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WEAK APPROXIMATIVE COMPACTNESS OF
HYPERPLANE AND ASPLUND PROPERTY IN
MUSIELAK-ORLICZ-BOCHNER FUNCTION SPACES

SHAOQIANG SHANG* AND YUNAN CUI

ABSTRACT. In this paper, some criteria for weakly approximative compact-
ness and approximative compactness of weak* hyperplane for Musielak-Orlicz-
Bochner function spaces are given. Moreover, we also prove that, in Musielak-
Orlicz-Bochner function spaces generated by strongly smooth Banach space,
L8, (X) (resp Lps(X)) is an Asplund space if and only if M and N satisfy con-
dition A. As a corollary, we obtain that L3, (R) (resp Las(R)) is an Asplund
space if and only if M and N satisfy condition A.

1. INTRODUCTION AND PRELIMINARIES

The study of Orlicz function space originated in the last century. Orlicz function
space is an important class of Banach spaces. Orlicz function space has important
applications in the field of partial differential equations. However, with the devel-
opment of differential equation theory, Orlicz function space can no longer satisfy
the development of theory of differential equation (see [1], [6]-[11] and [15]-[21]).
Mathematicians began to pay attention to the extended form of Orlicz function
space. Musielak-Orlicz-Bochner function space is an important extension of Orlicz
function space. The development of theory of Musielak-Orlicz-Bochner function
space provides theoretical basis for the development of differential equations. In
this paper, some criteria for weakly approximative compactness and approximative
compactness of weak™ hyperplane for Musielak-Orlicz-Bochner function spaces are
given. Moreover, we also prove that, in Musielak-Orlicz-Bochner function spaces
generated by strongly smooth Banach space, L9,(X) (resp Ly (X)) is an Asplund
space if and only if M € A and N € A. As a corollary, we obtain that L},(R) (resp
Ly (R)) is an Asplund space if and only if M € A and N € A.

Let (X, - ||) be a real Banach space, S(X) and B(X) denote the unit sphere
and unit ball of X, respectively. By X* we denote the dual space of X. Let N, R
and R' denote the sets natural numbers, reals and nonnegative reals, respectively.
Let us take a point € S(X) and let H, = {z* € X*: a2*(x) =1}. Let C C X be
a nonempty subset of X. Then the set-valued mapping Po : X — C

Po(x) = {z eC: |z —z|| =dist (z,C) = inf ||z — y||}
yel
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is called the metric projection operator from X onto C. First let us recall some
definitions and results that will be used in the further part of the paper.

Definition 1.1. A nonempty subset C' of X is said to be approximatively compact
(weakly approximatively compact) if for any sequence {y,}32; C C and any z €
X satisfying ||z — ynll — infyec |z —y| as n — oo, there exists a subsequence
converging (weakly) to an element of C.

Definition 1.2. A point z € S(X) is called a smooth point if it has a unique
supporting functional f, € S(X™*). If every « € S(X) is a smooth point, then X is
called a smooth space.

Consider a convex subset A of a Banach space X. A point z € A is said to be an
extreme point of A if 2z = y 4+ z and y,z € A imply y = z. The set of all extreme
points of A is denoted by ExtA. If ExtB(X) = S(X), then X is said to be strictly
convex. Moreover, it is well known that if X™* is strictly convex, then X is smooth.

Definition 1.3. A point z € S(X) is said to be a strongly smooth point of X
if there exist {z}52, C S(X*) and z§ € S(X*) such that =} — z{ whenever
a2k (x) = 1. A Banach space X is said to be strongly smooth if every point of S(X)
is strongly smooth point of X.

Definition 1.4. A Banach space X is said to have the Radon-Nikodym property
if let (7, %, ) be nonatomic measurable space. v is a measure and v is bounded
variation and absolutely continuous with respect to i, then there exists an integrable
function f such that for any A € ¥, we have

v(A):/Afd,u.

It is well known that if X is strongly smooth, then X has the Radon-Nikodym
property. Moreover, it is easy to see that if X is a strongly smooth space, then X
is smooth. Let f be a real continuous convex function on X. Recall that f is said
to be Gateaux differentiable at the point x in X if the limit

() 4 () ) = lim £ [+ 19) — f(2)]

exists for all y € X. If the difference quotient in (x) converges to df (z)(y) uniformly
for y in the unit ball B(X), then f is said to be Frechet differentiable at z. X is
called an Asplund space if for every continuous convex function on X, there exists
a dense G subset G of X such that it is Frechet differentiable at each point of G.
It is well known that if X is an Asplund space, then X* is separable if and only if
X is separable. Moreover, It is well known that X is an Asplund space if and only
if X* has the Radon-Nikodym property.

Let (T, %, i) be a complete nonatomic measurable space. Suppose that a function
M : T x [0,00) — [0, 0] statisfies the following conditions.

(1) for p-a.e, t € T, M(t,0) =0, ull)néo M(t,u) = co and M(t,u’) < oo for some

u' >0

(2) for p-a.e, t € T, M(t,u) is convex in [0, c0) with respect to u.

(3) for each u € [0,00), M(¢,u) is a X-measurable function of ¢ on T

Every such a function M is called a Musielak-Orlicz-function. Let p(t,-) denote
the right derivative of M(t,-) at w € Rt (where p(t,u) = oo if M(t,u) = oo) and
let ¢(t,-) be the generalized inverse function of p(t,-) defined on R by

q(t,v) = SUP,>0 {u>0:p(t,u) <v}.
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Then the function N(¢,v) defined by N(t,v) = fov‘ q(t,s)ds for any v € R and
Y-a.e. t € T is called the complementary function to M in the sense of Young. It is
well known that the Young inequality uwv < M (¢,u) + N(¢,v) holds for all u,v, € R
and p-a.e. t € T. Moreover, for any u € R the equality uv = M(t,u) + N(t,v)
holds if and only if v € [p_ (¢, u), p(t, u)]. Let

e(t) =sup{u>0:M(t,u) =0} and E(t) =sup{u>0:M(t,u) <oco}.
For a fixed t € T and v > 0, if there exists £ € (0, 1) such that

1 1
M(t,v) = QM(t,ers)ngM(t,vfe) < 00,

then v is called a point of affinity of M(¢,-). The set of all points of affinity of
M(t,-) for a fixed t € T is denoted by K;.

