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ABSTRACT. In this paper, we consider the two-dimensional (2D) two-fluid
boundary layer system, which is a hyperbolic-degenerate parabolic-elliptic cou-
pling system derived from the compressible isentropic two-fluid flow equations
with nonslip boundary condition for the velocity. The local existence and
uniqueness is established in weighted Sobolev spaces under the monotonicity
assumption on tangential velocity along normal direction based on a nonlin-
ear energy method by employing a nonlinear cancelation technic introduced in
[R. Alexandre, Y.-G. Wang, C.-J. Xu and T. Yang, J. Amer. Math. Soc., 28
(2015), 745-784; N. Masmoudi and T.K. Wong, Comm. Pure Appl. Math.,
68(2015), 1683-1741] and developed in [C.-J. Liu, F. Xie and T. Yang, Comm.
Pure Appl. Math., 72(2019), 63-121].

1. Introduction.

1.1. Problem and main result. The boundary-layer theory has been developed
by Ludwig Prandtl in 1904 (see [31]). Although this theory is now more than
110 years old, it is nowadays still being applied in industry and research, because
many important fields of fluid mechanics (i.e. aeronautics, ship hydrodynamics,
automobile aerodynamics) refer to flows at high Reynolds numbers. Mathematical
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analysis on the boundary layer theory has been extensively studied in different
contexts, cf. [1,4,3,5,6,7,8,9, 10, 11, 16, 17, 21, 22, 23, 27, 28, 29, 30, 31, 34, 35,
36, 37, 40, 42] and the references therein for incompressible or compressible Navier-
Stokes boundary layer. Boundary layer problem on some more complex fluids such
as magnetohydrodynamic was also made great progresses, cf. [12, 18, 19, 20, 24,
25, 26, 32, 33, 38, 39, 41]. The main object in this paper is to establish the local
well-posedness of the two-phase boundary layer equations, which are derived from
2D two-phase flow with non-slip boundary condition on the velocity.

Two-phase or multi-phase flows are concerned with flows with two or more
components and have a wide range of applications in nature, engineering, and
biomedicine. Examples include sediment transport, geysers, volcanic eruptions,
clouds, rain in natural and climate systems, mixture of oil and natural gas in extrac-
tion tubes of oil exploitation, oil transportation, steam generators, cooling systems,
mixture of hot water and vapor of water in cooling tubes of nuclear power stations
in energy production, bubble columns, aeration systems, tumor biology, anticancer
therapies, developmental biology, plant physiology in chemical engineering, medical
and genetic engineering, bioengineering, and so on. Multi-phase flow is much more
complicated than single-phase flow due to the existence of a moving and deformable
interface and its interactions with multi-phases [13, 14, 15].

We are concerned with this kind of compressible isentropic two-fluid flow, which
can describe the mixture of two fluids of different densities or the mixture of fluid
and particles, and is derived from physical considerations in [13] (see also [2]).
Viscous compressible isentropic two-fluid flow equations read:

dym + V - (mu) =0,
On + V- (nu) =0,

O ((m+n)u) + V- ((m+nju®u)+ Vp(m,n)
= pAu+ (p+A)V(V-u).

Here the unknowns m, n represent the densities of two-fluid flows respectively, and u
and p(m,n) represent the velocity field and pressure. The pressure p(m,n) function
is expressed as

p=p(m,n)=m" +n? (2)

with 3,y > 1. The two-fluid flows have been investigated extensively. However the
two-fluid boundary layer theory is comparatively mathematically underdeveloped
and there are few results.

We assume the viscosity and shear coefficients have the same order of a small
parameter ¢. On the boundary, the non-slip boundary condition u|y—g is imposed
on velocity field. As in [29], the scaling is used as follows:

t=t, z=u, gj:»s*%y.
Then, set u = (u1, ug) and
. . _1
U(t,l’,y) = ul(taxay)7 ’U(t,lL’,y) =€ QUQ(t,may)'

When ¢ tends to 0, by asymptotic expansion and taking out leading order terms,
one obtains the following 2D two-fluid flow boundary layer equations (still denoting
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7 by y for simplicity of notation):
Oym + 0 (mu) + 9, (mv) = 0,
Oin + 05 (nu) + 0y (nv) =0,
(m + n) {0y + udpu + voyu} + dup(t, x) = Ozu,
(mY 4+ nP) (t,z,y) = p(t, x).

From (3), x ym¥~! + (3), x An?~1 together with (3),, one can obtain the following
hyperbolic-degenerate parabolic-elliptic coupling system with special case v = § by
setting p = —1

m—+n

8tp + anp + ’Uayp = _Tpp(atp + Uaa:p)a
Ot + udyu + voyu = p@iu — pOzp, 4)
1
Oput + Oyv = ——(Oyp + udyp),
P

where the unknowns u := wu(t, z,y), v := v(t,x,y) and p := p(¢,z,y) denote the
tangential and normal components of the velocity field and the “total density” in
the boundary layer respectively. The given function p(¢,x) is the pressure for the
outer flow.

Throughout the paper, we focus on the initial-boundary value problem for the
above two-fluid boundary layer equations (4) in the periodic domain Q := TxR™* :=
{(z,y) 1z € R/Z,0 < y < 400} with the initial data

ultZO - uO(xay)7 p|t:0 = PO(%?J) (5)

boundary and far-field conditions
ut, @, Y)ly=0 = v(t,2,y)ly=0 =0, lim u=U(t,2), lim p=p>(tz), (6)

Both U and p>° are the trace of tangential velocity and density satisfying the fol-
lowing “matching” conditions:

U + Ud,U = —p™0,p, (7)

O p™ + U0y p™>™ = —p™= (8t 1np% + U0, lnzﬁ) . (8)

In addition, the initial data ug := wo(z,y),po := po(z,y) and the outer flow U
satisfy the compatibility conditions:
—_n = 1. = _ 1' frd o0 —0.
Uo|y=0 = 0, ,m v Ul¢=o, S po = p lt=0 9)
To state the main result, we first introduce the function space in which the
initial-boundary value problem (4)-(6) will be solved under the strictly monotonic
assumption on the tangential velocity in the normal variable (i.e., vorticity):

w = Oyu > 0. (10)
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The space H;*A forw:Q —Rand p:=p—p>=:Q — R is defined by

- - 1
H(?’)\ {(w7p) : ||wHH?’\ < +OO7 ||pHHS=’\_1 < +OO, Z ||<y>)\+a2Daw||Loc S 87

lor <2

N 1
S 1D < (P 2 5 and > a},
lal<2

where s > 6,A > 1,0 € (0,1), D% = 03105* with the index a = (a1, az), and the
weighted H*® norm || - || =, (q) for a function f is defined by

||f||§{swx(9) = Z ||<y>’\+a2Daf||2L2(Q)> (11)
lal<s
() =1+y.
Another weighted norms | - HH;,A(Q) for the vorticity w and | - ||HZ,A71(Q) for p
are respectively given by
2 2 « o 2
||w||H‘;A(Q) = H<y>>\gé||L2(Q) + Z H<y>>\+ 2D w||L2(Q)
o] <5 (12)
ap <s—1
and
~112 ._ A— 2 Ao — a |2
”pHHZ*)‘*l(Q) T H<y> 1hSHL2(Q) + Z H<y> oz lD p”L?(Q)’
ol <s (13)
ap <s—1
where
gs = Ohw —ady (u—U) and hg:=05;p — b0, (u—"U)
with a := afu“ and b := ?, provided that w > 0.
Similar to those in [27], the difference between norms || - [|gsx(q) (resp. | -
| rex-1()) and || - HH;,A(Q) (resp. || - ||H;:,>\—1(Q)) is that the weighted L2-norm of

0w (resp. 02p) is replaced by that of g, (resp. hg) which avoids the loss of -
derivative by the nonlinear cancellation. On the other hand, these two weighted
norms are the almost equivalent. That is, there exist positive constants C; and
C5 so that the following inequality holds for any (w,p) € Hg’A(Q) and an integer
s(>6), A>1and d € (0,1):

Oy Mgz < ol + = Ullgrens < Cr (Il gy + 10500 oy ) - (14)

Remark 1. Unlike the norm [|w|| ;;=.», the weighted norm ||| ;;=.» does not share the
9 h

above almost equivalent relationship with the norm ||| -». However the following
inequality holds

18l < 170 gz + € (lollggzr + 10201122 ) (15)
which is enough to solve the problem.
The main theorem can be stated as follows.

Theorem 1.1. Given any even integer s > 6 and real numbers A, § satisfying A > 1
and § € (0,1), assume the following conditions on the initial data and the outer flow

(p>=,U):
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(i) Suppose that the initial data ug — U(0,2) € H>*"1 dyug € HQSZS)‘ and py —
p>=(0,z) € H;(’S)ﬁl satisfy the compatibility conditions (9).
(i) The outer flow (p™,U) is supposed to satisfy

5+1 5+1
Sl;p Z ||aéU||Hs—2l+2(']I‘) + Slzp Z ||8époo“Hs—2l+2(T) < +o00. (16)
=0 =0

Then there exist a time T := T(s, \,d, ||'lUO||H;,)\ Jlpo = p| yer-1, p™°,U) such
h
that the initial-boundary value problem (4)-(6) has a unique classical solution (p,u,v)
satisfying
u—U€L>®([0,T);H* 1) nC(0,T]; H® — w),
dyu € L ([O,T}; H;’A) n oo, T); H — w),
and
p—p> € L= ([0,T; H* ) nC([0,T); H® — w),

where H® — w s the space H® endowed with its weak topology.

1.2. Regularized system and preliminaries. In order to prove the local-in-time
existence of the initial-boundary value problem (4)-(6) we consider the regularized
equations for any € > 0,

€

Orp® + u 0y p® + v°0yp° = 7% (Oep + u0:p) + 6233 5

Qs + uput + v Oyu = p Ojut — pdup + € 97u, (17)
1

Ozuf + Oyv° = 0 (O¢p + u0zp)

with the initial data

Uli=o = uo(z,y), pli=0 = po(z,y), (18)
boundary conditions
u |y:0 =v |y:0 =0, ylggou = U(t,l’), yILH;op =p (t,l‘) (19)

and the regularized “matching” conditions
U + U0 U = —p>0,p + 202U, (20)

Dp™ +U0p™ = —p™ (9 Inp? + U, np? ) + 202, (21)
Introducing the unknows @€ = u® — U, p¢ = p° — p*>° and w® = Jyu®, then we have
the regularized equation for u¢

Opli® 4 u 0y + v 0y = p O, — [°0up — WDLU + €050 (22)
and the regularized equations for (¢, w®)
atﬁe +u68mﬁ€ +U€ yﬁe
= —U0Lp™ — PO, lnp% — pXuco, lnp% — pfuco, lnp% + €202 p°,

0w + u 0w + v°0yw* (23)

we
= (O + u0zp) + Oyp® (Oyw® — Ozp) + peaiwe + 202w"
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with the initial data

Ple=0 = polz,y) = p=(0,2),  wli=0 = wo := Jyuo(,y) (24)
and boundary condition
Oyw*|y=o0 = 0. (25)
The velocity field (u€, v¢) is also given

—+oo
(t,ayy) = U — / (8, 2, ) d (26)
Yy

(o) == [ outa i~ = [ @+ o) om0
by the equation
Oy + 00 = —% (O + u0yp) . (28)
As in [27], the local existence of the regularized initial-boundary value problem
(23)-(25) can be solved in [0, T], where
T:=1T(s,7,0,€ po,wo, P, U).

The rest need to derive uniform-in-e estimates on (p¢, w¢), which are respectively
obtained in Sections 2 and 3. From now on we drop the superscript e for simplicity
of notations.

In what follows, we will collect some inequalities without proof, which play im-
portant roles in establishing uniform-in-e¢ estimates on the regularized system in
next two sections.

First, we present the following Hardy type inequality and Sobolev type inequality
(see Lemmas B.1 and B.2 in [27]) for the proof of the following Lemma 1.4 and some
other parts in the paper.

Lemma 1.2 (Hardy type inequality; see Lemma B.1 in [27]). Let f : Q — R. Then
(i) if X > f% and limy_, 1 o f(z,y) =0, then

2
H<y>>\f||L2(Q) S m H<y>>\+16yf”L2(Q) 5 (29)

(ii) if X < —3%, then

16 ey <\ =55 [l

Lemma 1.3 (Sobolev type inequality; see Lemma B.2 in [27]). Let f : Q@ — R.
Then there exists universal constant C such that

1l @) < € (Il + 100 gy + 1925 2y ) - (31)

In the next lemma, we will use the weighted norms ||w|| ;= and [|p|| z=r-1 to
g h

2
2Ty 22 +1

110, ey - (30)

control certain L? and L norms of u, v,w, gi, bt and their derivatives.

Lemma 1.4 (Weighted L? and L* estimates). Let the vector field (u,v) defined
on Q satisfy the condition Oy,u + Oyv = —711)(8tp + udyp), the Dirichlet boundary
condition u|y—y = U|y:0 = 0 and limy_,;cu = U, then we have the following
estimates:
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Weighted L? estimates.
(i) For allk=0,1,--- s,

[0k = U] < © (Il + 195U o)) - (32)
(i) For all k=0,1,--- ;s —1,
|7t (2o +90)| | < (Iollugr + 10201 o)) - (33)

where Uy, := U (t,z) = 9,08 np*/7 + 9FH1U + 28 (%) (0 mpt/7) ok U
(iii) For all |a| < s,

[ e powl|, < c (H“}HH;»A + Ha;‘;UHLz(T)) if a=(s0), (34)
P el i a# (50).
(iv) For allk =1,2,--- s,
l ol < { C Ul £100y) i k=120 s-1 o
P wllgen if k=s,

where the quantity gi := OFw — "’yT“’a’; (u—"T).
(v) For all k=1,2,--- s,

T S B e (Wl + 102Ul 2 ry) i B =1,2,0 5= 1,
225 Nallencs i k=s,
h
) (36)
where the quantity hy, := 0Fp — 8;‘1}” o (u—U).
Weighted L*>° estimates.
(vi) For all k =0,1,--- ,s —1,
l9%ull o < € (el gzr + 105U oy ) - (37)
(vii) For all k =0,1,--- ;s — 2,
1) 2050l < € (Il gpn + 1050 ooy +1). (3)
(viii) For all o] < s —2,
[ 22 D] oo < Cllw yon- (39)
(iz) For all |a] < s —2,
Ky) M2 tD B e < Cllpll s a1 (40)

The inequalities (i)-(iv) and (vi)-(viii) can be found in [27] under the incom-
pressible condition d,u + d,v = 0. These properties still hold in the case that
incompressible condition is replaced by the compressible condition and the proofs
are given in [6]. Here we give the proof of property (v).
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Proof. Noticing hy, = 0%p — B(’)fﬂ, when k=1,--- ;s — 1, we have
w

T P [ (T

L2

_ 1 1ok~
<Iw)* ' 0zallee + 5 ) ozl .

<Nllgger-r + € (ol ggr + 105U 22) -

Here we have used [(y)*0,p|r~ < 6, (y)*w > + and (i).
When k = s, it directly follows from the definition of the norm |5 s.x-1
h

A— ~
H<y> 1hs||L2 < HPHHZ,A—L

O

Finally, two interpolation inequalities will be introduced to estimate nonlinear
terms as follows.

Lemma~1.5 gln‘gerpolation inegualities). For \ € R and integer s > 6, any 0 =
(61,02), 0 = (01,02) with |0] + 10| < s+ 2, max(|6],|0]) < s,

H<y>2’\+91+9~2D9wDéwHL2 < CllwlFpsn (41)

and
H<y>2,\+91+92—1D9/3D9wHL2 < Ol gz 1] gz (42)

The rest of the paper is organized as follows. In section 2, the uniform weighted
H? estimates of w are given in two steps. Subsection 2.1 and 2.2. In section 3, the
uniform weighted H?® estimates of p = p — p° are given in Subsection 3.1 and 3.2.
In section 5.1 and 5.2, the local-in-time existence and uniqueness of the solution
to the initial boundary problem (4)-(6) will be proved respectively based on the
uniform weighted estimates derived in Section 2 and Section 3.

2. Uniform weighted H® estimates on the regularized w. In this section, we
will derive uniform-in-e estimates on w in two steps. Weighted L? estimates on D%w
with |a| < 8,1 < s—1 and weighted L? estimates on g, are respectibely obtained
in Subsections 2.1 and 2.2.

2.1. The case of |a| < s,a; < s — 1. Using the standard energy method, we will
derive weighted L? estimates on D%w for || < s and a; < s — 1.

Lemma 2.1. Let s > 6 be an even integer, let the hypotheses for U, p>°, P given in
Theorem 1.1 hold, then we have

1d s e 112
sa 2 lwreDew,
Ja|<s,a1<s—1
1
+5 2 Moo, pell+ Y W) el (43)

la|<s,a1<s—1 Ja|<s,a1<s—1

s+2 s
<C (Il ggr + 10500 +1) " (Iall gz + 11055™ e +1)
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Proof. Differentiating the equation (23); «; times with respect to x and ay times
with respect to y, one has

0:D"w + u0, D*w + v0y D%w
=— Z (g)DﬁuamDO‘_ﬁw — Z (g)DﬁvayD“_Bw

0<B<a 0<B<a
+ Z (g) D> BwDA (8t Inp'/” + ud, lnpl/"’)

B<a (44)
+ 3 (3)8,D%pD (9,0 — Oup)

BLla
+ Z (g)D’Bpf);DO‘_Bw + p@iD“w + 202 D%w.

0<B<La

Multiplying the equation (44) by (y)2**+292 D%y and integrating the resulting equa-
tion over 2, then we estimate term by term as follows.
(1) Tt is easy to get

R 1 i (45)
/ 202D (y) 22 Doy = —¢ ||<y>)‘+az&CD%.)HzL2 . (46)
Q

(2) Integrating by parts and using the equation (28) and Lemma 1.4, one has

w8, D% + v8, D%w) (y)? 292 Dy
Y
Q

1
=5 [ @t 0,0 )P (D )

~ (At o) / ()20 Ly (Do)

1 =
+§/v<y>2)\+2a2(Daw>2|z:3—oo (47)
T

1
25/ (875 lnpl/“’ + udy lnpl/'y) (y)”‘"‘za? (Daw)2
Q

— (A + a9) /Q 11]Ty<y>2>‘+20‘2 (D*w)?

<C (Ioll gz + 1050 Nagmy +1) ool n

y=+o0

B vanishes and
y=0

Here notice that the boundary term % [1 v(y)***2%2(D%w)?|

|0 Inp'/7| + |0, Inp'/7| < C.
(3) The term 35 (3) fo, DPudy, D Pu(y)® 292 Dw is estimated in two cases
0<p<a

ofﬁgzoandﬁ2>6.
When 83 = 0, one has

/Q 851 u321*51+1832w<y>2)\+2a2 D%
<[|o7 ul] o [ 20z = ag2w|| L, ()2 Dow]| (48)

<C (Il gy + 192V ey ) ol
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provided By < s — 1.
When 2 > 1, one has with e; = (1,0),e2 = (0,1)

/Dﬁu&;D“_ﬁw(y)”“O‘QDo‘w
Q
<[ ee DD P | [[ ()M D]
C (el g + 195U 2wy ) ool
which together with (48) yields
T ) [ Dt
0<B<a Q

<C (1wl g + 19502y ) olln-

(50)

(4) The term Z ( ) Jo DPvdy D~ Puw(y)? T222 Doy is estimated in five cases.

When S5 =0, 51<s—2 one has
/DﬁvayDo‘_Bw@)”‘Ha"‘Daw

/8’61118&1 516a2+1 <y>2A+2a2Da

851
H1+y

<C (Il gy + 195U llz2ry +1) ol

Atas Da

>>\+a2+18a17ﬁ1 aaerl
T y

W||L2 ||<y> WHL?

[
H& A

When By = 0,31 = s — 1, which means oy = s — 1 and as < 1, we have
/ DPvd, D~ Pu(y)2 202 Doy,
Q

= / 8£1v8§‘2+1w<y>2’\+20‘2 D%w
Q

85—1 057
<o ] yensioga, | prl,,
y L2
# OO I 0] ) D]

<C (Iollggzr + 102U oo my +1) ool 0
When By =1, f; = s — 1, which means a; = s — 1 and ay < 1, we have
/DﬁvayDa_ﬁLU(y)”””Daw
Q
:/ 651 (&Eu + 0 Inp" + ud, lnpl/'y) 8;}2w<y>2>‘+2a2Daw
Q

<C () ozall 2 | () M2 g2 w] Lo | ()2 D]l 2
+ 02U | poe (my | () 2 02|l 2| () T2 DOw | .2

(52)
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10005 I p' | oo oy ) 220520 2 ()2 D1
1057 (W0 np ) Lo () 205200 12| ()2 D] 12
<C (Iwll gy + 195U +1) Il
When 55 =1, 81 < s— 2, we have

2
H™

/ DPvd, D~ Pu(y)2 292 Doy,
Q

. / 0F (Quu+ 9 InpH7 4 ud, npHl7) 9212w y) 2222 D
Q
<C (197 ul o= [[(y) 2051 =1 052 w]l 12 || (y) 2 D] 2 (54)
+ 10007 W p! || ooy [ () M2 05 =M1 0520 | 2 || ()M 2 D 2
+0 (ud, 1HP””)HL°°|\<y>“°‘28§”*’813§2<vllm||<y>““2D°*W||L2>
<C (1wl g + 195Uz + 1) Il
When (55 > 2, we have

2
HN

/ DﬁvayDa—ﬂw<y>2/\+2o<2Daw
Q

:/ DFA—2e2 ((‘%w + w0y lnpl/'y) D("_5+62w<y>2>‘+2“2D0‘w
Q
<C (|[(y) o2 Do 2eatery (y) ot pasiieay | | (y) M2 D% 2
H[(y) 2D (w0, lﬂpl/”)<y>A+a2_B2+1Da_’B+”wHL2||<y>A+“2Daw||L2)
< 3.
<Clll
(55)
provided that Lemma 1.5 and A > 1.
Combing estimates (51)-(55), we get
>0 (3) [ DPud D Puly) e Do
0<B<a @ (56)
<C (Il g + 105U o= + 1) Il

2
HN

(5) The term Y5, (5) /o D=BuDA (0, In p*/7 4 ud, Inp'/7)(y)2 22 Doy s
estimated in two cases.

When 85 = 0, we have
/QD"‘_ﬁwDﬂ <8t Inp*7 + ud, lnpl/“’> <y>2’\+2°‘2D"w
:/QDO‘_ﬁwafl (8,5 lnpl/’y + udy lnpl/'y) <y>2>‘+20‘2D0‘w
<C (o2 D] 12008 o p | oyl 2 Dol e )
+H[(y) 2 DO P wl| 2|05 (ud, 1nPlM)HLw||<l/>”‘12DaW||L2>

<O (el g + 105U e +1) flol -
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Here we use g7 < s— 1.
When S5 > 1, then we have

D> BuDP (8,5 In pl/'y 4 u0, lnpl/'y) <y>2)‘+2°‘2 D%w
Q

z/ Do PyDP—e (w@x lnpl/'y) <y>2>‘+2°‘2Daw
Q

< [[rter Doty D o, pt ) | ) e Do

<Cwll;

s,
HQ

provided Lemma 1.5 and A > 1.
Combing estimates (57) and (58), we obtain

>

B<a @

<O (Il gy + 105U N +1) 1ol

D BwDP (8,5 lnpl/"’ + u0; lnpl/“Y) <y>2’\+2a2Do‘w

(6) Now we estimate the term

5 3) [ aD%6D O - 2up) ) D
BLa

When |8| = |a] = s, one has for special pressure p satisfying d,p =0
[ 04050, 0up) (P20 D
Q
= / Do‘ﬁajw(y>2)‘+2°‘2Daw —/ 2(A +a2)Da,56yw<y>2)‘+2a271Daw
Q Q

= [ iy, D% + [ Dol Dy
T
4

First, It is obvious that Iy = 0. The terms I;-I3 are estimated step by step.

<[t Dl o | P 05w o [ 2 Do

<Clpll gzr-21wllFen-

Here A > 1 is required.

L <C [y DY o 10,0l oo [[ () T2 DYl 1

2

<Cl -l

and

I <C [ 27 DY 1o 1)yl o () 20, DY w12

1 « a 2 ~
<5 122 VB0, Dowl |7, + CllAl s [l s

(58)

(59)

(60)

(61)

(63)

(64)
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When |B] =0 and |a| = s, then ag > 1, we have
[ 2,500, — ) ()22 D
Q
PP
Q
1 o o 12
<L e o, Dol + Colll o
When 0 < |5] < s, we get by using Lemma 1.5
/Q 9, DP pD=P o, w(y) A 22 Doy
:/QDﬁ+ezﬁDafﬁ+62w<y>2/\+2o¢2Daw (66)
< || <y>>\+62DBJrezp~<y>A+a27Bz+1Da7ﬁ+ezw||L2 ||<y>>\+a2DawHL2
<O ol gznes ol
Collecting (62)-(66), we obtain
2 / (§)9,D°p- D*~P (D, = 8up) ()22 D%

0<B<a (67)
1 « «a 2 ~ ~
<7 I es yao, Dl + C (I8lgzams + 12000 +8) ol

(7) Next we estimate the term Y g, (3) fo, D7 pdy D*~Pu(y)* 22 Dw.
When o = (s — 1,1) and |3]| = 1, one has

/D,BpagDa—Bw<y>2)\+2a2Daw
<CI{y)*P=1DPp|| o [[(y) o224, DA e w|| L [[(y) A2 Dol

1 — P2 - 2 2 e
<55 Ve o= Ha, D= wlf, + ClAll e + 10507 o) * ]l 7o
(68)

When 2 < |8] < s — 2, which means |« — 8 + 2e3| < s, we have
/DﬁpajDafﬁw@)%Jr%‘z D%w
<Ol 1D pll e [[(y) M2 T2 D2 | Lo (y) M2 D 2
<CIAll gz 2=+ + 1027 Nl ]l -
When || > s — 2, we get
/DﬂpaiDo‘_ﬂw(y)%“MDaw
<C{y)* 721D pl| 2| (y) M2 22D IR | e | {y) M2 D 2 (70)
+C[|DP p>|| o [[(y) 222D 4220 2| (y) M 22 DO 2
<C (1Al - + 10267 oo ) Ioll2ps
(8) Finally we deal with the term [, pd2 D%w(y)** 22 D%,
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Integrating by parts, one has

/ pasDaw<y>2>\+2a2Daw
Q
2 ~
=~ Vo @0y, ~ [ 240,07l D%
—2(A 4 a2) / payDaw<y>2>‘+2°‘2_1Daw
Q

+ /E payDaw<y>2A+2a2Daw zzgo
7
== Vo @, 0w + Do T
=5

Noticing that p > §, thus we have
Is <)|0ypl Lo [|(y) 280, D w| L2 | () 2 D*w| 2

1 « a 2 ~12
SE H<y>)\+ *V/poyD WHLQ +O||PHH;=*—1 ||W||§{;A
and

Is <Cllpllp=ll(y)** 20, Dw| 2| ()2 Dw]| 2

1 o o 2
<3 [(y)**22/pdy Dw|| 2 +C||p||%oo||w||§{;,%

(71)

(73)

By using the boundary reduction and tedious calculations, the term I; is estimated

in the following lemma.

Lemma 2.2 (The boundary reduction). Under the hypotheses of Lemma 2.1, for
any 1 < k < 3, there are some constant C' which does not depend on €, such that,

k 52k-+1
PrOT  wly=o

= > C (Dalw...pa"‘w . Dﬁlp. ~-D'8np8§1 Inp'/7- ..aip lnpl/W) ly=0s

Am,n,p

where Ay, pnp is denoted by

m

(74)

{Z o[+ 37 |8 < 2k + 1, max(|a’]) < 2k, max(|6’]) < 2k — 1,max(l,) < k — 1

i=1 j=1

fori=1,---,m, jzl,--~,nandq:1,~-~,p(m§k+1,n§k,p§k—1)}.

Proof. When k =1, we have
pOwly—o = wpwly—o — 20, pd;w|y—o.

It is obvious that (74) holds.



TWO-FLUID BOUNDARY LAYER EQUATIONS 4023

Assume (74) hold for k, then taking 2k + 1 times derivatives on the equation
(23)2, one has

k+192k+3
P a’u W‘y:()

={(8; — 202)(p* 0P+ w) — (8; — 292)pF 9P w + 2620, 949,027 w
2k+1 2k+1
+p* Z C§k+16;71waxa§k+lﬂw - Z C§k+16;/726x‘”6§k+2%w
i=1 i=2
2%
—(2k +2)p" 0" wd np b+ " Ol 10T O
i=0
2k+1

+p" Z C§k+1aépa§k+3iiw}|y=0-

i=1
Here we used the boundary conditions u|y=g = v|y=0 = 0 and Jyw|y=9 = 0.
By checking the index, it is enough to deal with the first and second terms on
the right-hand side of (75).
Firstly, we have
(0 — 6285) pkaikﬂw
=kp" 10y — €202)p07*  w — €k (k — 1)p* 2 (02p)? 02" 1w (76)
=kp*d, lnpl/'yazkﬂw — k(k — l)pk_Q(awp)28§k+1w,
which satisfies Lemma 2.2. Here we use (4); and u|y—o = v|y—=o = 0.
Now we move to deal with the second term on the right-hand side of (75).

(0, — 202) (" P+ 1)
=0, — 02 Y C(Do‘lw...Do‘meﬁlp...Dﬁ”paéan,lM). (77)
A

m,n,p
Three cases should be considered:
(1) The derivative operator 9; — €202 on D%w;
(2) The derivative operator 9; — €292 on D%p;
(3) 92 separate to D®w and D%p.

Case 1. From (23), and boundary conditions, we have

(0, — €202) (D*w) = — Z (Z)D’BuﬁmDa_ﬂw— Z (Z)D’BvayDg_ﬂw
0<B<6 0<B<6
+ D%wd, Inp'/" + Z (Z)ayDe_BpayDﬂw (78)
0<B<6
+ > (5)D%pd2D"Puw,
0<B<0

where [0] < 2k. We can check each term, which all satisfies Lemma 2.2.
Case 2. From (4); and boundary conditions, we have

(0, — €292) (D"p) = — Z (Z)D’Bu&cD”_ﬁp - Z (Z)DﬁvayD”_'Bp

0<B<k 0<B<k

_ Z (Z)DﬂpDn_ﬁ&glnpl/’y,
0<B<k

(79)
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where we notice |k| < 2k — 1. Similar to case 1, we also can check each term, which
all satisfies Lemma 2.2.

Case 3. This situation is much easier than cases 1 and 2. We only need to check
the terms like —2¢20,(D* w)d, (D% p), i < m,j < n, it is obvious that all these
terms satisfy Lemma 2.2. This completes the proof of Lemma 2.2. O

Now we continue to estimate I7 in two cases.
When a5 = 2k, we have from Lemma 2.2,

I :/payDawD“wdx\yzo

—C Z / -k pe, acn (D9 _DQ"LwDﬁlp. . .D'/”np) d$|y:0
Am.n.p

_C Z / 1— k:Da <Zcz az aal za2k:+1 >d$|y_0.

Amnp

It is observed that the highest order of the term 921 D%w is s and the highest order
of the term 921 D" is s — 1. At most one of all terms like 92! D%w can attain the
order s, the order of other terms is smaller than s — 2 due to s > 6. In addition,
the maximum of the index a; is s — 2 since s is even and a1 < s — 1, which implies
a1 = s—2k is also even. As in [27], employing Cauchy inequality and trace estimate,
one has

1 2
L<gm > @ eveo,Dou|,,
|| <s,a1<s—1 (80)
s+2 s
+C (Jollygn + 105U e +1) (17l gzns + 10567 1o +1)

When oy = 2k+1, it is easy to follow 99 9yw|y=o = 0 due to dyw|y=g = 0. Thus we
only need to consider the case of k > 1. Meanwhile, a; > 1 since s is even. Then
by employing integration by parts in the variable x, we have

I7 :/pﬁyDawDo‘wdx|y:0
T
- /T(%paf,fl716;‘2Hw3§‘13;“2wdx|y:0 - /Tp@?l71832+1w3§‘1+18§‘2wda§\y:0.
Similar to the case ag = 2k, the same inequality (80) is obtained and the details

are omitted here.
Finally combining all the above estimates, we obtain the estimate (43). This

completes the proof of Lemma 2.1. O
2.2. The case of a; = s. Recalling notations g, = 05w — 2 L5, a = % and
the equations satisfied by (w, @) for special pressure p = p(t)
0w + 0w + vOyw = 2o, Inp + 8y pdyw + € 07w + pdaw (81)
Y

and
Oyt + udyi + v0y i = pd2ii + €200 — 1D, U, (82)
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differentiating the equations (81) and (82) s times with respect to = respectively,
one has

s—1
(O + udy + v0y) O w—l—z )Ohudy ™ w4+ > (5)0hvds Oyw + O5vdyw
i=1 i=1 (83)

=03 <(::3t lnp> + 05(0ypOyw) + 05 (pdaw) + €05 w
and

(O + udy + v, 8Su+z )OLudy i +Z 0Lv0; 0,1l + O3 vw ”
i=1
=05 (p@j )+ €050 — 03 (ad,U) .

Subtracting (84)x 22

calculations

(0 + 0y + vy — €202 — p@i) Js

from (83), we get the equation satisfied by gs by tedious

Oy .
=22 (8;'*‘1& — ww w~> Oz + 2p0yags — g10;U

2 0w 2,0 gy
— 8ypa+28yp7—8ypa +;6tlnp ;1

s—1

= (85)
> ()05 ugia = (505 v (910yw — adidy)
j=1 j=1
s—1
+ay  (5)odaoy J+1U+Z (5oL po20s~ —az )0Lp0205 ™" i
7=0 =1 =1
+ 0% (8, p0,w) + O (:at In p) .
Lemma 2.3. Under the assumptions of Theorem 1.1, we have
1d 2 €2 2 3 2
5% H )\gsng + 5 H<y>)\8xgsHL2 + Z ”\//3<y>Aaygs“L2
H W) /p0y (0,057 w) || (86)

3
+0(HwHH_g,A+|\a;+1U||Lzm+1) (173 + 1920 o) +1)

Proof. Multiplying the equation (85) by (y)?*gs and integrating the resulting equa-
tion over 2, then estimate term by term as follows.
(1) It is obvious to get

2)\ 2
[ 2000, = 55 0Pl (57)
and
/Q C02g, (1) gs = —€)| (5 Buga . (38)

(2) Integrating by parts and using Lemma 1.4, one has

/Q (u0zgs + U6y95)<y>2>\gs (89)
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5 [t amwPe - a [ v [oPel

v
o lnpl/’y 2)\ 2 )\/ y 2)\93
/ ' Q 1+y< )
v
<105 o[ a4

lwral,

C (Il yzn + 103U 122 +1) el 1.
(3) Integrating by part in variable y, we have

/ 82 < Hf ygSHLZ /3,7;/’ ygsgs
—2/\/p<y>2*‘139 ‘g +/p89 “ gsly=o
o yYs " Js _ yYs " Gsly= (90)

10
2
== Vo) Oygs || 2 + D 1
i=8
Firstly, the terms Ig and Iy are estimated as follows.

_24||< ) VPDyg) Lz + Cllw) gsl1 22110yl
(91)

) VA, + Clpl G r-s lll e n

=%
and
1
Iy <o ||<y>*\/ﬁaygs||22 + Cllpll3 [|() 955
24 5 5 (92)
—24 H ygs)HLQ +C (HﬁHHva**l + ||Poo||L°°('Jr)> ||w||§_1g/\

Next we deal with the boundary term I1o. Using the boundary conditions Oyw|y—o =
0 and u|y—o = 0, one has
2

0 - Do
ygs|y:0 - w x (93)

y=0

Thus, we have by employing Cauchy inequality,

2w .
yT|y:o‘ < 57 and trace estimate

82
IlO :/ 8SUgS dx
y=0
<i/(8‘S )dm+—/p292| —odz
=252 262 s 1y=0 (94)

—12 H \/ﬁaygSHL2

4 2
+C (Il s + 10 ey +1) - (Il g + 195012 )

(4) The term [, 2¢? (05™'a — BTT“’&C@) dza(y)? g is estimated as follows.
Due to § < (y)*w, 2 lal<2 |(y) T2 D%w|? < 62, which means |(y)0.a| < §72,
we have

2¢? ; 0y adsaly) gs < 2072€*||(y) 0T all 21 (y) s 2. (95)
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Noted that wd, (3;:111) = gs+1 = O gs + 0,a05U, we have

e L, ot
) 1aw+1u||L2—H 1y
L2
1 9+
S
w L2 (96)

<Clo5 U2+ C

jorean (57)],

<C (10;:" Ul + 1{y) 0 gs 2 + [1(y) Ozl 2) -

Here we use the fact § < (y)*w < § and Lemma 1.2.
Thus, we get

/ 25 00,aly

<Ce|(y)*™ 138+1U||L2H< A (97)
<0 (|07 U 12 + [1(4)* Dugs | 12 + [ () D0t 12) 1(9) gl 2

Similarly, we obtain

Opw .
/ 2¢? z U0y <y>2)\gs
Q w

Opw 1A ~
() Dwall Lo [[(y) " Buil| L2 || () g5 | 2 (98)
LOC

<265 (Jlwll gz + 10202 ) ol

|2 (a;+1a _ Oa ) dpa- (1),

€ 2 s
<5 1@ 0egill70 + € (Il ggr + 105701122 ) ol g

<9¢?

w

Thus we have

(99)

‘ (5|) The terms [, 2p9yags(y)**gs and — [, 105U (y)**g, are controlled due to
Oyal < C.

| 200,000, < € (17l 01+ 1) ol (100)
and
— [ 5000 < 10V mo ol (Il + 10U 1oce)) - (101)

(6) Next we estimate the term

82
_/ <8§pa + 23ypy7w — Oypa’ + %&5 lnp> Au(y)gs, (102)
Q
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which is divided into four terms to estimate.

