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Abstract: H,, disturbance attenuation of nonlinear networked systems which are described by the
Takagi-Sugeno fuzzy time-delay systems is concerned. In the networked control system, the control
signal is delayed and the closed-loop system with the controller can be modeled as a fuzzy system with
time-varying delays in sensor and actuator nodes. The system often encounters the external noises
that disturb its behaviors. For such a nonlinear system with delays, the H,, disturbance attenuation
problem is considered. Multiple Lyapunov-Krasovskii function with multiple integral functions allows
us to obtain less conservative conditions for a networked control system to satisfy the disturbance
attenuation criterion. Based on this approach, a novel control design method for a networked control
system is proposed. An illustrative example is given to show the effectiveness of the proposed method.
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1. Introduction

Networked control systems(NCSs) are a class of systems where the signals of feedback loops are
closed via communication network. These systems are found in many applications such as automobiles
and airplanes, large scale disributed industrial systems and telecommunication systems due to easier
installation and maintenance, simpler upgrading and more reliability over the point-to-point connected
systems [3]. Therefore, much attention has been paid to NCSs in the last decades [5,21]. In the
networked control system, the information is exchanged with packets through a network where the
data packets encounter delays. Considering the effects of network-induced delays in nonlinear NCS,
we model its closed-loop system as a fuzzy system with bounded delays.

For a nonlinear control system, Takagi-Sugeno fuzzy model has been playing an important role. It
can represent a nonlinear system effectively and is known to be a great tool to analyze and synthesize
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nonlinear control systems [11-13]. The papers [4,6,7,9, 10, 16, 19,20] and [22] considered control
design problems for nonlinear networked control systems. The paper [6] partially introduced a
multiple Lyapunov-Krasovskii matrix method for fuzzy systems with time-delay but it is not a general
multiple Lyapunov matrix method. The papers [4,9,20] and [22] discussed various fuzzy networked
control systems but all employed a common Lyapunov-Krasovskii function method.  The
papers [7, 10] and [19] employed a common Lyapunov-Krasovskii function method with descriptor
system approach, which is still more conservative than a multiple Lyapunov-Krasovskii matrix
method. The papers [6, 16] and [19] used a free matrix method to reduce the conservatism but
increase computational load by introducing a number of free matrices. Furthermore, the paper [17]
introduced a new multiple Lyapunov matrix method but only considered the stability of a networked
control system. The papers [17] and [18] considered the stability and stabilization problems based on
multiple Lyapunov-Krasovskii matrix method.

In this paper, we consider the H, disturbance attenuation of nonlinear networked control systems
based on Takagi-Sugeno fuzzy models. First, we assume a new class of fuzzy feedback controller and
consider the H,, disturbance attenuation of the closed-loop system with such a feedback controller. In
order to obtain less conservative H,, disturbance attenuation conditions, we introduce a new type of
multiple Lyapunov-Krasovskii function, which reduces the conservatism in stability conditions. A
multiple Lyapunov-Krasovskii function is a natural extension of a common Lyapunov-Krasovskii
function. However, a conventional multiple Lyapunov function contains the membership function and
hence a resulting condition depends on the derivatives of the membership function. However, the
derivative of the membership function may not always be known a priori nor differentiable. The
paper [8] introduced a new class of multiple Lyapunov function, which contains an integral of the
membership function of fuzzy systems. This approach requires no information on the derivatives of
the membership function and is shown to reduce the conservatism in H,, disturbance attenuation
conditions. In addition, triple and quadruple integrals of Lyapunov-Krasovskii functions are
employed, which enormously reduce the conservatism. Based on such a multiple
Lyapunov-Krasovskii function, a control design method of nonlinear networked control systems are
proposed. Finally, a numerical example is shown to illustrative our control design method and to show
the effectiveness of our approach.

2. Fuzzy model of networked control systems

Consider the Takagi-Sugeno fuzzy model, described by the following IF-THEN rules:

IF & is My and --- and &, is M),
THEN x(t) = A;x(t) + B;u(t) + Dw(t),
z(t) = Cix(1)

where x(r) € R" is the state, u(t) € R™ is the control input. and z(f) € R? is the controlled output.
The matrices A;, B;,C; and D; are constant matrices of appropriate dimensions. r is the number of
IF-THEN rules. M;; are fuzzy sets and &, - - - , £, are premise variables. We set & = [£, -+ &,]”. The
premise variable &(7) is assumed to be measurable.
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Then, the state equation and the controlled output equation are described by

x(t) = Zr: ALi(EAx(t) + Biu(t) + Diw(t)}
= :,:x(t) + Bu(t) + D w(t) 2.1
) = Z} ECx(D)
= lc_ﬂx(z) (2.2)
where
1@ =LE g me

Zﬁ,@ =

i=1

and M;;(-) is the grade of the membership function of M;;. We assme

A4E®) 20, i=1,---,r, Z/li(f(t)) =1 (2.3)
i=1

for any &(¢).

