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Abstract. We consider a two-species chemotaxis-Navier-Stokes system with

p-Laplacian in three-dimensional smooth bounded domains. It is proved that
for any p ≥ 2, the problem admits a global weak solution.

1. Introduction. In this paper, we are concerned with the following two-species
chemotaxis-Navier-Stokes system:

(n1)t + u · ∇n1 = ∇ · (|∇n1|p−2∇n1)− χ1∇ · (n1∇c)
+µ1n1(1− n1 − a1n2),

(n2)t + u · ∇n2 = ∆n2 − χ2∇ · (n2∇c) + µ2n2(1− a2n1 − n2),

ct + u · ∇c = ∆c− (αn1 + βn2)c,

ut + (u · ∇)u = ∆u+∇P + (n1 + n2)∇Φ, ∇ · u = 0,

(1.1)

in Q = Ω × [0,∞), where Ω ⊂ R3 is a bounded domain with smooth boundary,
µ1, µ2, α, β, χ1, χ2, are positive constants, and a1, a2 ≥ 0 are constants. This system
describes the evolution of two kinds of aerobic bacteria, that compete according to
Iotka-Volterra competitive kinetics in a liquid surrounding environment. Here n1

and n2 represent the population densities of two species respectively, c stands for
the concentration of oxygen, u shows the fluid velocity field, and P represents the
pressure of the fluid. The given function Φ represents the gravitational potential.

The problem (1.1) is a generalized system to the chemotaxis-fluid system, which
is proposed by Tuval et al. in [21]. The chemotaxis-Navier-Stokes system models
have been widely studied by many researchers ([22, 23, 25]).

What’s more, the investigation of the problems involving chemotaxis-Navier-
Stokes system models with p-Laplacian has been addressed by several authors. Tao
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and Li [19] discussed the following chemotaxis-Navier-Stokes system:
nt + u · ∇n = ∇ · (|∇n|p−2∇n)−∇ · (nχ(c)∇c) ,
ct + u · ∇c = ∆c− nf(c),

ut + (u · ∇)u = ∆u+∇P + n∇φ,
∇ · u = 0.

They got that if p > 32
15 , under appropriate assumptions on f and χ, for all suffi-

ciently smooth initial data (n0, c0, u0), the system owns at least one global weak so-
lution in three dimensional spaces. Furthermore, Tao and Li [20] proved that global
bounded weak solutions of the chemotaxis-Stokes system exist whenever p > 23

11 .
Liu [10] investigated the following problem:

ρt + u · ∇ρ = ∇ · (|∇ρ|p−2∇ρ)−∇ · (ρ∇c)− ρm, x ∈ Ω, t > 0,

ct − u · ∇c = ∆c− c+m, x ∈ Ω, t > 0,

mt + u · ∇m = ∆m− ρm, x ∈ Ω, t > 0,

ut + κ(u · ∇)u = ∆u+∇P + (ρ+m)∇φ, x ∈ Ω, t > 0,

∇ · u = 0, x ∈ Ω, t > 0,

where Ω ⊂ RN is a bounded domain with smooth boundary. It is proved that if
either p > 2 for κ ∈ R, N = 2 or p > 94

45 for κ = 0, N = 3 is satisfied, then for
each properly chosen initial data and associated initial-boundary problem admits
a global weak solution which is bounded. The relevant equations have also been
studied in [11, 12].

On the other hand, two-species competitive chemotaxis systems have been stud-
ied by many authors [1, 15] recently, mainly about the global existence and asymp-
totic stability of solution. Cao, Kurima and Mizukami [3] considered the following
two-species chemotaxis-Stokes system:

(n1)t + u · ∇n1 = ∆n1 − χ1∇ · (n1∇c)
+µ1n1(1− n1 − a1n2), x ∈ Ω, t > 0,

(n2)t + u · ∇n2 = ∆n2 − χ2∇ · (n2∇c)
+µ2n2(1− a2n1 − n2), x ∈ Ω, t > 0,

ct + u · ∇c = ∆c− c(αn1 + βn2), x ∈ Ω, t > 0,

ut + κ(u · ∇)u = ∆u+∇P + (γn1 + δn2)∇φ, x ∈ Ω, t > 0,

∇ · u = 0, x ∈ Ω, t > 0.

(1.2)

They proved the global existence, boundedness and stabilization of solutions to
the above system in the 3-dimensional case. Hirata et al [6] gave more complete
stabilization of solutions for (1.2) in the 2-dimensional case. Moreover Liu and
Li [13] proved that the system (1.2) admits a time periodic solution under some
conditions. The relevant equations have also been studied in [8].

As mentioned above, two-species chemotaxis-Stokes system and one species che-
motaxis-Stokes system with p-Laplacian were studied by many authors. However
the combination of these two kinds of problems has not been studied. Thus, we
are inspired to investigate the case that the two species have different diffusion
law, namely one according to the p-Laplacian diffusion and the other according to
standard Laplacian diffusion. From a physical point of view, in the same liquid
surrounding environment, one species is influenced by ions and molecules and thus
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its mobility is described by a nonlinear function of the cells, but the other species
is not affected by ions or molecules thus diffuse by linear Laplacian diffusion.

Obviously, Cao, Kurima and Mizukami solved the problem (1.1) when p = 2.
If p > 2, from a mathematical point of view, p-Laplacian diffusion term ∇ ·
(|∇n1|p−2∇n1) lead to a lot of difficulties in our proof of main result because of
its nonlinear character. To be specific, a main difficulty arises in the estimate of
n1 in contrast to the case of Laplacian, and the property of the Neumann heat
semigroup becomes useless and so on. In order to overcome the difficulties bring
by the p-Laplacian diffusion term, we consider a regularized problems of (1.1) and
establish an energy-type inequality in Section 3 as a starting point to discuss the
problem.

In this paper, we shall consider (1.1) along with the boundary conditions

|∇n1|p−2 ∂n1

∂ν
=
∂n2

∂ν
=
∂c

∂ν
= 0 and u = 0, on QΓ, (1.3)

where QΓ = ∂Ω× [0,∞), and the initial conditions

ni(x, 0) = ni,0(x), c(x, 0) = c0(x), u(x, 0) = u0(x), x ∈ Ω, i = 1, 2. (1.4)

Assume that n1,0, n2,0, c0, u0 and Φ are given functions satisfying

Φ ∈W 1,∞(Ω), (1.5)

and 
n1,0 ∈ L2(Ω), and n1,0 > 0,
n2,0 ∈ L logL(Ω), and n2,0 > 0,
c0 ∈ L∞(Ω), c0 > 0, and

√
c0 ∈W 1,2(Ω),

u0 ∈ L2
σ(Ω),

(1.6)

where L logL(Ω) is the standard Orlicz space associated with the Young function
(0,∞) 3 z 7→ z ln(1 + z) and L2

σ(Ω) := {ϕ ∈ (L2(Ω))3|∇ · ϕ = 0}.
Let us first give the definition of weak solution.

Definition 1.1. We call (n1, n2, c, u) a global weak solution of (1.1), (1.3) and (1.4)
if

n1 ∈ L1
loc([0,∞);L1(Ω)), n2 ∈ L1

loc([0,∞));W 1,1(Ω)),

c ∈ L1
loc([0,∞);W 1,1(Ω)), u ∈ (L1

loc([0,∞);W 1,1
0 (Ω)))3,

such that n1 ≥ 0, n2 ≥ 0 and c ≥ 0 a.e in Q and that

µ1n1(1− n1 − a1n2), µ2n2(1− a2n1 − n2), (αn1 + βn2)c ∈ L1
loc([0,∞);L1(Ω)),

|∇n1|p−2∇n1, n1∇c, n2∇c, n1u, n2u, cu ∈ (L1
loc([0,∞);L1(Ω)))3,

u⊗ u ∈ (L1
loc([0,∞);L1(Ω)))3×3,
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and that∫ ∞
0

∫
Ω

(n1)tφ1 −
∫ ∞

0

∫
Ω

n1u · ∇φ1 = −
∫ ∞

0

∫
Ω

|∇n1|p−2∇n1 · ∇φ1

+

∫ ∞
0

∫
Ω

χ1n1∇c · ∇φ1 +

∫ ∞
0

∫
Ω

µ1n1 (1− n1 − a1n2)φ1,∫ ∞
0

∫
Ω

(n2)tφ2 −
∫ ∞

0

∫
Ω

n2u · ∇φ2 = −
∫ ∞

0

∫
Ω

∇n2 · ∇φ2

+

∫ ∞
0

∫
Ω

χ2n2∇c · ∇φ2 +

∫ ∞
0

∫
Ω

µ2n2(1− a2n1 − n2)φ2,∫ ∞
0

∫
Ω

ctφ3 −
∫ ∞

0

∫
Ω

cu · ∇φ3 = −
∫ ∞

0

∫
Ω

∇c · ∇φ3 −
∫ ∞

0

∫
Ω

(αn1 + βn2)cφ3,

as well as∫ ∞
0

∫
Ω

utφ4 −
∫ ∞

0

∫
Ω

u⊗ u∇φ4 = −
∫ ∞

0

∫
Ω

∇u · ∇φ4 +

∫ ∞
0

∫
Ω

(n1 + n2)∇Φ · φ4,

hold for all φ1, φ2, φ3 ∈ C∞0 (Ω̄ × [0,∞)) and φ4 ∈ (C∞0 (Ω × [0,∞)))3 satisfying
∇ · φ4 = 0.

The plan of this paper is as follows. In Section 2, we list some lemmas, which
will be used throughout this paper. In Section 3, we consider a family of regularized
problems and show the global existence of the regularized problems, by establish-
ing an energy-type inequality and using the Moser-Alikakos iteration procedure.
Finally, in Section 4, we show that the problem (1.1), (1.3) and (1.4) admits a
global-in-time weak solution.

