’

e (m] . (2.6)
P—9q

Similarly, using (2.4) and Holder and Sobolev inequalities, we have

and so

(p = Dl < (p = Dllull® + (p — 4)b|Vu’
= (p-q) fR fluldx
< (p— A1, S,

which implies that

— U, Y
st(g—ﬁLﬁg] . 2.7)
(p—2)8;

Combining (2.6) and (2.7) we deduce that

2-q
“\p-9lfl,)\p-q P

which is a contradiction.This completes the proof. O

Lemma 2.4. If 1 € (0, A,), then the set N is closed in E.

Proof. Let{u,} C N suchthatu, — uin E. In the following we show u € N} . In fact, by (I’ (u,), u,) =
0 and

(L (), wyy = Ly (w), uy = (I (up) — Iy (), uy + (Lo (uy,), u, —uy — 0,  asn — oo,

we have (I (u),u) = 0. So u € N,. For any u € N7, from (2.5) we have
¢ (D) = Q2= llul’ + 4 — @)blVul; — (p — ) fN lul”dx < 0.
R
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Then by Sobolev inequality, we have
Q2 = Plull’ < 2~ @)llull* + (4 ~ @b Vuly

<(p-q | luldx
RN

_P
<@ =S, llull”,

that is,
2-9)83)"
lul| > w > 0.
pP—9q

Hence N is bounded away from 0. Obviously, by (2.4), it follows that ¢, (1) — ¢7 (1) asn — +co.
From ¢/, (1) <0, we have ¢ (1) < 0. By Lemma 2.3, for 4 € (0, 4y), Ng =0, then ¢7 (1) < 0. Thus
we deduce u € N. This completes the proof. O

In order to obtain a better comprehension of the Nehari manifold and fibering maps, we consider
the function i, : R* — R defined by

Yp(t) = 7N ul* + b\ Vuly — 771 f lul’dx,  fort > 0.

RN

Clearly tu € N, if and only if ,(f) = A4 fRN f(X)|u|?dx. Moreover,

W) = 2 — @t ull* + (4 — @ 1b|Vuly — (p — q)t" 4! f lulPdx, fort>0,
RN
and so it is easy to see that, if tu € N,, then t‘f‘ltp,;(t) = ¢/ (). Hence, tu € N7 (or tu € NY) if and
only if ¢, (t) > 0 (or ¢, (¢) < 0). Furthermore, from 1 < g < 2,4 < p <2,,¢,(¢) = 0 and ,(0) = 0, we
can deduce that there is a unique #;,,,, > 0 such that ,(7) achieves its maximum at f ,,,, increasing
for t € [0, #y,qx) and decreasing for ¢ € (# 4x, +00) With lim ¢, (1) = —c0.
t—+00

The next lemma allows us to assume that N7 and N are nonempty under the hypothesis.

Lemma 2.5. Suppose that 1 € (0, ;), u € E\{O}. Then

(1) ifa fRN fOlul’dx < O, then there is a unique t~ > 1y, ;yq, such that t"u € N, and

1,(t u) = sup I,(tu).

>0

(i) if A fRN Flul?dx > O, then there are unique t* and t~ with O < t* < tj, ;yqr <t~ such that t'u € N,
tue N and
L(tu) = inf  ©(tu), ©L(u) = sup I(tu).

tb,maxztzo 12th max

Proof. (1) if A fRN S()lul“dx < 0, noting that y,(#) achieves its maximum at #; ., increasing for ¢ €
[0, 5 max) and decreasing for t € (#p a4y, +00) With t1_1>r+rgo Yp(t) = —oo, then there is a unique = > 1t ux
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such that ¥, (") = 1 fRN SOlul’dx, that is " u € N. Moreover by ¢, () < 0, we obtain that " u € N}

And by
dl
@u(0) = il(:u) 1 1(%(0 f f(X)Iul"dX)

we have I;(1"u) = supq Ly(tu).
(i1) Since b > 0, t > 0, we have

Ui(1) > o) = 27 ul? —t”_qf lul”dx,
RN

where (1) = ¥, ()]p=0. Clearly, ¥(f) has a unique critical point at fy 4, = fomax(#), Where

