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ABSTRACT. In this paper, we study the boundedness and persistence of positive
solution, existence of invariant rectangle, local and global behavior, and rate
of convergence of positive solutions of the following systems of exponential
difference equations

ay + Bre” -t ag + fBae”Yn—1
Tp41 = ———————, Ynt1 = ——————————
" 71+ Yn " Y2+ ZTn
a1 + e ¥r-t az + fBae” -t
Tpg1 = —————, Ynp1 = —————,
Y1+ Tn Y2 + Yn

where the parameters «;, Bi, 7 for ¢ € {1,2} and the initial conditions
r_1,%0,Y—1,Y0 are positive real numbers. Some numerical example are given
to illustrate our theoretical results.

1. Introduction. Mathematical models of population dynamics are often described
by difference equations and systems of difference equations. In particular, the popu-
lation models involving exponential difference equations are quite popular, although
their stability analysis can be complicated. In recent years, the global asymptotic
behavior of the difference equations of exponential form has been one of the main
topics in the theory of difference equations (see [2, 3, 4, 5, 7, 12, 13, 14, 15, 16, 17,
8, 20] and reference cited therein).
In [4], El-Metwally et al. investigated the following population model:

Tn+1 = a+ﬁxn—le_zn7 (1)

where the parameters o and [ are positive numbers and the initial conditions x_1
and xz( are arbitrary non-negative numbers. Later in [5], Fotiades et al. studied the
existence, uniqueness and attractivity of prime period two solution of this equation.

Papaschinopoulos et al. [15] and Papaschinopoulos and Schinas [17] investigated
the dynamical properties of two-species model described by systems of difference
equations, which is natural extension of single-species population model depicted in
1.
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Ozturk et al. [12] have investigated the following difference equation:

o+ BeUn
Yn+1 = ) 2
m Y + Yn—1 ( )
where the parameters «, 3, are positive numbers and the initial conditions are
arbitrary non-negative numbers.
Papaschinopoulos et al. [16] have studied the following systems of two difference
equations of exponential form:

o+ PeUn 0+ ee”"n
Ln+1 = 77 o1 Yn+1 = 777 Tz,

o+ PeUn 0+ ee”"n

o+ Be”"n 6+ eeYn
P e T

where «, 3,7, d, €,n are positive constants and the initial values x_1, xg,y_1, yo are
positive numbers.

In 2016, Wang and Feng [20] have investigated the dynamics of positive solution
of the following difference equation which is naturally a new form of single-species
model described in 1:

Tny1 = @+ frpe” 7t

where the parameters « and § are positive numbers and the initial conditions z_1
and z are arbitrary non-negative numbers.

Motivated by the aforementioned study, our goal in this paper is to investigate the
qualitative behavior of positive solutions of some systems of exponential difference
equations

S s Pre -t Yo = 22 + Bae” ¥t (3)
= Yl = —

" Y1+ Yn " Y2 + @

o= T fre”¥n2 ey = 22 + Bae” "t @)
mr Y1 + Tn It Y2 + Yn ’

where the parameters «;, S;, ; for i € {1,2} and the initial conditions ©_1, g, y—1,
Yo are positive real numbers.

More precisely, we investigate the boundedness character, persistence, existence
of invariant rectangle, local asymptotic stability and global behavior of unique pos-
itive equilibrium point, and rate of convergence of positive solutions of system 3
and 4 which converges to its unique positive equilibrium point. For applications
and basic theory of difference equations we refer to [1, 6, 10, 11, 19].

2. Preliminaries. In this section, we present some definitions and theorems which
are used throughout this study.

Let us consider fourth-dimensional discrete dynamical system of the following
form:

Tnt+1 = f(xnaxn—laynvyn—l)v Yn+1 = g(xnzxn—layn7yn—1)a n = 07 17 (5)

where f: 1?2 x J? — I and g : I? x J? — J are continuously differentiable functions
and I, J are some intervals of real numbers. Furthermore, a solution {z,, y, }52 _; of
system 5 is uniquely determined by initial conditions (x;,y;) € I x J for i € {—1,0}.
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Along with system 5, we consider the corresponding vector map F' = (f, z,, g, Yn)-
An equilibrium point of 5 is a point (Z,7) that sitisfies
T=[f(T,T,9.79), 7=9T7T.77).

Definition 2.1. Let (Z,7) be an equilibrium point of system 5.