2. Preliminaries. In this section, we recall some lemmas, which will be used
throughout the paper. Before going further, we first list the Gagliardo-Nirenberg
interpolation inequality [16] for the convenience of application.

Lemma 2.1. For functions u : Ω → R defined on a bounded Lipschitz domain
Ω ⊂ RN , we have

‖Dju‖Lp ≤ C‖Dmu‖bLr‖u‖1−bLq + C‖u‖Ls ,

where 1 ≤ q, r ≤ ∞, jm ≤ b ≤ 1,

1

p
=

j

N
+ (

1

r
− m

N
)b+

1− b
q

,

and s > 0 is arbitrary.

Next, we list the following Lemma 2.2 [18].

Lemma 2.2. Let T > 0, τ ∈ (0, T ), a > 0, b > 0, and suppose that y : [0, T ) →
[0,∞) is absolutely continuous such that

y′(t) + ay(t) ≤ h(t), for t ∈ [0, T ),

where h ≥ 0, h(t) ∈ L1
loc([0, T )) and∫ t

t−τ
h(s)ds ≤ b, for all t ∈ [τ, T ).

Then

y(t) ≤ max{y(0) + b,
b

aτ
+ 2b} for all t ∈ [0, T ).
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Finally, we also give a generalized lemma of Lemma 2.2 [7].

Lemma 2.3. Let T > 0, τ ∈ (0, T ), σ ≥ 0, a > 0, b ≥ 0, and suppose that f :
[0, T )→ [0,∞) is absolutely continuous and satisfies

f ′(t) + af1+σ(t) ≤ h(t), t ∈ R,

where h ≥ 0, h(t) ∈ L1
loc([0, T )) and∫ t

t−τ
h(s)ds ≤ b, for all t ∈ [τ, T ).

Then

sup
t∈(0,T )

f(t) + a sup
t∈(τ,T )

∫ t

t−τ
f1+σ(s)ds

≤b+ 2 max{f(0) + b+ aτ,
b

aτ
+ 1 + 2b+ 2aτ}.

3. Regularized problem. Inspired by the idea from [22], in order to construct
a global weak solution of (1.1), (1.3) and (1.4), we first consider the following
appropriately regularized problem:

∂tn1ε + uε · ∇n1ε = ∇ ·
((
|∇n1ε|2 + ε

) p−2
2 ∇n1ε

)
−χ1∇ · (n1εF

′
ε(n1ε)∇cε) + µ1n1ε(1− n1ε − a1n2ε), (x, t) ∈ Q,

∂tn2ε + uε · ∇n2ε = ∆n2ε − χ2∇ · (n2εF
′
ε(n2ε)∇cε)

+µ2n2ε(1− a2n1ε − n2ε), (x, t) ∈ Q,
∂tcε + uε · ∇cε = ∆cε − (αFε(n1ε) + βFε(n2ε)) cε, (x, t) ∈ Q,
∂tuε + (Yεuε · ∇)uε = ∆uε +∇Pε + (n1ε + n2ε)∇Φ, (x, t) ∈ Q,
∇ · uε = 0, (x, t) ∈ Q,
∂n1ε

∂ν = ∂n2ε

∂ν = ∂cε
∂ν = 0, uε = 0, (x, t) ∈ QΓ,

ni,ε(x, 0) = n0iε(x), c(x, 0) = c0ε(x), u(x, 0) = u0ε(x), x ∈ Ω, i = 1, 2,

(3.1)

for ε ∈ (0, 1). We take Fε(s) := 1
ε ln(1 + εs), for s ≥ 0 and utilize the standard

Yosida approximation Yε [14, 17], which was defined by

Yεv := (1 + εA)−1v, for all v ∈ L2
σ(Ω).

By P we mean the Helmholtz projection in L2(Ω), then we represent A as the
realization of Stokes operator −P∆ in L2

σ(Ω), with domain D(A) = W 2,2(Ω) ∩
W 1,2

0,σ (Ω), where W 1,2
0,σ (Ω) = W 1,2

0 (Ω) ∩ L2
σ(Ω) = C∞0,σ(Ω)

‖·‖W1,2(Ω) , with C∞0,σ(Ω) =

C∞0 (Ω) ∩ L2
σ(Ω). Thereafter, it is obvious to see that our choice of Fε ensures that

0 ≤ Fε(s) ≤ s, for all s ≥ 0, (3.2)

0 ≤ F ′ε(s) =
1

1 + εs
≤ 1 and 0 ≤ sF ′ε(s) =

s

1 + εs
≤ 1

ε
, for all s ≥ 0, (3.3)

and

Fε(s)↗ s and F ′ε(s)↗ 1, as ε↘ 0, for all s ≥ 0. (3.4)
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The families of approximate initial date n01ε(x) > 0, n02ε(x) > 0, c0ε(x) > 0 and
u0ε satisfy that{

n01ε ∈ C∞0 (Ω),
∫

Ω
n01ε =

∫
Ω
n1,0 for all ε ∈ (0, 1),

n01ε → n1,0 in L2(Ω) as ε↘ 0,
(3.5)

{
n02ε ∈ C∞0 (Ω),

∫
Ω
n02ε =

∫
Ω
n2,0 for all ε ∈ (0, 1),

n02ε → n2,0 in LlogL(Ω) as ε↘ 0,
(3.6)

{ √
c0ε ∈ C∞0 (Ω), ‖c0ε‖L∞(Ω) ≤ ‖c0‖L∞(Ω) for all ε ∈ (0, 1),√
c0ε →

√
c0 a.e. in Ω and W 1,2(Ω) as ε↘ 0,

(3.7)

and

u0ε ∈ C∞0,σ(Ω), with ‖u0ε‖L2(Ω) = ‖u0‖L2(Ω) for all ε ∈ (0, 1). (3.8)

Firstly, we give the local smooth solutions existence result of the above approximate
problem as follows.

Lemma 3.1. Taking p ≥ 2, then for each ε ∈ (0, 1), there exist Tmax,ε ∈ (0,∞]
and uniquely determined functions

n1ε ∈ C0(Ω̄× [0, Tmax,ε)) ∩ C2,1(Ω̄× (0, Tmax,ε)),
n2ε ∈ C0(Ω̄× [0, Tmax,ε)) ∩ C2,1(Ω̄× (0, Tmax,ε)),
cε ∈ C0(Ω̄× [0, Tmax,ε)) ∩ C2,1(Ω̄× (0, Tmax,ε)) and
uε ∈ C0(Ω̄× [0, Tmax,ε);R3) ∩ C2,1(Ω̄× (0, Tmax,ε);R3),

such that (n1ε, n2ε, cε, uε) is a classical solution of (3.1) in Ω × (0, Tmax,ε) with
some Pε ∈ C1,0(Ω × (0, Tmax,ε)). Moreover, we have n1ε > 0, n2ε > 0, and cε > 0
in Ω̄× (0, Tmax,ε) and if Tmax,ε <∞, then

‖n1ε(·, t)‖L∞(Ω) + ‖n2ε(·, t)‖L∞(Ω) + ‖cε(·, t)‖W 1,q(Ω) + ‖Aγuε(·, t)‖L2(Ω) →∞,

as t↗ Tmax,ε, for all q > 3 and γ > 3
4 .

Proof. Combination of arguments Lemma 2.1 in [23] and Lemma 2.1 in [19], which
is based on a standard Schauder fixed point argument and a parabolic regularity
theory, entails the existence of classical solution. Since (n1ε, n2ε, cε, uε) is a smooth
solution of (3.1), the nonnegativity of n1ε, n2ε and cε follows from the maximum
principle [23, 5, 2].

We are now ready to construct some basic estimates of (n1ε, n2ε, cε, uε). In what

follows, without special explanation, we take τ = min
{

1,
Tmax,ε

2

}
, what’s more,

all constants C denote some different constants from line to line, which are only
depend on the given coefficients, initial date and Ω. All these estimates of this form∫ t
t−τ · · · ds in this paper can be replaced by

∫ Tmax,ε

0
· · · ds if τ < 1, so these estimates

do not dependent on τ . The following estimates of n1ε, n2ε and cε are obvious but
important in the proof of our result.

Lemma 3.2. For each ε ∈ (0, 1), the solution of (3.1) satisfies

sup
t∈(0,Tmax,ε)

‖n1ε(·, t)‖L1(Ω) + sup
t∈(τ,Tmax,ε)

∫ t

t−τ

∫
Ω

n2
1εdxds ≤ C, (3.9)

sup
t∈(0,Tmax,ε)

‖n2ε(·, t)‖L1(Ω) + sup
t∈(τ,Tmax,ε)

∫ t

t−τ

∫
Ω

n2
2εdxds ≤ C, (3.10)
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and

‖cε(·, t)‖L∞(Ω) ≤ ‖c0‖L∞(Ω) = s0 for all t ∈ (0, Tmax,ε). (3.11)

Proof. Integrating the first equation in (3.1) to see

d

dt

∫
Ω

n1ε + µ1

∫
Ω

(n2
1ε + a1n1εn2ε) = µ1

∫
Ω

n1ε,

in both cases a1 = 0 and a1 > 0, we have

d

dt

∫
Ω

n1ε + µ1

∫
Ω

n2
1ε ≤ µ1

∫
Ω

n1ε

≤ µ1

2

∫
Ω

n2
1ε + C(Ω),

with some C(Ω) > 0. We derive from the Hölder inequality that

(
∫

Ω
n1ε)

2

|Ω|
≤
∫

Ω

n2
1ε,

hence we further have

d

dt

∫
Ω

n1ε +
µ1

2|Ω|

(∫
Ω

n1ε

)2

≤ C(Ω).

By Lemma 2.3, we can obtain (3.9). Then completely similar to the proof of (3.10).
Finally, an application of the maximum principle to the third equation in (3.1) gives
(3.11).