Definition 1.5. (see[2]) We say that a Musielak-Orlicz function M satisfies condi-
tion A(M € A) if there exist K > 1 and a measureable nonnegative function §(t)
on T such that [, M(t,6(t)) dt < oo and M(t,2u) < KM (t,u) for almost all t € T
and all u > 4(¢).

Definition 1.6. (see[2]) A Musielak-Orlicz function M (¢,u) is said to be strictly
convex with respect to u for t € T if for almost every ¢t € T' and any u,v € R, u # v,

we have
u—+v 1 1
Given any Banach space (X, ||-||), we denote by Xp the set of all strongly -
measurable functions from T to X, and for each u € X, we define the modular of
u by

par() = [ Mttt
T

Let us define the Musielak-Orlicz-Bochner function space Ly (X) by
Ly(X)={ue Xr:py(Au) <oo for some A >0}
and its subspace
Ey(X)={ue Xr:pp(Au) <oo forall X>0}.

It is well known that the spaces Lj;(X) and their subspaces Fj;(X) are Banach
spaces when they are equipped with the Luxemburg norm
ul| = inf{A >0 par (%) < 1}
or with the Orlicz norm
0o .1
= inf —[1 ku)].
Jul® = inf {1+ par(ku)]

It is well known that the Luxemburg norm and the Orlicz norm are equivalent.
The spaces (Lag(X), || - 1), (Lar(X), || - 1°), (Bar(X), || - [lar) and (Ear(X), [ - [°)
are denoted shortly by Las(X), LS;(X), Ex(X) and E,(X), respectively. Lys(R)
and LY, (R) are called Musielak-Orlicz function spaces, and Ey(R) and ES,(R) are
the subspaces of Lys(R) and LY, (R), respectively. Moreover, it is well known that
(Em(R))" = LY(R) and (E$;(R))" = Ln(R) (see[4], [20]). Moreover, by [2], we
know that FEy(R) = La(R) if and only if M € A.

Lemma 1.7. (see2]) [Jul| <1 = pp(w) < ||ul| and ||u]| > 1= papr(u) > |Jul.



330 SHAOQIANG SHANG AND YUNAN CUI

Lemma 1.8. (see [2]) M ¢ A < for any e > 0, there exists u € Ly (X) such that
pu(u) =€ and |Ju(t)|| < E(t) for almost allt € T.

2. STRONGLY SMOOTH POINT AND APPROXIMATIVE COMPACTNESS IN
MUSIELAK-ORLICZ-BOCHNER FUNCTION SPACES

Theorem 2.1. Suppose that X is a strongly smooth space and v € S(E%(X)).
Then the following statements are equivalent:

(1) The point v is a strongly smooth point of ES(X);

(2) The hyperplane H, of Ly (X*) is approzimatively compact;

(8) The hyperplane H, of Ly (X™) is weakly approximatively compact;

(4) M € A and p{t € T : ||Ju(t)|| € K} = 0 whenever (u,v) = |Jul|.

In order to prove the theorem, we first give some lemmas.

Lemma 2.2. Suppose that X is a Banach space and x € S(X). Then the following
statements are equivalent:

(1) The hyperplane H, of X* is approzimatively (weakly approzimatively) com-
pact.

(2) If yi € S(X*) and y)(z) — 1 as n — oo, then the sequence {y:}>2, is
relatively (weakly) compact.

Proof. (2) = (1). By Theorem 2.1 of [18], we obtain that the hyperplane H, is a
proximinal set. We will prove that if ||z* — y}| — dist (2*, H;) as n — oo, then
the sequence {y}}>, is relatively (weakly) compact, where {y:}>°, C H, and
x* ¢ H,. Since ||z* — y%| — dist (2*, H;) as n — oo, we have ||0 — (y% — z*)|| —
dist (0, H, — z*). Since H, — x* is weakly™ closed set, we have dist(0, H, — 2*) =
r > 0. Pick y§ € Py, —4+(0). Then

r = dist(0, Pu, - (0)) = llyoll, B(0,7) N (Hy —a*) =10

and

B(0,r) N (Hy — ") = Py, —»+(0).

For clarity, we will divide the proof into two cases.
Case I. k = sup{z(y*) : y* € H, — 2*} < 0. We claim that

k=sup{z(y") : y" € Hy — 2"} <inf{z(y”) : y" € B(0,r)} = — =[] - lwo |l -
In fact, suppose that there exists y; € B(0,r) such that z(yy) < k. Then there
exists A € (0,1) such that x(Ayj) = k. It is easy to see that A\yj € B(0,r) and
Ay; € Hy, a contradiction. Since y§ € Py, _,+(0) C H, — x*, we have
sup{z(y*) : y* € H, —x*}
inf{z(y*) : y* € B(0,r)}
— Jal - g

=zl Nyl < z(yg) <
<

and
=zl - llyoll = =(yo) = sup{x(y”) : y* € He — 2™}
This means that the inequality x(yg) > z(y) — 2*) holds. Therefore
lyoll = 2(0—yp) < z(a” —yp) < [l2" —yp || = dist(z", Ha)
= dist (0, Hy — 2%) = |0 = ygl = [[woll -
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This implies that ||z* — yX|| = |lyg|| and z(z* — y%) — ||lys]| as n — co. Moreover,
we have

* ok * ok 1 1
lim 1:(— Z Va2 y”) = lim < S — >.x(x*_y;)_o.
n—oco le* —will - llwsll n=oe \[lygll =" — il

Therefore, by z(z* — y2) — ||y}|| as n — oo, we have

lim o (_—y) 1
n—00 [E

Hence the sequence {—(z* — y)/||(x* — y)||}52, is relatively (weakly) compact.
Since ||z* — yk|| = |lySl| as n — oo, we obtain that {y*}°2, is relatively (weakly)
compact. Hence H, is approximatively (weakly approximatively) compact.

Case II. sup{z(y*) : y* € Hy —2*} > 0. This implies that k¥ = sup{—=z(y*) : y* €
H, — 2*} < 0. Analogous to the proof of Case I, we have

k=sup{-z(y") : y* € Hy — 2"} <inf{—x(y*) : y" € B(0,r)} = —|lz|| - [lyo]l -

oo

Analogous to the proof of Case I, we obtain that {y)}>2, is relatively (weakly)
compact. Hence weak* hyperplane H, is approximatively (weakly approximatively)
compact.