- | 203zt s,
< ||28§p<y>a||mc ||< (o) HL2 H 95||L2

C (Ielgz + 10501122 ) 15721 [l gz

Here we used |[{(y)allL~ < C.
2

Ojw .
—/wap Y05 uly)* g

32
2<y>8yp—

< 1) @zl o (14 g -
Lo

<C (Il + 10501122 ) 170 gzl gz

< (C and Lemma 1.4.

3w
Here we use H(y)”T ’Lw

— / 20, pa” 35 (y)* g
Q
< |[2)9ypa” || e 00> Oz 1] 2 1€ 95 ] 2
<C (Iwll g + 1950112 ) 131 g1 el g5
and

/ © By npdsia(y) >
Q7

. H<y>>\718;ﬂ“[l2 ||<y>>\gs||L2

ng“amp
Y

<Clell g (Il gz + 10501122 -

Combining the estimates (103)-(106), we obtain

2w a s
- /Q <a§pa +20yp="— - dypa® + 10 1np> 3u(y)* g,

<Clllggn (Il gz + 10301122 ) (18l gzns +1)

(7) The estimate on the term — Zj; (5) Jo 0377 ugj1(y)**gs.
In fact, one has for all j =1---s—1

L@@ﬂwﬁmwws

<0577 ull oo 19 gl 2 l1(9) g5 1 2

<C (Il g + 1950112 ) ol -

(103)

(104)

(105)

(106)

(107)

(108)

(8) The estimate on the term —Zj; ( ) fo, 057 90(820,w — adid,u)(y)* gs is

divided into two cases.
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Case 1. When j =1, we have
/ 95 0(0,0yw — ady 0y it) (y)** gs
Q

83_10 +yoiU 5
</ liy@(amayw ~ a0,0,0){y)" 9,
Q +y

/ U (y) (020w — ady0yit) (y)** g

(109)
057 Yo +yosU _
Ty || )M (000yw — ady 8y @) Lo || () g5 2
+ 105U | o< () (820yw — adpdy @) || 12 || (y) gl 2
<C (Iloll gz + 10201z ) ool 5
Case 2. When j =2,--- /s — 1, we have
[ 2 7v(010,0 - a0i0,1) ).
Q
95 ; o~
= [ @0 - adi0, i)
o l+y (110)
95 v A1 (aj o~ A
1: " ||<y> (970w — adi0ya) | L2 [|(y) gs|l 2
<c (kum s+ 05Uz + 1)l n
Combining the estimates (109)-(110), we get
=300 [ 0@l - adio, i),
= o (111)
<C (Illl gz + 10301z +1) flZn-
(9) The estimate on the term — Z;;é (5) Jq adiady 71U (y)**
In fact, one has for all j =0,--- ;s —1
s—1 ‘ )
=3 [ adgaor i)
j=1"9
(112)

<C|[wya- o3t U o ) 00| o 1(0) sl 22

<C[[0U]| e (I

g + 195U 22 ) Il

SA .
Hy

Here we used |[{(y)al|L~ < C.
(10) The estimate on the term Y7, (5) [, 92p0205 'w(y)* g, is divided into
four cases.

Case 1. When i = 1, we have

/ 00205 y) ™ g
<C)0aplli ) /50, (8,03 )| 1) g 2

(113)



LONG FAN, CHENG-JIE LIU AND LIZHI RUAN

4030
1 .
<) V50, (8,057 ) 32 + Clloupl 3 1) g4 32
1 A+1 s—1, |2 ~ o ? 2
<7 1 V50, 0,057 )72+ C (Il gzt + 1000l ) ]

Case 2. When 1 <i < s—1, we have

/ p0205 " () gy < C (17l 3 + 1036™ 12 ) ]2 (114)
Case 3. When i = s — 1, we have
[ o ot
Q
0715030, 0. + [ 950000l w1s)
Q Q

<[ )10 bl e (W) Oy utoll oo 1w} g5l 2 + 11077 ™ e w175

<Nl gzl Fyen + 1057 0% e w17y

Case 4. When i = s, we have

/ 5 p0rw(y)* gs
:/ h58§w<y>2 gs+/ bajﬁazw@}?’\gs—k/ a;pwagw@)”gs
Q Q Q
<[ bl ) 5ol e [1{y) g 2 (116)
1ol e () 03 2 y) O | o [ () g 2
+ 10507 Nl () 0wl 2 [ ) gl 2
<Ol gzl +C (Il + 105U 1) ol
+C xﬂ“HLmeHH;A-
Collecting the estimates (113)-(116), we obtain
/ p62as ) >2)\gs
1 S— 2 ~ s OO
<4 ||< P00, 05 ) [+ C (18l gens + 105 +1) el
+C (Il ggr + 10301122 ) olln-
(11) The estimate on the term Y7, (5) [, adipd205 " u(y)* g, is divided into

three cases.
Case 1. Wheni=1,---,s— 2, we have

(117)

/ 0Bl pB, 05w () g
Q
<llall e [0 800,85 [1{6) gl 22

<C (18ll g1 + 105720 ) ool

(118)
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Here we used Lemma 1.5.

Case 2. When i = s — 1, we have
[ a0 0,0,
<l o= | () 05 90, ool 211 (y) g | 2
<C (Il gz + 1027 0% e ) el o

Case 3. When ¢ = s, we have

| adip00l0.

Q

— [ ahdoPa.+ [ abdsav,eta. + [ a0,
Q Q Q

<C (Il 32 + 1020 11 ) Ie0lZ0n + € (Il ygn + 1050111 ) l2n-

Combining the estimates (118)-(120), we obtain

S

S /Q adlp20 () g,

=1

<C (all gz + 195011 ) I0l0n + € (Il gz + 105U 20w ) ol

4031

(119)

(120)

(121)

(12) The estimate on the term [, 95 (9yp0yw) (y)**gs = S°5_ (5) [, 920y p0s " Oyw

is divided into three cases.

Case 1. When ¢ = s, one has by integration by parts

/3;0yﬁ8yw<y>2>‘gs

/ 5 PO w( / 2003 p0yw (y)* g5
Q

/ 50,0 (5) >0, 95 + / 05 0,(y) gV =

_ Z I;.
=11
= / had2(y) g, — / b2 (3) g
Q Q
<lhsll 2 @) Oow| oo (| ) 5]
[l o< 105all g ([ Opw]| oo (00 9] 2

<C Nl e Il + € (llrzon + 10301z ) el

Iis =— 2)\/ hsayw(y>2)‘7193 — 2)\/ bO2u0,w(y)** g,
Q Q
<2A||s 2 1 {y)* Oy | e [1(y) s [ 2
+ 2X[[b ]| e |5l 22 (| ()~ Bywl| o< [ {y) s 2

<ClAl gz Nollgen + € (Il g + 105U 1220 ) 0l 5

(123)

(124)
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I3 :_/ hsayw<y>2)\aygs_/ ba;ﬁayw<y>2>\aygs
Q Q

<Cllhsllz2 () Oyl o= 1) VP Oy sl 2
+ Clbll e 103all 2 || () Dywll e [1{) /POy g 2 (125)

1 _
<1 VP0ygsl7z + CllalITer— il »

2
+C (Il ggr + 103U l12e ) ol

The boundary integral I;4 vanishes due to boundary and far field conditions.
Collecting all the estimates I11-I14, we have

| d,0,00%0.
Q
1 A 2 ~112 2
<) VPO, 9532 + CllAlI s [l (126)
2
+C (el + 195U 1 ) ol s
+ Cllallger-1 Nool2sn + € (Jeollygn + 105U e ) ool
Case 2. When ¢ = 0, we have
[ dup0zo,0s,
Q
= [ 045 (019, + 0,005+ ag. + 020) ().
Q (127)
1 ~
< IVAW) 0,963 + C (Il ggr + 10501122 ) 1] ggor—+ ol g
+ Cllpll g 1901155 + CllAI -0l 5
Case 3. Fori=1,---,s — 1, we have
/Q 0109050, (y) g5 < Cllll gz |l 1. (128)
In summary, we get
[ 2:0u00,0) ).
Q
1 A 2 s 2 2
<< VAW 0052 + € (loll gz + 102012 ) [l
(129)

o+ Cllall gz loll2yen + C (Il ggn + 195U 220 ) ol

€ (Il g + 10501122 ) 170 gzt [z + Ol sor+ 1] gz

+ |l ]

2 2
s,A—1 S, .
H,, Hy

(13) Finally we estimate the term [, 95 (%& lnp) (y)?*gs.
Noticing that d,p = 0, thus we have

Ay In p/ 793w (y) P gs (130)
Q
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:/Qﬁt Inp*/ gy (y) P gs + /Q Ay Inpt/ 7 - adiu - (y)*gs
<[|0: np* /7 | o= [[{y) g5 |72
+ 10 mp' 7 || o= [ (all L= || y) B3l 2 | y) g 2
<O (Il + 193012 ) el
Combining all the above estimates, we complete the proof of Lemma 2.3. O
3. Uniform weighted H® estimates on the regularized p.
3.1. The case of |o| < 5,7 <s—1.

Lemma 3.1. Under the assumption of Theorem 1.1, we have

d
= Z H<y>x+a2—1DaﬁHiz 4 2 Z H<y>A+a2—1azDaﬁHiz

1
2
|| <s,a1 <s—1 || <s,a1 <s—1
2 2
<C (Illggr + 1050152 + 1) (18l s + 05707 oo +1)
(131)

Proof. Differentiating the equation (23); «; times with respect to x and «y times
with respect to y, we have

0:D%p 4+ u0, D*p + v0, Dp
== X QP Y (Dia, 0
0<p<a 0<p<a (132)
> (G)D%a- D Frepe — N (3)DP5- D PoInp
0<p<a 0<p<a
+ 202D%p.

Multiplying the equation (132) by (y)2**2%2=2D%j5 and integrating the resulting
equation over {2, we estimate each term step by step as follows.
(1) Tt is obvious to get

1d
/QatDaﬁ' (yy? 120272Dop = —— | {y) Mo D g 2. (133)

24t
(2) Integrating by parts and using the equation (28) and Lemma 1.4, one has

/ (uawDo‘ﬁ—i— vayD“ﬁ) <y>2)\+2a2—2Daﬁ
Q

1 -
- _ _ /Q (amu + 8y’U) <y>2)\+2a2—2(Dap)2

2
—(an =) [ oo
2
222022 o x\2 [Y=T0 (134)
+ [ oo

1 o
:§/Qa’f Inp!/7 (y)*AT2e2=2( D )2

v ag— a
- (=) [ )P0y

::Kl + K23
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where
K= 1 [amppmi ot <o ool s
and
Ky=—(A+as— 1)/ ﬁ@””””(mﬁf
H (y) rea—1pag)2, (136)

(||w||Hs A ||aSUHLz) 171122

Substituting (135) and (136) into (134), we have

[ @005+ 00,00 )5 2D (137)
Q

<C (Il gy + 105Uz + 1) 150127001
(3) The estimate on the term — 3> [o, (5) D u-9,D*Fp- (y)** 222D} is

0<p<a
divided into three cases.

Case 1. When 8 = (61,0), 1 < 81 < s—1, we have from Lemma 1.4
[ o2u- 0,025 e
Q
<105 ull L | (y) 02718, D Bl 2 || (y) M2 D 2 (138)
<O (g + 192U 1122) 1Al -1

Case 2. When 83 =1, 0 < 57 < s— 1, we further discuss for three different cases.
Firstly, one has for 1 < 8 <s-—1

[0 a0 ()2 < ol (10)

Hs>\1

Secondly, we consider 57 = 0, which means o > 1, when a3 = s — 1, then we have

/UJ . a;ﬁ <y>2)\+2a2—2Daﬁ

Q

:/ w - hy - <y>2/\+2a2—2Daﬁ+/ w - b3 - <y>2>\+2a2—2Daﬁ (140)
Q Q

§C||WHH;AH%3IIZ}S,A—1 + Cllwll gz (el g + 102U 2) 1] g1

Finally, when oy < s — 2, which means 81 < a; < s — 2, then we have

[0 o )P0 < g 71 (141)

Hs A—1-
Case 3. When By > 2, we have

: DBz, po—Bte ;. ()22 +2a2—2 pa s < C||w||H< x||p||HS,A_1. (142)
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Combining the estimates (138)-(142), we get

Z / DBU, 9, D ,8~ <y>2)\+2a2 2Da~
0<f<a (143)

<C (Ioll gz + 1050122 ) (Wl gzn + Al sres ) 15 gznr-

e estimate on the term — v - 27 1s

(4) Th h > Jo (5)D%v-0,D* 05 (y) 222D |
0<p<e

divided into three cases.

Case 1. B =0,onehasfor 1 < 3y <s—2

/ 6517} . Da—ﬂ+egﬁ . <y>2)\+2a2—2Dap~

P >>\+a2 Doé_m.GQﬁH H <y>>\+a2—1Do¢p~H (144)
1+y L2 L2
<C (||w||H;» 103U 122 + 1) 112+

and for /1 =s—1
/Q 851,0 . DafﬁJrezﬁ . <y>2)\+2a272Daﬁ

00 +yUs o pies -
:/1751_1) Bres . (y)
Q +y

_ / yUﬁ1 -Da_’6+62[3- <y>2)\+2a2—2Dap~
Q

2A4+2a2—1 Docp~

] (145)
L? iiUﬁl ) ()22 DO | oo | ()2 7LD 1
o o [ [ oL 8
C (Iwlggor + 105Uz +1) 133001
Case 2. 35 = 1, one has for 81 =0
- /Q O (Dptu + Oy Inp'/7) - DOFre2 . ()22 42022 ey
<lOeullps [y st Do g () 7 Do 116)
S T P 7ty P [
<C (Il ggr + 105U 122 + 100 91 ) 1750
for1<p; <s—2
- /Q O (Dpuu + Oy Inp'/7) - DOFre2 5. ()22 H202 =2 ey
<[02 ]| o [ e DA | [ e Do, (14T)

12
<C (Il gr + 10501122 ) 131130+
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and for f; =s—1
- / 851 (azu + at 1np1/7> . Da*6+5215 . <y>2>\+2o¢2*2Daﬁ
Q

<9zl e [|G) o= DO | o [[ () 2 D

(148)
HOU | e ([ o2t DO T 2| [[g) o2~ D]
S ~112
<C (Ill gz + 103Ul ) 17351
Summarizing the estimates (146)-(148), we have for S =1
- / 00 (B + 0y Inp /1) - DOPrer . () A2 2 D
Q (149)

s <112
<C (@l gz + 103U e + 105 p o ) ]300+
Case 3. When 5 > 1, we have for A > 1
_ /&:2 851“1’185272‘0 . Da75+62ﬁ . <y>2)\+2a272DO¢ﬁ

<[ 2oR o 2w L ) e Dl )T D
~112
<Cllwll gz 1Al gz A1 -
(150)
Combining (144), (145), (149) and (150), we obtain
_ Z / (g)Dﬁ'U . ayDafﬁﬁ . <y>2)\+20¢272DO¢ﬁ
0<f<a S (151)
<C (Ill gz + 105Ul + 1) 17013720

(5) Now we estimate the term

Z (g) /Q‘Dﬂﬁ . DafﬂJrelpoo . <y>2)\+2a272Daﬁ
0<p<a

— Z (g) /9851832@ . agu—ﬁﬁ-lpoo . <y>2>\+2a2—2Daﬁ.

0<p<a

(152)

Here we notice that ag = B5 since p*> is independent of y.

Case 1. When (5 = 0, which implies ay = 0 and 51 < s — 1, we have
/ 351@ . 8a1—31+1poo . <y>2’\_2Daﬁ
Q
<l rogall o o520 o (1) D5l e (153)
(10570 o (Ielpgzr + 195012 ) 17l gz
Case 2. When S5 > 1, which implies ag > 1, we get
/9851 852_10.) . agoczl—ﬁl-&-lpoo . <y>2)\+2a2—2Daﬁ

R A P Ll PN (7 e P

<N1020% oo ol rzn AN grzn—2 -
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Combining (153) and (154), we obtain
~ — A — ~
> (Z)/QDBU L Dot gL ()2 t2ee 2 po;
0<p<a (155)
< (1057 0% | oo (Ilpgzr + 10501 22 ) 17l gz

(6) Finally we estimate

> ¢ /Q DP5- D P lnp- ()22 72D%p
0<B<a

:/ D“ﬁ-@tlnp- <y>2/\+2a2—2Daﬁ
Q

<C0y npl Il

s,A—1-
H}L

(156)

Collecting the above estimates (133), (137), (151),(155) and (156), we obtain the
a

estimate (131) and this completes the proof of Lemma 3.1. O
3.2. The case of a; = s. Recalling notations h, = 05p — b0i1, b = % and the
equations satisfied by (p, @) for special pressure p = p(t)
Oup + udpp + v0yp = —dyp™ — pOy Inp'/7 + 2025 (157)
and
Oyl + udy i + vyt = —U0,U + pdti + 2020 (158)

We get the equation for hg from (157) and (158) by tedious calculations
(8t + udy +v0y — 6285) h

2
= hy - O3U — (away” 0Oty DOty (aﬂﬂay“) ) 0%
w w w

1/ 2 a2~ 0w .
+ | 00 Inp /7 +b ~8yu+bp7 oxu

s—1 s—1 (159)
= )0 u- =Y (1) 050 (050, — b00, 1)
j=1 j=1
s—1 s
=S Qaia- o -0z (5 o npt7) + 30 (o0 UG
i=0 i=1
— 05 (p-0yu) - b+ 2e%0,b- 05 .
We will give the weighted L? estimate on h, in the following lemma.
Lemma 3.2. Under the assumptions of Theorem 1.1, we have
1d o2 e _ 2
5& H<y>/\ lthL2 + 5 H<y>)\ lamthLz
—Z||<y> zgs||L2+ZH<y> \/ﬁ ygsHLz

~ 2 2
+C (Jeollygn + 105 Tl + 1) (17l rzos + 1054 5% 1o +1)
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Proof. Multiplying the equation (159) by (y)?*~2h, and integrating the resulting
equation over 2, then we estimate each term step by step as follows.
(1) Tt is obvious to get

_ 1d _ 2
\/Q&Jke ! <y>2/\ th = 5% ||<y>>\ thHLQ . (161)

(2) Integrating by parts and using the equation (28), one has

/Q (u0zhs 4+ vOyhy) <y>2’\_2hS

1 2A—2;2 22A-3p2
=5 [ @t 0,02 = (A=) [ o)

Q
2A—272|Y="+00 (162)
+ [ o
1 v
=_ Inpt/ 7 ()22 =242 _ _1/7 2A—212
5 [ ! P = =) [ )P
=K3 + Ky,
where
1 _ _ 2
Ko = [ om0 < 027, (163)
and
v
Ki=—(\—1 v 2)\72h2
=== [ e
v
<C Alp 2 (164)
<c|i| vz

<C (1wl gz + 1950112 ) 171301

Thus, we have
[ wuh 00, (0 < C (Il + 10502 ) Wil (165)
(3) The estimate on the term — [, hy - 95U - (y)**~2hs.
— /Q hy - 03U - (y)?*~2h,
<NOZU | oo ([0 bt o () s (166)
<C105U ) e (1 gzr—s + 10l + 105U 22 ) 15l gzns-

(4) The estimate on the term [, € {M + 04b - % — b(a“”wﬂ)Q} 031 -
() 2hs.

