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Abstract: In this paper, we study, from both analytical and numerical points of view, a problem in-
volving a mixture of two viscoelastic solids. An existence and uniqueness result is proved using the
theory of linear semigroups. Exponential decay is shown for the one-dimensional case. Then, fully
discrete approximations are introduced using the finite element method and the implicit Euler scheme.
Some a priori error estimates are obtained and the linear convergence is derived under suitable regular-
ity conditions. Finally, one- and two-dimensional numerical simulations are presented to demonstrate
the convergence, the discrete energy decay and the behavior of the solution.
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1. Introduction

It is well-known that to describe several kinds of materials we cannot use the usual theories of elas-
ticity or viscoelasticity. In fact, in the second part of the past century, several generalized models were
considered to describe the behavior of materials. If different components interact within a material, it
is suitable to use the so-called theory of mixtures. The easiest example of mixtures could be metallic
alloys, but many other applications can be found in the theory of composites [1]. We cite classical
references where these kind of materials are described [2—-10]. Another application could be the inter-
action in saturated soils [11-15] or the water-heat coupling process during freezing in a saline soil [16].
We also recall the first proposition with Lagrangian description, and where the independent variables
were the gradient of each displacement and the relative displacement, was suggested by Bedford and
Stern [5, 6].

The theory of mixtures is currently under deep study in the scientific community. If we restrict
our attention to the case of two interacting continua, the displacement of each component’s particles
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depends on the material point and the time, and we will assume that the particles under consideration
are at the same position at initial time.

We can find in the literature many theories about Kelvin-Voigt mixtures. These theories are known,
but they address the instantaneous propagation of the mechanical waves, which is not compatible with
the causality principle. Therefore, it should be useful to provide an alternative theory for the behavior
of viscoelastic mixtures. When we introduce delay parameters, the problem becomes hyperbolic and
the mechanical waves propagate at a finite speed, which is more consistent from the physical point
of view. This process is similar to the one used in the heat conduction theory between the classical
Fourier law and the theory of Maxwell-Cattaneo.

This mechanism has been observed previously in the case of a single viscoelastic material and it
has been successfully noted that we should substitute the usual parabolic equation by a hyperbolic
equation of the Moore-Gibson-Thompson type [17-24]. In fact, in a recent contribution [25], the
authors proposed a system of equations describing a mixture of a viscous solid (of Moore-Gibson-
Thompson type) and an elastic solid.

In the present paper, we want to continue the work of [25], studying the problem determined by the
mixture of two viscoelastic solids. Furthermore, it is known that a material described by the Moore-
Gibson-Thompson equation requires a “time delay parameter”. Here, we will consider the general case
where the “time delay parameter” of each constituent can be different. This is important because it will
propose some new relevant difficulties in the study of the mathematical system.

In the next section, we propose the basic equations and the assumptions we are going to focus on.
In Section 3 we give a functional description of the problem and we obtain a result about the existence
and uniqueness of a quasi-contractive semigroup. In order to simplify the mathematical analysis, we
restrict our attention to the one-dimensional case in Section 4 and we provide an exponential decay
result (under suitable conditions). Later, in Section 5 we study numerically a variational formulation
of this problem by using the classical finite element method to approximate the spatial variable and
the implicit Euler scheme to discretize the time derivatives. Some a priori error estimates are proved,
from which the linear convergence is obtained under suitable regularity conditions on the continuous
solution. Finally, some one- and two-dimensional numerical simulations are presented in Section 6 to
demonstrate the convergence of the approximation, the discrete energy decay and the behavior of the
solution.

2. Basic equations

In this section, we propose the basic equations that we want to study in this article. Let us denote
by Q the three-dimensional domain occupied by the mixture, and let x and ¢ be the spatial and time
variables, respectively. As usual, we will assume that indexes i, j, k, [ vary between 1 and 3, and we
will use the repeated index summation.

2.1. The model

We first recall those corresponding to a mixture of materials. The evolution equations are:

Pty = 0jjj— pi»  P2W; = Tijj + Pis (2.1)
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where a dot represents the first-order time derivatives, two dots the second-order and three dots the
third-order, a subscript j after a comma denotes the spatial derivative with respect to variable x;, p, o>
are the mass density of every constituent, o, 7;; are the partial stress tensors, p; is the internal body
force and u; and w; are the displacements of each constituent. In the case that we consider a mixture of
Kelvin-Voigt viscoelastic solids, the constitutive equations are (usually) assumed:

. % .
0ij = Ajjuttis + Bijuweg + Ajjgitcr + By Wi

5 . 5 .
Tij = Buaijut + Cijiawis + By jttis + CiWicis (2.2)
pi = a;j(u; —w;).

In this work, we assume the following symmetries on these tensors:

Aijmn = Amnijs  Cijmn = Comnijs Afjn = Ay Cijn = Conijp iy = Qi
If we introduce the constitutive equations into the evolution equations, we obtain a system of equa-
tions such that it allows the propagation of mechanical waves instantaneously. This fact violates the
causality principle and it is very similar to what happens in the case of the heat conduction of Fourier
(or type III Green-Naghdi) theory. A way to overcome this difficulty is the introduction of delay pa-
rameters as the Maxwell-Cattaneo heat equation (or the Moore-Gibson-Thompson one). In this work,
we want to study what happens when we follow a similar proposition in our case and we will assume
that
ik
Totij + Tij = Buijs + Cijuwii + By jites + CgWi-

T103j + 05 = Ajjttics + Bijuwig + Al it + B Wi,
j

(2.3)

That is, we introduce two relaxation parameters 7; and 7,, which can be different for the sake of
generality, assumed to satisfy the condition 7; > 7,. The case 7, > 7; would follow a similar procedure.
If we introduce the new constitutive equations (2.2); and (2.3) into the evolution equations, taking
into account that
pi(T U+ i) =110+ 0ijj — T1Pi — Dis
PoATo W +W;) = Totyjj + Tijj + TaPi + Pi,

we obtain the following system:

*

ijk

*

itk + B jlek,l)J.

—Clij(l/lj—Wj-i'Tl(I;tj—Wj)) in QX(0,00),

pi(ry i +iiy) = (Aijkzuk,l + Bijuwiy + A

(2.4)
P22 W + W) = (Bklijuk,l + Cijawis + By it + C;'kjklwk,l)j

+Cll'j(1/tj - W + TQ(I;tj — W])) in Qx (O, OO)

In order to work with this system, we need to impose initial and boundary conditions. We will
assume that, for a.e. x € Q,

ui(x,0) = 1) (x), i;(x,0) = v)(x), ii(x,0) = (%),

Wi, 0) = (), (e, 0) = ), WiCx.0) = (). -
We will consider homogeneous Dirichlet boundary conditions. Therefore, we impose that
ui(x,t) =wi(x,1) =0 forae.x€dQandr>0. (2.6)
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To study problems (2.4)—(2.6), it will be useful to manipulate the second equation of the system
(2.4). We note that

.. T2 .. T2 ..
P22 W +;) = Pz;(Tl Wi+ w;) +po(1 = T—)Wi,
1 1

and
(it — w;j) = Ti(@; — wj) + (12 — 7))t — W)),
and so, we can write the second equation of the system (2.4) as
Ty, L .. S
PzT—l(Tl Wi+ W) = (Bklijuk,l + CijuWir + By itk + C,‘Ijklwk,l)’j o

. . T2 .. . .
+a;i(u;j —w;+ 71(it; — W;)) —p2(1 - :)wi + a;j(t) — T)(W; — it;).
1

In several parts of this paper, we restrict our attention to the one-dimensional homogeneous case in
order to clarify better the analysis. The system of equations is written in this case as

(i +it) = Auy, + Bwo + A%l + By —alu—w+ (@ —w)) in  (0,£) X (0, ),

pzz(Tl W+ W)= Buy + Cwy + Bty + CWo +alu —w+ 71(it — W))
T (2.8)

—p2 (1 - 2) w+a(t; —m)Ww—i) in (0,£) X (0,00),
71
where the domain is now Q = (0, ¢), with £ > 0.