In the considered networked control system, the controller and the actuator are event-driven and
sampler is clock-driven. The actual input of the system (2.1) is realized via a zero-order hold device.
The sampling period is assumed to be a positive constant 7" and the information of the zero-order hold
may be updated between sampling instants. The updating instants of the zero-order hold are denoted
by #, and 7, and 7, are the time-delays from the sampler to the controller and from the controller to
the zero-order hold at the updating instant #;, respectively. So, the successfully transmitted data in
the networked control system at the instant #; experience round trip delay 7 = 7, + 7, which does not
need to be restricted inside one sampling period. Regarding the role of the zero-order hold, for a state
sample data #; — 7, the corresponding control signal would act on the plant from #; unto #;,,. Therefore,
the rules of the fuzzy control input for #, <t < #;4, is written as follows:

IF & is My and --- and &, is M,
THEN u(t)=Kix(t—7(@), i=1,---,r.

where K;, i = 1,---,r are constant matrices, and 7(¢) may be an unknown time varying delay but its
lower bound 7, and upper bound 7, are assumed to be known. The upper bound 7 of the delay rate is
also assumed to be known:

T <T() <10, 0 <7(t) < 1.

Then, an overall controller is given by
u(t) = > (€ —TONKx(t - T(1)
i=1
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= Kix(t—1(1) (2.4)

where -
€)= 1 f e

and & > 0 is some scalar. The closed-loop system (2.1) with (2.4) is given by

x(1)

DD AEOET = TOAX() + BKix(t = T(1)) + Diw(®)}
i=1 I=1
Ax(t) + BaK;x(t — 7(1) + Daw(d). (2.5)

We note that @;(£(¢)) >0, i=1,--- ,rand

S e
i=1

1 7 <
- f h;m(s))ds
1,

which imply that p;(£(7)) and 4,;(£(¢)) share the same properties as seen in (2.3).
We define the cost function

J= f (OB -y Ow(D)dr 2.6)
0

where 7y is a prescribed scalar. Our problem is to find a condition such that the closed-loop system (2.2)
and (2.5) is asymptotically stable with w(¢) = 0 and it satisfies J < 0 in (2.6). In this case, the system
is said to achieve the H,, disturbance attenuation with y.

3. H_ disturbance attenuation

Let us first assume that all the controller gain matrices K;, i = 1,---,r are given. Importance
on the disturbance attenuation conditions lies on how to choose an appropriate Lyapunov-Krasovskii
function. Here, we introduce a new Lyapunov-Krasovskii function. To begin with, let us consider a
polytopic matrix:

.
Zy= ) mEDZ
i=1
and similar notations will be used for other matrices. It is easy to see that the time-derivative of Z, is
calculated as

Z

> €Nz,
i=1

1 r
= 3 ;(/L-(f(l)) — At —1)Z;

I1>

1
]—1(24 -7Z). (3.1)
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For later use, we give some notation and lemmas:

1—T1

[ Ty xT(t—1@) xT@t-11) x'(t—12) f X (s)ds f X (s)ds

7(1)

t—1(1) —7(1)
f xT(s)ds f f X (s)dsd,B f f xT(s)ds f f xI(s)ds W(l‘)]
—73 —7(t)

o do - o) .

Lemma 3.1. (Jensen’s Inequality) For T € R, x(t) € R", and P > 0 € R"™", the following inequalities
hold:

()

>

t

_Tf xT(s)Px(s)ds<f xT(S)dSPf x(s)ds,

——ff X (s)Px(s)dsdﬁ<ff X (s)dsd,BPff x(s)dsdp,
—T t+ t+3
——f f f X (s)Px(s)dsd,Bd9<f f f X (s)a’sdﬁd@Pf f f x(s)dsdBdo.

Lemma 3.2. [I] Forty, 73, a, € € R, x(t) € R", and P > 0 € R"™", the following inequalities hold.:

[—T1

(12— 71) X ($)Px(s)ds < ~Lg (PL(1) = &7 (VPL (D) = (1 = )¢ (DPLs(1) — ady (DPL(D),

-7

2 _ L2 =T t
( . 77) f f X" ($)Px(s)dsdB < —Lo ()PLo(t) — Lly(O)PLio(t) — (1 — &)la ()PLo(t) — L1y (PL1o(2).
-T2 t+f

Now, we are ready to give our first result.

Theorem 3.1. Given control gain matrices K;, | = 1,--- ,r and scalar h > 0. The closed-loop system
(2.5) achieves the H, disturbance attenuation with vy if there exist matrices Z; > 0, Py > 0, P, >
0, Ps>0, P,>0,Rj; >0, R, >0, R3; >0, Ry >0, X;; >0, X, >0, X3;, >0, X4 >0, Uy >
0, U,>0,W;, j=1,---,r,and scalars 6; > 0, i = 1,2 such that

- -
0,4+ 06, +0,1 C: ..
271 J i —
» . | < 0,4,)l=1, 7, (3.2)
. -
0,4+ 6, +0,1 C: ..
271 J i =
» . | < 0,4, j)l=1, 7, 3.3)
16,1+ 63, — 6,1 CT]
27y 2 1 < 0,4, 5l=1,---,r, 3.4)
L * _I_
- - -
O+ 05 =0l Gl g =1, (3.5)
* —1]
(51 —(52 > 0 (36)
1z.+X, X |
L > 0,i=1,---,r, 3.7
-X5 Q1 + Xz G7)
Zi+ Xy —X4 ]
-T] > (), I = 1’ T 3.8
[ —X4 Oni + X4 | 5-5)
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2
where T, = Ty — T1, T(lz) = T% - T%

6= —el X307 — (€2 — es) Xu(er — en),

02 = —efXzjes — (e2 — e3)" Xu(er — e3),

b63; = —el,Rsjer0 — (T12e1 — €7)" Ru(T1261 — €7),
Os; = —elRsje — (T1ne1 — €6) Ra(T12€1 — €),

i = mij—elXies —(e) —e3) