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1. Introduction

Here we are interested in the global existence, extinction and non-extinction phenomena of the weak
solutions of the following polytropic filtration equation with variable coefficients

|x| ™" u, — diV(|Vum|p_2Vum) = Ax|™%u?, (x,t) € Qx(0,+c0),
u(x. 1) = 0, (x.1) € AQ X (0, +00), (1.1)
u(x,0) = up(x), xeqQ,

where Q is a bounded domain in RV(N > 2) with smooth boundary dQ, u(x) is a non-negative non-
trivial function and ug' € L™ (£2) N Wé’p (Q), m, p, q, s, @ and A are positive parameters and satisfy

N-2

M <m<ll<p<2, P <g<landa<s. (1.2)

Inhomogeneous parabolic problems like (1.1) are applied to describe many real natural phenomena
(see [1,2] and the references therein). Numerous literatures are devoted to deal with the qualitative
properties of the solutions to various inhomogeneous parabolic problems. For example, one can refer
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to [3—10] for the researches on the well-posedness, comparison theorem, regularity, global existence
and blow-up, interface blow-up phenomenon, and so on. The main purpose of the present article
is to study the global existence and the conditions on the occurrence of the extinction behavior for
solutions to problem (1.1). Problem (1.1) might not have classical solution due to the occurrence of the
degeneration and singularity. Based on this reason, we work with the weak solution of problem (1.1)
in the following sense.

Definition L.1. Let T > 0 and Qr = Q x (0,T). A function u(x,1) € C([0,T]; L' (Q)) with Vu" €
LP (Qr), |x|"* u, € L2(Qr), and |x|"* u? € L? (Qr) is said to be a weak sub-solution of problem (1.1) if
it fulfills the following assumptions

e For any nonnegative test function

pel{®:@el’ Q). ®eC(0.T]:L7(Q). VP € L” (Q) . D, € L*(Q7) , ®lpg = 0},

fflxl_su,¢dxdt+ ffquml”_ZVum - Vodxdr < /lfflxl_“uqqﬁdxdt. (1.3)
Qr Qr Qr

e u(x,t) <0for(x,t)e d0Qx(0,T).
e 1 (x,0) < ug(x)forx e Q.

it holds that

The definition of the weak super-solution can be given by changing “<” into “>" in the above
inequalities. Moreover, we call that u (x,7) is a weak solution of problem (1.1) if u (x,?) is a weak
sub-solution as well as a weak super-solution of problem (1.1).

Next, let us review some related results on the extinction behaviors of the solutions to parabolic
problem of the form

IX|"Su, — div([Vu™P=2Vu™) = £ (u, x,1), (x,1) € QX (0, +00),
u(x, 1) =0, (x,1) € 0Q x (0, +00), (1.4)
l/l(.x, 0) = MO(X), X € Q

Under the assumptions s = 0, f = 0 and m = 1, the author of [11] claimed that the solution of (1.4)
possesses the extinction property if and only if p € (1,2). The authors of [12—15] studied problem
(1.4) with s = O and f = Au?. Under the condition m (p — 1) € (0, 1), they proved that if g > m (p — 1),
the extinction phenomenon of the solution to problem (1.4) will occur for appropriate small initial data
ug (x), while if ¢ < m(p — 1), the solution to problem (1.4) does not possess the extinction property.
In the critical case ¢ = m(p — 1), they concluded that whether the extinction phenomenon of the
solution occurs or not depends strongly on the size of the positive parameter A. Crespo and Alonso [16]
investigated problem (1.4) with s = 0, m = 1, p € (1,2) and f = A|x|?u”~!. Based on Hardy
inequality and comparison principle, they found the conditions on the occurrence of the extinction and
non-extinction phenomena. To be more specific, they showed thatif 1 > p™” (N — p)?, then the solution
does not possess the extinction behavior, while if A fulfills the hypothesis (i) 0 < A < p™ (N — p)” for
% <p<2o()0<A<[2N-p(N+D]p" ' (N-pP(p-N)?(p-2)"forl < p < %,
then the solution will vanish in finite time. Recently, the authors of [17] considered problem (1.4)
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with m = 1 and f = u?. Based on integral norm estimate approach and Hardy-Littlewood-Sobolev
inequality, they showed that the solution of problem (1.4) is global providing that the parameters s, p
and g fulfill the cond1t10ns <p<2,0<g<land0<s<— pm . Moreover, under some suitable
assumptions, it is clarified that q = p — 1 plays a decisive role in d1V1d1ng the situation between the
extinction and non-extinction phenomena. Liu et al. [18] generalized the results in [17] to the more
general case m € (0, 1].

Inspired by the above mentioned literatures, we consider the global existence and the extinction
property of the solution to problem (1.1). We will focus our attention on the roles that the variable
coeflicients |x|™ and |x|® play. Our main results state as follows.

Theorem 1.1. Supposethat <m<1 l<p<20<a<s<Nand 52 < g < 1. Then for any
non-negative bounded initial data ugy (x), the solution u (x,t) of problem (1. Z ) satisfies that u™ (x,t) is
global in W' norm.

Theorem 1.2. Suppose that < m<1,1<p<2 max {m (p-1),5 m} q <1land

1 - 1- -1
0<a<s<min{]\,_(m+ )N = p) Np[l-m(p-1D)] }

mp 2N[1=m(p-D]+mp(p-1)
Then the solution u (x, t) of problem (1.1) will vanish in a finite time provided that the initial data u (x)

is suitably small.

Theorem 1.3. Supposethat <m<1 l<p<20<a<s<N, —<q<m(p—l)< 1 and
O ¢ Q. Then for any non- negatlve bounded initial data uy (x), problem (1.1) admits a non-extinction
solution provided that the parametric A is suitably large.

Before leaving this section, let us introduce some notations and fundamental facts (see [17, 18]).
Let Q be a bounded domain in R ||-||, denotes the norm in the space L" (Q), and ||/l denotes the
norm in the space W' (). In other words, for any p € L (),

(le(x)lrdx) , ifl<r<+oo,

esssuplo (x)], ifr=+4oo,
xeQ

lollwir) = lloll: + 11Voll,.

Ifpe WS” (€2), then Poincaré’s inequality implies that [|[Vp||, is equivalent to [|ol|y1.(q, in this case.
We denote B(0,R) be a ball in R centered at origin with radius R. For any bounded domain

Q c RY, there must be a constant R = sup /x7 + - - - + x5, such that Q C B(0, R). Furthermore, for any
xeQ

lloll, =

and for any p € W' (Q),

given number 6 € (0, N), one can verify that

0 < f X0 dix < f x| Cdx = —2N_ RN < 4o,
N-_6
Q

B(O,R)
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where

N
2

Nn

Wy =

denotes the surface area of the unit sphere dB(0, 1) and I' is the usual Gamma function.

2. Proofs of the main results

Based on the integral norm estimate approach, we will discuss the conditions on the global existence
and the occurrence of the extinction singularity of the weak solution. We will prove the non-extinction
result under some appropriate assumptions by using the weak upper and lower solutions method. The

proofs of Theorems 1.1, 1.2 and 1.3 will be given in this section.

Proof of Theorem 1.1. According to the different values of g, we shall divide the proof into two cases.
Case 1. 1‘7’" < g < 1. Multiplying the first equation of (1.1) by #” and then integrating the result

identity by parts, one has

1 d
— flxl_“'um”dx + fqumlp dx = /lflxl_“u"”qu.
m+ 1dt
Q

Q Q

By Holder’s inequality, it holds that

1-q m+q
m+1 m+1
—a. m+ Smtg)-a(m+l) —s m+l
[x]" %™ 4dx < |x|7 ™= dx |x| "™ dx ,
Q Q Q
K1
and
s(m+q)—a(m+1) 1-q .
= m+1m |Q|m+] s 1f0 <a< ‘v(’ZlT-qu),
K1 < ) 1=q
(m+q)—a(m+1)+N(1-q) - P
Rsm q arrrnn+1 q ( wy(1—q) )m+] , lfm <a<s.
s(m+q)—a(m+1)+N(1-q) m+1