2.2. The assumptions

To understand in a clear way the assumptions that we need to impose in the constitutive terms, we
will need to consider the energy equation. We have that

E(t) + f D(s)ds = E(0),
0

where
E(r) = f [Pl(ﬁﬁi + 1) (Tl + 1) + 5 (T + W) (T + W)
Q

+23_ijk1(ui, J+ T j)(l"k,l + TiWgy) + Eijkl(wi, i+ TIW ) Wiy + T1iWgg)

N =

+T 1A jatti jltie; + 271 Bty jWig + T1CjiaWi Wi
. . . . T2\ . .
+Cll‘j(1/li +Tu —w; — T1W,')(I/tj + TiUj—W;j — T]Wj) + 02 1- ; WiW;
1
+a;;T1(T) — TO)WWj + Ajji(ui j + Tyt ) (U + T4 ilk,l)] dv,
D(r) = f [Aijkzb'li,jﬂk,l + 2B;jiit; Wiy + Cijiawi jWieg + a;[(T1 — T2)WiW;
Q

+02(T1 — T)WiW; + a;i (T — T2)it;(W; + T1Wi)] dv.

_ -1 % _ n _ ral _
Here, p) = o217y, Aiju = Afyy — T1Aijis Bijw = Bjyy — T1Bijw and Ciji = Cyyy — 11 Cija
In view of these relations it will be natural to assume

i) p1(x) > p? > 0 and p,(x) > pJ > 0.
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i1) There exists a positive constant C; such that
Aijuéii€n + 2Biju&iina + Cijumiinu = Ci(&ii&ij + 1ijnij)s

for every tensors &;; and 7.
1i1) There exists a positive constant C; such that

Aiji&ii€n + 2B + Cipmiig > Ca(&éij + niimi))s

for every tensors &;; and 7;;.
iv) There exists a positive constant C3 such that

a;i&i&; = C3&ié;
for every vector &;.

These assumptions are natural in the context of the MGT problems. The meaning of condition i)
is clear. Assumptions ii) and iii) are needed to guarantee the positivity of the internal energy, and
assumption 1v) is a usual condition in the study of mixtures.

It is worth noting that, in the case of one-dimensional homogeneous materials, these conditions can
be written as

i) p1 >0,p,>0and a > 0.
ii*) The matrices

A B A B
BcCc|]” \BCC
are positive definite. That is, AC > B?, A > 0, AC > B andA > 0.

Remark 1. When B = B* = 0 we can propose an alternative approach. We assume that, in this case,
T, > T1. We note that

a((u—w) + (it = Ww)) = a((u —w) + 7@ = W) + (12 — 7)(it = W))

and
W+ Tow = W+T1W+(T2 —Tl)w.

Therefore, we have

allu—w)+ (@ — W)W+ W) = al(u —w) + 71(it = W)W + T W)
+a(ty — )Wl — w) + 71 — W)] + a(ta — 11)* (it — W)w.

Then, we can obtain the equality
t
Er(1) + f Dy(s)ds = E»(0),
0
where
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1t - —
Ex(t) = 5 f o1+ i) + pa(raiv + W) + Aty + Trity) + Clwy + To30) + T1A | ity [P +72C7 iy
0
ra(u+ Ty —w—1w) +a(ty — 1) | w P +2ar(ty — 1)) | w [? ]dx,

Dy(1) = fog [A 1 P +C* 1oy P +atry = Ti)vitu = w+ 1) + ary = 71)(O0 + )i | )] dx.
In the previous definitions, we have used the notation:
C*=C"-1,C>0.
3. Existence of solutions

The aim of this section is to obtain an existence and uniqueness result for the problem determined
by the system (2.4) and conditions (2.5) and (2.6) under the assumptions i)—iv).
We first consider the Hilbert space

H = WA (Q) x WiP(Q) x LA(Q) x W A(Q) x WA(Q) x LX),

where W (Q) = [W)*(Q)]® and LX(Q) = [L*(Q)]%, which is equipped by an inner product defined as

1 - -
U, U@) = 5 f [pl(TIZi +v)(T12] + Vi) + py(T i1 + y) (717} +y7)

B
+Bijkl((ui,j + T )+ Ty ) + W+ Ty )i + Tl)’k,z))
+Aiju(uij + T1vi )y, + Tivi) + Cijwi j + 11y )W, + 11y )
+Aijuvi vy, + By, + E)’k,l) + Cijuayi vy,

+a;j(u; + T v —w; — Tl)’i)(uj- + T1V; - W; - le;k')

T — =
+po2(1 = 7__2)yiy;'k +a;Ti(T1 — Tz))’i)’j-] dv,
1

where U = (u;,vi,zi,wi,yi, i) and U™ = (u;,v:,z;,w;,y:,r}), and the bar over the elements in the
Hilbert space denotes the complex conjugate. It is easy to show that this product is equivalent to the
usual one in the Hilbert space H.

We can write our problem in the following form:

d
ZU =AU, U©O) = 0,0, 20, w0, 39, 1Y),

where the matrix differential operator A is defined as

0 1 0 0 0
0 0 1 0 0
A3z Ay Axz Ay Ajss
0 0 0 0 1
0 0 0 0 0 1
Asi Ay 0 A Ags Ass

o o o o
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and its terms are given by

1
Azju = —|(Aijty),j — aijuj|,
plTl[ j J T Gij J]

*
Azpy = [(Aijklvk,l),j - Tlaijvj],

P1T1
Apz = ——z,
T1

Auw = —[(Bijklwk,l),j + aijo],
P1TI1

Aszsy = _[(B"ﬂ' Yer).j + T1dij ]

K1Yk, j 14ijYj|s

P1T1 Y

Agiu = - [(Bkzijuk,l),j + a,ju,-],

ﬁ 1

Agy = *[G%wmh+7mwﬁ—%ﬂﬁ—TﬁW}
PrT1

1
Apw = — [(Cijklwk,l),j_aijwj]’

iT
Agsy = - [(C?}klyk,z),j —T1a;y; + a;j(t) — Tz)yj],

e

ke

ke

* T
Ager = ——| = p3ri = pa(1 = )i
2Tl T1

ke

We note that the domain of the operator A is the subspace of U € H such that AU € H. It is clear
that this is a dense subspace.
Lemma 1. There exists a positive constant K; such that

Re(AU, U) < K,||U|I?

for every U € Dom(A).

Proof. In view of the energy equality we see that

< 2 2 2
Re(AU,U) < KW+ il + U s .

where K is a positive constant, and, because of the definition of the inner product, we obtain the
required inequality.