(1) = (2). Let {y;}>2, C S(X*) and z € S(X) satisfy y(z) = 1 as n — 0.
Since H, is a weak® closed set, by Theorem 2.1 of [18], we obtain that H, is a

proximinal set. Hence there exists z € H, such that ||y} — z*|| = dist(y}, H;).
Pick «§ € H, N S(X*). Since
Jim [y, —zpll = Tim dist (y, Hy) = lim dist (y;, — 25, Hz — 2p)

= lim [z(zg —y,)] = lim [1—2(y,)] =0,
we have the following formula

1 <limsup||z;|| < lim ||y;|| + lim ||y — 2| =1 = dist (0, Hy) .
n—oo n—oo n—oo
Therefore, by formula ||z%|| > 1, we have ||0 — 2 || — dist (0, H,) as n — oo. This
implies that the sequence {z}}>2, is relatively (weakly) compact. Consequently
{y}152  is relatively (weakly) compact by y* = z% + (y — z7), which completes the
proof. O

Lemma 2.3. Suppose that u € S(Ly(X*)) is norm attainable on S(E% (X)) and
M € A. Then (2)=(1) is true, where

(1) p{t e T lu(d)] € Ky} = 0;

(2) If u= 3.2, tiu;, where u; € B(Lp(X*)), t; € (0,1) and Y ;2 t; =1, then
the sequence {u;}$2, is relatively weakly compact.

Proof. (2)=>(1). Let u € Ly (X*) and u =Y o, t;u;, where u; € B(La(X*)), t; €
(0,1) and > .2, t; = 1. Suppose that pH’ > 0, where

H = {t € To: 2M(t, [u(®)]]) = M(t, [u(®)l| + &) + M(L, [u@®)]| = &), & € (0,1)},
To={teT:|u(t)|] >0} and ||u(t)] —e: > 0. Since H' C U2 ,H,,, where
H, = {0 € To 20000 L)) = M0, (0= ) ) + M0, (= ) @D

there exists a natural number ng € N such that pH,, > 0, where

Hyy = {t € To : 2M (¢, [lu(t)l]) = M(t, (1 - nio) [u(®l) + M, (1 - nio) IU(t)II)} :
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Since u is norm attainable on S(E$ (X)), there exists a point v € S(E% (X)) such

that fT u,v)dt = |jul| = ||[v]|” = 1. Let H = H,,. Then, decompose H into H}

and H? such that H{ U Hi = H, H} N H} = () and le u,v)dt = le w, v)dt.

Decompose Hi into H? and Hj such that H? U H? = H{, H} N H = ( and

ng w,v)dt = sz u,v)dt. Decompose H3 into HZ and HZ such that H3 U H =

H}, H3NH} =0 and [,2 (u,v)dt = [ (u,v)dt. Generally, decompose H]'~" into
3 4

HZ,_| and HJ; such that

(2.1) Hy: (UHY = H! ' HY: NHy =0 and / (u,v)dt = / (u, v)dt,

Hyi o Hz;
where n = 1,2,3,... and ¢« = 1,2,...,2". Then we define two function sequences
{un}oe, and {ul}o°, where

u(t) te T\H u(t) te T\H
(1—ro)u(t) teH} (I1—ro)u(t) teH}
e R S
(1—ro)u(t) t€Hzpm_4 (I+ro)u(t) te€Hyp_4
(I4+ro)u(t) teHE (I—ro)u(t) teHL
and 19 = 1/ng. Moreover, by formula (2.1) and the definition of H, we have
par (uwn)+par (uy,)
= [ Mo / (0= ) e [ a1 (0.0 2y Jucol) a
T\H Hr 0 Hp 0
1 1
T / M (t (1= =) fut )||) dt+ / M (t, 1+ ||u(t)||> dt
/ Mt [[u(t ||)dt+/ (t, (14 ni) ||u(t)||) dt+/ M <t, (1- ni) ||u(t)|> dt
T\H H ’ Hy ’
1 1
= / M (104 D) (o)) de / M (1.0- Ly o)
— 9 / Mt [u(®)]) dt+2/M £ 1lu()]) dt+2/M (&, llu(®)])) dt
TH
2 / M (&, u(®)]) di+2 / M, u(®)]) dt =
Hiw_y Hp,
and
(U, v)
_ / (un(t),v(t))dtJr/ ((1 - nlo)u(t),v(t)>dt+/ <(1 - nlo)u(t),v(t)>dt
T\H Hp Hy

et [ (0= Dpatoe)as [ (@ Do )

n n
om _1 on
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-1 1 -1
= <u,v>—|—nOH/n (u(t),v(t))dt—i—%H/n (u(t),v(t))dt+~-~+%Hn/ (u(t),v(t))dt
+;—3 (u(t),v(t))dt = (u,v) = 1.
HJp

This implies that |lu,|| > 1. Hence pas(u,) > 1. Similarly, we have pps(ul) > 1.
Since pas(un) + par(ul) = 2, we get that pas(u,) = par(ul) = 1. This implies that
lunl = ||u71LH = 1. Hence we define a new function sequence {z,}5; such that

{zn(®)}0, = (ul(t),u%(t),ug(t)mé(t), U (1), Uk (1), ) :

Moreover, it is easy to see that

< /11 11 <1 > 2
> (53 53 - > g () = 3 g =

n=1 n=1
Sy 1
2 20 2 2m)  Leon
n=1 n=1
Since [ (u(t),v(t))dt = |lul| = [|v]| = 1 and M € A, by formula pH > 0, we

have (u(t),v(t)) > 0 for p-a.e, t € H. Therefore, by formula uH > 0, we get that
Sy (u(t),v(t))dt > 0. Moreover, since the sequence {u,};>; is a subsequence of
{zn}52 1, we have the following formula

1

/ (1 (1) — (), 0(0))dt = / (u(t), v(t))dt > 0

T H

whenever m # n. Hence the sequence {z,}52; is not relatively weakly compact, a
contradiction. This implies that p{t € T : ||u(t)| € K} = 0, which completes the
proof. O

Lemma 2.4. Suppose that vg € EX(X) and the w*-hyperplane H,, of La(X*) is
weakly approximatively compact and X is a strongly smooth space. Then M € A.

Proof. Since X is a strongly smooth space, we obtain that X* has the Radon-
Nikodym property. Then (E (X))* = Ly (X*). Hence there exists ug € Ly (X*)
such that ||ug|| = 1 and (ug,vo) = 1. Suppose that M ¢ A. Then, by Lemma 1.8,
there exists a point u € L (X*) such that ||u]| = 1 and pas(u) < 1. This implies
that
u
)\O:inf{)\ER+ L PM (X) <+oo}:1.

Hence, for any L > 1, we have py;(Lu) = co. Indeed, suppose that there exists
L; > 1 such that pp(Liu) < co. Moreover, we know that the function F'(k) =
J M (t, Kk [Ju(t)|)dt is continuous on [1,L;]. Then there exists Ly > 1 such that
py(Lou) = 1. This implies that ||u|| < 1/Ls, contradicting ||ul| = 1.

Decompose T into F; and G; such that uF; = puGy. Then for any L > 1,
we obtain that [, M(t, L [lu(t)|)dt = oo or [, M(t,L|lu(t)||)dt = co. Hence we
may assume without loss of generality that [ g, M(t, L{lu(t)]])dt = co. Decom-
pose Ej into Ey and Gy such that uEs = puGs. Then, for any L > 1, we have
S, M(t, L|lu(t)[])dt = 0o or [, M(t,L|lu(t)|[)dt = co. Hence we may assume
without loss of generality that | g, M(t, L{lu(t)]])dt = co. In generical, decompose
FE, into E,,+1 and G, such that uFE,,+1 = pGp41. Then, for any L > 1, we have
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Je, ., M@t Lu()])dt = oo or [, M(t, L|u(t)|))dt = co. Hence we may assume
without loss of generality that [, " M(t, L ||u(t)||)dt = co. Hence

1
E1DEQDE3D"', ILLEi=§

This implies that |luxg,| = 1. Let u, = uo +uxp\g, and D = co{u,}52,. Then,
for every v = uo + cquxm\g, ) + -+ UXT\E,, € co{u, }22 1, there exists a
natural number ¢(0) > max{n(1),...,n(k)} such that

,UEH_1 and ||UXEL|| =1, i= 1,2,

luo —v|| = ||041UXEn<1) +ot aRuXE, H 2 HUXEim) H =1,

where oy + @y + - - + a = 1. This implies that dist(ug, D) = 1. Therefore, by the

separable theorem, there exist f € (L%/I(X)) and r > 0 such that
(22) flug)=r >sup {f(v) : v € co{un}iZ,}.

Moreover, by formula (ug,vo) = 1 and the definition of u,, we have the following
inequalities

0 < limsup [(un, vo) — 1| = limsup [{un — uo, vo)|
= lim sup/ [(u )| dt
n—oo

IN

lim inf [||u|| llvoxe, |l ] =0.
n—oo

Hence we have (un,vo) — 1 as n — oo. Since weak® hyperplane H,, of Ly (X™) is
weakly approximatively compact, by Lemma 2.2, we get that {u,}52 is relatively
weakly compact. Moreover, for any v € ES(X), we have

lim sup |{u,, — ug, v)| < hmsup/ |(u )| dt < hmmf [||u|| HUXETLHO} =0.

n—0o0 n— oo

This implies that u, o, up as n — oo. Since the sequence {u, 52, is relatively
weakly compact, we get that u,, % ug as n — oo. However, by formula (2.2), we get
that w, — ug is impossible, a contradiction, which completes the proof. O

We next prove that Theorem 2.1.

Proof. By Lemma 2.2, it is easy to see that (1)=-(2) and (2)=-(3) are true. We
next will prove that (3)=-(4). By Lemma 2.4, we obtain that M € A. Moreover,
if u € S(Lp(X*)) is norm attainable at point vy and u = > 7, t,u,, where
Uy, € B(Lp (X)), tn, € (0,1) and > 07 | t, = 1, then

1= u UO <Zt unaU0> = itn <unvv0>'
n=1

n=1

This implies that (u,,v9) =1 for all n € N. Therefore, by Lemma 2.2, we obtain
that {u,}52, is relatively weakly compact. Therefore, by Lemma 2.3, we get that
plteT: ||lu@)| € Ki} =0.

(4)=(1). First we will prove that v is a smooth point of ES (X). In fact, since
X is strongly smooth, we obtain that X* has the Radon-Nikodym property. Then
(E%(X))* = Ly (X*). Suppose that (ui,v) = (ug,v) = 1 and |Ju| = [Jus| = 1.
Then (u,v) = 1, where 2u = uy + us. Hence p{t € T : ||u(t)|| € K;} = 0. Then
lu(t)|| € Las(R) and |Jv(t)|| € EQ(R). Since M € A and p{t € T : ||u(t)|| € K;} =
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0, by Theorem 5.10 of [2], we get that ||u| is an extreme point of Ly, (R). Moreover,
by |Ju1]| = [Jus|]| = 1 and v € S(E% (X)), we have

12/MNWMMW=/WNMWMh4ww=1
T

T

and

lz/lluz(t)ll IIU(t)Hdt=/(uQ(t),v(t))dt= (uz,v) = 1.
T T
This implies that

[ (3101 + a1 Voot = 5un,0) + 5 ) = 1.
T

(ur(2), v(t)) = [fur (B[ o(®)]| and (ug(t),v()) = [[ua(B)]| [[o(#)]] for almost all £ € T
Moreover, by (u,v) = 1 and 2u = uy + ug, we get that ||ul| = 1. Hence

1z/<ﬂmw+ww0mmw/wmmmﬁWML

This implies that 2 [|u(t)| = [Ju1(t)|| + |luz(t)|| for almost all ¢ € T. Since ||ul| is
an extreme point of Ly(R), we have ||uq(t)|| = ||uz(t)|| for almost all ¢t € T'. Since
(ur(£), v(t)) = [fur (B)[| [|o(®)]| and (ua(t),v(t)) = [luz(®)[|[|v(#)]] for almost all ¢ € T,
by the smoothness of X and ||ui(t)|| = |Juz(t)| for almost all ¢ € T, we get that

u1(t) = ua(t) for almost all ¢ € T. This implies that u; = us. Hence we obtain that
v is a smooth point of E%(X).