Now we are in the position to derive an energy-type inequality which will be used
in the reduction of further estimates. To this end, we first list an inequality which
is crucial in the proof of the energy-type inequality. More details of the proof please
refer to [4].

Lemma 3.3. Suppose that h ∈ C2(R). Then for all ϕ ∈ C2(Ω̄) fulfilling ∂ϕ
∂ν = 0

on ∂Ω we have∫
Ω

h′(ϕ)|∇ϕ|2∆ϕ =− 2

3

∫
Ω

h(ϕ)|∆ϕ|2 +
2

3

∫
Ω

h(ϕ)|D2ϕ|2 − 1

3

∫
Ω

h′′(ϕ)|∇ϕ|4

− 1

3

∫
∂Ω

h(ϕ)
∂

∂ν
|∇ϕ|2.

Then we derive the decisive energy-type inequality from the first three equations
in (3.1). The main idea of the proof is similar to the strategy introduced in [22]
(see also [19]).

Lemma 3.4. Assume that p ≥ 2. There exist constants C > 0, K > 0 such that
for any ε ∈ (0, 1), the solution of (3.1) satisfies

d

dt

(
Ā

∫
Ω

(n1ε lnn1ε − n1ε) + B̄

∫
Ω

(n2ε lnn2ε − n2ε) +
1

2

∫
Ω

|∇cε|2

cε

)
+

1

K
·
{∫

Ω

|∇cε|4

c3ε
+

∫
Ω

(|∇n1ε|2 + ε)
p−2

2
|∇n1ε|2

n1ε
+

∫
Ω

|∇n2ε|2

n2ε

}
≤K

∫
Ω

|∇u|2 + C, (3.12)

where Ā = α
χ1
, B̄ = β

χ2
.
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Proof. Testing the first equation of (3.1) by lnn1ε and integrating by parts to com-
pute

d

dt

∫
Ω

(n1ε lnn1ε − n1ε) +

∫
Ω

(|∇n1ε|2 + ε)
p−2

2
|∇n1ε|2

n1ε

=χ1

∫
Ω

∇Fε(n1ε) · ∇cε + µ1

∫
Ω

n1ε(1− n1ε − a1n2ε) lnn1ε

=χ1

∫
Ω

∇Fε(n1ε) · ∇cε + µ1

∫
Ω

n1ε(1− n1ε) lnn1ε − µ1a1

∫
Ω

n1εn2ε lnn1ε,

for all t ∈ (0, Tmax,ε). Here we use that s ln s ≥ − 1
e , for all s ≥ 0 to see that

−µ1a1

∫
Ω

n1εn2ε lnn1ε ≤
µ1a1

e

∫
Ω

n2ε,

for all t ∈ (0, Tmax,ε). Moreover, due to the fact that (1 − n1ε) lnn1ε ≤ 0 for all
(x, t) ∈ Ω× (0, Tmax,ε), we have

µ1

∫
Ω

n1ε(1− n1ε) lnn1ε ≤ 0, for all t ∈ (0, Tmax,ε).

Furthermore, we see that

d

dt

∫
Ω

(n1ε lnn1ε − n1ε) +

∫
Ω

(|∇n1ε|2 + ε)
p−2

2
|∇n1ε|2

n1ε

≤χ1

∫
Ω

∇Fε(n1ε) · ∇cε +
µ1a1

e

∫
Ω

n2ε. (3.13)

Proceeding similarly, we obtain

d

dt

∫
Ω

(n2ε lnn2ε − n2ε) +

∫
Ω

|∇n2ε|2

n2ε

=χ2

∫
Ω

∇Fε(n2ε) · ∇cε + µ2

∫
Ω

n2ε(1− a2n1ε − n2ε) lnn2ε

≤χ2

∫
Ω

∇Fε(n2ε) · ∇cε +
µ2a2

e

∫
Ω

n1ε. (3.14)

Finally, we have the following inequality

1

2

d

dt

∫
Ω

|∇cε|2

cε
+

1

2(2 +
√

3)

∫
Ω

|∇cε|4

c3ε

≤−
∫

Ω

∇cε · ∇ (αFε(n1ε) + βFε(n2ε)) +
2 +
√

3

2
s0

∫
Ω

|∇uε|2, (3.15)

for all t ∈ (0, Tmax,ε). Indeed, by a straightforward calculation and integration by
parts we see

1

2

d

dt

∫
Ω

|∇cε|2

cε
=

1

2

∫
Ω

|∇cε|2

c2ε
cεt −

∫
Ω

∆cε
cε
· cεt,

for all t ∈ (0, Tmax,ε). In view of the third equation of (3.1) and integration by
parts, we further have

1

2

d

dt

∫
Ω

|∇cε|2

cε

=
1

2

∫
Ω

|∇cε|2

c2ε
∆cε −

∫
Ω

|∆cε|2

cε
− 1

2

∫
Ω

|∇cε|2

cε
(αFε(n1ε) + βFε(n2ε))
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+

∫
Ω

∆cε · (αFε(n1ε) + βFε(n2ε))−
1

2

∫
Ω

|∇cε|2

c2ε
uε · ∇cε +

∫
Ω

∆cε
cε

(uε · ∇cε)

=
1

2

∫
Ω

|∇cε|2

c2ε
∆cε −

∫
Ω

|∆cε|2

cε
− 1

2

∫
Ω

|∇cε|2

cε
(αFε(n1ε) + βFε(n2ε))

−
∫

Ω

∇cε · ∇ (αFε(n1ε) + βFε(n2ε))−
1

2

∫
Ω

|∇cε|2

c2ε
(uε · ∇cε) +

∫
Ω

∆cε
cε

(uε · ∇cε),

for all t ∈ (0, Tmax,ε). On the other hand, considering the Lemma 3.3 with ϕ = cε
and h(ϕ) = − 1

ϕ to observe that

−
∫

Ω

|∆cε|2

cε
= −

∫
Ω

|D2cε|2

cε
− 3

2

∫
Ω

|∇cε|2

c2ε
∆cε +

∫
Ω

|∇cε|4

c3ε
+

1

2

∫
∂Ω

1

cε

∂

∂ν
|∇cε|2.

What’s more, we observe that∫
Ω

cε|D2 ln cε|2 =

∫
Ω

1

cε
|D2cε|2 − 2

∫
Ω

1

c2ε
(D2cε · ∇cε) · ∇cε +

∫
Ω

|∇cε|4

cε3

=

∫
Ω

1

cε
|D2cε|2 −

∫
Ω

1

c2ε
∇|∇cε|2 · ∇cε +

∫
Ω

|∇cε|4

cε3

=

∫
Ω

1

cε
|D2cε|2 +

∫
Ω

1

c2ε
|∇cε|2∆cε −

∫
Ω

|∇cε|4

cε3
.

Combining the above three equations, we further have

1

2

d

dt

∫
Ω

|∇cε|2

cε
=−

∫
Ω

cε|D2 ln cε|2 +
1

2

∫
∂Ω

1

cε

∂

∂ν
|∇cε|2

− 1

2

∫
Ω

|∇cε|2

cε
(αFε(n1ε) + βFε(n2ε)) +

∫
Ω

∆cε
cε

(uε · ∇cε)

−
∫

Ω

∇cε · ∇ (αFε(n1ε) + βFε(n2ε))−
1

2

∫
Ω

|∇cε|2

c2ε
(uε · ∇cε).

Then applying Lemma 3.3 in [23], the inequality∫
Ω

|∇cε|4

c3ε
≤ (2 +

√
3)

∫
Ω

cε|D2 ln cε|2

holds for all t ∈ (0, Tmax,ε). Since the convexity of Ω and ∂cε
∂ν = 0 on ∂Ω, it follows

that ∂
∂ν |∇cε|

2 ≤ 0 on ∂Ω([4]). Moreover because of ∇ · uε = 0, integration by parts
and the Young’s inequality we find∫

Ω

∆cε
cε

(uε · ∇cε)

=

∫
Ω

|∇cε|2

c2ε
(uε · ∇cε)−

∫
Ω

∇cε
cε
· (∇uε · ∇cε)−

∫
Ω

uε
cε
· (D2cε · ∇cε)

=

∫
Ω

|∇cε|2

c2ε
(uε · ∇cε)−

∫
Ω

∇cε
cε
· (∇uε · ∇cε)−

1

2

∫
Ω

uε
cε
· ∇|∇cε|2

=
1

2

∫
Ω

|∇cε|2

c2ε
(uε · ∇cε)−

∫
Ω

∇cε
cε
· (∇uε · ∇cε)

≤1

2

∫
Ω

|∇cε|2

c2ε
(uε · ∇cε) +

1

2(2 +
√

3)

∫
Ω

|∇cε|4

c3ε
+

2 +
√

3

2

∫
Ω

cε|∇uε|2
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≤1

2

∫
Ω

|∇cε|2

c2ε
(uε · ∇cε) +

1

2(2 +
√

3)

∫
Ω

|∇cε|4

c3ε
+

2 +
√

3

2
s0

∫
Ω

|∇uε|2.

Combined the above discussion with (3.2), we arrive at (3.15).
Finally, considering the consequence of Lemma 3.2 and combining (3.13)-(3.15)

with C = Āµ1a1

e

∫
Ω
n2ε + B̄µ2a2

e

∫
Ω
n1ε, and K = max

{
2+
√

3
2 s0, 2(2 +

√
3), 1

Ā
, 1
B̄

}
,

we arrive at (3.12).

Lemma 3.5. Assume that p ≥ 2. Ā, B̄ and K be given in Lemma 3.4. Then for
any ε ∈ (0, 1) there exists K0 > 0 large enough such that

d

dt

(
Ā

∫
Ω

(n1ε lnn1ε − n1ε) + B̄

∫
Ω

(n2ε lnn2ε − n2ε) +
1

2

∫
Ω

|∇cε|2

cε
+K

∫
Ω

|uε|2
)

+
1

K0
·
{∫

Ω

|∇cε|4

c3ε
+

∫
Ω

|∇n1ε|p

n1ε
+

∫
Ω

|∇n2ε|2

n2ε
+

∫
Ω

|∇uε|2
}

≤K0, (3.16)

for all t ∈ (0, Tmax,ε).

Proof. Testing the fourth equation in (3.1) with uε and considering Hölder’s in-
equality, the sobolev embedding W 1,2(Ω) ↪→ L6(Ω) as well as Minkowski inequality
show that

1

2

d

dt

∫
Ω

|uε|2 +

∫
Ω

|∇uε|2

=

∫
Ω

(n1ε + n2ε)∇Φ · uε

≤‖∇Φ‖L∞(Ω)‖n1ε + n2ε‖
L

6
5 (Ω)
‖uε‖L6(Ω)

≤1

4
‖∇uε‖2L2(Ω) + ‖∇Φ‖2L∞(Ω)

(
‖n1ε‖2

L
6
5 (Ω)

+ ‖n2ε‖2
L

6
5 (Ω)

)
, (3.17)

for all t ∈ (0, Tmax,ε). Here we have used that∫
Ω

(Yεuε · ∇)uε · uε = −
∫

Ω

(∇ · Yεuε)|uε|2 −
1

2

∫
Ω

Yεuε · ∇|uε|2

= −1

2

∫
Ω

(∇ · Yεuε)|uε|2 = 0,

since ∇ · uε = 0 and ∇ · (1 + εA)−1uε = 0.

Let θ := p−1
4(2p−3) ∈ (0, 1), then θ satisfies 5(p−1)

6p = θ( 1
p −

1
3 ) + (1 − θ)p−1

p . An

application of the Gagliardo-Nirenberg inequality shows that

‖n1ε‖2
L

6
5 (Ω)

=

∥∥∥∥n p−1
p

1ε

∥∥∥∥
2p
p−1

L
6p

5(p−1) (Ω)

≤ C1

∥∥∥∥∇n p−1
p

1ε

∥∥∥∥
2p
p−1 θ

Lp(Ω)

∥∥∥∥n p−1
p

1ε

∥∥∥∥
2p
p−1 (1−θ)

L
p
p−1 (Ω)

+ C1

∥∥∥∥n p−1
p

1ε

∥∥∥∥
2p
p−1

L
p
p−1 (Ω)

= C1

∥∥∥∥∇n p−1
p

1ε

∥∥∥∥
2p
p−1 θ

Lp(Ω)

‖n1ε‖2(1−θ)
L1(Ω) + C1‖n1ε‖2L1(Ω),
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for all t ∈ (0, Tmax,ε), with some C1 > 0. Due to our assumption p ≥ 2 > 7
4 , we

have 2p
p−1θ < p. Using the Young’s inequality together with (3.9) to estimate

‖n1ε‖26
5
≤ δ

∥∥∥∥∇n p−1
p

1ε

∥∥∥∥p
p

+ C2Cδ, (3.18)

for all t ∈ (0, Tmax,ε), with some C2 > 0.
Let η := 1

4 ∈ (0, 1), then η satisfies 5
12 = η

(
1
2 −

1
3

)
+ 1

2 (1− η). Once again we use
the Gagliardo-Nirenberg inequality to see that

‖n2ε‖2
L

6
5 (Ω)

=
∥∥∥n 1

2
2ε

∥∥∥4

L
12
5 (Ω)

≤ C3

∥∥∥∇n 1
2
2ε

∥∥∥4η

L2(Ω)

∥∥∥n 1
2
2ε

∥∥∥4(1−η)

L2(Ω)
+ C3

∥∥∥n 1
2
2ε

∥∥∥4

L2(Ω)

= C3

∥∥∥∇n 1
2
2ε

∥∥∥4η

L2(Ω)
‖n2ε‖2(1−η)

L1(Ω) + C3‖n2ε‖2L1(Ω),

for all t ∈ (0, Tmax,ε), with some C3 > 0. Since 4η < 2 , we use Young’s inequality
together with (3.10) to estimate

‖n2ε‖2
L

6
5 (Ω)

≤ ϑ‖∇n
1
2
2ε‖2L2(Ω) + C4Cϑ, (3.19)

for all t ∈ (0, Tmax,ε), with some C4 > 0.
Noticing that ∫

Ω

(|∇n1ε|2 + ε)
p−2

2
|∇n1ε|2

n1ε
≥
∫

Ω

|∇n1ε|p

n1ε
.

Then considering the consequence of Lemma 3.4 and combining (3.17)-(3.19) with

δ = pp

4K‖∇Φ‖2∞(p−1)p and ϑ = 1
K‖∇Φ‖2∞

, we arrive at (3.16).

We can thereby establish the following consequences.

Lemma 3.6. Assume that p ≥ 2. Ā, B̄ and K be given in Lemma 3.4. Then for
any ε ∈ (0, 1), we have

Ā

∫
Ω

(n1ε lnn1ε − n1ε) + B̄

∫
Ω

(n2ε lnn2ε − n2ε)

+
1

2

∫
Ω

|∇cε|2

cε
+K

∫
Ω

|uε|2 ≤ C, (3.20)

for all t ∈ (0, Tmax,ε), and∫ T

0

∫
Ω

|∇cε|4

c3ε
+

∫ T

0

∫
Ω

∣∣∣∣∇n p−1
p

1ε

∣∣∣∣p +

∫ T

0

∫
Ω

∣∣∣∇n 1
2
2ε

∣∣∣2 +

∫ T

0

∫
Ω

|∇uε|2

≤C(T + 1), for any fixed T ∈ (0, Tmax,ε). (3.21)

Proof. Set

yε(t) :=

∫
Ω

{
Ā(n1ε lnn1ε − n1ε) + B̄(n2ε lnn2ε − n2ε) +

1

2

|∇cε|2

cε
+K|uε|2

}
(·, t),

for all t ∈ (0, Tmax,ε), and

hε(t) :=

∫
Ω

{
|∇cε|4

c3ε
+

∣∣∣∣∇n p−1
p

1ε

∣∣∣∣p +
∣∣∣∇n 1

2
2ε

∣∣∣2 + |∇uε|2
}

(·, t),
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for all t ∈ (0, Tmax,ε). Obviously, Lemma 3.5 shows that

y′ε(t) +
1

K0
hε(t) ≤ K0 for all t ∈ (0, Tmax,ε).

Now, we are going to show that yε(t) is dominated by hε(t). Firstly, employing the
standard Poincaré inequality, there exists C1 > 0 such that

K

∫
Ω

|uε|2 ≤ C1

∫
Ω

|∇uε|2 for all t ∈ (0, Tmax,ε). (3.22)

Obviously, using that s ln s ≤ 2s
6
5 , for all s > 0 and combining the Young’s inequal-

ity together with (3.18), we see that∫
Ω

Ā(n1ε lnn1ε − n1ε) ≤ Ā
∫

Ω

n1ε lnn1ε

≤2Ā

∫
Ω

n
6
5
1ε ≤ C2

∥∥∥∥∇n p−1
p

1ε

∥∥∥∥p
Lp(Ω)

+ C2, (3.23)

with some C2 > 0. Similar to the proof of (3.23), due to the Young’s inequality and
(3.19), we can also obtain

B̄

∫
Ω

(n2ε lnn2ε − n2ε) ≤ C3

∥∥∥∇n 1
2
2ε

∥∥∥2

L2(Ω)
+ C3, (3.24)

with some C3 > 0. Finally, according to the Young’s inequality and (3.11), there
exists C4 such that

1

2

|∇cε|2

cε
≤
∫

Ω

|∇cε|4

c3ε
+

1

16

∫
Ω

cε ≤
∫

Ω

|∇cε|4

c3ε
+ C4. (3.25)

(3.22)-(3.25) ensure that yε ≤ C5hε(t) + C5, with some C5 > 0. And then

y′ε(t) +
1

2C5K0
yε +

1

2K0
hε(t) ≤ K0 +

1

2K0
, for all t ∈ (0, Tmax,ε).

By Lemma 2.2, it is easy to see that (3.20) and (3.21) hold. The proof is complete.

Lemma 3.7. Assume that p ≥ 2, ξ ∈ (1, 11 − 12
p ], ζ ∈ (1, 5]. For any fixed

T ∈ (0, Tmax,ε), there exists C > 0 such that the solution of (3.1) satisfies∫
Ω

nξ1ε +

∫ T

0

∫
Ω

nξ+1
1ε +

∫ T

0

∫
Ω

nξ−2
1ε |∇n1ε|p ≤ C(T + 1), (3.26)

and ∫
Ω

nζ2ε +

∫ T

0

∫
Ω

nζ+1
1ε +

∫ T

0

∫
Ω

nζ−2
2ε |∇n2ε|2 ≤ C(T + 1). (3.27)

Proof. By Lemma 3.6, we have∫ T

0

∫
Ω

|∇cε|4 =

∫ T

0

∫
Ω

|∇cε|4

c3ε
· c3ε ≤ s3

0C(T + 1). (3.28)

When multiplying the first equation of (3.1) by ξnξ−1
1ε , and integrating by parts,

due to Young’s inequality and (3.3) we can estimate

d

dt

∫
Ω

nξ1ε + ξ(ξ − 1)

∫
Ω

nξ−2
1ε |∇n1ε|p + ξµ1

∫
Ω

nξ+1
1ε

≤ d

dt

∫
Ω

nξ1ε + ξ(ξ − 1)

∫
Ω

nξ−2
1ε

(
|∇n1ε|2 + ε

) p−2
2 |∇n1ε|2 + ξµ1

∫
Ω

nξ+1
1ε
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=ξ(ξ − 1)χ1

∫
Ω

n1εF
′
ε(n1ε)n

ξ−2
1ε ∇n1ε · ∇cε + ξµ1

∫
Ω

nξ1ε − ξµ1a1

∫
Ω

nξ1εn2ε

≤ξ(ξ − 1)χ1

ε

∫
Ω

nξ−2
1ε ∇n1ε · ∇cε + ξµ1

∫
Ω

nξ1ε

≤1

2
ξ(ξ − 1)

∫
Ω

nξ−2
1ε |∇n1ε|p + C2

∫
Ω

n
(ξ−2)
1ε |∇cε|

p
p−1 + ξµ1

∫
Ω

nξ1ε,

with C2 = 2
1
p−1 (χ1

ε )
p
p−1 ξ(ξ − 1). Using the Young’s inequality again, we further

have

d

dt

∫
Ω

nξ1ε +
1

2
ξ(ξ − 1)

∫
Ω

nξ−2
1ε |∇n1ε|p + ξµ1

∫
Ω

nξ+1
1ε

≤ξµ1

2

∫
Ω

n
(ξ−2)

4(p−1)
3p−4

1ε + C3

∫
Ω

|∇cε|4 +
ξµ1

4

∫
Ω

nζ+1
1ε + C4|Ω|,

where C3 = ( 2C2

ξµ1
)

3p−4
p , C4 = 4ξξµ1. If ξ ∈ (1, 11− 12

p ], we have (ξ−2) 4(p−1)
3p−4 ≤ ξ+1,

this implies that

d

dt

∫
Ω

nξ1ε +
1

2
ξ(ξ − 1)

∫
Ω

nξ−2
1ε |∇n1ε|p +

1

4
ξµ1

∫
Ω

nξ+1
1ε ≤ C3

∫
Ω

|∇cε|4 + C5|Ω|,

where C5 = ξµ1

2 +C4. Considering Lemma 2.3 and (3.28), then there exists C6 > 0

such that
∫

Ω
nξ1ε ≤ C6, for all t ∈ (0, Tmax,ε) and ξ ∈ (1, 11 − 12

p ]. Since p ≥ 2,

ensuring that 11− 12
p ≥ 5, we obtain

∫
Ω
n5

1ε ≤ C6, for all t ∈ (0, Tmax,ε).

Next we test the second equation from (3.1) by ζnζ−1
2ε with ζ ∈ (1, 5], to see by

neglecting several non positive contributions and employing (3.3) as well as Young’s
inequality that

d

dt

∫
Ω

nζ2ε + ζ(ζ − 1)

∫
Ω

nζ−2
2ε |∇n2ε|2 + ζµ2

∫
Ω

nζ+1
2ε

≤ζ(ζ − 1)χ2

∫
Ω

n2εF
′
ε(n2ε)n

ζ−2
2ε ∇n2ε · ∇cε + ζµ2

∫
Ω

nζ2ε

≤χ2

ε
ζ(ζ − 1)

∫
Ω

nζ−2
2ε ∇n2ε · ∇cε + ζµ2

∫
Ω

nζ2ε

≤1

2
ζ(ζ − 1)

∫
Ω

nζ−2
2ε |∇n2ε|2 +

χ2
2

2ε2 ζ(ζ − 1)

∫
Ω

nζ−2
2ε |∇cε|2 + ζµ2

∫
Ω

nζ2ε.

Considering the fact that 2(ζ − 2) ≤ ζ + 1, since ζ ∈ (1, 5], and combining the
Young’s inequality, we see that

χ2
2

2ε2 ζ(ζ − 1)

∫
Ω

nζ−2
2ε |∇cε|2

≤1

2
ζµ2

∫
Ω

n
2(ζ−2)
2ε + C7

∫
Ω

|∇cε|4

≤1

2
ζµ2

∫
Ω

nζ+1
2ε + C7

∫
Ω

|∇cε|4 +
ζµ2

2
|Ω|,

and that

ζµ2

∫
Ω

nζ2ε ≤
1

4
ζµ2

∫
Ω

nζ+1
2ε + 4ζζµ2|Ω|,
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where C7 =
8ζ(ζ−1)2χ4

2

µ2ε4
. Letting C8 = ζµ2

2 + 4ζζµ2, then we have

d

dt

∫
Ω

nζ2ε +
1

2
ζ(ζ − 1)

∫
Ω

nζ−2
2ε |∇n2ε|2 +

1

4
ζµ2

∫
Ω

nζ+1
2ε ≤ C7

∫
Ω

|∇cε|4 + C8|Ω|.

Finally, by Lemma 2.3 and (3.28), we also have that there exists C10 > 0 such that∫
Ω
n5

2ε ≤ C10, for all t ∈ (0, Tmax,ε).

Lemma 3.8. Assume that p ≥ 2. For all ε ∈ (0, 1), the solution of (3.1) is global
in time; that is, we have Tmax,ε =∞.

Proof. Assume that Tmax,ε < ∞, for some ε ∈ (0, 1). By Lemma 3.6, it is easy to
see that the following inequality holds∫ Tmax,ε

0

∫
Ω

|∇cε(·, t)|4 ≤ C1 and

∫
Ω

|uε(·, t)|2 ≤ C2, (3.29)

for all t ∈ (0, Tmax,ε) , with some C1, C2 > 0. Combining (3.26), (3.27) with (3.29),
we obtain

‖uε‖L∞(Ω) ≤ C3 for all t ∈ (0, Tmax,ε), (3.30)

and

‖∇cε‖L4(Ω) ≤ C4 for all t ∈ (0, Tmax,ε), (3.31)

with some C3 > 0, C4 > 0. Because the proof of (3.30) and (3.31) is similar to [22]
Lemma 3.9, we refer the reader to it for more details. Noticing the third equation
of (3.1) and using the variation-of-constant formula, we can obtain

cε(t) = e−tet∆c0ε

+

∫ t

0

e−(t−s)e(t−s)∆(cε − αFε(n1ε)cε − βFε(n2ε)cε − uε · ∇cε)(s)ds,

for all t ∈ (0, Tmax,ε), where the {et∆}t≥0 is the Neumann heat semigroup in Ω. For
more details of Neumann heat semigroup, please refer to [24]. In conjunction with
(3.2), (3.7), (3.26), (3.27), (3.30) and (3.31), we further have

‖∇c(·, t)‖L∞(Ω)

≤
∥∥e−t∇et∆c0ε∥∥L∞(Ω)

+

∥∥∥∥∫ t

0

e−(t−s)∇e(t−s)∆ (cε − αFε(n1ε)cε − βFε(n2ε)cε − uε · ∇cε) (s)ds

∥∥∥∥
L∞(Ω)

≤C5t
− 1

2 e−t‖c0ε‖L∞(Ω)

+ C5

∫ t

0

e−(t−s)(t− s)− 1
2−

3
2 ·

1
4 ‖cε − αFε(n1ε)cε − βFε(n2ε)cε − uε · ∇cε‖L4(Ω)ds

≤C5τ
− 1

2 e−t‖c0ε‖L∞(Ω)

+ C6

∫ t

0

e−(t−s)(t− s)− 1
2−

3
2 ·

1
4

(
1 + ‖n1ε‖L4(Ω) + ‖n2ε‖L4(Ω) + ‖∇cε‖L4(Ω)

)
ds

≤C7, (3.32)

for all t ∈ (τ, Tmax,ε) and any fixed τ ∈ (0, Tmax,ε), with some C5, C6, C7 > 0 since
1− 1

2 −
3
2 ·

1
4 > 0.
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In what follows, we are in the position to estimate ‖n1ε‖L∞(Ω) and ‖n2ε‖L∞(Ω).
We first combine the estimates for Neumann heat semigroup and Young’s inequality
to obtain that

‖n2ε(·, t)‖L∞(Ω)

=

∥∥∥∥e(t−τ)∆n2ε(·, τ)−
∫ t

τ

∇e(t−s)∆ (χ2n2εF
′
ε(n2ε)∇cε + n2εuε) ds

+

∫ t

τ

e(t−s)∆µ2n2ε(1− a2n1ε − n2ε)ds

∥∥∥∥
L∞(Ω)

≤C8(t− τ)−
3
2 ‖n2ε(·, τ)‖L1(Ω) + C8

∫ t

τ

(t− s)− 1
2−

3
2 ·

1
4 (1 + ‖n2ε‖L4(Ω))ds

+ C8

∫ t

τ

(t− s)− 3
2 ·

1
2 ‖µ2n2ε(1− a2n1ε − n2ε)‖L2(Ω)

≤C8(t− τ)−
3
2 ‖n2ε(·, τ)‖L1(Ω) + C8

∫ t

τ

(t− s)− 1
2−

3
2 ·

1
4 (1 + ‖n2ε‖L4(Ω))ds

+ C9

∫ t

τ

(t− s)− 3
2 ·

1
2

(
‖n2ε‖L2(Ω) + ‖n1ε‖2L4(Ω) + ‖n2ε‖2L4(Ω)

)
ds

≤C10,

for all t ∈ (2τ, Tmax,ε) and any fixed τ ∈ (0, Tmax,ε), with some C8, C9, C10 > 0,
since (3.10), (3.26), (3.27), (3.30) and (3.32) hold.