Lemma 2. There exists a positive constant K, such that K,I — A is exhaustive.

Proof. Let us consider ¥ = (f,..., f¢) € H. We have to see that the system

Ku-v=f,
sz_z:fz,
Kyz — Azju — A3y — A3z — Agw — Azsy = [,
Kow —y = fy,
Ky -r=fs,

Kor — Agiu — Ay — Aguw — Agsy — Al = [
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admits a solution in the domain of the operator.
We note that we can write

K;u — A31u — K2A32u — K22A33u — A34W - K2A35W = Fl’

K;W - A61u - K2A62u - A64W - K2A65W - K§A66W = Fz, (31)

where the elements F'| are F, are given by

Fi = K3 fi + Ko s — Ao fi — KbAssfi — Assfo — Ass fu + 3,
Fr = K fa + Ko fs — Aea fi — Aes f1 — Ko Aeo fs — Ace f5 + fo,

and they are obtained after a direct substitution of one equation into the other ones. As a consequence
of the previous regularities, we find that (Fy, F;) € WL2(Q) x W 2(Q).
On the other side, if we define the bilinear form

B[(u’ W), (u*’ W*)] = ((Mla MZ)’ (u*a w*)>L2(Q)XL2(Q)’

where
M] = K;u - A31u - K2A32u - K§A33u - A34W - K2A35W,
M2 = K;W - A61u - K2A62u - A64w - K2A65W - K§A66w,

it is clear that, for K, large enough, 8 is a coercive and bounded bilinear form on W(])’Z(Q) X W(l)’z(Q).
In view of the Lax-Milgram theorem, we obtain the existence of (u,w) satisfying the system (3.1).
Then, we also obtain the existence of (v, z,y, r) and the lemma is proved.

Remark 2. We note that Lemma 2 also holds when K, = 0. Therefore, zero belongs to the resolvent
of the operator.

If we use now the Lumer-Phillips corollary to the Hille-Yosida theorem we find the following.
Theorem 1. The operator A generates a quasi-contractive semigroup.

Therefore, we also have.
Theorem 2. The problems (2.4)—(2.6) admits a unique solution. In fact, for every U° € Dom(A) there
exists a unique solution with the following regularity:

U € C([0, c0); Dom(A)) N C'([0, 0); H).

Remark 3. It is clear that we could also prove the existence of a quasi-contractive semigroup deter-
mined by the scalar product associated to the energy E(t).

4. The one-dimensional case: energy decay

In this section, we are interested on the decay of solutions to our problem. In order to make the cal-
culations easier, we restrict our attention to the homogeneous one-dimensional case taking the domain
Q =(0,0), ¢ > 0, and we deal with system (2.8). We also consider the one-dimensional version of the
initial condition (2.5) and the boundary condition (2.6).
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Therefore, the energy equation is satisfied, where

1 4

E@) =3 f o1 (Tt + ) + Py (T + W)* + Ay + Tyi)” + COwy + T1iby)?

0 _ — —

+2B(uy + i)Wy + Twy) + T1(Ali* + 2Bi, + Ch,/?)

a(u+ i —w =T + ool = D + ary(ry — )l do,

T
{
D(1) = f |Aliol? + 2Bityio, + Chiv,f? + pa(ty = Tl + a(ry — )i
0

+a(t — T)u(w + T]W)] dx.

If we impose now that assumptions i*) and ii*) hold, then the matrices associated with coefficients
A, Band C, and A, B and C, are positive definite and so, the resulting semigroup associated to operator
A 1s quasi-contractive. In fact, we could prove that

Re( AU, U) < K||U|]%,

where K is a positive constant, and that the zero belongs to the resolvent of the operator.
If we denote

m = minimum eigenvalue of ( A B )
- B C)
and ,
. o J 6P dx
L=, 0.0 '
$eCH (10, 2
0 j; ¢-dx
then we can consider the bilinear form defined by the matrix:
m /lT a(le—Tz) aTl(Tzl —T2)
M= —““(12-’2)) mA; + a(t) — 1) 0 : (4.1)
e 0 p2(t1 —12)

where we recall that 7; — 7, > 0.
We note that after a simple calculation we find that

m=A/2+C/2— \A-Cp +4F /2,
and
PHES oA

It is worth noting that, if matrix M is positive definite, then Re{.AU, U) < 0 for every U € Dom (A)
and, therefore, the semigroup associated to operator (A is contractive.
Remark 4. M is positive definite if and only the following conditions hold:

ma; > 0, m(4})? + a(r) — 12)|ma; — “2] > 0,

% % a2.,.2(.,. —19) . asz(T —-13) _
m/11[/02m/11 - %] +a(t — Tz)[pzm/l1 - - “"2(74‘ TZ)] > 0.
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We see that whenever 7 — 7, is small enough in comparison with mA7, and assuming that a and
T, are not very large, we can guarantee that M is positive definite. Of course, to give the explicit set
where these conditions hold is a very difficult task, since we are involving nonlinear algebraic equations
with several parameters. It seems much easier to check, for each particular case, if the conditions are
satisfied. However, we note that

4p,mA; > a(ar% + 02)(T] — T2)

is a sufficient condition to guarantee that M is positive definite.

Finally, we have the following.
Theorem 3. If the matrix (4.1) is positive definite, the solutions to the one-dimensional problem decay
in an exponential way. That is, there exist two positive constants N and w such that

IS OUIl < N||[U|le™"
for every U € Dom (A).

Proof. To prove this result we will use the well-known characterization of the exponentially stable
semigroups. We know that it is sufficient to prove that the imaginary axis is contained in the resolvent
of the operator and that the asymptotic condition

| Allim (A = A7 < o0 4.2)

holds (see [26]).

A well-known argument (see, again, [26]) shows that, if we assume the existence of 1 € R such that
id belongs to the spectrum, then there exist a sequence of real numbers 4, — A # 0, and a sequence of
unit norm vectors U, = (U, Vy, Zus Wn» Yn» ') at the domain of the operator A such that

|G, ] — A)YU,| — 0.
That is, we have the following convergences:

idt, —v, =0 in W,2(0,0),
iy, —z,—> 0 in W,%(0,0),
idnZn — Asilty — AsaVy — A332, — Asaw, — Assy, = 0 in L0, 0),
iLw, =y, =0 in Wy*0,0),
iLy, =1, =0 in W,*0,0),
i/l,,r,l - A61Mn — A62vn - A64Wn - A65yn - A66rn — O in L2(0, 5)

In view of the dissipation inequality we see that v,,y, — 0in W'(0,¢) and r, — 0 in L*(0, {).
Then, we also obtain that A,w,, A,u, — 0 in W2(0, £). Now, if we multiply the third convergence by
z, we also obtain that z, — 0 in L>(0, £). We have found a contradiction to suppose that the thesis was
not correct. Then, we have proved that the imaginary axis is contained in the resolvent of the operator.
Now, we want to prove that the asymptotic condition (4.2) holds. Let us assume that this condition
is not fulfilled. Then, there exist a sequence of real numbers 4, — oo and a sequence of unit norm
vectors at the domain of the operator A such that the condition holds. From this point, we can follow
the same argument we used before because the only condition is A # 0. In short, the theorem has been
proved.
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Remark 5. It is suitable to consider the case 7; = 7,. In this case, we cannot assume that the ma-
trix M is positive definite. Nevertheless, we can obtain the same conclusion. Although we cannot
obtain that r, — 0 from the dissipation inequality, we can see that y,,v, — 0 in W&’Z(O, ¢) and then,
Ay, A,w, — 0 1n W(])’Z(O, {). From the convergences third and sixth we can obtain that z,,r, — 0
in L2(0, ¢) after multiplication by v, and y,, respectively. It is worth noting that this argument can be
used to prove that the imaginary axis is contained in the resolvent and that the asymptotic condition
(4.2) holds. Therefore, the solutions to the problem determined by the system (2.8), when 7; = 7,, and
the one-dimensional version of the initial condition (2.5) and the boundary condition (2.6) decay in an
exponential way whenever conditions i*) and ii*) hold.