Next we will prove that the point v is a strongly smooth point of ES (X). Let
(u,v) = 1 and (un,v) — 1 as n — oo, where {u,}52; € S(Lp(X*)) and u €
S(Lp(X*)). Since B(La(R)) is weakly* sequentially compact, by (ES(R))* =
Ly (R) and u,, € Ly (X*), we may assume without loss of generality that there
exists a functional h € S(Lp(R)) such that [ ||u,(t)|w(t)dt — [, h(t)w(t)dt
whenever w € EY (R). This implies that [ h(t)|Jv(¢)||dt = 1. Since v is a smooth
point of EQ (X), it is easy to see ||v|| is a smooth point of ES,(R). Therefore, by
formula

1z/wmwwwa:/wwwmﬁ:/MMMwa:L

T T
we obtain that ||u(t)|| = h(t) p-a.e. on T. Hence we have the following formula
(2.3) T [ un@®lw()d = [ Juo)] wiear

T T

whenever w € E(R). Therefore, by formula (2.3), we obtain that {|ju,|/}5,
converges weakly* to |lul|. We claim that pp(unxg) = pam(uxg) forall G C T. In
fact, let

Em ={t€G:mlv@)| = p [[u®)])}
and
By ={t € En: un@) = lu(®)|}
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for any m,n € N. Since v € E%(X), we get that p(uxgn) € EY(R). Therefore, by
formula (2.3), we have the following formula

[ a0l = 2 (1 o) Dl

:/W(t,||un(t)||)—M(t,IIU(t)II)]dt— / [M(, [Jun ()[]) = M (¢, [[u(t)])]dt
En En\E7,
2/(Ilun(t)l\—||u(t)||)p(t7IIU(L‘)II)dt— / (@1 = llun @ Dp(E, [u(®)]])dt
En En\ED,

= / (lun @O = @ Dp(E, [[u(®)[])dt

=](un(t)|| — [u@®Dp(E, [[u®))x ey dt = 0, n — oo,

This implies that lim inf,, o ppr(UnXE,,) > pam(uxe,,). Let m — oo. Then, for any
G C T, we have liminf, ,oopr(unxe) > pum(uxe). Since par(uy) = pa(u) = 1,
we get that par(unxe) — pam(uxe) for any G C T.

We next will prove that |Ju, ()] — ||u(t)] in measure on T. Let {r(i,t)}32, be a
set of all the extreme points of linear interval of M (¢, u) and let

F={teT: M [u@®)]) & {r(i,t)}Z:}

Since p{t € T: |lu(t)|| € K:} = 0, we get that M (¢, ||u(t)]]) > 0 whenever ¢t € F.
We claim that ||u,(t)]] — ||u(?)|| in measure on F. Otherwise, we may assume
without loss of generality that for each n € N, there exists F, C F, ¢g > 0 and
oo > 0 such that pFE, > g, where E,, = {t € F : ||Jun(¢)|| — ||u(t)||]| > o0}. Let us
define the sets

A, = {t eT: M(t,|lun(t)]) > 680} and B = {t eT: M, |u®)) > 680}
Then

1= [ Mt n(Ol)dt = [ M Jun®l)de = Zud, = pds < 2.
0
T An

Similarly, we have uB < £¢/8. Hence, for u-a.e. t € T, we define the bounded
closed sets

1
Cy = {(u,v) €R?: M(t,u) < —, M(t,v) < —, |lu—v| > gao, u = ||u(t)||}

8 8
0 €0
in the two dimensional space R2. Since C, is compact, there exists (uy,vy) € Ct
such that

2M(t, 5 (us +vy)) S 2M(, 3(u+v))

M (t,ug) + M(t,vr) — M(t,u) + M(t,v)

for any (u,v) € C; and for p-a.e. t € T. Hence we define the function

2M (¢, %(ut + )

M (t,u) + M(t,vg)

(2.4) 1>

(2.5) 1-6(t) =
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We claim that 6(t) is X-measurable. In fact, pick a dense subset {r;}2; of (0,00)
and define the function

(t 5(ri £ ;) M(t,r;) < — and M(t,r;) < —
1= 6,0, () =& M(trs) + M(t, 7)) % &
0 M(t,r;) > — or M(t,r;) > —,

€0 €0

then by the definition of M (t,u), it is easy to see that 1 — 4, , (t) is X-measurable
and

1
1—0(t) > sup {1 — Oy () 2 i — 15 > 800} .

On the other hand, since {r;}{2; is dense in (0,00) then {(r;,r;)}2; ;_; is dense
in (0,00) x (0,00). Therefore, by the definition of the function 1 — §(t), for u-a.e.
t € T,e > 0, there exists

8 8 1
(7"1‘,7”]') € {(u7v) S R2 : M(tau) < ;aM(tav) < ;7 |U_U| > gaovu = u(t)H}
0 0

such that
1—=0(t) =& <1 =0, (t) <sup {1 — Oy (1) ¢ g — 7] > ;00}
p-a.e. on T. Since € is arbitrary, we have the following formula
1— §(t) < sup {1 G, (1) i -1y > ;go}

p-a.e. on T. Hence 1 —6(t) = sup {1 —0,,,,(t):|r; —r;j| > 00/8} prae. on T.
This implies that 6(¢) is X-measurable. Since 6(t) > 0, there exists a real number
0o € (0,1) such that uG < €¢/8, where G = {t € T : §(t) < do}. Moreover, by
M(t, [|u(t)]]) > 0, t € F, there exist Fy C F' and r > 0 such that

Mt |Ju@)]) > r, t € F\Fy and pFp < %

Let H,, = E,\(A, UBUG U Fy). Then pH, > ¢0/8 and

2
whenever t € H,,. This implies that

Up + U
pro )+ prol) = 2000 (25

(1, ERON) < 200 600 81 e w0 + 32 1 o)

= /M(t lun (@) + M (¢, [u@)]]) - 2M (t, W)dt

> T/M(t, Jun(8)])) + M (8, [Ju(t)]]) — 2M (,g, un(t)llzﬂu(t)ll)dt
Hy,

=z 50/[M (t, lun@)]]) + M (t, u®)])])dt

> y

&g
8o / M (t, |Ju(t)])dt > 5()r§0.
Hn
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Moreover, by formula (u,,v) — 1 and (u,v) = 1, we get that ||u| = 1, ||u,| — 1
and ||u, + ul|/2 — 1 as n — oco. Therefore, by M € A, we obtain that pps(u) = 1,
pa(un) — 1 and par ((un, +w)/2) — 1 as n — oo. This implies that

. Uy + U
Jim pM(un)+pM(U)2pM< 5 )]0,

this is a contradiction. Hence we obtain that ||u,(¢)|] — ||u(t)| in measure on F'.
Let {r1(¢,t)}2, denote the set of all the right extreme points of linear interval

of M(t,u). Define the set
G={teT: M [u®)l) € {ri(i,t)}Z:}-

We will prove that |lu,(t)]] = [|u(t)| in measure on G. Otherwise, we may assume
without loss of generality that for each n € N, there exists F,, C G, ¢g > 0 and
oo > 0 such that pE, > ¢o, where E,, = {t € G : [||un ()] — ||u(®)|]| > o0}. Hence
we may assume that E, = {t € T : |lu,(t)| — ||Ju(t)|| > o0}. Let

Fo={teT: [lu@® < llun(@®)] <[lu®)] + o0}

and
Hy ={teT: lu@)] > [un()]}-
For clarity, we will divide the proof into two cases.
Case I. Let limsup,_,pu(GoNE,) = ng > 0, where t € Gy if and only if

M (t, [|u(t)]|) is a right extreme point and not a left extreme point. Then Gy C G.
Therefore, by formula M (t,u) = [’ p(t, u)dt, we have the following inequalities

ha(t) = M, [lua(®)]]) = M (& [u@I]) = p & (@) llun@Of = [lw@]]
M (¢, [Ju(t)]| + o0) = M (¢ [[u(®)]]) = oop (¢ [[u(®)]]) >0

whenever t € E,,. Hence there exist H,, C Gy and h > 0 such that uH, < 19/16
and hy,(t) > h whenever t € E, \ H,. Moreover, there exists a natural number
m € N such that u(T\T,,) < 19/16, where

T =t €T :mlo@®)] = p(t, [u®)])}-

Let G, = (Go NTy,) \Hy. Then, by limsup,,_,  u(Go N E,) = no and u(T\Ty,) <
70/16, we may assume that u(G, N E,) > n9/8. Moreover, by the definition of T,,,
we have p(t, |u(t)|)xa, € E%(X). Therefore, by formula (2.3), we have

0 [ Mt Jun (Dt [ 1 (1 e
Gn Gn

\%

> / p (& [lu(]) [lun @1 = [[u(@)[ldt+ / p (& [lu(@)I) [lun (O = [Ju)|)dt

G,NE, GnNFy,

+ [ p O U] - [u®des [ e
GnNHy GnNE,

= [ o) (@) = ulde [ ho(oyde = 32
Gn G,NE,

for n large enough, this is a contradiction.

Case II. Let limsup, . p(GoNE,) = ny > 0, where t € Gy if and only if
M(t, ||u(t)]]) is a left extreme point and is a right extreme point of linear inter-
val of M (t,u). Then Go C G and p (¢, ||u(t)||) —p— (¢, [|[u(t)]]) > 0 whenever ¢t € Gy.
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Hence there exist a set H C Gy and a real number h > 0 such that pH < 19/16
and p (¢, |u(®)|]) — p- (&, |u(®)|]) > h whenever t € Gy \ H. Moreover, there exists
m € N such that u(T\T},) < 19/16. Let F = (GoNTy,,) \H. Then, by formula
limsup,,_, ot (Go N Ey) = 19, we may assume that u (F'N E,) > 19/8. Therefore,
by formula (2.3), we get the following inequalities

Oe/MwMMMWF/M@wmmﬁ
F F

> /p(t,IIU(t)II)[Hun(t)II*IIU(t)II]dH / p (& (@) [llun (@O = u(®)]]dt

FNE, FNF,

+ / p— (& [[u@)1) [lun I = fJut)[ldt

FNH,

> / [p (¢ [[u@®)]]) = p— (& [u@®D] [lun O = [lu(@)]1dt

FNE,

+/%@WWWW%@WﬂMth

F

> /[p(t,IIU(t)II)*p—(t,IIU(t)H)]GodH/p(t,IIU(t)II)[Ilun(t)l\*IIU(t)II]dt

> pl

for n large enough, this is a contradiction. Hence we get that ||u,(¢)]| — ||u(?)| in
measure on G. Let {r1(4,t)}$2; denote the set of all the left extreme points of linear
interval of M (t,u). Define the set

G={teT: M [u@®)]) € {r1(i,)}Z,}-

Similarly, we get that |lu,(t)|| = ||u(t)| in measure on G. In summary, we have
[lun ()] = |lw(®)|| in measure on T. Therefore, by the Riesz Theorem, there exists
a subsequence {n} of {n} such that ||u,(¢)|| — ||u(t)|] p—a.e. in T. Noticing that

[(un (@), ()] < lua@ - llo@I, Tim [ (un(t), v(t))dt = 1

n—oo T

and
0
/ [un @ - lv@)] dt < Jlun| - [Jv]]” < 1,
we get the following formula
lim / lun (O] - 0@ de =1, lim / ln ()] - [0 = (un(8), v(£))] d = 0.
Moreover, it is easy to see that
Jim [ Ol (0] = (a0 00 dt = 0.
This implies that [Ju, ()| - [|[v@)]] — (un(t),v(t)) % 0 in measure. Therefore, by the

Riesz theorem, there exists a subsequence {n} of {n} such that ||u, ()| - ||v(t)| —
(un(t),v(t)) = 0 p—a.e. in T. Since |Jun(t)|| — ||u(t)| p-a.e. on T, we get that
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(un(t),v(t)) = JJu(@®)] - |lv(t)]| p—a.e. on T. Hence we may assume without loss of

generality that
oo \ [lu()[|" [[o(®)]|
on {t €T : ||u(®)|-||v®)| #0}. Since (u,v) =1, we get that uTy = 0, where
Ty={teT:|v@®)=0}n{teT: [lu)|] # 0}
Hence we may assume without loss of generality that

. un(t)  v(t) >
lim (| —, ——— | =1, te{teT:|u®)| #0}.
n—yoo (lu(t)ll [lo@
Since X is a strongly smooth space, we obtain that sequence {u,(t)/|u(t)|}oe;
is convergent. Hence there exists z(t) € S(X) such that u,(t)/[|u(t)|| — z(t) on

{t €T :|lu(t)] #0}. Let

wo(t) = { lu()l2(t), te{teT: |ut)]| 0}
0,  tef{teT:|u(®)]=0}

Then it is easy to see that ||ug|® = 1 and wu,, (t) — ug(t) p-a.e. on T. Therefore, by
the Fatou Lemma, we obtain the following inequalities

pum (o)

/JH{; BM (& fun (B)]1) + %M (t, luo(®)]) — M (,; “n(t)—uo(t)”)]dt
H

g

IN

n— o0 2

liminf/ [;M(t, (1) + 5 M, o ()]} — M (t, ”%z('f)—%(t)”ﬂdt

~ paa(u)-timsup pur (1))

n—oo 2

This implies that pp((un — u)/2) — 0 as n — oo. Moreover, from the previous
proof, we obtain that pa(2u,Xxg/e) = pam(2uoxg/e) for any E C T. We next will
prove that ||u, —ul| — 0 as n — oco. Let € € (0,1/4). Since M € A, there exists
0 > 0 such that ppr(2uoxe/e) < 1/2 whenever uE < 46. Moreover, there exists
r > 0 such that p{t € T:0 < |lu(t)| <r} < d. Since up(t) — uo(t) p-a.e. on T,
by the Egorov theorem, there exist a natural number ng € N and F' C T such
that uF < & and |ju,(t) — uo(t)|| < €2, t € T\F whenever n > ng. This implies
that ||(un — uo)Xp\r| < 2¢ whenever n > ng. Let B = {t € T : |jug(t)[| > ¢},
D={teT:0<|ut)]| <e}and H={t €T : |ug(t)|| =0} UF UD.