Once again, we multiply the first equation in (3.1) by ξnξ−1
1ε , ξ > 1 to see upon

integrating by parts that again by Young’s inequality, (3.3) and (3.32)

d

dt

∫
Ω

nξ1ε + ξ(ξ − 1)

∫
Ω

nξ−2
1ε |∇n1ε|p + ξµ1

∫
Ω

nξ+1
1ε

≤ d

dt

∫
Ω

nξ1ε + ξ(ξ − 1)

∫
Ω

nξ−2
1ε

(
|∇n1ε|2 + ε

) p−2
2 |∇n1ε|2 + ξµ1

∫
Ω

nξ+1
1ε

=ξ(ξ − 1)χ1

∫
Ω

n1εF
′
ε(n1ε)n

ξ−2
1ε ∇n1ε · ∇cε + ξµ1

∫
Ω

nξ1ε − ξµ1a1

∫
Ω

nξ1εn2ε

≤C11

∫
Ω

nξ−2
1ε |∇n1ε|+ ξµ1

∫
Ω

nξ1ε

≤
∫

Ω

nξ−2
1ε (ξ(ξ − 1)|∇n1ε|p + C12) +

1

2
ξµ1

∫
Ω

nξ+1
1ε + C13

≤ξ(ξ − 1)

∫
Ω

nξ−2
1ε |∇n1ε|p +

3

4
ξµ1

∫
Ω

nξ+1
1ε + C14,

for all t ∈ (τ, Tmax,ε). Then by Lemma 2.3, we have
∫

Ω
nξ1ε ≤ C15, for all t ∈

(τ, Tmax,ε), with any ξ > 1 and some C15 > 0.
Finally, based on a Moser-type iteration method, we achieve L∞ bounds for n1ε.

Taking rk = 2rk−1 + 2− p, k = {1, 2, 3 · · · · · · } and r0 > p is a positive constant.
It is not hard to see that {rk}k∈N is a nonnegative strictly increasing sequence,
rk > p, for all k and rk ↗∞, as k →∞. What’s more, there exist c1, c2 > 0, which
are independent of k such that

c12k ≤ rk ≤ c22k, for all k ∈ N. (3.33)
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Letting

Mk := sup
t∈(τ,Tmax,ε)

∫
Ω

n̂1ε
rk(x, t)dx, k ∈ N, where n̂1ε := max{n1ε(x, t), 1},

for all x ∈ Ω̄ and t ∈ (τ, Tmax,ε).

We multiply the first equation of (3.1) by rkn
rk−1
1ε and invoke the Young’s in-

equality along with (3.3) and (3.32) to see that

d

dt

∫
Ω

nrk1ε + rk(rk − 1)

∫
Ω

nrk−2
1ε

(
|∇n1ε|2 + ε

) p−2
2 |∇n1ε|2

+ rkµ1

∫
Ω

nrk+1
1ε +

∫
Ω

nrk1ε

≤rk(rk − 1)χ1

∫
Ω

nrk−1
1ε F ′ε(n1ε)∇cε · ∇n1ε + (rkµ1 + 1)

∫
Ω

nrk1ε

≤C16rk(rk − 1)

∫
Ω

nrk−1
1ε |∇n1ε|+ (rkµ1 + 1)

∫
Ω

nrk1ε

≤C16rk(rk − 1)

∫
Ω

(
1

2C16
nrk−2

1ε |∇n1ε|p

+
p− 1

p

(
p

2C16

)− 1
p−1

· n(
2−rk
p +rk−1) p

p−1

1ε

)
+ (rkµ1 + 1)

∫
Ω

nrk1ε

≤1

2
rk(rk − 1)

∫
Ω

nrk−2
1ε |∇n1ε|p + C17rk(rk − 1)

∫
Ω

nrk+p′−2
1ε

+ (rkµ1 + 1)

∫
Ω

nrk1ε,

for all t ∈ (τ, Tmax,ε). Taking θk := 2 · rk+p−2
rk+p′−2 ≥ 2, λk := 2(rk+p−2)

rk
≥ 2 and

considering the Hölder inequality, there must exist C18 > 0 fulfilling

d

dt

∫
Ω

nrk1ε +
1

2
rk(rk − 1)

(
p

rk − 2 + p

)p ∫
Ω

∣∣∣∣∇n rk−2+p

p

1ε

∣∣∣∣p +

∫
Ω

nrk1ε

=
d

dt

∫
Ω

nrk1ε +
1

2
rk(rk − 1)

∫
Ω

nrk−2
1ε |∇n1ε|p +

∫
Ω

nrk1ε

≤C18rk(rk − 1)

(∫
Ω

n
(rk+p′−2)θk
1ε

) 1
θk

+ C18rk(rk − 1)

(∫
Ω

nrkλk1ε

) 1
λk

, (3.34)

for all t ∈ (τ, Tmax,ε), since rk − 1 > 1, for all k. Using the Gagliardo-Nirenberg
inequality and the Young’s inequality, there exists C19 > 0 such that

C18

(∫
Ω

n
(rk−2+p′)θk
1ε

) 1
θk

=C18

∥∥∥∥n rk+p−2

p

1ε

∥∥∥∥
2p
θk

L2p(Ω)

≤C19

∥∥∥∥∇n rk+p−2

p

1ε

∥∥∥∥
2pa
θk

Lp(Ω)

·
∥∥∥∥n rk+p−2

p

1ε

∥∥∥∥
2p(1−a)
θk

L
p
2 (Ω)

+ C19

∥∥∥∥n rk+p−2

p

1ε

∥∥∥∥
2p
θk

L
p
2 (Ω)

=C19

∥∥∥∥∇n rk+p−2

p

1ε

∥∥∥∥
2pa
θk

Lp(Ω)

·
∥∥nrk−1

1ε

∥∥ 4(1−a)
θk

L1(Ω) + C19

∥∥nrk−1

1ε

∥∥ 4
θk

L1(Ω)
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≤C19M
4(1−a)
θk

k−1

(∫
Ω

∣∣∣∣∇n rk+p−2

p

1ε

∣∣∣∣p)
2a
θk

+ C19M
4
θk

k−1

≤C19η

∫
Ω

∣∣∣∣∇n rk+p−2

p

1ε

∣∣∣∣p + C19Cη

(
M

4(1−a)
θk

k−1

) θk
θk−2a

+ C19M
4
θk

k−1, (3.35)

for all t ∈ (τ, Tmax,ε), with a = 9
2p+6 ∈ (0, 1) satisfying 1

2p = ( 1
p −

1
3 )a+ 2

p (1− a).

Similarly, we also have

C18

(∫
Ω

nrkλk1ε

) 1
λk

=C18

∥∥∥∥n rk+p−2

p

1ε

∥∥∥∥
2p
λk

L2p(Ω)

≤C20

∥∥∥∥∇n rk+p−2

p

1ε

∥∥∥∥
2pa
λk

Lp(Ω)

·
∥∥∥∥n rk+p−2

p

1ε

∥∥∥∥
2p(1−a)
λk

L
p
2 (Ω)

+ C20

∥∥∥∥n rk+p−2

p

1ε

∥∥∥∥
2p
λk

L
p
2 (Ω)

=C20

∥∥∥∥∇n rk+p−2

p

1ε

∥∥∥∥
2pa
λk

Lp(Ω)

·
∥∥nrk−1

1ε

∥∥ 4(1−a)
λk

L1(Ω) + C20‖n
rk−1

1ε ‖
4
λk

L1(Ω)

≤C20M
4(1−a)
λk

k−1

(∫
Ω

∣∣∣∣∇n rk+p−2

p

1ε

∣∣∣∣p)
2a
λk

+ C20M
4
λk

k−1

≤C20δ

∫
Ω

∣∣∣∣∇n rk+p−2

p

1ε

∣∣∣∣p + C20Cδ

(
M

4(1−a)
λk

k−1

) λk
λk−2a

+ C20M
4
λk

k−1, (3.36)

for all t ∈ (τ, Tmax,ε), with some C27 > 0. Taking η = 1
4C19

( p
rk+p−2 )p, δ =

1
4C20

( p
rk+p−2 )p and substituting (3.35) and (3.36) into (3.34), we obtain

d

dt

∫
Ω

nrk1ε +

∫
Ω

nrk1ε ≤C19Cηrk(rk − 1)M
4(1−a)
θk−2a

k−1 + C19rk(rk − 1)M
4
θk

k−1

+ C20Cδrk(rk − 1)M
4(1−a)
λk−2a

k−1 + C20rk(rk − 1)M
4
λk

k−1,

where

Cη =

(
η
θk
2a

)− 1
θk
2a
−1 ·

θk
2a − 1
θk
2a

=
θk − 2a

θk

(
θk
2a
η

)− 2a
θk−2a

.

Letting

b̃ = 2
ap

1−a > 1,

then by (3.33) we have

Cη ≤ η−
2a

θk−2a

= (4C19)
2a

θk−2a

(
rk + p− 2

p

) 2a
θk−2ap

≤ (4C19)
2a

θk−2a

(
r

2a
θk−2ap

k + 1

)
≤ (4C19)

a
1−a 2r

a
1−ap

k

≤ C21b̃
k.
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A quite similar computation gives

Cδ ≤ C22b̃
k,

with some C22 > 0. Noticing that 4(1−a)
θk−2a ,

4
θk
, 4(1−a)
λk−2a and 4

λk
< 2, then we have

d

dt

∫
Ω

nrk1ε +

∫
Ω

nrk1ε ≤C19C21rk(rk − 1)b̃kM
4(1−a)
θk−2a

k−1 + C19rk(rk − 1)M
4
θk

k−1

+ C20C22rk(rk − 1)b̃kM
4(1−a)
λk−2a

k−1 + C20rk(rk − 1)M
4
λk

k−1

≤2C19C21rk(rk − 1)b̃kM2
k−1 + 2C20C22rk(rk − 1)b̃kM2

k−1.

An integration of this ODI shows that

Mk ≤ max

{∫
Ω

nrk01ε, (2C19C21 + 2C20C22) rk(rk − 1)b̃kM2
k−1

}
.