(1) An equilibrium point (%, ) is called stable if for any € > 0 there is 6 > 0 such
that for every initial conditions (x_1,y-1) and (xo,v0), if [[(z-1,y-1) — (T, 7)|| +
[|(zo,y0) — (T,7)|| < § implies that ||(xn,yn) — (T,Y)|| < € for all n > 0, where ||.|
is usual Euclidean norm in R2.

(ii) An equilibrium point (Z,y) is called unstable if it is not stable.

(iil) An equilibrium point (Z,7) is called locally asymptotically stable if it stable
and if, in addition, there exists r > 0 such that (z,,y,) — (%,7) as n — oo for all
(z—1,9y-1) and (zo,y0) that satisfy |[(z—1,y-1) — @ D) + [[(z0, yo) — @, Y)I| <.

(iv) An equilibrium point (Z,7) is called global attractor if (x,,y,) — (Z,7) as
n — 0o.

(v) An equilibrium point (%, 7) is called globally asymptotically stable if it stable
and a global attractor.

Definition 2.2. Let (Z,Z,7,7) be a fixed point of a map F = (f,z,,g,y,) where
f and g are continuously differentiable functions at (Z,%). The linearized system of
5 about the equilibrium point (Z,7) is

Xn+1 = JFXn;
In
where X,, = =1L and J r is the Jacobian matrix of system 5 about the equi-
n
Yn—1

librium point (Z,7).

Lemma 2.3. (see [19]) Assume that X, 11 = F(X,),n = 0,1,..., is a system of
difference equations such that X is a fized point of F. If all eigenvalues of the
Jacobian matriz Jp about X lie inside the open unit disk |\ < 1, then X is locally
asymptotically stable. If one of them has a modulus greater than one, then X is
unstable.

Definition 2.4. A positive solution {z, y,}°2_; of system 5 is bounded and per-
sists if there exist positive constants m, M and an interger N > —1 such that

m < T,y <M, n>N.

In order to study the asymptotic behavior of positive equilibrium, we state the
following lemma which is a slight modification of Theorem 1.16 of [6] and for readers
convenience we state it without its proof.

Lemma 2.5. Assume that f : (0,00) x (0,00) — (0,00) and g : (0,00) x (0,00) —
(0, 00) be continuous functions and a,b, ¢, d are positive real numbers with a < b, c <
d. Moreover, suppose that f : [a,b] X [¢,d] — [a,b] and g : [a,b] X [¢,d] = [¢,d] such
that following conditions are satisfied:
(i) f(x,y),g9(x,y) are decreasing with respect to x (resp. y) for ally (resp. x);
(ii) Let my, M1, mo, My are real numbers such that

my = f(My, M), My = f(mi,mg), ma = g(My, M), My = g(mi,mz2)  (6)
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then m1 = My and mo = M.
Then the systems of difference equations

Tni41 = f(xn—la yn)v Yn+1 = g(xmyn—l)a (7)

Tpt1 = [(TnyYn—1)s Ynt1 = 9(Tn—1,Yn) (8)
have a unique equilibrium point (Z,7y) and every solution (Z,,y,) of the system 7
(resp. 8) with x_1,x9 € [a,b],y—1,y0 € [c,d] converges to the unique equilibrium
(Z,7).
The following results give the rate of convergence of solutions of a system of
difference equations
Xnt1=[A+ B(n)] X, (9)
where X, is a m-dimensional vector, A € C™*™ is a constant matrix, and B :
Z+t — C™X™ ig a matrix function satisfying

|B(n)|| — 0 when n — oo, (10)
where ||.|| denotes any matrix norm which is associated with the vector norm
Gz, Yl = Va2 +y2.

Proposition 2.6 (Perron’s theorem [18]). Assume that condition 10 holds. If X,
is a solution of system 9, then either X,, = 0 for all large n or

p= lim /X, (11)
exists and is equal to the modulus of one of the eigenvalues of matriz A.

Proposition 2.7 (See [18]). Assume that condition 10 holds. If X,, is a solution
of system 9, then either X,, = 0 for all large n or

Xn
ot 1]

n—oo || Xy ||

exists and is equal to the modulus of one of the eigenvalues of matriz A.

(12)

3. Main results.
3.1. Global behavior of solutions of system 3.

3.1.1. Boundedness and persistence. In this section, we show the boundedness and
persistence of the positive solutions of system 3.

Lemma 3.1. Every positive solution {(zy,yn)} of system 3 is bounded and persists.