Combining (2.5) with (2.6) leads us to

m+q
m+1

d
T f Ix|"Su™ M dx < Ak (m+ 1) f [x|"Su™dx
Q Q

Integrating both sides of (2.7) with respect to the time variable from O to ¢, it holds that

m+

1= 17~

m+1

f I~ u"  dx < [k (1 - @)t + f x|~ uf dx

Q Q
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Multiplying the first equation of (1.1) by (#™), and then integrating the result identity by parts, using
Cauchy’s inequality with &, we find that

e [ o 1 [rmera

(2.9)
2/1m8 m+l
d + s—2a m+2q ld
fll x—2(+1)flﬁd X.
Taking & € (0, 1-27;). then it follows from (2.9) that
d Amp
- m\p s—2a, m+2g—1
dtfqu | dx < —28(m+1)f|x| u dx. (2.10)
Q Q
With the help of Holder’s inequality and (2.8), one has
2(1-q) m+2q-1
m+1 m+1
f =224 1dx<[ f a5 3“”*“dx] [ f lesu’"“dx]
Q
m+2g-1 (211)

< k| k(1 = gt + [flxlsugmdx]
Q

Substituting (2.11) into (2.10) and then integrating in the time variable on (0, 7), it holds that

1-g 7715

m+1
MpK; —s. m+1
fqumlp dx < Ak (1 — g)t + [flxl uy dx]
2e(m + 1)(m +
( )m + q) J

)
mpk, 1
+ | |Vl dx - surt'd
f| u0| o 28(m+1)(m+q)[f|| x] ’
Q

which means that u” (x, t) is bounded in W' norm in the case 52 < ¢ < 1.
Case 2. g = 1. Multiplying the first equation of (1.1) by u” and then integrating the result identity
by parts, one has

f X ™" dx + f V" dx = A f X[~ dx < AR f x|~ " dx,
m+ 1dt

which tells us that

VS

d -5 m+l s—a —s  m+l
P flxl " dx<A(m+1)R flxl " dx. (2.12)
Q Q
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Integrating both sides of (2.12) with respect to the time variable from O to ¢, it holds that

—s. m+l1 A(m+1)R*“t -5 m+l
flxl u"dx <e flxl ug " dx. (2.13)
Q Q

Multiplying the first equation of (1.1) by («™), and then integrating the result identity by parts, using
Cauchy’s inequality with &, we obtain that

+1)2f|x| [ dx+——f|Vu’”|pdx
l’l’l

2/1m8 o 71 @, mtl
f| | 2 dx+ 2e(m + 1)f|x| dx (214)
2/1ng3 @ " /lmRs @
K T d -5 m+1d )
STl f" ['ar+ oD D ™ d
Choosing & € (0, 7—2z= ). then (2.13) and (2.14) imply that

RS(X
—fIVu |de_2( +1)f|x| S dx

o AmpRT* AmpR*™ AR atf|x| Ul dx.
2em+1)°

Integrating both sides of the above inequality from O to ¢ yields that

m m|P mp A(m+1)RS™@ -5 m+1
f|Vu |deSf|Vl/lO| dx+m(€ * t—l)[fl)d l/i0+ dX]a
Q Q

Q

which tells us that #™ (x, ¢) is also bounded in W' norm in the case ¢ = 1. The proof of Theorem 1.1
is complete. O

In what follows, we will show that the solution u (x, ) of problem (1.1) vanishes in finite time for
qE (max {— m(p — 1)} ] provided that the initial data is suitably small.