" :( 2 = @llul’? )
"\ - @) fon luirdx

Moreover, by Sobolev inequality, we obtain

2-q P=q

C-glul? |~ ( 2 - @llull? Jﬂbf
(t0,max) = el — |ul”d
vt &p—qx&umwu (p- q)fﬂmnu R

[N

—q

9 2—q
Y (2 - q)P p-
fnlurdx) \p—a] p-q
= Y (2.8)
> e[ 1V (2—61)"‘2 p-2
B S_g||u||1’ P—-49) pP—q
2
2-98:)" p-2
ST Kl LA R e
P—4q P—4q
ThUS, wb(tb,max) > WO(tO,max) > 0.
From A € (0, 4;), (2.8), Holder and Sobolev inequalities we also have
. flul?dx < Af1,,S . llull?
R -
-8\ p-2 (2.9)
< e vl 2
P—q P—4q

< 'w[’O(tO,max) < wb(tb,max)-

If A fRN f()lul?dx > 0. Since (2.9), the equation ¥,(t) = A fRN f(x)|ul?dx has exactly two solutions
0 <t" <tpmax <t such that

U(t") = /lf JOlul'dx = (1)
RN

and

() > 0>y ().
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Thus, there exist exactly two multiples of u lying in Ny, that is, t'u € N and "u € N} . Finally,
by analyzing % S (wb(t) -A fRN f(x)lulqu), I,(tu) is decreasing for ¢t € (0,7") and increasing
for t € (1, tymax). Moreover, I (tu) is increasing for ¢ € (# 4y, 1) and decreasing for ¢ € (x> +9).
therefore,

Li(ttu) = inf 01/1(1‘1/[), L(tu) = sup I(tu),

thmax 212 121h max

3. Proof of Theorem 1.1

First, we remark that it follows from Lemma 2.3 that
Ny= N7 UN;

for all 2 € (0,4,). Furthermore, by Lemma 2.5 it follows that N; and N are nonempty, and by
Lemma 2.1 we may define

@y = inf Li(w); o) = inf Li(w); a) = inf Lu).
ueN; ueNy ueNy

Then we get the following result.

Lemma 3.1. One has the following.
(i) If 2 € (0, Ay), then one has o} < 0.

(i) If A € (0, Ay), then one has a; > dy for some dy > 0.
In particular, for each A € (0, A,), one has o} = a,.

Proof. (i) Letu € Nj. By (2.4)

(p = Dllull® + (p = HbIVul; < (p - g)4 LN JFOlul*dx

and so 1
L(w) = Li(u) - I—)Uﬁ(u), u)

) —4 -
= P+ B vt - 2249 f FEOluldx
2p 4p Pq RN

p—2 2 P 4 4 1 2 4
< ——lullI* + bIVul, — — ((p = Dllull” + (p — H)b|Vu|
2p 4p > pq ( y
(g -2 —4)(g -4
_p=24=2), o, P=DG=9 pIVuf < 0.
2pq 4pq

Therefore, o} < 0.
(i1) Let u € N;. By Lemma 2.4, we have
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Furthermore, by Holder and Sobolev inequalities, we have

1
Li(u) = I(u) - ZU}(M), u)

| B 1 1 _4
> — — A= == |If1.S, *lu?
> 4||u|| (q 4)Ifl S Hlull
1 1 1 _4
= AW NulP2=2l= == §2
leell (4||u|| (q 4)|f|r,, r?)
4 =
2-s2Y  [1(e-ps2)” 11 g
| @-D5, | 1G-Sy —ﬂ(———)lfquSrg
pP-q 4 p-yq 4
p =L p =
2-s2) | 1(e-9s2)” - g
> ﬂ Z ﬂ _A(U)mrqsrz > 0.
pP—q 4 r-q 4q
Thus, if A € (0, A,), then
L(uw) >dy, Yuce N/l_’
for some positive constant dy. This completes the proof. m|

From Lemma 2.1 we can obtain the minimizing sequence of the 7,(x) on the Nehari manifold N,.
To gain a (PS ). sequence from the minimizing sequence of the /,(x) on Nehari manifold NV,, we require
the following three lemmas:

Lemma 3.2. If A € (0,4,), then for every u € N, there exist € > 0 and a differentiable function
g" : B«(0) c E - R* := (0, +00) such that

g0 =1, g (wu-w)eN;, VYwe B(0)

and

2(u,v) +4b |, |\Vul*dx [, VuVvdx — gA |, fF(ul92uvdx — p |, lulP>uvdx
R R

(") (0),v) = — (3.1)
¢ 7D
forallv € E. Moreover, if 0 < C; < ||ul| £ C,, then there exists C > 0 such that
(") (0), v)| < CIIVI. (3.2)

Proof. We define F : R X E — R by
F(t, w) = I(t(u - w)), (u — w))

= tllu — w|* + bV (u - w)|; — A4 f fOlu - w|dx — ! f lu — wlPdx,
N

RN R

it is easy to see F is differentiable. Since F(1,0) = (I (u), u) = 0 and F,(1,0) = ¢7, (1) > 0, we apply
the implicit function theorem at point (1,0) to get the existence of € > 0 and differentiable function
g" : B(0) —» R* such that g*(0) = 1 and F(g"(w), w) = 0 for Yw € B(0). Thus,

g(wu-w)eN,, Yowe B0).
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Next, we show g"(w)(u — w) € N7, Vw € B(0). By u € N and (2.3), we have

llull* + 3b|Vul; — (g — 1)A f FOulldx — (p - 1) f [ulPdx > 0.
RN RN

Since g"(w)(u — w) is continuous with respect to w, when € is small enough, we know for w € B.(0)
llg* (W)(u — w)II* + 3bIV(g" (w)(u — w))l3

- (g - l)ﬂf Flg" (W)(u - w)ldx — (p - 1)f g"(w)(u = w)|Pdx > 0.
RN RN

Thus, g*(w)(u — w) € NT,Yw € B0).
Also by the differentiability of the implicit function theorem, we know that

(Fu(1,0).v)

(g7 (0),v) = F.(1.0)

Note that

—(F(1,0),v) = 2(u, v) + 4b f |Vul>dx f VuVvdx — gA f FO T uvdx — p f lu|Puvdx
RN RN RN RN
and F,(1,0) = 4,0;’,14(1). So we prove (3.1).
Moreover, by (3.1), 0 < C; < ||lu|| £ C, and Holder inequality, we have

Clpvll

+/0’ <
K(g7)'(0), )| < o7 (D

for some C > 0. Therefore, in order to prove (3.2), we only need to show that |<,0’A', (D] > d for some
d > 0. We argue by contradiction. Assume that there exists a sequence {u,} € N7, C < [lu,|| < C5, we
have ¢ (1) = 0,(1), where 0,(1) — 0 as n — +co. Then for C; < |lu,|]| £ C;, by (2.5) and Sobolev
inequality, we have

Q2 = Plluall* < 2 = Plluall* + (4 = @)b|Vuyly

=(p-9 fRN lunl"dx + 0,(1)

<(p =S, luall” + 0,(1)

and so 1
m

C-9S;
luall > | ———|  + ou(D). (3.3)
pP—q
Similarly, using (2.4), Holder and Sobolev inequalities, we have
(p = Dllall® < (p = Dllueal® + (p = H)bIVuyly
=(p-g91 fN JOluy|"dx + 04(1)

R

< (p = QAUS,S  luall” + 0,(1)
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which implies
(p - pAlfl,,
lull < | ———

(p—2)S;}
Combining (3.3) and (3.4) as n — +o0, we deduce

2-q
r-9lfl,)\p—q g

which is a contradiction. Thus if 0 < C; < |ju|| £ C,, there exists C > 0 such that

] 7 + 0,(1). (3.4)

K(g™)'(0), I < CIvll.
This completes the proof. m|
Analogously, we establish the following lemma.

Lemma 3.3. If 1 € (0,4,), then for every u € N, there exist € > 0 and a differentiable function
g : B.0) c E - R* such that

g 0=1 gu-w)eN;, VYweBJ(0)

and

2(u,v) + 4b fRN |Vul>dx fRN VuVvdx — gA fRN FOOu?2uvdx — p fRN [ulP~>uvdx

((g)(0),v) = - (3.5)
¢ (D)
forallv € E. Moreover, if 0 < Cy < ||u|| £ C», then there exists C > 0 such that
[{(g7)"(0), v)| < CIVII. (3.6)

Lemma 3.4. If 1 € (0, A,), one has the following:

(i) there exists a minimizing sequence {u,} C N such that

I/l(un) = a’jl— + On(l)»
Ijl(un) = On(l);

(i1) there exists a minimizing sequence {u,} C N such that
Ii(u,) = a,_l + On(l),

I (un) = 0,(1).

Proof. (i) By Lemma 2.1 and the Ekeland variational principle on N}, there exists a minimizing se-
quence {u,} C N7 such that

1
CY; < Iﬂ(un) < Q’jl— + Z (37)

and {
L(u,) < L(v) + —|lv—u,|| foreachve Nj. (3.8)
n
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And we can show that there exists Cy,C; > 0 such that 0 < C; < ||u,|| £ C,. Indeed, if not, that is,
u, — 01in E, then I;(u,) would converge to zero, which contradict with /,(u,) — a) < 0. Moreover,

by Lemma 2.1 we know that I, is coercive on N7, {u,} is bounded in N}

Now, we show that

Il > 0 asn — oo.
Applying Lemma 3.2 with u, to obtain the functions g (w) : B,,(0) — R* for some €, > 0, such that
Yw € B, (0).

8O0 =1, g (), -w)eNy,

We choose 0 < p < ¢,. Let u € E\{0} and w, = pu/||ul|. Since g, (w,)(u, — w,) € N7, we deduce from

(3.8) that

(185 (wp) = Lllluall + pg; (wp)]

e

Zﬁllg;(wp)(un - wp) - un”

Zl/l(un) - I/I(g;(wp)(un - wp))
1 b A 1

==l + = Vutnl3 — —f JFOluy|'dx — —f |ut, | d x
2 4 q JrN P JRrN

5 (81@) s = P = 2 (3@,)’ 1900 — )

P 1
+ 5(82 (@)’ fR Sl = w,l'dx + P (1 (@)’ fR iy — eyl 39)

2
@) -1 |
_ (—)nun ~ 0yl = 3ty = I = )

(s 2 ) -1
8, W - b
~ bV, — ) = 2V =~ @)l = Vi)
(@) -1 p
A— FOlu, — w,|?dx + 5 ( FOlu, — w,|?dx - f f(X)IunI"dX)
RN RN

RN

(@) -1 1
+ —f [u, — w,|Pdx + — f [u, — w,|Pdx — f lu,|Pdx|.
p RN p RN RN

Note that
*(w,) — 1 g (0 +prt) — g (0)
fim S =L [Z] = (g (0), —).
P P p—07 1Y luel
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If we divide the ends of (3.9) by p and let p — 0%, we have

1
” [I((gn) (0), ] + 1
n Jull

> — (g1 (0), —llu | —f At A~ ) + aVit, V(=) + VO~ )dx
Ju || RN luel el el

~ (g} (0), =)V [§ — b f Vi, dx f Vit V(~—)dx
el RV RV el

- (GO0 ) f FOlunltdx + 2 f FONnlT 2 an(—- Y

[Jull
+ (8, (0, I ”>f Iunl"dX+f lual”™ 2un(—ﬂ)a’x

=—((g)'(0), ﬂ> (Ilunll2 + b|Vu 3 — ﬂf SO "dx — f Iunl”dX)
RN RN

1 b
+ — Tl (AunAu + aVu,Vu + V(x)u,u)dx + ﬂ |Vu,,|2dxf Vu,Vudx
u RN

f(x)|14n|q 2 udx — — Iunl”_Zunudx

A
[ull || ||

- - <<g;>'<o> ). ,) +

(14( Un), U),

i ll(h(un) 1)

that is,
1
- (K8 ) (0), udllltnll + Nuell] = (I (un), ).

By the boundedness of ||u,|| and Lemma 3.2, there exists ¢ > 0 such that

> (L), —).

C
n luel

Hence we have .
' (up), uy - C

—_ b

()l =
ueE\{0} || n

that is, I'(u,) = o(1) as n — +oo. This completes the proof of (i).
(i1) Similarly, by using Lemma 3.3, we can prove (ii). We will omit detailed proof here.

Now, we establish the existence of a minimum for 7, on Nj.

Theorem 3.5. If A € (0, A,), the functional I has a minimizer ug in N and it satisfies [(u;) = a.