Proof. For any positive solution {(z,,yn)} of system 3, one has
oy + B ag + 3o

Tpt1 < =b1, Ynt1 < =dy, n=0,1,2,... (13)
! Y2
Furthermore, from system 3 and 13, we obtain that
oy + Bre b Qg + fBre™ ™
T > — =aqay, > ——=c,n=23,4,... 14
Syt d b Uit = Y2 + b1 ' (14)

From 13 and 14, it follows that
algxngbh Clgyngd17n:374757"'

So the proof is complete. O
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Lemma 3.2. Let {(zn,yn)} be a positive solution of system 3. Then [a1,b1]X][c1, d1]
s an invariant set for system 3.

Proof. The proof follows by induction. O

3.1.2. Stability analysis. In this section, we shall investigate the asymptotic behav-
ior of system 3. Similar method can be found in [9].
Let (Z,7) be the equilibrium point of system 3 then

-_ ot Bre ™ T + Bae™V
Nn+y "2+T
The linearized form of system 3 about the equilibrium point (Z,7) is given by

Xn+1 - JF(fa ?)Xm

ﬂleiE T
" Pl 2 0
n Tty M+Yy
where X, = | “»7' | and Jr(Z,y) = v 0 0 0 3
Yn Y 0 0 o Bae
Yn—1 Y2+ T Y2+
0 0 1 0

In the following theorem, we show the asymptotic behavior of the positive solu-
tions of system 3.

Theorem 3.3. Suppose that the following relation holds true:
Br <71, P2 <. (15)

Then system 3 has a unique positive equilibrium (T,y) and every positive solution
of system 3 tends to the unique positive equilibrium as n — co.

Proof. Consider the following functions:

ai + pre””
Zz, = > Zz, =
f(z,y) Py 9(,y)
where z € Iy = [a1,b1],y € Iy = [c1,d1] which implies that f(z,y) € I, g(z,y) € I
and so that f : [y x Iy = I1,g : I x Iy — I. Then, it is easy to see that
f(z,y),9(x,y) are decreasing with respect to = (resp. y) for all y (resp. z). Let
(m, M,r, R) be a solution of the system
m:f(M’R)a M:f(m,r)7
r=g(M,R), R=g(m,r).

ag + fBae™Y
Yo+

Then, one has

— -l-ﬁle_M7 o Qe 4—516_m7 - 042+526_R, po2the (16)
1+ R Nt Y2+ M Y2 +m
Moreover arguing as in the proof of Theorem 1.16 of [6], it suffices to assume that

m<M, r<R. (17)

From 16, we get
Bre”™ =M(yi+71)—o1, Bie™ =m(y+R) — o,

Boe™" = R(ya +m) —az, Pee T =r(y2+ M) - ay,
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which imply that
Bile™™ —e ™) =4 (M —m)+ Mr—mR,

(18)
Bo(e™" —e ) =~9(R—1) +mR — Mr.
Then by adding the two relations 18, we obtain
Bile™™ —e M) + Ba(e™ — ™) = 11 (M —m) + (R~ 7).
Moreover, we get
e —e" =e*(R—r), min{R,r} < ¢ < max{R,7}, 19)

M —e™ = e’ (M —m), min{M,m} <60 < max{M,m}.

Then from 19, imply that
Bre” ™ MM —m) + Boe™" (R — 1) = 31 (M —m) + 72(R 7). (20)

Hence from 20, we have
y1(M —m) (1 — Ble—m—M”) +72(R—7) (1 — ﬁze—T—R%) =0. (21)
gi! Y2

Finally, from 15, 17 and 21, it follows that M = m and R = r. Therefore, from
Lemma 2.5, it follows that system 3 has a unique positive equilibrium (Z,%) and

every positive solution of system 3 tends to the unique positive equilibrium as
n — oo. This completes the proof of the theorem. O

In the next theorem of this section, we will study the global asymptotic stability
of the positive equilibrium of system 3.

Theorem 3.4. Consider system 3 where 15 holds true. Also suppose that
Bre” " Pae™  bidy + BB T
Y1t 2t an (m1+c1)(re +a1)

Then the unique positive equilibrium point (T,y) of system 3 is globally asymptoti-
cally stable.