Proof of Theorem 1.2. Depending on whether the value of ¢ is equal to one, we shall divide the proof
into two parts. We first concern with the extinction property for g € (max{ m m(p — 1)} , 1). If

p € (. 2), then by (2.5) and (2.6), it holds that

Nm+m+1°

m+q

erldtf|x| s m+]dx+f|Vu P dx < Ak [f|x| s m”dx) ) (2.15)

Recalling the following sobolev inequality

N-p

" Np P
[fum‘wdx] < Ky [fqu’"lp dx] ,
o

Q
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where «; 1s the optimal embedding constant, then from (2.15), one arrives at

N-p m+q
N m+1
_ N _
" 1 & flxl ' ’"“dx+/<2 fu’" vrdx < Ak flxl S dx
m
0 o
Under the assumptions ~- < p < 2 and

(m+)(N=p) _Np[l-m(p-1)] }<N

<s<min{N - ,
v=s mln{ mp 2N+m(p—-1)(p—2N)

Holder’s inequality can be used to get

Npm=(m+D(N~-p) (N=p)m+1)
Npm Npm
s ml L Npm o
|x|~u" dx < ||~ Npm=omeDN=p) d u" vrdx ,
Q Q Q
K3
where
Npm—(m+1)(N-p)
Npm
_ Npm
K3 S |x| szmf(erl)(pr) dx
\B(0,R)
Npm—(m+1)(N-p)
wny[Npm — (m + 1)(N — p)] N[mp(N=9)~(n+ HN=p)] Npm
— Npm—(m+1)(N—-p)
N[mp (N =s)—(m+ 1)(N - p)]
< 00,
Let

i@ = f|x|_sum+1dx-
Q

By virtue of (2.16) and (2.17), one observes

1 dy _m m g
+ K K m+ ym+ < /lK ym+
m+1 dt 23l ’

namely,

dyl mp] q m(p1 1) mp]
m+ m+ m+
au <(m+ 1)y (/l/qyl — K, K3 )

If ug (x) 1s sufficiently small such that
Ky = Ak [y1 (0)]q SRR K, K, R 0.
Then, from (2.18), it follows that

dy, np
dl Ka(m + 1)y

(2.16)

2.17)

(2.18)
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Integrating the above inequality from O to 7 leads to

1-m(p-1)

Therefore, there exists a finite time
1-m(p-1)

To=[m(p—1)—1]" k5" [y1 (O]
such that

hm yi(t) = 11m x|~ dx = 0,
t—T t—T,

which implies that u (x, ) will vanish in finite time 7.

If pe (1, okl ] For this subcase, we denote ¢ = 228 —m — 2 — 2Nm. It is easily seen that

¢ > m. Multiplying the first equation of (1.1) by #™"** and then integrating the result identity by parts,
one gets

pl X —(tump+€+qu _ f -5 mp+€+1dx
fl | mp + 5 +1dt o
Q

2 £\7? (2.19)
- mp -—m+ 2mp-m+{ | P
+ ([mP 1 + pmp) (—) f‘Vu I dx.
p
Q
Since
_N_
N-P
Np_ 2mp-m+l Imp-mst |P
fum+[+2dx = fuNp »dx < ks f'vu P ,
Q Q 9
where ks 1s the optimal embedding constant, it holds that
1=m(p=1) mp+{+1
m+{+2 o
=S _g 2
f|x| 8P+ < f|x| STmr—D dx fum+f+2dx
Q Q 5
o (2.20)
N _ mp+l+l
N-p m+{+2
mp+{+1 dmp-m+t |P
< K6K m+{+2 |Vl/[ > dx
< s ’
Q
and
L-m(p-1)
m+0+2
g mpe2
i<| | T
\B(0,R)
1-m(p-1)
wy(d —m(p—1) NO=m(p=D)-stmps42) | 72
- 1-m(p-1)
N =m(p—-1)—simp+{+2)
< 400,
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On the other hand, Holder’s inequality tells us

1-q mp+l+q
mp+l+1 mp+l+1
_ s(mp+l+g)—a(mp+{+1) _
f|x| aump+€+qu < f|x|1q dx f|x| sump+{’+1 , (2 21)
Q Q Q
K7
where
s(mp+l+g)—a(mp+{+1) 1-g . s(mp+f+q)
mp+{+1 |Q|mp+[+l s l lfo <o S m’
K7 < o
7 Rs(mp+[+q)7(y(;ripq+(+1)+N(lfq) wN(l—q) mp+0+1 f s(mp+€+q) <a<s
s(mp+l+q)—a(mp+{+1)+N(1-q) ? mp+{+1 :
Noticing that
N—-p 2mp+{—-m
N m+{+2
combining (2.19) with (2.20) and (2.21), one obtains
d
- |x|—sump+(+ldx
dr
Q
2mp+{—m —m(p—1) .
m;f—:[+l qmp+1;+l (2'22)

IA

-

flxl—sump+€+ldx 1K7 flxl—sump+€+l — Kg
Q Q ]

m—t=2mp ”,:;fjf’lp ([ —m+ 2pm -P
P

where

Kg = (mp + f + l)(fmp_l + pmp) K5m+[+2 K6

Letting
y2 (l,) — flxlsumpr[Jrldx,
Q

and choosing u, (x) so small that

g=m(p=1)

Kg = /lK7 [y2 (0)] mprlrl — ge < O,
then by (2.22), it holds that

2mp+{—m
dy2 < mp+{+1

S K
ar =%

Integrating both sides of the above inequality with respect to the time variable on (0, 7), on arrives at

mp+{+1
1-m(p-1)

Vs < {[Y2 O] +[1 - m(p - 1>]K9t} :

which suggests that there exists a finite time

1-m(p-1)

T, = [m(P -1)- 1]_1 K;I [y2 (())] mp+CF1
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such that
lim y,(f) = lim flxl_su’"’”[“dx =0,
=Ty 1—-T7

in other words, u (x, t) will vanish in finite time 7.

Now, we focus our attention on the proof of the extinction result for ¢ = 1. We are also going to
divide the proof into two subcases. If p € ( Nt Nm 2) then from (2.5), it follows that

Nm+m+12

+1dtf|x|—v m+1dx+flvu |de_ flxl—a m+1dx</1Rv af|x| s m+1dx
m

Similar to the derivation process of (2.18), one obtains

dy B 1-m(p-1) -1 mp
SRS C) Vi (/le @y GG m) (2.23)

Taking u (x) so small that

1-m(p-1) mp

k1o = AR [y, (0)] =T — KEIK;W <0,

then by (2.23), it holds that

dy mp
< K m+ 1 mp+1
a 10 ( )V

Integrating both sides of the above inequality with respect to the time variable on (0, #), one can claim
that

—1)

ylg{b’l O] [1—m(p—1)]:<lot}l_mw,

which means that there exists a finite time

11 L-m(p-1)

Ty =[m(p—1) = 1] ki [y1 (O)]
such that
hm yi(f) = hm x|~ u™dx = 0,
’2

that is, u (x, r) will vanish in finite time 7.
If p e (1. b |, then by (2.19), it holds that

> Nm+m+1

/le—a/f|x|—Sump+L’+ldx2/lflxl—aump+€+ldx
Q

— s mp+[+1d
mp+€+1dtf|x| o

+(€m’"1 +pml’)(2’"p;+ﬂ7)_pf‘vum;j"”

)4
dx.

Q
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Similar to the derivation process of (2.22), one obtains

d 2m[7+f—;)1 1-m(p-1)
% S yzmp+(+l (ﬂRs—ayzmp-MH _ Kg) . (2'24)

Selecting u, (x) so small that

1-m(p-1)

ki1 = AR [y (0)] ™+ — kg <0,
then by (2.24), it holds that

2mp+{—m
dy2 L

mp+{+1
dr

< K11y,
Integrating both sides of the above inequality with respect to the time variable on (0, 7), one can con-
clude that

mp+{+1

1-m(p-1

which tells us that there is a finite time

1=m(p=1)

Ty = [m(p— 1) — 1] k7! [y (0)] 75T

such that
lim y,(¢) = lim flxl_sum’”[”dx =0,
t—>T3’ t—>T3’
Q
namely, u (x, t) will vanish in finite time 75. The proof of Theorem 1.2 is complete. O

Now it remains to prove the non-extinction result.