5. Fully discrete approximations: a priori error estimates

In this section, we introduce a fully discrete approximation of the multidimensional problem studied
in the Sections 2 and 3, and we perform an a priori error analysis. However, we consider now the
deformation of the body Q over a finite time interval [0, T'], for a given final time 7 > O.

5.1. Fully discrete approximations

First, we provide the variational formulation of problems (2.4)—(2.6). Let us introduce the velocities
of the first and second constituents, denoted by v = & and y = w, and the accelerations of the first and
second constituents, denoted by z = it = v and r = W = y, respectively. Moreover, let V be the
variational space given by V = [Hé Q7.

In order to simplify the writing, and for the sake of clarity, we define the following operators, for
allu = (u;), v=>0;) eV,

A, v) = (Ajjutics, Vi 2@y
B(u,v) = (Bijuui, Vi )iz
A'(u,v) = (A;kjkluk,l, Vi )2
B*(u,v) = (B Uk, Vi, )12
a(u,v) = (a;ju;, vi)2o)-

By using boundary condition (2.6), we derive the variational formulation of problem (2.4), with the
modified Eq (2.7), initial condition (2.5) and boundary condition (2.6).

Find the acceleration of the first constituent z : [0, 7] — V and the acceleration of the second cons-
tituent r : [0, 7] — V such that z(0) = z° = (), r(0) = r’ = (+?) and, for a.e. ¢ € [0, 7] and for all
&Enev,

p1(T12(t) + (), O p + A(t), €) + Bw(1),€) + A(v(1),€) + B*(y(1), &)

+a(u(t) —w() + 7 (v(@) — y(1),§) =0, (5.1)
Pz%(ﬁ"'(f) + 1), PDiaoyp + Bu(),n) + Cw(t),n) + B (v(@),n) + C*(y(1),n)

+a(w(t) —u(t) + 71(y(2) — v(0)), 1)

T
= (Tl - Tz)a(y(l') - V(l'), T]) — P2 (1 - f) (r(t), T])[LZ(Q)]3. (52)

1
Here, the velocities and displacements of the first and second constituents are recovered from the
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relations:
v(f) = f 2s)ds +v°, y() = f r(s)ds +y°, (5.3)
0 0
u(t) = f v(s)ds+u’, w() = f y(s)ds +w°, (5.4)
0 0

where v? = (9), y° = (), u® = (u?) and w° = (W0).

Now, we introduce a fully discrete approximation of problems (5.1)—(5.4) and we provide an a priori
error analysis. In order to obtain the spatial approximation, we assume that the domain Q has a finite
element triangulation 7" assumed to be regular in the sense of [27] and so, we define the finite element
space:

Vi={"e[CQP NV 2, € [P(THP YTreT"). (5.5)

In the above definition, P;(Tr) is the space of polynomials of degree less or equal to one in the
element Tr, i.e., the finite element space V" is made of continuous and piecewise affine functions.
Here, i > O represents the spatial discretization parameter. Moreover, we assume that the discrete
initial conditions, denoted by u®", v*, % w%  y% and r°, are given by

uOh = Phy® YOI = PO Ok — h0 Ok _ @hyy0 0k — @hy0 b phyO (5.6)

where P" is the classical finite element interpolation operator over V" (see, again, [27]).

In order to discretize the time derivatives, we consider a partition of the time interval [0, 7], denoted
byO=1t <t <--- <ty =T,and we use a uniform partition with step size k = T/N and nodes ¢, = nk
forn =0,1,...,N. For a continuous function z(¢), we use the notation z,, = z(#,) and, for the sequence
{za},, we denote by 6z, = (z, — z,-1)/k its corresponding divided differences.

Therefore, using the implicit Euler scheme, the fully discrete approximations of problems (5.1)—
(5.4) are considered as follows.

Find the discrete acceleration of the first constituent z’* = {z/*}" | c V" and the discrete acceleration
of the second constituent r* = {rf*}V - c V" such that z* = 2%, r}* = F and, foralln = 1,..., N and
fh, ’]h e Vh,

p1(T1022% + 225 EMpp + AW E") + B, €M) + A0, €M) + B (y*, €1
+a@* —wh* + 7, -y EM = 0, (5.7)

T hk hk h hk h hk h * o hk h * . hk h
Pz;(ﬁ&‘n +r, ) op + B, 1)+ Cw," ") + B, ,n'") + C'(y, . n")
1
hk hk hk hk h
+a(wn —u, +T1(yn -V, )”] )

.
= (11 — )ay = v, 0" - ps (1 - T—z) (AR DT (5.8)
1

where the discrete velocities and the discrete displacements of the first and second constituents are
recovered from the relations:

n n
S kZ z?k +0 Y= kz r?k +y", (5.9)
j=1 j=1

Electronic Research Archive Volume 30, Issue 12, 4318—4340.



4330

ka +u” w’;k:kzyj?hw(’h. (5.10)
=1

Using assumptions i)—i1v) and the well-known Lax-Milgram lemma, it is easy to prove that the above
fully discrete problem admits a unique discrete solution.

5.2. A priori error estimates

Now, we aim to obtain some a priori error estimates on the numerical errors z, — z/* and r, — r*
We have the following main a priori error estimates result.

Theorem 4. Under the assumptions i)-iv), if we denote by (z,r) the solution to problems (5.1)—
(5.4) and by (z", r* the solution to problems (5.7)—(5.10), then we have the following a priori error
estimates, for all {£” W AN, c VA,

hk hk hk)|2
max {l1z = 213 gy + 7 = VI + ey = w15

hk hk2
lrw = I e + 190 = YU + w, — Wi
N
. 2 h12 . 2 . 2 h2 . 2
< Mk Y (12 = 6212 g + llz; = ENR + 1195 = 6w I + 1l = O + iy = a3 + 11y, — 6y 1
j=1

N-1
M
1 2 h h h 2
o+ B)+ == ) (2= £ = @gor = )l + 7y =1 = s = 1)l )
j=1

2 0hy 2 0 _ ,,0n2
I? Vo= vl + et —u

h 2 hp2 0
+ gg?x (”zn - fn”[[}(Q)P + ”rn - "n||[L2(Q)]3) + M(”Z [L2(Q)]3 + ”