Proof. By Lemma 3.4, there exist a minimizing sequence {u,} C N} such that

L(uw,) = a) +0,(1), and [I(u,) = o0,(1).
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Then by Lemma 2.1 and the compact embedding theorem, there exist a subsequence {u,} and u; € E
such that
u, = uy inkE,

u, = uj in 'RY) for2 <r<2,.

Next we prove u, — u in E. Note that

() = Ly (ug), un = ug) = L),y — ug )y — (L(ug), uy — ug)

:f Au, Auy, — uy) + aVu, Vu, — ug) + V(x)u,(u, — ug)dx
RN
\Vu,|*dx f Vu,V(u, — ul)dx
RN RN
- ﬂf SOl (u, — u)dx — f |t |P 21, (1, — 1) )dx
RN RN
- f Aug A, — ul) + aVui Vu, — ugy) + V(x)ug (u, — ug)dx
RN
\Vug|*dx f VulV(u, — ul)dx
RN RN
+ /lf f(x)luglq_zug(un — ug)dx + f Iugl”_zug(un — ul)dx
f A, — u)* + alV(w, — ud)* + V(X)lu, — ug*dx + b f \Vu,|*dx f IV (u, — up)l*dx

—b( f \Vui|*dx — f IVunlzdx) f Vug V(u, — uf)dx

- /lf f(-x)(lunlq 2un |u0|q 2” )(un - M(J)r)dx f (|un|p_2un - |Ma—|p_2u?)—)(un - ua')dx
>lu, — ud|* - (f \Vui*dx — f [Vu,,| dx)f VuyV(u, — ug)dx
- /1\[ FEO(ual® 1t — | 1"~ )u, — u)dox — f (letnl” 2w = s 1P~ u) (u — ug)dx,
RN RV

then we can deduce that |[u, — uj|| — 0 as n — oco. Indeed, from the boundedness of {u,} in E and the
continuous embedding, {u,} is bounded in L"(RN), r € [2, 2,]. Using Holder inequality we see that

|{ffmwmﬂhwﬁw%w%—@wﬂ
RN

1 a
rq . . r
34fWﬁwﬂ(fanw—MWMWM—%mﬂ
RN RN

-1 -1
<C|fl,,(ual?™" + lugl? g — ugl, — 0, asn — oo,

where C is a positive constant. Similarly, we obtain

If (letn|P 210, — i 1P ud )y — u)dx| — 0, asn — oo.
RN
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From

b( f \Vui|*dx — f IVunlzdx) f VugVu, — ul)dx — 0, asn — oo,
RN RN RN

Tt = T4ty = ) = (L)t = ) = T4,y = ) — 0, as n— oo,

and

we have [lu, — ujll — 0 as n — oo.

In addition, from the proof of Lemma 3.4 we know that there exists C;,C, > O such that 0 < C; <
|l < C5, then 0 < Cy < [lufj|| < C,. Thus uj # 0.

Next we prove u; € N7 . In fact, it follows from (2.4) that

(D) = @, (1), 1= oo,
From ¢/, (1) > 0, we have ¢/ (1) > 0. By Lemma 2.3, we know ¢/ .(1) > 0. Thus we deduce
sUn ,MO ,MO
ub € Ny,  L(uy) = lim I)(u,) = irjl\f L(u) = a).
n—o0 ue ;{

This completes the proof. m|

Next, we establish the existence of a minimum for /; on N7 .
Theorem 3.6. If A € (0, A), the functional I has a minimizer u; in N and it satisfies I(u;) = a.

Proof. By Lemma 3.4, there exist a minimizing sequence {u,} C N such that
I/i(un) = a’,_] + On(l), and I,Il(un) = On(l)‘

Then by Lemma 2.1 and the conpact embedding theorem, there exist a subsequence {u,} and u;, € E
such that
u, = u, ink,

u, = uy  in 'RY) for2 <r<2,.

In view of the proof of Lemma 3.4 we know that there exists C;, C; > 0 such that 0 < C; < ||u,|| < C5,
then 0 < C; < |luyll £ C,. Thus u; # 0. Moreover, in the same way as Theorem 3.5, we still have

u, — u, in E. By Lemma 2.4 the set N} is closed in E, we know u;, € N. Thus,

Li(uy) = lim I;(u,) = inf Iy(u) = o).
n—oo UeNy

This completes the proof. O
Now we can give the proof of the main result.