2
/ €2 {W +0,b- 0xOyu _ b <8m8yu> } S03u- (y)*%hy  (167)
Q

w w w

< )t o5al 2 1 {y)* bl 2

Lo

w? w

2
050y pOy Oy N azbazayu b (&;Gyu)
w

<C (1wl g + 1950112 17031
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provided (y)*w > and 3, <o () T2 DW|* + 37, <o ()} T2 71 D> < 572
2
(5) The estimate on the term [, (fbat Inp/7 = b? - 920 — bpayTw) O30 (y)? 2hg.

82
/Q <_b8t Inp'/7 — b% - 92d — bp) 03 (y)**~hs

2w
b0y Inp!l? — 1 02— bp L /Q\a;a-@)”—?hs\ (168)

<C (Ill gz + 1ol ger-s + 9%z +1) (Nollgzr + 102022 ) 150 gz

since
2

0w
—bdy Inp'/7 —b? - 920 — bp——
w

Lee (169)
<C (Illgggr + 1ol ger-s + 9%z +1).

(6) The estimate on the term — Zj;} (g) Jo 0579w - hjy1 - (y)**2hs.

s—1
Z /357j“'hj+1'<y>2kzhs
j=1
s—1

Z 10577l oo 1D g o (10D s | 2

Jj=1

<C (Iollggzr + 1020152 ) (1l gzn—s + ol g + 105U 122 ) 15l gens-

(170)

(7) The estimate on the term Zj; (1) Jo 05770(920,p — bDIOy @) - (y)*~2hy is
divided into two cases.

Case 1. When j =1, we have

/ 021 0(D,0, 5 — b, i) - <y>2“hs'
Q

057w +yosU 5 3 oN_1
< —r - JTrTT _ .
< /Q (a0, = b0:0,) - ()b
s ~ ~ 2A—-1
+| [ ozvi0.0,5- 10.0,0) - > h, )
057l +yosU i _ _
<|Z— | 1) (02045 — b0:0y @) |l [[(y) ™ sl 2

1 + y L2
+ 105U [l [[(y)* (000 — 0020y a) | 2 | ()~ s 2

<C (Ill gz + 10501z ) (Wollggzr + 16l gzr—s ) 18l grznr-
Case 2. When j =2,--- /s — 1, we have

/ 03 T0(0, 5 — b0, i) - (y)>h, (172)
Q
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by o )
22 1 @305 - w00, 0l

<C (Iollggzr + 10501z ) (Weolgzr + 1Al s ) 15 genr-

Combining the above estimates (172)-(172), we get

s—1

Q) [ o5 vtod0, — b0i,i) - ) h,
Q

Jj=1

; (173)
<C (Iollggzr + 10201z ) (Weolgzn + Al s mr ) 15 gznr-
(8) The estimate on the term >2°0 (%) [, idi - 9541 p> () 2.
s—1
Z/ (5 a3~ p> (y)* 2 h
i=0 79
s—1
) . _ 174
<O (05 e [0 [0 ] ry
1=0

<C 0 0™ o (Wollpgzr + 102022 ) 17l gz
(9) The estimate on the term Y>7_ (3) [, 0hp - 057020 - b+ (y)**~2hy is divided
into three cases.
Case 1. When i = 0, we have

/ p- 03020 b- (y)* 2,
Q
- /Q p-Oygs b )2y + /Q p-ya-0%i-b- (5) 2,

R R PR AR
Q Q

<l Bygsll ez 1) sl 2l /bl
+ 08y abl < [[y) =105l L2 () s 2
+ lpabll o () gsll 2 1)~ sl 2 + loa®bl e ()~ O3] 2 [[ () A 2

1
<) *vpdygsll7:

+C (Il + 1950122 ) (170 gz + o™l ) 17l rzn—s.
(175)

Case 2. Wheni=1,---,s— 1, we have
/ dlp- 8;’@5& b (y)*2hy
Q
:/ OLp- 8 0yw b (y)P " 2hy +/ p™ - Oyw b (y)P2h,  (176)
Q Q

<O (Il + 1927 0l ) lell g7 1751z
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Case 3. When ¢ = s, we have
| 2ip-22- bt 2,
Q
2~ 2X—2 s 00 a2~ 22—2
:Ahs.ayu.b.<y> her/Qa””p -0z b (y) hy

+ /Q V205 - Opi(y)** h

i (177)
<602 o [ (0) B3 + 1605 | || () 02| 2 | () e 2
(1602 e [| () 205 2 | (0> sl 2
<C (Ill gz + 102U gz + 1] 31 + 1030 =)
(Il gy + 1050 e ) 1Al gens-
Here we use |b] < §72.
Combining all the estimates (175)-(177), we obtain
S [ (ip-o503- b (220,
i=0 78
(178)

1 S ~ e}
<SR 06l13 + € (10l gn + 103Ul 22 + 15l 1 + 19507 1)
(Il + 103U e ) 1Al gzns-
(10) The estimate on the term [, 85(5 - 8y Inp) - (y)**~2h,.
[ 220 ) - )2,
Q

=/ hs - Oy lnpl/”(y)”*r"hﬁ/ bO%iL - Oy Inp'/7 - () 2h,
Q Q
<[10: e p /[ o [ (902 R 72 + (100, Inpt 7 || o [ () B3 2 () s 2

<C (Ilollggzr + 1020122 ) 17 gz + ClIAI12

HZ,A—lo
(179)
(11) The estimate the term Y7, (5) [, b0 U5 " - ()P 2h,.
() [ v vera )P,
i=1 Q
<O 105U e [ )05 il 2 () ol 12 (180)
i=1

<Cl95 Ullee (Il gz + 10501122 ) 17] -1

(12) The estimate on the term [, 2¢29,b - 9574 - ()2}~ 2hs.
Recalling (96)

Ky 1ot all s <C (105 Ul + I1(y) 0xgsllzz + () 05all2) . (181)
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and we have
/926289517 SO - (y)*2h,
<26 0,bl| oo [| ()05 o || (0 s (152)
s§ 100204152 + Ce (Il gz + 105U 122 ) Il gnes + C 3z

Combining the above all estimates, we obtain the estimate (160). This completes
the proof of Lemma 3.2. O

4. Closeness of priori estimate. In this section, we will close the priori estimate.
Firstly, combining Lemmas 2.1, 2.3, 3.1 and 3.2, we have

1d 2 5112 1 Ao « 2
53 (1012 + 17120 ) + 5 3 @20, D3

[a]<s,a1<s—1

+e Y M eaDwlt + ¢ Y M a.D g2

Ja|<s a1 <s—1 la]<s a1 <s—1

e A 2 € A—1 2
+ I g3z + S B3

S

s+2
<C (Ioll gz + 1057 Ul +1) " (Ualger + 10579 1w +1)
9 112 s+2
<O (Ilpgn + 1ol3ns)  +F (0,
(183)
where
F(t) = C (195 Ull~ + 105+ o[ +1)" (184)

Thus, it follows from the comparison principal of ordinary differential equations
that

2 ~112
ol zpn + 1Al a3

t
<Ll + Wil + [ Firyar)
s

t s+1 S+1
: {1 —(s+1)C (Iwolli,s.x + 150 Fe a1 +/ F(T)d7> t}
g9 h 0
=H

as long as the quantity within the second set of braces on the right-hand side of the
inequality (185) is positive.

Lemma 4.1. Let s > 6 be an even integer, A > 1 be a real number and hypotheses
for (U, p™=,p)(t,z) given in Theorem 1.1 hold. Assume that (w,p) is a classical
solution to initial-boundary value problem (23)-(25) in [0,T] satisfying that

wE LDO(O,T7 HS,A)’ ﬁ c [/00(077"7 Hs)\—l)-

Then, the inequality (185) holds for small time,
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Taking derivative D = 0510;2 on the equation (23), and multiplying (y)A oz,

one has

oy reDwt Y ()W Du- 0,0 P
0<B<a

+ 3 () D 9,0 P
0<B<a

SCRRLT R SN GRS T
0<B<a

+ 30 (5 M29,D%p - 0,D° P + A (y) 202 D%,
0<pLa

Claim 1. From Lemma 4.4, when |B| < 2, we have the following results

C (Iwlgz + 105U122) - B2 =0,

(y)?2DPul|, . <
| I Cllsl o P

)%~ D] < € (Il g + 105Uz +1)

l40) %7208 o < C (Il -1 + 102012 ) -
19)% 710, D  p]| oo < C Il or-1 -
Then by direct calculations, we have
[0:(y) 2 Dow||, . < CH + C (|5U |2 + 11020 || +1)°

and

S e pew|, .

|a|<2
t
< 37 e Dowll + S / 104u) 2 Dl v dr
laf<2 laf<2
<> M D%ollre + Y sup [9i(y)* T2 D] ot
lo]<2 laj<2 0S7SE
< 3 (1) o2 D wo| e
| <2

+CHE+C sup (|05U]| 2 + 1|029™ || e + 1) .
0<r<t
By using the case a = (0,0) in (186), we also have
t
WP 20— [ 00wl dr
0
>(y)wo — sup (|0 (y) wl|~t
0<r<t

2
>(y) wo — CHt — Coiugt (105U || p2 + 1020 o + 1) ¢.