(22)

Proof. First we will prove that (Z,7) is locally asymptotically stable. The chara-
teristic equation of the Jacobian matrix Jg(Z,y) about (Z,y) is given by

M4 paA? 4+ py =0, (23)
where _ B
pre™®  Bae™Y Ty

N+7 P+t m+P0O2+T)
by = Bre™® PBoeV
4— . .
N+Y 2+T

From condition 22, we get
pre " " Bae™Y Ty pre” " Pae?
M+Y 2+tT M+t ntY etz

—ai —C1 b d —ai1—cC1
< Bie n Bae L + f152¢ <1

ntea rta (nta)lreta)

Therefore, follows Remark 1.3.1 of reference [10], all the roots of equation 23 are
of modulus less than 1, and it follows from Lemma 2.3 that the unique positive
equilibrium point (Z,7) of system 3 is locally asymptotically stable. Using Theorem

Ip2| + |pa| =
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3.3, we obtain that (Z,7) is globally asymptotically stable. This completes the proof

of the theorem.

3.1.3. Rate of convergence. In this section, we give the rate of convergence of a
solution that converges to the equilibrium of the systems 3. Similar method can be

found in [8, 9].
Let {(zn,yn)} be an arbitrary solution of system 3 such that lim, . x, = T,

and lim, o yn = 7, where T € [a1,b1], and T € [c1,d1]. To find the error terms,

one has from the system 3

o +5le—$71—1 aq _j’_/Ble—f

Tn+1 — T = —
Mt Yn 71ty
~(a+Bre ") (1 +7) — (a1 + Bre” ") (91 + Yn)
a (1 +yn)(n1 +7)
—a1(yn — ) + Biyi(e 1 —e ) + Br(e 1y — e Ty,
B (M +yn)(n1 +7)
_ o1 (Yn —Y) — Pime Tt (e T — 1)
B (71 + yn)('Yl + y)
n Brle” 1y — e Py, Fe Pty — e Tyy)
(M +y)n +7)
Bre Fn-1(ePn-17% — 1) _ ay + Pre”Fn-t _
T e s T T G Y
and
_ gt feeTVn 1 ag + fBaeV
It Y T Y, mtE
(ag + Boe™¥n 1) (72 +7) — (2 + Bae™¥) (72 + w4)
a (2 + 2n)(72 + )
—ao(Ty —T) + Baya(e Vn-t —e V) + Ba(e V1T — e Va,)
a (72 +2n)(72 +7)
—ao(Ty, — T) — Payae Yn—t(e¥n-17V — 1)
a (V2 +2n) (72 +7)
N Ba(e¥n1T — e Yn—1g, + e Yn-lx, —e Yz,)

(v2 +2n)(72 +7)
(65) + ﬂ2€_yn—1 /826_117;71 (eyn—l_y _ 1)

B R M e o
Let e} =z, — T, and €2 = y,, — ¥, then one has
e,lﬂrl = ane,ll_l + bnei,
eELJrl = cney + dnel_y,
where
I G V) _ o1+t et
YT @ n T a9
6 = + Bae U1 _ _ PaeT¥ni(e¥m 17V — 1)

(2 +zn)(2+2) " (Y2 +Z)(Yn-1 —7)
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Moreover,
—T —
lim an:—&i, lim b, = — 33 —,
n—00 MT+Y  n—o Y1 +7Y
7 -7
lim ¢, = — L —, lim d, = —626 —.
n—oo Y2 +x n— o0 Y2 +x

So, the limiting system of the error terms can be written as

1 0 b 0 1
eniLl 1 710+ Y ’710+ Y 0 1€n
Cn — _ n—1
623-1 v 0 0 P 2{3%
€n Y2 +T Y2 + €n—1
0 0 1 0

which similar to the linearized system of 3 about the equilibrium point (Z, 7). Using
Proposition 2.6 and 2.7, one has the following result.

Theorem 3.5. Assume that {(z,,yn)} be a positive solution of system 3 such that

lim, o0 &, = T, and lim, o0 Yy = Y, where T € [a1,b1] and G € [c1,dq]. Then the
1
n

1

error vector e, = of every solution of (3) satisfies both of the following

2

n
e

asymptotic relations:

)
IV®IFED

-1

tim (lleal)® = A, tim Dol 210 34,

n— oo n—oo |||
where \; is one of the charateristic roots of Jacobian matriz Jg(T,7).

3.2. Global behavior of solutions of system 4.

3.2.1. Boundedness and persistence. In the following lemma, we study the bound-
edness and persistence of the positive solutions of system 4.