Oh 0h)2 0 0h2
I I+ w® = w15,

0 0
+||r [LZ(Q)P + ||y _y

where M > 0 is a positive constant which is be independent of the discretization parameters / and &,
but depending on the continuous solution, 6z; = (z; — zj-1)/k, ov; = (v; —v;-1)/k, or; = (rj —rj-1)/k

and 6y; = (y; —y,_1)/k, and 1 Jl and Ijz. are the integration errors given by

2

£ J
I' = fv(s)ds—kaj : (5.11)
0 =1 Ay
tj ] 2
P = fy(s)ds—kaj : (5.12)
0 =1 v

Proof. First, we obtain some estimates for the acceleration of the first constituent z,. Then, we subtract
variational equation (5.1) at time ¢ = 1, for a test function & = £" € V" c V and discrete variational
equation (5.7) to obtain, for all fh %

p1(T1(z, — 5ZZk) + Zn — Zﬁk, §h)[L2(Q)]* +A(u, - uzk,fh) + Bw, — Wﬁk, fh) +A*(v, — Vzk,fh)
+B*(y, — Y5, €M + a(u, — u™* — (w, — W) + T,(v, =V — (y, = y*),EMH =0
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and so, we have, for all &" € V",

hk hk hk hk hk
p1(11(z, — 0z,) + zn - 2%, 2 = 22y + A(un u™ 7z, — 2"+ Bw, - w'*, z, — 2'*)

+A*(v, — ,, Lz =2+ By, -y 2 z)
+a(un - u - (wn Zk) + Tl(vn - vn - (y k)) Zn — zhk)
= pl(Tl(zn - 51 ) +Z, - Zn »&n — fh)[LZ(Q)]3 + A(un - qu, Zn — §h) + B(wn - ka, Zn — fh)
A = 2 - )+ B, vz, — €
+a(u, — ul* — (w, — W) + 71w, =ik = (y, = y")), 2, — €M).

Taking into account that

. hk hk : hk
p171(Z, — 07, -2, )[LZ(Q)P > pT1(Zn — 02, Zn — 2, )[LZ(Q)P
Pl 1 hky)2 hk )2
{” Zn — ||[L2(Q)]3 - ”zn—l - zn_]ll[LZ(Q)]3}
hky k|2 hk 2
a(t (v, — v, ), 2o = 20) = (T (v = V), b = 6¥,) il {II Vi =V llizyp = V-1 = vn_lll[Lz(Q)]a},

after easy algebraic manipulations, using several times Cauchy-Schwarz inequality and Cauchy’s in-
equality

1
abgea2+4—b2, a,b,e eR, € >0,
€

it follows that, for all & € V",

PlTl k2 hk 2 hk hk hk
{” Zn — zn ||[L2(Q)]3 - ”zn—l - zn_lll[L2(9>]3} + A(un - un ,61/'” - 6vn ) + B(wn - W 6vn ov . )

+A (v, =V v, — vI*) + B (y, — y™, 6v, — ovih)
C3 71 hk (2
{” Vo — ||[L2(Q)]3 - ”Vn—l i _1” LZ(Q)P}

hk) (2 %
Il il

: 2 hy|2 hky2
M(”Zn - 5zn||[Lz(Q)]3 +Wn = vally + llzn = &My + [l — w7 |ly + [Iwn —witlly + 11z, —

+||Vn - vhk”Z + ”yn - ylekH%/ + (6zn - 6121(, Zn — f )[LZ(Q)P)'

(2P

Proceeding in a similar form, we obtain the following error estimates for the acceleration of the
second constituent, for all " € V",

,027'2 2 hk (2 hk hk ik hk
{” r, — n ||[L2(Q)]3 - ”rn—l - rn_lll[LZ(Q)]s} + B(un - un ,5.)’” - 6yn ) + C(wn - Wn ,5)’,1 - 5yn )
+B* (v, = V)t, 8y, — 6yi) + C*(y, = yi¥, 6, — Syl
LG ke
2k {” _y;, ||[L2(Q)]3 - ”yn 1 yn 1||[L2(Q)]3}
. 2 h2 hk |12 hk 2 h
Ml = orallzaup + 19, = 89,1 + llra = 11 + Tty — w512, + o = w5 + i = P

+||vn - vhk”2 + ||.Vn _yzk”%/ + (6rn - 6er’ r,—n )[LZ(Q)P)'
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Combining the previous two estimates, we get, for all &, 5" € V",

1T1 hk (2 hk 12 hk hk hk hk
{” Zn — %y ”[LZ(Q)]S - ”zn—l - Zn_lll[LZ(Q)]S} + A(un —u, 6vn - 6v ) + B(wn -w, 6vn - 61"” )
+A (v, = vk v, — VIR + B (y, -y, 6v, — vI*) + C(w,, — wi*, Sy, — oy™*)
Csmi Pl hk
+ 2# {”vn -V, ”[LZ(Q)]S ”vn—l - vn_lll[LZ(Q)]S} + B(un - un ’6yn 5)’1 )
P22

hk hk 112 * hk
2_ {”rn - r, ||[L2(Q)J3 - ”rn—] - rﬂ—l”[Lz(Q)P} +B (vn -V, ’6yn 6yn )

C
+C*(y _yn ’6yn 6ynk) + — {”yn yn ” [L2(Q)]3 ||yn 1 yn l” LZ(Q)P}

. . h hky 2 hk h
M(l2 =~ Szallizop + 10 = 6w, -t 13+ i, — w10 + 1w, = W+ N1z, = 2290
h .
+|v, - th||2 +ly, - kaH%/ + (02, — 5Zﬁk, Zn — EN2p + 1ty = orulli2)p
2 hy2 hk l/
13, = 9,5+ lIrw = 71 + 07 = 6715, 10 = )y2ayp)-
Now, we observe that
A* (v, = V%, 60, — V) + C*(y —y* sy, - ) = k{A (v,, — vk oy, — v
—A (Vo =V v, 1—v D)+ A W, =V = =V )y, =V —(vn 1 =vED)

+C*(yn - yzk’yn Yn ) - C*(yn—l yn—l’yn—l yZ]il
+C*(yn _ka - (yn—l _yhli])’yn _ka - (yn—l _yZ’il))}’

1
B'(y, — y™, 6v, — V™) + B* (v, — v, 8y, — 6y") = %{B*(yn —y y, — ik
_B*(yn_l _yn 12 V-1 —V )+B*(yn_yln1k_(yn—l _yﬁli])’vn —Vn _(vn—l _Vzli]))}a

and, thanks to assumptions iii), it follows that

AWy =V = ey = V)V =V = ey — Vi)
+C*(yn _yn - (yn—l - n_1)’yn _yﬁk - (yn—l _yzli]))}
+2B*(yn _ka - (yn—l _yzlil)’vn - v;};k - (vn—l - Vﬁlil)) > 0.