. (w—gmw) SB \/F y <t7 guzo;t)n)dt - é M (t,”u02(t)>dt <1,

Moreover, by pay(2unxe/e) = pam(2uoxg/e) for any E C T and p(F U D) < 26,
there exists a natural number n; > ng such that

Up — U 1 Unp 1 U
M ((O)XH) < SpMm ( XH) + ;oM (%)

2e 2 5 2
pur (Z35) + ¢

(UOXFUD)
13

IN

1
= PJV[ +€<§+5<1
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whenever n > ny. This implies that ||(u, — wo)Xx x| < 2¢ whenever n > ny. Since
T = H U (B\F), we have

l[tn — ol < [[(un — uo)xall + [|(un — uo)xp\F|| < 26+ 26 =4e

whenever n > ny. Hence we have ||u, — u|| = 0 as n — oco. This implies that v is
a strongly smooth point of E%(X), which completes the proof. O

Corollary 2.5. Suppose that v € S(E%(R)). Then the following statements are
equivalent:

(1) The point v is a strongly smooth point of ES(R);

(2) The hyperplane H, of Ly (R) is approximatively compact;

(8) The hyperplane H, of Ly(R) is weakly approzimatively compact;

(4) M € A and p{t € T : |u(t)| € K;} = 0 whenever (u,v) = |lul|.

Corollary 2.6. Suppose that X is a strongly smooth space. Then the following
statements are equivalent:

(1) ES(X) is a strongly smooth space;

(2) Every weak* hyperplane of Ly (X*) is approzimatively compact;

(8) Every weak® hyperplane of Ly (X™*) is weakly approximatively compact.

3. ASPLUND PROPERTY AND RADON-NIKODYM PROPERTY IN
MUSIELAK-ORLICZ-BOCHNER FUNCTION SPACES

Theorem 3.1. Suppose that X is a strongly smooth space. Then the following
statements are equivalent:

(1) LY,(X) is an Asplund space;

(2) M € A and N € A.

Proof. (1)=(2). Suppose that M ¢ A. Then we define the functional §(u) =
inf {\ € RT : pps(u/N\) < +00}. Therefore, by the definition of 6(-), we get that
0(ku) = k6(u) whenever k > 0. Moreover, by the convexity of M, we have
(o 2)
M G(ul) + 9(’&2) + 2¢
N ( G(ul) +e (751 + Q(u ) +e U9 >
PM Glur) + 0(uz) + 26 0(ur) + e O(ur) + O(us) + 22 O(uz) + ¢

< O(ur) +e¢ ( uy )+ O(uz) + ¢ ( U2 )

= 9(ur) + 0(uz) + 2"\ OCur) +2 ) 0Cur) + 0Cus) + 26" \ O(un) + ¢

< +o00.

This implies that O(u; + u1) < 0(u1) + 0(uz) + 2¢. Since ¢ is arbitrary, we have
O(ur +u1) < 0(uy) + 0(uz). It is easy to see that 6(u) is a convex function. We
claim that if ||u,|| — 0 then 6(u,) — 0 as n — oo. In fact, for any ¢ > 0, we
have |lun/€]| — 0 as n — oco. Hence there exists a natural number ng such that
ou (un/e) < |lun/ell <1 whenever n > ng. This implies that 6(u,) < ¢ whenever
n > ng. Hence 6(u,) — 0 as n — oc.

Next we will prove that 6(-) is continuous. Otherwise, there exist g9 > 0, u €
Ly (X) and {up,}2; C Ly (X) such that ||u, — || — 0 and |0(u,) — 0(u)| > 2¢o.
Then we may assume that 0(u) > 0(up) + 20 or 0(uy,) > 0(u) + 2¢9. Hence, if
O(u) > 6(un) + 2e, then

0(u) < limsup [#(un) + 6(u — uy,)] = limsup 0(u,) < 6(u) — eq,

n—o0 n—o0
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a contradiction. Moreover, if 6(u,) > 0(u) + 2¢¢, then
lim sup 6(u,,) < limsup [0(u) + O0(u, — u)] = 6(u) < limsup [0(u,) — o],
n—o00 n—o0

n—oo
a contradiction. Hence 6(-) is a continuous function. Pick u € L9,;(X) \ E%;(X).
Then 6(u) > 0. We next will prove that there exist £ C T and F C T such that
EUF =T, ENF =0 and O(uxg) = 0(uxr) = 6(u). Define G(n) = {t € T :
n—1 < Jju(t)]] < n} and for each n € N, decompose G(n) into G1(n) and Gz2(n)

such that )
n— n—
P / M(t,9_2€>dt— / M( e )dt
Gi(n) G(n)
where @ = 1,2. We claim that u; = > 7 uxg,(n) satisfy 0(u;) = 60(u), where
i =1,2. In fact, let # = 6(u). Then for any ¢ € (0,0/2), there exists a natural
number m such that

m—1 1 1
m  0—2 " 0—¢
Since
n—1
ts € G(n) = [u(®)] <n < [us)Il,
for all n > m and all ¢ € G;(n), we have the following inequalities
lui®l _ lu®l o n=1 _n=1 Ju@®] _ Ju®)]

-2 60— 25_9 22 n 60— 26 0—¢
Therefore, by the definition of 6(-), we have the following inequalities

wl5t) 5 ] i) ae g [ weit)s

n>m n>m
1 [[u(t)]]
72/ ()dt 2Z/M(t,9_€ dt =
n>mG( n>mG(n)