Proof of Theorem 1.3. Let A; be the first eigenvalue of the following eigenvalue problem and ¢ be the
corresponding eigenfunction

T p-2 — p-2
{ div(|VulP>Vu) = dulul’?, x € Q, (2.25)

ulx, ) =0, x € 0Q.
Assume that ¢ > 0 and maQXtﬁ(x) = 1. Define a function f(¢) for t > 0 by
XE
f@) = dm(l _ e—ct)l%q,

where d € (0,1),and 0 < ¢ < [m(p - 1) — q]dqfrzfg*l). It is easily seen that f(0) = 0, f(¢) € (0, 1) for
t> 0, and

f+d e _ 1 <. (2.26)
Let

vi(x, 1) = f(OY(x).
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Our next objective is to prove that v;(x,?) is a non-extinction weak sub-solution of problem (1.1).
Denote Q, = Q X (0, ¢) for any ¢ > 0. With the help of (2.26) and the definition of ¢/(x), by a series of
simple calculations, one can obtain

Ky @ = fflxl_"'vh(x, T)¢pdxdr + ff|VVT|p_2VVT - Vegdxdr — /lfflxl_"v'fgbdxdT
Q Q, Q

= ff|xl_sfr(7)lﬁ(x)¢dxdT—ﬂff|xl_afq(f)lﬁq(x)¢dxd7'
Q, Q

+ f f SrED@Y VY - Vgdxdr
Q
< [[ e (-t usasdr - a [ [ e emiodr
Q, Q
e [[ v g
Q

< ff (%7 + 1RY — W) ¢|x|™ f9 (1) dxdr .
Q

K13

Since O ¢ Q, one can see that there is a point (x*, 7*) € Q, such that

ki3 = (X7 + L4LRY — W1 (x¥)) ff élx|™ f4 (1) dxdr.
Q

If A is so large that [x*|*™ + 3;R* — W9 (x*) < 0, then one has k5 < k13 < 0, which tells us that v, (x, 1)
is a non-extinction weak sub-solution of problem (1.1).
Let v,(x, t) be a weak solution of the problem as follows

x|~ u, — div([Vu")P72Vu™) = Ax|™ (uy + D7, (x,1) € Q X (0, +0),
u(x, 1) =0, (x,1) € 0Q X (0, +00), (2.27)
u(x, 0) = up(x), x € Q.

Then v,(x,t) is a weak super-solution of problem (1.1). Now, by slightly modifying the proof of
Theorem 4.3 in [15], we are about to prove that v;(x,?) < v,(x,t). Select the test function ¢, (x,1) =

H, (v’]”(x, n—vy(x, t)), where H, (r) is a monotone increasing smooth approximation of

1, r>0,
0, otherwise.

H(r) = {
Moreover, one can verify that H, (r) satisfies lir% H; (r) = 6 (r). By virtue of the definitions of v;(x, f)
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and v,(x, t), one has

ff IXI™ (vy = vo), He (v = V') dxdr
Q
+ ff H_ (v} =3) (|VV’1n|p_2VV’1" - |VVgl|p_2VVgl) V(' = vy) dxdr (2.28)
Q
< f f ™ (V= (v + DY) H (v = v3) ducdr.
Q
Letting € — 0, (2.28) leads to

f|x|_s (v —=v2), dx < Aq fflxl“’ (vi = (va+ + 1)), dxdr
Q Q

< AgR™* ff |x|™° (vi = vo), dxdr.
Q

Gronwall’s inequality tells us that

f X~ (vi =v2),dx =0
Q

holds for all + > 0, which means that v|(x,7) < v,(x,f) a.e. in Q X (0,+00). Then by a standard

iterated process, one sees that problem (1.1) admits a non-extinction weak solution u (x, ¢) satisfying
vix, 1) Lu(x,t) <va(x, o).
On the other hand, one can also show that

vs(x, 1) = [t = m(p — D] y(x)

is a non-extinction weak sub-solution of problem (1.1) with ¢ = m(p — 1) provided that A is suitably
large. Let v4(x, f) be a weak solution of problem (2.27) with ¢ = m (p — 1). Repeating the arguments in
the case ¢ < m(p — 1), one knows that problem (1.1) admits at least a non-extinction solution u (x, t)
satisfying v3(x, 1) < u (x, 1) < v4(x, t). The proof of Theorem 1.3 is complete. |
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