Multiplying the above estimates by k and summing up to n, we find that, for all .f,fh Yicos {00 }] o C vh,
Iz, - "kn[u(mp +k Z [A(uj — ¥, 6v; = V1) + Bw, —wik, ov, - 5vZ">] + v, - hknmm

+k Z [B(uj - ”?k’ oy, = 5)’?1() +C(w; — w6y, — 6y )] + 1y, - yzk”?wﬂ)ﬁ

hk
<MkZ 12 = 62 Iz + 19 = v, + llz; = 511, + ey = w1, + liw; — wh I,
j=1

7 e hk||2 h
+lz; — ||[L2(Q)]3 + v - || + ||yj —y1 Il + (0z; — 52} s Zj— §j)[L2(Q)]3

. . h
+||"j—5"j||Lz(Q)]3 + ||yj—5yj||v+ llr; —n -||v+(57'j—5"~ '—’]j)[LZ(Q)P)
Oh|2 Oh Oh 2
+C(l12° = 2% I B e + 19 = 13-

+||v0—v +||r°—r

(2@
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Now, keeping in mind that (thanks again to property iii)),

A =V v = Vi) + 2B (3, = 3 v =) + C O, = 0 3, = )
> M(llv, = VIR + Ily, — yI3 ).

and, therefore, we have, for all {{,-‘ N O,{q’}}yzo c vh,

hk hk hk
2, — 2 ||[L2(Q)]g+kz A — ' 6v; - V) + Bow; — w', sv; — 55|
j=1
n
hk hk hk hk
v = VIR + lly, = YIB + k> [Bla;— w0y, - 5y + Cowj = wik, 6y, - oy
j=1
hk
<Mk2 12 = 62 lluzur + 1195 = v + llz; = E)I + ;= w15, + 1w = wikI
j=1
+||zj -z [LZ(Q)]S
Hlirj = Ol 2 e + 105 = Y11 + Wl = I + (o7 = 67, r; — )]
j VZI(O)E yj y/ \% J ’]j Vv J Jor ’]f (L2
0 0h2 0 0h2 0 0h2
+C(l12° = 21 0 + I = I+ 1 = P + IV = ¥I1)-

h
hk|| + v - th||2 +1ly; - J’?k”%/ +(0z; — 51?1{, zj — EDirr

Finally, taking into account that

n
ik 0 h
kZ(dzj =062, 2; = ENap = @ — 20 20 — EDap + @ = 2%, 21 — ED

n—1
hk h h
+ Z(z,- -2z, = & — (s — L)) e@ps
-

n
hk h hk h Oh 0 h
kZ(éI‘] - 5"] , rj — ’]j)[LZ(Q)P = (r,, —r,,r,— ’]n)[LZ(Q)P + (I‘ —-r,r— nl)[Lz(Q)P

n—1
k h h
+ Z(I‘j — Ij]' N T]J- - (rj+1 - ’]j+1))[L2(Q)]3’
=1

n

k [B(uj - u?k, oy, — 6y?k) +Bw;— w?k, ovj— 6v?k)] < B(u, — u,h/‘,yn - yﬁk) + B - uO,y] - y}l’k)
J=1

hk hk Oh
+Bw, —w, v, —v,) + Bw —w' )—ZkZB(vJ—vj,yj—y])

no
j=1

Mk Y ;= 6wl + 11y, — oy I + 1y, = ¥4I + v = VIR .

=

k Z Alu;—u" —(v, — V) — v =D))< A, — ul®, v, — V) + A@ — 1y, i)

—k A=V v =)+ Mk [l — ol + Dy = VIR,

J=1
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4 1
k> Cow;—wlh, 20 =Y = 0 =) S COnn = w3, = 09 + AW™ = w3, =y
j=1

—k > Cyy =¥y, = Y+ Mk Y b = ow I+ ly, = ¥R,
j=1 j=1

n
k2 0 0h2 hk(2 1
L R (A R S IR R )
=

n
hk )2 0 0hy2 hky2 2
v = wibIE, < M(Iw® = w1 + k> lly, = YR + 1),

where Ijl. and 112. are the integration errors defined in (5.11) and (5.12), respectively, applying a discrete
version of Gronwall’s inequality (see, again, [28]) we conclude the desired error estimates.

The above main error estimates can be used to derive the convergence order of the approximations
given by problems (5.7)—(5.10). Therefore, as an example, if we assume the following additional
regularity:

u,w € H'0,T; [L*(Q)I’) N W>(0,T; [H}(Q)T) N H(0,T; V), (5.13)

using the classical results on the approximation by finite elements and the regularities of the initial
conditions (see, for instance, [27]), we have the following.

Corollary 1. Let the assumptions of Theorem 4 hold. Under the additional regularity (5.13) it follows
that the approximations obtained by problems (5.7)—(5.10) are linearly convergent; that is, there exists
a positive constant M, independent of the discretization parameters /& and k, such that

hk hk hk
max {Ilzn =z lzp + IWn = villy + Nl = wllly + 117, = i lzp + 1y, = Y26l

0<n<
+liw, = willy} < M(h + k).
6. Numerical results

In this final section, we present some numerical results, obtained after an implementation of the
fully discrete problem in MATLAB, involving examples in one and two dimensions. Our aim here is
to show the numerical convergence of the approximations, the discrete energy decay and the behavior
of the solution.

First, we note that, given the solution u* , v  zi ~wh* _yi ‘and F* “at time 7, the discrete
accelerations at time t = ¢, zﬁ" and rﬁ", are obtained by solving the dlscrete linear system, for all

fh, ’]h c Vh,
P12, + Kz, E e + AR, €N + ANz, € + Pa(z) € + ik a(z, €")
:PlT(ZZkl,fh)[U(Q)F - kA(u T k"n 1a‘fh) kA* (Vn 1’§h
—kB(wn LED — kB (y™ l,fh)—ka @™+ o™ — Wy e,

pz—(mn + kr ) pp + ECES " + O, ") + Ba(, gt + 1k a(r, 0
T1

T T
+p5(1 — T—zxrzk, ENpayp — k(T — T)a(r™, g = pzT—le(i‘h,,]il, i@
1 1
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—kCW™ | + ky™ |, ") — kC* (Y™ |, ") - kB@™ |, ") — kB* (0" |, ")

hk hk hk hk hk h hk h
+ka(un—1 - w;—l - kyn—l T TV Ty o M ) + k(Tl - TZ)a(yn_la n ).

We note that the above numerical scheme was implemented on a 3.2 Ghz PC using MATLAB, and
a typical one-dimensional run (h = k = 0.001) took about 0.23 seconds of CPU time.

6.1. First example: numerical convergence and energy decay in a 1D problem

As an academical example, in order to show the accuracy of the approximations the following one-
dimensional problem is considered.

o1(T U +il) = Ay, + A%l + By + B, —a(u —w + 71(it — w)),

pzz(rl W 4+ W) = By + Bity + Cwoy + CWo + alu — w + 71(it — W))
T
o, . L
—p21 = =)+ a(ty — 1) — i),
1
with the following data:

T=1 Q=@0,1), p=1, pp=1, A=2, A*"=3, B=2, B =1,

cC=1, C'=2, a=4, 1,= 72:%.