Lemma 3.6. Every positive solution {(xn,yn)} of system J is bounded and persists.

Proof. Let {(x,yn)} be a positive solution of system 4. Similarly as Lemma 3.1,
for n = 3,4,5,... by induction, we get

Ty € [a2vb2]7 Yn € [627d2]7

where
_a2+B2
a ot pre 2 b _art+ B
2 — = IR 2 — -
A+ 2t no
_a1+8y
_G2tfe L atf
€2 = az+B2 ’ 2= ’
72+ 75, Y2
So the proof is complete. O

Corollary 3.7. Let {(xn,yn)} be a positive solution of system 4. Then [ag,bs] X
[ca,ds] is an invariant set for system /.
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3.2.2. Stability analysis. In this section, we shall investigate the asymptotic behav-
ior of system 4. Let (Z,y) be the equilibrium point of system 4 then

T = ay + Bre ¥ 7= g + Bre %
n+z V2+7
The linearized form of system 4 about the equilibrium point (Z,7) is given by

Xn+1 = JF(Ev y)Xna

= -7
. T o B’
n 71+ Y+
where X,, = =11 and Jr(Z,y) = 1 0 = O, 0
Yn 0 _626 Y 0
Yn—1 Y2 +Y Y2ty
0 0 1 0

In the following theorem, we show the asymptotic behavior of the positive solu-
tions of system 4.

Theorem 3.8. Suppose that the following relation holds true:
B1B2 < m7y2- (24)

Then system / has a unique positive equilibrium (Z,y) and every positive solution
of system 4 tends to the unique positive equilibrium as n — co.

Proof. Consider the following functions:
Qg + fae”

b x? =
g(x,y) Ty

where x € I3 = [az, b2,y € Iy = [ca,d3] which implies that f(x,y) € I3, g(z,y) € I4
and so that f : Is x Iy, — I3,9 : I3 x Iy — I,. Then, it is easy to see that
f(z,y), g(x,y) are decreasing with respect to x (resp. y) for all y (resp. z). Let
(m, M,r, R) be a solution of the system

m:f(MaR)v M:f(m,r)7
r=g(M,R), R=g(m,r).

ay + eV

flx,y) = P

Then, one has

_ @ -f-ﬂle_R7 oM +516_7"’ - 012-1-526_M7 n_ a2+526_m. (25)
v+ M Y1 +m y2+ R Yo+ 1

From 25, we get

pre”" = M(y +m) — o, BreF = m(y + M) — aq,

Boe™™ = R(ya+71) — a2, Bee ™ =r(72+ R) — ay,
which imply that
Bi(e™" —e By =~y (M —m), (26)
Ba(e™™ —e M) = ya(R — 7).
Moreover, we get
el —e" =e5(R—r), min{R,r} < ¢ < max{R,r},

eM —em = e (M —m), min{M,m} <6 < max{M,m}.
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Then from 26 and 27, we have

M-m= &(e_r —e )= ﬁ6_7"_1%(61'% —e') = ﬁe_r_RJrf(R - ),

ga! gi! gi! (28)
R—r= @(e_m —e M) = @e_m_M(eM —e) = ée_m_M%(M —m),
V2 72 72
and so
|M —m| < ﬁ|R—r|, IR —r| < &|M—m|.
ga! V2

Therefore, we get

(l—ﬂlﬂ2>M—m|§0, (1_5152>|R_r|§0, (29)
Y172 Y172

Finally, from 24 and 29, it follows that M = m and R = r. Therefore, from Lemma
2.5, it follows that system 4 has a unique positive equilibrium (Z,7) and every
positive solution of system 4 tends to the unique positive equilibrium as n — oo.
This completes the proof of the theorem. O

In the next theorem of this section, we will study the global asymptotic stability
of the positive equilibrium of system 4.

Theorem 3.9. Consider system J where 24 holds true. Also suppose that
ba n da n bady + 31 Bae™ 272
Mta vtc (71 + az)(y2 + ¢2)

Then the unique positive equilibrium point (Z,7) of system 4 is globally asymptoti-
cally stable.