Proof of Theorem 1.1. From Theorems 3.5, 3.6 and Lemma 2.2, we know if A € (0, 4;), then Eq (1.1)
has at least two solutions u,, uj and I,(uj) < 0. Since u; € N7, u; € Ny and Ny N Ny = 0, this
implies that u; and u are different. In addition, if 1 € (0, A;), by Lemma 3.1 we have I;(u]) < 0 and
I (ug) > 0, which implies @, = a = Ii(i;). So u is a ground state solution of Eq (1.1). It completes
the proof of Theorem 1.1. O
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4. Proof of Theorem 1.2

In this section, we denote "u = max{u(x),0} and "u = min{u(x),0}, then u =" u +~ u. Define
working space

— al
E:{ueEla—uerori: 1,2,--- . N},

]

where H = {u € H'(RV)| fRN V(x)u?dx < +oo}. Moreover, the functional I : E — R by

1 b 1
I(u) = = f (Aul® + alVul® + V(xu?)dx + —( f Vuldx)? — — f lulPdx.
2 RN 4 RN P JrN

In order to obtain a sign-changing solution of (1.1), we consider the minimization of the following
manifold
EN ={ue EF u+0and (I'(w)," u) = I'(u),” u) = 0}.

Define a = inf,c:p I(1). Similar to Lemma 2.2, if there exists u €* N such that I(1) = a, then u is a
solution of (1.1).

Proof of Theorem 1.2. Without loss of generality, we can assume b = 1. Let {u,} C* N be a minimizing

sequence of a. Going if necessary to a subsequence, one has

p—4
4p

1 :
7wl + junl? = I(uty) = (I (), ) < 20,

that is, {u,} is a bounded sequence of E. Then by the compact embedding theorem, there exist a
subsequence {u,} and u € E such that

u, = u, “u,—"u IinkE,
*u, > *u  in L'RY)for2 <r<2,,

Viu, — Viu in L'(RY)for2 <r<2,,

as n — co. We assert that there exists C > 0 such that [*u,|, > C, which implies that *u # 0. In fact, for
any u €* N, there exists C > 0 such that |u|, > C. Suppose to the contrary that there exists a sequence
{u,} <* N such that [u,|, — 0 as n — oo. From (I’(u,)," u,) = 0, there holds

2 2 2 2
IFuall™ < Fuall” + IV LIV ly = Futgly < Cll ]l

Therefore, there exists C > 0 such that [|*u,|| > C. Moreover, it follows from [Tu,|, < |u,l, — 0

and {I’'(u,)," u,) = 0 that ||*u,|| = 0 as n — oo, which contradicts ||"u,|| > C > 0. Therefore, there
exists C > 0 such that |u|, > C for any u €* N. Similar to the discussion of Lemma 2.5, there exists
0 <™t <* tsuch that " u+" r'u €* N, which implies that

Full® +* 21V uly + PV ul3|Vouly = 27 ull.
Since ~t <7 ¢, there holds

1
—4 2 2 2
P |+M|Z < +—t2||+u|| + |Vul5|V*uls. 4.1)
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Moreover, it follows from {«,} c* N that
Full = el + Vit 51V 3,
and by the weakly lower semicontinuity of norm, one has
Fulp > (P ull® + [Vul3 |V ul3. (4.2)

It follows from (4.1) and (4.2) that

- 1
(A =" ulh = (1 - @)IIWIIZ,

which implies *# < 1. Therefore, 0 <"t <* t < 1. By "t u+" t'u €* N, one has

1
a<ICtu+"tw)y=I1Ctu+"t'u) - Z(I’(_t_u + u), " tu+t u)
+42 —t2

t , 1 1 TS N NN
T||+M|| +(4_l - 1—7)+lp|+“|$+ T” ull +(4_1 - ;) " uly

1,5 11 1o, 1 1.
< Il + (= Dty + 7l + (= D

1 1 1 1 1 1
= 4—1||M||2 + (4_1 - ;)Mﬁ < }1_)1‘1; inf[leu,,Ilz + (4_1 - ;)|Mn|§]

= lim inf I(u4,) = «,

n—oo

which implies that ¢t ="t = 1,u =" u+" u €* N and I(u) = I(*u +~ u) = a. Then, we conclude that
u =" u+" uis a sign-changing solution of (1.1). It completes the proof of Theorem 1.2. O
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