1
2
By using the following initial conditions, for all x € (0, 1),

w(x) = v(0) = 2°(0) = w(0) =) (0) = r(¥) = x(x - 1),

considering homogeneous Dirichlet boundary conditions in the boundaries and the (artificial) supply
terms, for all (x,¢) € (0,1) x (0, 1),

Fi(x, 1) = —€'Bx(x—1)/2=16), Fa(x,1) = —€'(5x(x — 1)/4 — 12),

the exact solution to the above one-dimensional problem can be easily calculated and it has the form,
for (x,7) € [0,1] X [0, 1]:

u(x,t) = wix, t) = e'x(x —1).
Thus, the approximation errors estimated by
hk hk hk hk hk k
max (I, =y + vn = VAl + e = 20z + I = Wil + 1l = 33l + D = 72200

are shown in Table 1 for several values of the discretization parameters & and k. The evolution of the
error, depending on the parameter s + k, is plotted in Figure 1. The convergence of the algorithm is
clearly observed, and the linear convergence, stated in Corollary 1, is achieved.
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Table 1. Example 1: Numerical errors for some £ and k.

hlk— 0.01 0.005 0.002 0.001 0.0005 0.0002 0.0001

1/23 0.366404 0.353136  0.345380 0.342836 0.341573  0.340818  0.340567
1/2¢ 0.196629  0.182923 0.175038 0.172479 0.171214  0.170460  0.170209
1/2° 0.112755  0.098230 0.090081 0.087484  0.086210 0.085455 0.085204
1/26 0.072209  0.056362  0.047709  0.045030 0.043736  0.042975  0.042724
1/27 0.053573  0.036147 0.026685 0.023849  0.022512  0.021739  0.021487
1/28 0.045639  0.026866 0.016437 0.013340 0.011923 0.011126  0.010870
1/2° 0.042483  0.022914 0.011645 0.008219  0.006669  0.005826  0.005563

1/21 0.041234  0.021351 0.009551 0.005825 0.004109 0.003190 0.002913
1/2M1 0.040728  0.020749  0.008708 0.004779  0.002913  0.001895  0.001595
1/212 0.040528  0.020519 0.008387  0.004358 0.002390 0.001280  0.000948
1/21 0.040456  0.020434  0.008267 0.004199 0.002180 0.001005  0.000640

Numerical error

o o o

= o o o © o

[6,] N (6] w (3] =
-

o

0.05 |

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
h+k

Figure 1. Example 1: Asymptotic constant error.

If we assume now that there are not supply terms, and we use the final time 7" = 10, the data

Q=0,1), pp=1, pp=1, A=6, A"=3, B=2, B'=1 (C=2 (=2
1 1

20° T

and the initial conditions, for all x € (0, 1),

W(x) = v2(x) = 22(0) = w(x) = y(x0) = () = x(x - 1),

a=4, 1= T

taking the discretization parameters 7 = k = 0.0001, the evolution in time of the discrete energy

El = pillriglt + VNP + pallry ¥+ YR + Al + Ty P + 2Bl + oyl (Wi + 7131,

+Cl Wit + TP + 71(A = T ANOE)P + 271(B = 11 B (1))

T2 9
+71(C = TICNGP + all + 71viF = wi =71y H1P + pa(1 - T—)Ilyﬁkll2 +at it = )yl
1
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is plotted in Figure 2 (in both natural and semi-log scales). As demonstrated in this figure, it converges
to zero and an exponential decay seems to be found.

Energy

Energy fi i
25 T T 9y T T

E(t)
log E(t)

o5F |

L [

-25

Figure 2. Example 1: Evolution in time of the discrete energy (natural and semi-log scales).

6.2. Second example: a two-dimensional problem

Now, we consider that the body occupies the two-dimensional domain Q = (0, 1) x (0, 1), and we
use the following data:

T=1, p=1, pp=1, A=2, A"=3, B=2, B'=1, C=1, C'=2,
1 1

1,
a=4, 1= T, =

2’ 4’
with the initial conditions, for all (x,y) € [0, 1] x [0, 1],
u’(x,y) =v°(x,y) = 2°(x,y) = x(x = Dy = D, wo(x,y) = y°(x,y) = r’(x,y) = 0.

Regarding the boundary conditions, we assume that the boundary I" is decomposed into three dis-
joint parts I'p, I'y and I'g, being I'p = {0} X [0, 1], Ty = {1} x[0,1]and I'r =T'—=Tp —I'y. We note that
the analysis shown in the previous section can be easily extended to this slightly more general case.
Therefore, on the part I', we assume that the body is clamped and so,

u(,y,t) =w(0,y,1) =0 for yel0,1],¢el0,1],
meanwhile on the Neumann part I'y we assume that a surface force G is applied in the form:
G(L,y,n) =(-y,0) for r€(0,1], y<[0,1],

and boundary I'y is assumed to be traction-free.

Using the time discretization parameter k = 1072, the norm of the displacements of the first con-
stituent is plotted at final time 7 = 1 in Figure 3(left) over the deformed configuration. We can see
that the body bends due to the application of the surface force and, due to the clamping conditions, the
more displaced areas are located on the top right part, since the force is linearly increasing with the
value of the Y-coordinate. Moreover, the norm of these displacements is also shown by using arrows
in Figure 3(right). We can clearly appreciate the orientation due the boundary conditions.
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Finally, in Figure 4 we plot the displacements and the velocity of the second constituent at final time
over the deformed configuration. We note that they are generated by the resulting deformation and the
coupling with the displacement and velocity of the first constituent.

Nor1m20f the Displacement of the first constituent Di vector

NNV
RS !
SKRSRRRRA

0.8

25
7AVAY

0.6

y
SN
SO
55 v
XKL

0.4
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Figure 3. Example 2D: Norm of the displacement of the first constituent (left) and deforma-
tion by arrows (right) at final time.
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Figure 4. Example 2D: Norm of the displacement (left) and velocity (right) of the second
constituent at final time.

Acknowledgments

The authors would like to express their gratitude to the anonymous referees, whose comments
improved the quality of the paper.

This paper is part of the project PID2019-105118GB-100, funded by the Spanish Ministry of Sci-
ence, Innovation and Universities and FEDER “A way to make Europe”.

Conflict of interest
The authors declare there is no conflict of interest.

Electronic Research Archive Volume 30, Issue 12, 4318—4340.



4339

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

H. F. Tiersten, M. Jahanmir, A theory of composites modeled as inerpenetreting solid continua,
Arch. Ration. Mech. Anal., 65 (1977), 153-192. https://doi.org/10.1007/BF00276554

R.J. Atkin, R. E. Craine, Continuum theories of mixtures: basic theory and historical development,
Q. J. Mech. Appl. Math., 29 (1976), 209-244. https://doi.org/10.1093/qjmam/29.2.209

R. M. Bowen, Theory of mixtures, in Continuum Physics I1l, Academic Press, New York, (1976),
689-722.

A. Bedford, D. S. Drumbheller, Theories of immiscible and structured materials, Int. J. Eng. Sci.,
21 (1983), 863-960. https://doi.org/10.1016/0020-7225(83)90071-X

A. Bedford, M. Stern, A multi-continuum theory of composite elastic materials, Acta Mech., 14
(1972), 85-102. https://doi.org/10.1007/BF01184851

A. Bedford, M. Stern, Towards a diffusing continuum theory of composite elastic materials, J.
Appl. Mech., 38 (1971), 8—14. https://doi.org/10.1115/1.3408772

R. M. Bowen, J. C. Wiese, Diffusion in mixtures of elastic materials, Int. J. Eng. Sci., 7 (1969),
689-722. https://doi.org/10.1016/0020-7225(69)90048-2

A. C. Eringen, D. J. Ingram, A continuum theory of chemically reacting media, Int. J. Eng. Sci., 3
(1965), 197-212. https://doi.org/10.1016/0020-7225(65)90044-3

A. E. Green, P. M. Naghdi, A dynamical theory of interacting continua, Int. J. Eng. Sci., 3 (1965),
231-241. https://doi.org/10.1016/0020-7225(65)90046-7