<1 (30)

Proof. First we will prove that (Z,7) is locally asymptotically stable. The chara-
teristic equation of the Jacobian matrix Jg(Z,7) about (Z,7) is given by

ME@aA 4+ @A +q=0, (31)
where _
€T Y
q = +
! M+T ety
q2 — —
(m+7)(2+7)
_ pieT o™
s = ———. —.
1+T v2+Y
From condition 30, we get
T 7] z.y pre™V [ae™"
Q1| + |92 + |qa| = — + — + — — —. —
laa] + a2 + laal N+T 2+y m+T(2+yY) Nn+T n+y
bo do bady + B1Bre™ 272

<1

< +
Y1t+az 2+ ce (71 +a2)(v2 + c2)

Therefore, follows Remark 1.3.1 of reference [10], all the roots of equation 31 are
of modulus less than 1, and it follows from Lemma 2.3 that the unique positive
equilibrium point (Z,7) of system 4 is locally asymptotically stable. Using Theorem
3.8, we obtain that (7, 7) is globally asymptotically stable. This completes the proof
of the theorem. O



GLOBAL DYNAMICS OF SOME SYSTEM OF ... 4169

3.2.3. Rate of convergence. In this section, we give the rate of convergence of a
solution that converges to the equilibrium of the systems 4.

Let {(zn,yn)} be an arbitrary solution of system 4 such that lim, . 2, = T,
and lim,, o0 Yn, = T, where T € [ag,b2], and § € [ca,d3]. To find the error terms,
one has from the system 4

ar+ fre ¥t an+ Bre Y

Tpy1 — T = —
Y1+ T Y+
(a1 + Bie™ V1) (71 +7) — (1 + Bre” V) (71 + m0)
- (1 +@n) (11 +7)
o =T+ BrnleI — ) 4 Bu(e T — e T
B (m1 +2p) (11 +7)
_ —oi(zn —T) = fryjre Vot (et — 1)
; (71 +zn) (11 +7)
N Bi(e7 V1T — e7Yn-1g, + e Yn-1x, — e V)
(11 +zn) (11 +7T)
ag + fre” ¥t N e (A §) _
= — (mn - x) - — — (ynfl - y)?
(M +2p)(n +72) (M +2)(Yn—1-7)
and
_ ag+faeT Tt g+ fPae”
e T T e ety
(g + Brem™ ) (2 +7) — (a2 + B2e ") (v2 + Yn)
a (Y2 + yn) (72 +7)
 —a(yn — ) + Payale T — e ) 4 Pae Y — e Ty,
a (Y2 + yn) (72 +7)
_ —a(Yn — ) — Poype Tt (e T — 1)
a (72 + yn) (72 +7)
+ Bae ™ *n-1y — e~ Tnly, +e Tty — eiiyn)

(72 +7yn)(72 +7)
_ _626 n_l(e not — 1) (xn—l _ f) _ (

(Y2 +7)(Tn—1 — )

Let e} =z, — T, and €2 = y,, — 7, then one has

o + foe”Fnt
- 7).

Y2 + Yn) (2 +7)

(Yn

1 _ 1 2
en+1 - fnen + In€n_1,

2 1 2
€1 = hne, 1 + kney,

where
f oy + 5167y1L71 ﬁlefynfl(eynf1*? _ 1)
n = — — > Gn = — — —
(M +zn)(n +7) (M +Z)(Yn—1 —7)
ﬂzefznfl(exn—lff _ 1) g + Bgeﬂ”"*l
hn = - — — ) kn = -
(v2 +9) (@01 — 7) (2 +yn) (12 +7)
Moreover,
T -7
lim f, =— m lim gn:fﬂ16

n—00 Y1 —|—f’ n—00 Y1 —|—f’
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7T —
lm by, = — 2 Gk, =Y
n—00 Y2 +Y n—o Y2 +Y
So, the limiting system of the error terms can be written as
T -7
1 - — 0 0 _bre — 1
€nt1 mn+zT mn+T en
ze}L _ 1 0 0 0 e}b2_1
67’7,3—1 0 _ /326753 _ y O 2€n
€n Y2 + ? Y2 + ? €h—1
0 1 0

which similar to the linearized system of 4 about the equilibrium point (Z,7). Using
Proposition 2.6 and 2.7, one has the following result.

Theorem 3.10. Assume that {(x,,yn)} be a positive solution of system /J such
that lim,, oo T, = T, and lim,_, Yy =7, where T € [az,ba] and T € [ca,ds]. Then

€n
1
the error vector e, = 622_1 of every solution of j satisfies both of the following
n
o
asymptotic relations:
tim (flea)F = 0, tim Dt g1
n—oo n—oo |len|

where \; is one of the charateristic roots of Jacobian matrix Jp(T,7).