This implies that 6(u;) = 6(u), where ¢ = 1,2. Hence there exist a set £ C T
and F C T such that FUF =T, ENF = and 6(uxg) = 0(uxr) = 6(u). Let
v =uXxg — uxp. Then, if t > 0 then
O(u+tv) =0((1+t)uxe + (1 —t)uxr) = 0((1 + )uxe) = (1 +t)0(u).
This implies that
Ou+tv) —0(u)  (14+1)0(u) —0(u)  t0(u)
t B t t
whenever ¢ > 0. Moreover, if ¢ < 0 then
O(u+tv) =0((1 + t)uxe + (1 — t)uxr) = 0((1 — t)uxr) = (1 — t)0(u).
This implies that
O(u+tv) —0(u) (1—1t)0(u)—0(u) —tO(u)
t t t
whenever ¢ < 0. Hence, for any u € L9,;(X) \ E%;(X), we obtain that 6(-) is not
differentiable at u, a contradiction. Then M € A.
Suppose that N ¢ A. Then there exists a point v € Ly (X*) such that |Jv|| =1
and py(v) < 1. Pick a real number [ > 1. Then py(lv) = co. Define

G={teT:Nt|v@)]) =00} and G(n)={teT:n—1<N({ o)) <n}
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for all n € N. Decompose G(n) into G1(n) and Ga(n) such that G1(n) U Ga(n) =
G(n) and pn(lvxg, (m)) = PN(lUXGo(n))- Decompose G into Gy and G5 such that
G1 UGy =G and py(lvxg,) = py(lvxe,). Let

E=GU <n§1 Gl(n)) and F = Gy U <n§1 Gg(n)) .

Then py(lvxg) = pn(lvxr). This implies that |joxg| > 1/0 and |Joxr| > 1/1.
Hence there exists a sequence of set {E,, }5%; such that |[vxg,| > 1/l and E;NE; =
() whenever ¢ # j. Define the set

C= {ZEiUXEi e}, € B(co)}.

i=1
Then it is easy to see that C' is a bounded closed convex set of Ly (X*). We claim

that C' has no extreme points. In fact, Pick u = Y ;2 e;uxg, € C. Then there
exists a natural number j € N such that |¢;| < 1/4. Define

Uy = <6j + ;) —‘rZ&i and wug = (é‘j — ;) —l—ZEi.
i#£] i#]

Then uy,us € C, uy # ue and 2u = uy + ug. This implies that u is not an extreme
point. Since u is arbitrary, we have FztC = ). Hence Ly (X*) has not the Krein-
Milman property. Then Ly(X*) has not the Radon-Nikodym property. Hence
EY,(X) is not an Asplund space. However, since LY,(X) is an Asplund space, we
obtain that EY,(X) is an Asplund space, a contradiction. Then N € A.

(2)=(1). By Lemma 1.15 of [2], there exists a function M; such that

(3.1) M(t,u) < My(t,u) <2M(t,u), uw€R

and right derivative of p;(t,u) of M;(t,u) is continuous with respect to u for almost
all t € T. Therefore, by formula 3.1, we obtain that v € Ly (X) for any u €
Ly, (X). Since M € A, we have the following inequalities

/Ml(t,A lu(®)]])dt < /2M(t,)\ ()]} dt < +o0
T T

for any A > 0. This implies that M; € A. Moreover, if v € Ly, (X*), then there
exists Ag > 0 such that py, (Agv) < +o0. Since

1 1
N(t,v) = sup {uv — M (t,u)} < = sup {2uv — M1 (¢,u)} = =N1(¢,2v), v >0,
u>0 2 u>0 2

we have the following inequalities

A 1 A 1
/N (t, 50 ||v(t)||> dt < 5/N1 (t,2 : 30 ||v(t)||> dt = 5 p, (Aov) < +oo.
T T

This implies that v € Ly(X™*). Therefore, by N € A, we obtain that v € Ex(X™).
Therefore, by formula

Ni(t,v) = sup {uv — My (t,u)} <sup{uv — M(t,u)} = N(t,v), v >0,
u>0 u>0
we have the following inequalities

/N1 A o)) dt < /N(t,A lo(®)|]) dt < 400
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for every A > 0. This implies that N1 € A. Therefore, by theorem 2.7, we obtain
that LY, (X) is a strongly smooth space. This implies that L}, (X) is an Asplund
space. Moreover, we have

0 . 1 . 1 0
= — < — =
ol = juf 100+ [ Mo i < juf 11+ [ M2Ge D) ] =
T T

and
0 . 1 . 1 0
= — < - <
Jull? = juf 11+ [ Ao, bu@) D] < int £+ [ 22006 Dru(®))ae) < 2l
T T

for any u € LY,(X). This means that L,(X) is an Asplund space, which completes
the proof. O

By Theorem 3.1, we obtain that Corollary 3.2 and Corollary 3.3.

Corollary 3.2. Suppose that X is a strongly smooth space. Then the following
statements are equivalent:

(1) Ly (X) is an Asplund space;

(2) M € A and N € A.

Corollary 3.3. LS,(R)(Ly(R)) is an Asplund space if and only if M € A and
N e A.

Theorem 3.4. Suppose that

(1) M € A and X is a strongly smooth space;

(2) p(t,u) is continuous with respect to u for almost allt € T.
Then ES,(X) is a strongly smooth space.

Proof. By Theorem 2.1, it is easy to see that Theorem 3.4 is true, which completes
the proof. 0

Theorem 3.5. Suppose that X is a strongly smooth space. Then Lp;(X*) has the
Radon-Nikodym property if and only if M € A.

Proof. Sufficiency. Let X be a strongly smooth space. Then, by Lemma 1.15 of [2],
there exists a function M7 such that

M(t,u) < My (t,u) <2M(t,u), uw€R

and right derivative of p;(t,u) of M;(t,u) is continuous with respect to u for almost
all t € T'. Moreover, by the proof of Theorem 3.1, we get that M; € A. Therefore,
by Theorem 3.4, we obtain that E%(X) is a strongly smooth space. Hence E%(X)
is an Asplund space. This implies that Ly (X™*) has the Radon-Nikodym property.

Necessity. Suppose that M ¢ A. Then, by the proof of Theorem 3.1, we ob-
tain that Lj;(X™*) has not the Krein-Milman property. Hence Lj/(X*) has not
the Radon-Nikodym property, a contradiction. This implies that M € A, which
completes the proof. O

Corollary 3.6. Suppose that X is a strongly smooth space. Then LS,;(X*) has the
Radon-Nikodym property if and only if M € A.

Corollary 3.7. LY,(R)(La(R)) has the Radon-Nikodym property if and only if
M e A.
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