On the one hand, if

(2C19C21 + 2C20C22) rk(rk − 1)b̃kM2
k−1 <

∫
Ω

nrk01ε,

holding for infinitely many k ≥ 1, we see

sup
t∈(0,∞)

(∫
Ω

n
rk−1

1ε

) 1
rk−1

≤
(∫

Ω

nrk01ε

) 1
2rk−1

,

for all such k, and hence conclude that ‖n1ε(t)‖L∞(Ω) ≤ ‖n01ε‖L∞(Ω), for all t > 0.
On the other hand, in the opposite case, upon enlarging C19 and C20 if necessary

we have that Mk ≤ (2C19C21 + 2C20C22) rk(rk − 1)b̃kM2
k−1, for all k ≥ 1. Let

C23 := (2C19C21 + 2C20C22) c22, then from the definition of b̃ and (3.33), we see

Mk ≤ (2C19C21 + 2C20C22) r2
k b̃
kM2

k−1

≤ (2C19C21 + 2C20C22) (c22k)2b̃kM2
k−1

≤ C23(4b̃)kM2
k−1,

for all k ≥ 1. Furthermore, we have

Mk ≤ C
∑k−1
j=0 2j

23 (4b̃)
∑k−1
j=0 (k−j)2jM2k

0 ,

for all k ≥ 1. A straight calculation shows that
∑k−1
j=0 2j = 2k − 1 ≤ 2k and∑k−1

j=0 (k − j)2j = 2k+1 − 2− k ≤ 2k+1, then we have

Mk ≤ C2k

23 (4b̃)2k+1

M2k

0 .

Finally, combining the definition of Mk, we concludes that

‖n1ε(t)‖c1L∞(Ω) ≤ C24 · ‖n01ε‖L∞(Ω), for all t ∈ (τ, T max,ε),

with C24 = C23(4b̃)2, which confirms ‖n1ε‖L∞(Ω) is bounded. By Lemma 3.1,
Tmax,ε =∞.

Lemma 3.9. There exists C > 0 such that for any ε ∈ (0, 1), the solution of (3.1)
satisfies ∫ T

0

∫
Ω

|uε|
10
3 ≤ C(T + 1), (3.37)
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for all T > 0. And ∫ T

0

∫
Ω

nr1ε ≤ C(T + 1), (3.38)

for all T > 0, where r ∈ [1, 4p
3 + 3]. And∫ T

0

∫
Ω

nm2ε ≤ C(T + 1), (3.39)

for all T > 0, where m ∈ [1, 17
3 ].

Proof. Fixing C1 > 0 and C2 > 0 such that in accordance with Lemma 3.6, we have
that ∫

Ω

|uε|2 ≤ C1(T + 1), (3.40)

and that ∫ T

0

∫
Ω

|∇uε|2 ≤ C2(T + 1). (3.41)

Then we combine the Gagliardo-Nirenberg inequality with Poincaré inequality to
fix C3, C4 > 0 such that

‖uε‖
10
3

L
10
3 ((0,T )×Ω)

=

∫ T

0

‖uε‖
10
3

L
10
3 (Ω)

≤ C3

∫ T

0

‖∇uε‖
10
3 ·

3
5

L2(Ω)‖uε‖
10
3 ·

2
5

L2(Ω)

≤ C4

∫ T

0

‖∇uε‖2L2(Ω)

≤ C2C4(T + 1).

Recalling Lemma 3.7, particularly, when ξ = 5, we have∫ T

0

∫
Ω

∣∣∣∣∇n 3+p
p

1ε

∣∣∣∣p =

(
3 + p

p

)p ∫ T

0

∫
Ω

n3
1ε|∇n1ε|p ≤ C5(T + 1),

with some C5 > 0. Taking ã =
p+3
pr −

(p+3)r
pr

1
p−

1
3−

p+3
p

= 3(p+3)(r−1)
(4p+6)r , when r ≤ 4p

3 + 3, we see

that ã ∈ [0, 1) and pr
p+3 · ã ≤ p. Thus, invoking the Gagliardo-Nirenberg inequality

along with (3.9), we obtain C6 > 0 and C7 > 0 such that∫ T

0

‖n1ε‖rLr(Ω) =

∫ T

0

∥∥∥∥n p+3
p

1ε

∥∥∥∥
pr

3+p

L
pr

3+p (Ω)

≤ C6

∫ T

0

∥∥∥∥∇n p+3
p

1ε

∥∥∥∥
pr
p+3 ·ã

Lp(Ω)

∥∥∥∥n p+3
p

1ε

∥∥∥∥
pr
p+3 ·(1−ã)

L
p
p+3 (Ω)

+ C6

∫ T

0

∥∥∥∥n p+3
p

1ε

∥∥∥∥
pr
p+3

L
p
p+3 (Ω)

≤ C6

∫ T

0

∥∥∥∥∇n p+3
p

1ε

∥∥∥∥p
Lp(Ω)

+ C6

∫ T

0

(
‖n1ε‖r(1−ã)σ

L1(Ω) + ‖n1ε‖rL1(Ω)

)
≤ C7(T + 1),

with σ = p+3
p+3−rã .
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Again by Lemma 3.7 we also have∫ T

0

∫
Ω

∣∣∣∇n 5
2
2ε

∣∣∣2 = (
5

2
)2

∫ T

0

n3
2ε|∇n2ε|2 ≤ C8(T + 1),

with some C8 > 0. Upon another application of the Gagliardo-Nirenberg inequality
in precisely the same way we see∫ T

0

‖n2ε‖mLm(Ω) =

∫ T

0

∥∥∥n 5
2
2ε

∥∥∥ 2m
5

L
2m
5 (Ω)

≤ C9

∫ T

0

∥∥∥∇n 5
2
2ε

∥∥∥ 2m
5 ·â

L2(Ω)

∥∥∥n 5
2
2ε

∥∥∥ 2m
5 ·(1−â)

L
2
5 (Ω)

+ C9

∫ T

0

∥∥∥n 5
2
2ε

∥∥∥ 2m
5

L
2
5 (Ω)

≤ C9

∫ T

0

∥∥∥∇n 5
2
2ε

∥∥∥ 2m
5 ·â

L2(Ω)
‖n2ε‖m·(1−â)

L1(Ω) + C9

∫ T

0

‖n2ε‖mL1(Ω) ,

where â =
5

2m−
5
2

1
2−

1
3−

5
2

= 15
14 (1− 1

m ). Since m ≤ 17
3 , we have 2m

5 · â ≤ 2. Then employing

(3.10) and Young’s inequality, we have∫ T

0

‖n2ε‖mLm(Ω) ≤ C10(T + 1).

Lemma 3.10. There exists C > 0 such that for any ε ∈ (0, 1) and any T > 0, the
solution of (3.1) satisfies∫ T

0

‖∂tn1ε‖p
′

(W 1,p(Ω))∗ ≤ C(T + 1), (3.42)

∫ T

0

‖∂tn2ε(·, t)‖
5
3

(W 1, 5
2 (Ω))∗

≤ C(T + 1), (3.43)

∫ T

0

‖∂tcε(·, t)‖
10
3

(W 1, 10
7 (Ω))∗

≤ C(T + 1), (3.44)

∫ T

0

‖∂tuε(·, t)‖
5
4

(W 1,5
0,σ(Ω))∗

≤ C(T + 1). (3.45)

Proof. Testing the first equation in (3.1) by any ϕ ∈ C∞(Ω̄), and integrating by
parts, due to Hölder’s inequality, and (3.3) we can estimate∣∣∣∣∫

Ω

∂tn1ε(·, t)ϕ
∣∣∣∣

=

∣∣∣∣−∫
Ω

(
|∇n1ε|2 + ε

) p−2
2 ∇n1ε · ∇ϕ+

∫
Ω

χ1n1εF
′
ε(n1ε)∇cε · ∇ϕ+

∫
Ω

n1εuε · ∇ϕ

+

∫
Ω

µ1n1ε (1− n1ε − a1n2ε)

∣∣∣∣
≤
∫

Ω

(
|∇n1ε|2 + ε

) p−2
2 |∇n1ε‖∇ϕ|+ C1‖n1ε∇cε‖Lp′ (Ω)‖∇ϕ‖Lp(Ω)

+ ‖n1εuε‖Lp′ (Ω)‖∇ϕ‖Lp(Ω) + ‖µ1n1ε(1− n1ε − a1n2ε)‖Lp′ (Ω)‖ϕ‖Lp(Ω)

≤C1

(
‖(|∇n1ε|2 + ε)

p−1
2 ‖Lp′ (Ω) + ‖n1ε∇cε‖Lp′ (Ω) + ‖n1εuε‖Lp′ (Ω)
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+ ‖µ1n1ε(1− n1ε − a1n2ε)‖Lp′ (Ω)

)
‖∇ϕ‖Lp(Ω),

with some C1 > 0. Then we use Young’s inequality (3.26), (3.27), (3.28), (3.37)
and the fact that 1

5 + 1
4 <

1
5 + 3

10 <
1
p′ to see∫ T

0

‖∂tn1ε(·, t)‖p
′

(W 1,p(Ω))∗

≤C2

(∫ T

0

∫
Ω

(
|∇n1ε|2 + 1

) (p−1)p′
2 +

∫ T

0

∫
Ω

|n1ε∇cε|p
′
+

∫ T

0

∫
Ω

|n1εuε|p
′

+

∫ T

0

∫
Ω

(|n1ε|p
′
+ |n2

1ε|p
′
+ |n1εn2ε|p

′
)

)

≤C3

(∫ T

0

∫
Ω

(|∇n1ε|p + 1) +

∫ T

0

∫
Ω

|n1ε|5 +

∫ T

0

∫
Ω

|∇cε|4

+

∫ T

0

∫
Ω

|n1ε|5 +

∫ T

0

∫
Ω

|uε|
10
3 +

∫ T

0

∫
Ω

|n2ε|5 + |Ω|T

)
≤ C(T + 1).

By Lemma 3.6, we see there exists C4 > 0 such that∫ T

0

∫
Ω

|∇n2ε|2

n2ε
≤ C4(T + 1).