4. Numerical simulations. In an effort to affirm our theoretical dialogue, we
consider several numerical examples. These examples represent different types of
qualitative behavior of solutions of the systems 3 and 4. All plots in this section
are drawn with MATLAB.

Example 4.1. Let a3 = 30,81 = 1.4,71 = 1.5,ay = 45,65 = 2.5, and v, = 2.8.

Then system 3 can be written as

30+ 1.4e~*n—1 45 4 2.5e7Yn—1

. o Yt = —F5g
1.5+ y, 2.8+ x,

with initial conditions z_; = 0.59, o = 0.61,y_1 = 0.96, and yo = 0.94.

(L‘n+1 = 5 (32)

15¢

10

.

0 20 40 60 80 100

FIGURE 1. Plot of x,, for the system 32
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In this case, the unique positive equilibrium point of the system 32 is given by
(T,7) = (3.455959,7.193442). Moreover, the plot of z,, is shown in Figure 1, the

plot of y,, is shown in Figure 2, and an attractor of the system 32 is shown in Figure
3.

15¢

10

0 20 40 60 80 100
FiGure 2. Plot of y, for the system 32

15

10

FIGURE 3. An attractor of the system 32

Example 4.2. Let oy =0.2,8; = 19,71 = 4,a2 = 0.3, 82 = 20, and 5 = 2. Then
system 3 can be written as

0.2 + 19¢*n-1 _ 0.3 + 20~ Yn—1
4+ yn » Yt = 2+x,

with initial conditions x_1 = 1,29 = 1,y_1 = 3, and yy = 3.

Tnt1 = (33)

)

In this case, the unique positive equilibrium point of the system 33 is unstable.
Moreover, the plot of x,, is shown in Figure 4, the plot of y,, is shown in Figure 5,
and a phase portrait of system 33 is shown in Figure 6.

Example 4.3. Let a3 = 401,58, = 1,7 = 1.75, a5 = 395,82 = 1.5, and v, = 1.

Then system 4 can be written as

401 + le7¥n—1 395 + 1.5e~ Pn—1

e R N —
1.75 + x,, 1+y,

with initial conditions z_1 = 15,29 = 24.5,y_1 = 15, and yg = 25.

Tp+1 = 5 (34)
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n

FIGURE 4. Plot of x,, for the system 33

L

200

250

0 50 100 150
n

300

FIGURE 5. Plot of y, for the system 33

8

FIGURE 6. Phase portrait of system 33

In this case, the unique positive equilibrium point of the system 34 is given by
(Z,7) = (19.169092, 19.380895). Moreover, the plot of x,, is shown in Figure 7, the
plot of y,, is shown in Figure 8, and an attractor of the system 34 is shown in Figure
9.

Example 4.4. Let a3 = 4,5, = 10,71 = 1.6,a2 = 5.5,8; = 10.8, and v = 1.
Then system 4 can be written as

4+ 10e7Yn-1 5.5 4+ 10.8e~*n—1

gl = , 35
1.6+, = U 14 yn (35)

Tn41 =
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25
%= 20
15 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 350 400
n
FiGure 7. Plot of x,, for the system 34
25
S£20
15 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0 50 100 150 200 250 300 350 400

n

Ficure 8. Plot of y, for the system 34

S£20

FIGURE 9. An attractor of the system 34

with initial conditions z_1 = 1.3,z = 1.5,y_1 = 2, and yg = 1.7.

In this case, the unique positive equilibrium point of the system (35) is unstable.
Moreover, the plot of x, is shown in Figure 10, the plot of y,, is shown in Figure
11, and a phase portrait of system 35 is shown in Figure 12.

5. Conclusion. In this study, we investigate the qualitative behavior of some sys-
tems of exponential difference equations. We have proved the boundedness and
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0 50 100 150 200

F1GUre 10. Plot of z,, for the system 35

0 50 100 150 200
n

FiGURE 11. Plot of y,, for the system 35

FIGURE 12. Phase portrait of system 35

persistence of positive solutions of system 3 and 4. Moreover, we have shown that
unique positive equilibrium point of system 3 and 4 is locally as well as globally
asymptotically stable under certain parametric conditions. Furthermore, the rate
of convergence of positive solutions of 3 and 4 which converges to its unique positive
equilibrium point is demonstracted. Finally, some illustrative numerical examples

are provided.
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