A. E. Green, P. M. Naghdi, A note on mixtures, Int. J. Eng. Sci., 6 (1968), 631-635.
https://doi.org/10.1016/0020-7225(68)90064-5

J. D. Ingram, A. C. Eringen, A continuum theory of chemically reacting media I, Int. J. Eng. Sci.,
5 (1967), 289-322. https://doi.org/10.1016/0020-7225(67)90040-7

D. Iesan, R. Quintanilla, On the theory of interacting continua with memory, J. Therm. Stresses,
25 (2002), 1161-1177. https://doi.org/10.1080/01495730290074586

P. D. Kellyy, A reacting continuum, [Int. J. Eng. Sci, 2 (1964), 129-153.
https://doi.org/10.1016/0020-7225(64)90001-1

K. R. Rajagopal, L. Tao, Mechanics of mixtures, Ser. Adv. Math. Appl. Sci., 35 (1995).
https://doi.org/10.1142/2197

X. Zhang, E. Zhai, Y. Wu, D. Sun, Theoretical and numerical analyses on Hy-
dro—Thermal-Salt-Mechanical interaction of unsaturated salinized soil subjected to
typical unidirectional freezing process, Int. J. Geomech., 21 (2021), 04021104.
https://doi.org/10.1061/(ASCE)GM.1943-5622.0002036

X. Zhang, Y. Wu, E. Zhai, P. Ye, Coupling analysis of the heat-water dynam-
ics and frozen depth in a seasonally frozen zone, J. Hydrol, 593 (2021), 125603.
https://doi.org/10.1016/j.jhydrol.2020.125603

N. Bazarra, J. R. Ferniandez, R. Quintanilla, Analysis of a Moore-Gibson-
Thompson thermoelasticity problem, J. Comput. Appl. Math., 382 (2021), 113058.
https://doi.org/10.1016/j.cam.2020.113058

Electronic Research Archive Volume 30, Issue 12, 4318—4340.


http://dx.doi.org/https://doi.org/10.1007/BF00276554
http://dx.doi.org/https://doi.org/10.1093/qjmam/29.2.209
http://dx.doi.org/https://doi.org/10.1016/0020-7225(83)90071-X
http://dx.doi.org/https://doi.org/10.1007/BF01184851
http://dx.doi.org/https://doi.org/10.1115/1.3408772
http://dx.doi.org/https://doi.org/10.1016/0020-7225(69)90048-2
http://dx.doi.org/https://doi.org/10.1016/0020-7225(65)90044-3
http://dx.doi.org/https://doi.org/10.1016/0020-7225(65)90046-7
http://dx.doi.org/https://doi.org/10.1016/0020-7225(68)90064-5
http://dx.doi.org/https://doi.org/10.1016/0020-7225(67)90040-7
http://dx.doi.org/https://doi.org/10.1080/01495730290074586
http://dx.doi.org/https://doi.org/10.1016/0020-7225(64)90001-1
http://dx.doi.org/https://doi.org/10.1142/2197
http://dx.doi.org/https://doi.org/10.1061/(ASCE)GM.1943-5622.0002036
http://dx.doi.org/https://doi.org/10.1016/j.jhydrol.2020.125603
http://dx.doi.org/https://doi.org/10.1016/j.cam.2020.113058

4340

18

19.

20.

21.

22.

23.
24.
25.
26.
27.

28.

@ AIMS Press

. N. Bazarra, J. R. Ferndndez, R. Quintanilla, On the decay of the energy for radial solu-
tions in Moore-Gibson-Thompson thermoelasticity, Math. Mech. Solids, 26 (2021), 1507-1514.
https://doi.org/10.1177/1081286521994258

M. Conti, V. Pata, M. Pellicer, R. Quintanilla, A new approach to MGT-thermoviscoelasticity,
Discrete Contin. Dyn. Syst., 41 (2021), 4645—-4666. https://doi.org/10.3934/dcds.2021052

M. Conti, V. Pata, R. Quintanilla, Thermoelasticity of Moore-Gibson-Thompson type with history
dependence in the temperature, Asymptotic Anal., 120 (2020), 1-21. https://doi.org/10.3233/ASY-
191576

J. R. Fernandez, R. Quintanilla, Moore-Gibson-Thompson theory for thermoelastic dielectrics,
Appl. Math. Mech., 42 (2021), 309-316. https://doi.org/10.1007/s10483-021-2703-9

K. Jangid, S. Mukhopadhyay, A domain of influence theorem for a natural stress-heat-flux prob-
lem in the Moore-Gibson-Thompson thermoelasticity theory, Acta Mech., 232 (2021), 177-187.
https://doi.org/10.1007/s00707-020-02833-1

K. Jangid, S. Mukhopadhyay, A domain of influence theorem under MGT thermoelasticity theory,
Math. Mech. Solids, 26 (2020), 285-295. https://doi.org/10.1177/1081286520946820

R. Quintanilla, Moore-Gibson-Thompson thermoelasticity, Math. Mech. Solids, 24 (2019), 4020-
4031. https://doi.org/10.1177/1081286519862007

J. R. Fernandez, R. Quintanilla, On a mixture of an MGT viscous material and an elastic solid,
Acta Mech., 233 (2022), 291-297. https://doi.org/10.1007/s00707-021-03124-z

Z.Liu, S. Zheng, Semigroups Associated with Dissipative Systems, Chapman and Hall/CRC, Boca
Raton, 1999.

P. G. Ciarlet, Basic error estimates for elliptic problems, Handb. Numer. Anal., 2 (1993), 17-351.
https://doi.org/10.1016/S1570-8659(05)80039-0

M. Campo, J. R. Ferndndez, K. L. Kuttler, M. Shillor, J. M. Viafio, Numerical analysis and sim-
ulations of a dynamic frictionless contact problem with damage, Comput. Methods Appl. Mech.
Eng., 196 (2006), 476—488. https://doi.org/10.1016/j.cma.2006.05.006

©2022 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Electronic Research Archive Volume 30, Issue 12, 4318—4340.


http://dx.doi.org/https://doi.org/10.1177/1081286521994258
http://dx.doi.org/https://doi.org/10.3934/dcds.2021052
http://dx.doi.org/https://doi.org/10.3233/ASY-191576
http://dx.doi.org/https://doi.org/10.3233/ASY-191576
http://dx.doi.org/https://doi.org/10.1007/s10483-021-2703-9
http://dx.doi.org/https://doi.org/10.1007/s00707-020-02833-1
http://dx.doi.org/https://doi.org/10.1177/1081286520946820
http://dx.doi.org/https://doi.org/10.1177/1081286519862007
http://dx.doi.org/https://doi.org/10.1007/s00707-021-03124-z
http://dx.doi.org/https://doi.org/10.1016/S1570-8659(05)80039-0
http://dx.doi.org/https://doi.org/10.1016/j.cma.2006.05.006
http://creativecommons.org/licenses/by/4.0

	Introduction
	Basic equations
	The model
	The assumptions

	Existence of solutions
	The one-dimensional case: energy decay
	Fully discrete approximations: a priori error estimates
	Fully discrete approximations
	A priori error estimates

	Numerical results
	First example: numerical convergence and energy decay in a 1D problem
	Second example: a two-dimensional problem