(186)

(187)

(188)

(189)

(190)

(191)

(192)

(193)
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Taking derivative D% = 030 on the equation (23); and multiplying (y)A el
one has

Oyt + Y (3N D 0.0 P

0<B<a
©Y 0,0
0<B<a (194)
= D QWD 0,00 p* — () 7D 9 np'
0<B<a
Ay eiazDe

Using Claim 1, we obtain

> Il tD g e

|| <2

t
< D0 Il DBl + Y /0 10 ) 2 D pl| Lo d

lof <2 || <2

<> M D Bl + Y sup [0, ()M DY oot (195)

lal<2 o <2 0STS!

<3 T Do e + CHE
jal<2

2
+C sup (05U e + 0267 e +1)2 1.
0<7<t

Similar to (193), we also have

>() oo — sup [0y (y) T pl oot
0<r<t (196)
>(y) ' po — CHL

S (o ] 2
—C sup ([[0;3U] 2= + |83p™ L= +1)" ¢,
0<r<t
which implies

p>po— CHE—C sup (|93U]lzz + 9201~ +1)°t. (197)
0<r<t

Lemma 4.2. Let s > 6 be an even integer, A > 1, § € (0,1) and ¢ € (0,1).
If wo € HY and po € H3 . F(t) defined by (184) satisfies |F(t)] < M.
Then there exists a uniform life span T > 0, which is independent of €, such that
the regularized system has solutions w € C’([O,T];H;”\) N CH[0,T); H5=2*) and
p e C’([O,T];Hg’k_l) N CL([0,T); H5=2 1) with the following uniform in € esti-
mates:

(i) (Uniform weighted H® estimates) For any e € [0,1] and any t € [0, 7],

JeolZsn + 17012001 < 4 (lolZpen + 702001 ) (198)
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(i) (Uniform weighted L>° upper bound) For any € € [0,1] and any t € [0,T],

> i teDw| . <67 (199)
la]<2
and
> e tpegl,. <o (200)
|| <2
191) (Uniform weighte ower boun or any e € |0,1] and any t € (0,71,
Unifa hted L>° 1 bound) F 0,1 d 0,7
(y)*w >8 and p>4. (201)

Proof. Now we assume F(t) = C(||0:7 U2 + |05 p>® |20 + 1)5T2 < M. If T}
is chosen by

[ o2+ ol rs I
min , — 5 — 7 (0 (202)
M C(s + D)2 ([lwol[Fen + 1P0ll700-1)
g h
then by (185), we have for all ¢ € [0,7}]
ol r + 170 mr < Al + 00 (203)
In fact, we also have for ¢ € [0, T7]
# < 4 (JlwollZn + 170l 01 ) (204)
Secondly, due to >, <5 [(y) A2 Dwgl| e < 55, if Ty is chosen as
51 51
Ty = min ¢ 17, — , 205
: b 60 w0l + 170l nss) 400 (205)
g h
then from (192), we have for all ¢ € [0, T5]
> [l e Dtu] . <67 (200)
lee|<2
Here we used the fact
sup (1020111 + 020l +1) < C sup P < oM,
0<r<t 0<T<t
Thirdly, due to (y)*wo > 26, if T is chosen as
) )
Ty = min { T3, , 207
= min | T, (207)

(ol + Toln ) 2007
then from (193), we have for all ¢ € [0, T3]

(y) w >0 (208)
In addition, due to 37|, <, [[(¥)* 27 Dol = < 35, if Ty is chosen as

51 51

= : : (209)
1600l x + Nl 1) aC 7

Ty = min ¢ 11,
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then from (195), we get for all ¢ € [0, T4]

S P ] < (210)

la]<2

Finally, due to pg > 24, if T5 is chosen as

0 0
T5 = min Tl, = ) ’ (211)
SCeol’,on + ol 2082
9 h
then from (197), we obtain for all ¢ € [0, T5]
p> 4. (212)

Then we choose T := min{T}, Tz, T3, T4, T5 } and this completes the proof of Lemma
4.2. O

5. Local-in-time existence and uniqueness.

5.1. Local-in-time existence. Using almost equivalence relation (14) and uni-
form weighted H*® estimate (199), we have

sup ([loflFron 4 18N F o1 + 151 Fen1)
0<t<T

<C sup ([ e + 15N2ens + 103U113: ) (213)

sup
0<t<T
<AC (el + 16112 + 105U )

Furthermore, we also know that 9;w¢, 9yt and 9;p are uniformly bounded in L>°(0, T’
H*=22)and L>(0, T; H*~2*~1), respectively. By the Lions-Aubin lemma and com-

pact embedding of H** in H lso/c7 we have, after taking a subsequence, as ¢, — 0T

W S w in L>(0,T; H*),

Wk — w in C(07T;Hfo/c),

ar g in L>(0,T; HS’,A*), (214)

i i in C(0,T; HE.,),

prSp in L0, T HAAY),

P = p in C(0,T; Hf,)
for all s < s, where w = d,u € L>(0,T; H>) N Ny<s C'(O,T;Hfo/c)7 w e L>(0,T;
H )0, ., C0,T5 i) and j € L¥(0,T5s H¥A1) AN, C(0.T: Hy,). Using

the local uniform convergence of 0,u*, we also have the pointwise convergence of
v, as e — 0T

y y
vk = 7/ Oputdy — yOy Inp/7 — 7/ dyudy — yd, Inp'/7 =: v. (215)
0 0

Combining (214) and (215), one may justify the pointwise convergence of all terms
in the regularized equation (23)-(25). Thus, passing to the limit e, — 01 in (23)-
(25) and regularized Bernoulli’s law (7) and (8), we know that the limit (u,v, p)
solves the problem (4)-(6) with the Bernoulli’s law (20) and (21) in the classical
sense.
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5.2. Uniqueness. Assume (ug,v1,p1) and (ug,ve, p2) are all the solutions to the
initial-boundary value problem (4)-(6) and w; = Oyu; (i = 1,2), then set & =
Uy — U,V = V1 — Vg, p = p1 — P2,®@ = wy — we, we obtain the following equations
(0 4+ 110, + 010y — p102) © + UWDpws + DOywo

= w8 Inp'/7 + 0yp10y@ + Dy pOyws + pO2ws,

(0¢ + 110y +v10,) p + Wypa + DOy p2 = —p0y Inp/7,

(8¢ + 118y + 010y — p102) U + WO us + VIyuy = pOjus,

0, + 0yv = 0, (216)
Wlt=0 = W10 — w20,

Plt=0 = p10 — p20,

Ult=0 = u10 — U20,

(@@, 7)]y—o = 0, Byi|y—o = 0.

Further set @ = @ — asu and p = p — bowt with ay = 33—‘:2 and by = 83—‘2’2. By direct
calculations, we get
(O + w10y + v10, — plai) @
= AD + 9yp10y@ + p (92w2 — a202u2) + Oyw20,p + B,
(0 + w10 +v10y) p = —p (8 Inp'/7 + O2uz) — p1b2dy® — prasbso + Ca,
)

Oli=0 = (w10 — w20) — a20(u10 — u20),

Pli=o = (P10 — p20) — bao(u10 — u20),

(2)|y:0 = (Wl - w2)|y:0a ay(b|y:0 = Oa

(217)
where
A =0, lnpl/”* + a20yp1 + baOywo + 2p10yaz,
B=-— (8,5 + w10z +v10y — plaj) as — Opwa + ao0zus + a0y lnpl/'Y + 0yp10ya2
+ Oyp1a3 + Oyw20, by + Oywaasby + 2p1asdyas + (85&)2 - agazug) b,
C = — (0 + w105 + v10y) ba — Ozp2 + b2Ozus + b2y lnpl/” + p1b20ya0
+ plbgag + Bgugbg.

It follows from direct calculations

[Allzee, [{w)Bllzee, IC]| L~ < C,

where

C=C(T,Up>,p, ||ﬁ||H§71, H‘DHH‘;) > 0.
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Multiplying the equations (217), and (217), by (y)**& and (y)?*~2p respectively,
then integrating the resulting equations over T X [0, 400), we obtain

T (1l + 149~ 2122)
<C (1Dl + 1) 5ls + 1) ).

4 can be expressed by @ = w» foy w%dy because of W = w2y (*) and u|y=g = 0.

u
w2

(218)

Thus one has

Yo
NPl < H<y>“w2 [
0

(A}Q L2
a [Yw 219
<P alom | [ 2y 219
0 w2 L2
<Cl(y) |2
Substituting (219) into (218), we have
d . 1- . 1.
= (1) @Iz + 1) llE) < € (1K) *@liZe + 1) AlIZ:) - (220)
Applying Gronwall’s inequality, we further obtain due to &|;—¢g = 0 and pl;—g =0
) @172 + 1) hll7= = 0, (221)

which means w = 0 and p = 0. Consequently, it follows that « = 0 from u =
w2 foy = dy. We also further obtain p1 = pa due to p = p + byt = 0. Finally we get
vy = vg from (4),. This completes the proof of uniqueness.
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