Upon the Hölder’s inequality, we furthermore see that∫ T

0

∫
Ω

|∇n2ε|
5
3 =

∫ T

0

∫
Ω

∣∣∣∣∣
(
|∇n2ε|2

n2ε

) 5
6

· n
5
6
2ε

∣∣∣∣∣
≤

(∫ T

0

∫
Ω

|∇n2ε|2

n2ε

) 5
6
(∫ T

0

∫
Ω

n5
2ε

) 1
6

≤C5(T + 1), (3.46)

with some C5 > 0. We next test the second equation in (3.1) by any ϕ ∈ C∞(Ω̄),
and integrate by parts, due to Hölder’s inequality and (3.3) we can obtain∣∣∣∣∫

Ω

∂tn2ε(·, t)ϕ
∣∣∣∣

=

∣∣∣∣−∫
Ω

∇n2ε · ∇ϕ+

∫
Ω

χ2n2εF
′
ε(n2ε)∇cε · ∇ϕ+

∫
Ω

n2εuε · ∇ϕ

+µ2

∫
Ω

n2ε (1− a2n1ε − n2ε)ϕ

∣∣∣∣
≤C6

(
‖∇n2ε‖

L
5
3 (Ω)

+ ‖n2ε∇cε‖
L

5
3 (Ω)

+‖n2εuε‖
L

5
3 (Ω)

+ ‖n2ε(1− a2n1ε − n2ε)‖
L

5
3 (Ω)

)
‖ϕ‖

W 1, 5
2 (Ω)

.

We notice that 1
5 + 1

4 <
1
5 + 3

10 <
3
5 . By the Young’s inequality, we can find C7 > 0

such that ∫ T

0

‖∂tn2ε(·, t)‖
5
3

(W 1, 5
2 (Ω))∗
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≤C6

∫ T

0

∫
Ω

|∇n2ε|
5
3 +

∫ T

0

∫
Ω

|n2ε∇cε|
5
3

+

∫ T

0

∫
Ω

|n2εuε|
5
3 +

∫ T

0

∫
Ω

|n2ε(1− a2n1ε − n2ε)|
5
3

≤C7

∫ T

0

∫
Ω

|∇n2ε|
5
3 +

∫ T

0

∫
Ω

|n2ε|5 +

∫ T

0

∫
Ω

|∇cε|4

+

∫ T

0

∫
Ω

|uε|
10
3 +

∫ T

0

∫
Ω

|n1ε|5 + |Ω|T.

Recalling (3.26), (3.27), (3.28) with (3.37), we obtain (3.43).
Likewise, given any ϕ ∈ C∞(Ω̄), testing the third equation in (3.1) by ϕ to obtain

that∣∣∣∣∫
Ω

∂tcε(·, t)ϕ
∣∣∣∣

=

∣∣∣∣−∫
Ω

∇cε · ∇ϕ−
∫

Ω

(αFε(n1ε)cε + βFε(n2,ε)) cεϕ+

∫
Ω

cεuε · ∇ϕ
∣∣∣∣

≤C8

(
‖∇cε‖

L
10
3 (Ω)

+ ‖n1εcε‖
L

10
3 (Ω)

+ ‖n2εcε‖
L

10
3 (Ω)

+ ‖cεuε‖
L

10
3 (Ω)

)
‖ϕ‖

W 1, 10
7 (Ω)

.

Thereafter we use (3.11) to see∫ T

0

‖∂tcε(·, t)‖
10
3

(W 1, 10
7 (Ω))∗

≤C8

∫ T

0

∫
Ω

|∇cε|
10
3 +

∫ T

0

∫
Ω

|n1εcε|
10
3 +

∫ T

0

∫
Ω

|n2εcε|
10
3 +

∫ T

0

∫
Ω

|cεuε|
10
3

≤C9

∫ T

0

∫
Ω

|∇cε|4 +

∫ T

0

∫
Ω

|n1ε|5 +

∫ T

0

∫
Ω

|n2ε|5 +

∫ T

0

∫
Ω

|uε|
10
3 + |Ω|T.

Combining (3.26), (3.27) (3.28) and (3.37) entail (3.44).
Finally, noticing that ‖Yεv‖L2(Ω) ≤ ‖v‖L2(Ω) for all v ∈ L2

σ(Ω) and the Young’s
inequality as well as that ∇Φ ∈ L∞(Ω), there exist constants C10, C11 > 0 such
that for any ϕ ∈ (C∞0,σ(Ω);R3)∫ T

0

‖∂tuε(·, t)‖
5
4

(W 1,5
0,σ(Ω))∗

dt

≤C10

∫ T

0

∫
Ω

|∇uε|
5
4 +

∫ T

0

∫
Ω

|Yεuε ⊗ uε|
5
4 +

∫ T

0

∫
Ω

|(n1ε + n2ε)∇Φ| 54

≤C11(

∫ T

0

∫
Ω

|∇uε|2 +

∫ T

0

∫
Ω

|Yεuε|2 +

∫ T

0

∫
Ω

u
10
3
ε

+

∫ T

0

∫
Ω

n5
1ε +

∫ T

0

∫
Ω

n5
2ε + |Ω|T ) ≤ C(T + 1).

The proof is complete.

4. The main result and its proof. In this section, we are going to proof the
existence of weak solution for the problem (1.1), (1.3) and (1.4). With the above
compactness properties at hand, by means of a standard extraction procedure we
can now derive the following theorem which actually is our main result.
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Theorem 4.1. Let Ω ⊂ R3 be a bounded convex domain with smooth boundary.
Suppose that the assumptions (1.5) and (1.6) hold. Then for p ≥ 2, there exists
at least one global weak solution (in the sense of Definition 1.1) of (1.1),(1.3) and
(1.4).

Proof. If (n1ε, n2ε, cε, uε) is the global solution of (3.1), considering Lemma 3.6-
Lemma 3.10 to see that

‖n1ε‖Lploc([0,∞);W 1,p(Ω)) ≤ C(T + 1), (4.1)

‖(n1ε)t‖Lp′loc([0,∞);(W 1,p(Ω))∗)
≤ C(T + 1), (4.2)

‖n2ε‖
L

5
3
loc([0,∞);W 1, 5

3 (Ω))
≤ C(T + 1), (4.3)

‖(n2ε)t‖
L

5
3
loc([0,∞);(W 1, 5

2 (Ω))∗)
≤ C(T + 1), (4.4)

and that

‖cε‖L4
loc([0,∞);W 1,4(Ω)) ≤ C(T + 1), (4.5)

‖(cε)t‖
10
3

L
10
3

loc ([0,T );(W 1, 10
7 (Ω))∗)

≤ C(T + 1), (4.6)

‖uε‖L2
loc([0,∞);W 1,2(Ω)) ≤ C(T + 1), (4.7)

‖uε‖
L

5
4
loc([0,∞);(W 1,5

0,σ(Ω))∗)
≤ C(T + 1). (4.8)

According to the Aubin-Lions lemma ([9]), there exists (εj)j∈N ∈ (0, 1) such that
εj ↘ 0 as j →∞, and such that as ε = εj ↘ 0, we have

n1ε → n1, in Lploc(Ω× [0,∞)) and a.e. in Ω× [0,∞), (4.9)

n2ε → n2, in L
5
3

loc(Ω× [0,∞)) and a.e. in Ω× [0,∞), (4.10)

cε → c, in L4
loc(Ω× [0,∞)) and a.e. in Ω× [0,∞), (4.11)

uε → u, in L2
loc(Ω× [0,∞)) and a.e. in Ω× [0,∞). (4.12)

Considering Lemma 3.7-Lemma 3.9, we also have

n1ε ⇀ n1, in Lrloc(Ω× [0,∞)), for r ∈ [1,
4p

3
+ 3], (4.13)

∇n
ξ−2+p
p

1ε ⇀ ∇n
ξ−2+p
p

1 , in Lploc(Ω× [0,∞)), for ξ ∈ (1, 11− 12

p
], (4.14)

n2ε ⇀ n2, in L
17
3

loc(Ω× [0,∞)), (4.15)

∇n
ζ
2
2ε ⇀ ∇n

ζ
2
2 , in L2

loc(Ω× [0,∞)), for ζ ∈ (1, 5], (4.16)

as well as

cε
∗
⇀ c, in L∞(Ω× [0,∞)), (4.17)

∇cε ⇀ ∇c, in L4
loc(Ω× [0,∞)), (4.18)
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uε ⇀ u, in L
10
3

loc(Ω× [0,∞)), (4.19)

∇uε ⇀ ∇u, in L2
loc(Ω× [0,∞)), (4.20)

as ε↘ 0. Combining the Lemma 6.1 and Lemma 6.2 in [19], we further see

n1ε → n1, in L5
loc(Ω× [0,∞)), (4.21)

n2ε → n2, in L5
loc(Ω× [0,∞)), (4.22)

cεuε → cu, in L1
loc(Ω× [0,∞)), (4.23)

n1εuε → n1u, in L1
loc(Ω× [0,∞)), (4.24)

and

n2εuε → n2u, in L1
loc(Ω× [0,∞)), (4.25)

Yεuε ⊗ uε → u⊗ u, in L1
loc(Ω× [0,∞)), (4.26)

n1εF
′
ε(n1ε)∇cε → n1∇c, in L2

loc(Ω× [0,∞)), (4.27)

n2εF
′
ε(n2ε)∇cε → n2∇c, in L2

loc(Ω× [0,∞)), (4.28)

as well as

(αFε(n1ε) + βFε(n2ε))cε → (αn1 + βn2)c, in L1
loc(Ω× [0,∞)), (4.29)

(|∇n1ε|2 + ε)
p−2

2 ∇n1ε → |∇n1|p−2∇n1, in L
p
p−1

loc (Ω× [0,∞)), (4.30)

as ε = εj ↘ 0. According to these convergence properties, by using the standard
arguments and letting ε = εj ↘ 0 in each term of the natural weak formulation of
(3.1) separately. Then we can verify that (n1, n2, c, u) is a weak solution of (1.1),
(1.3) and (1.4). The proof is complete.
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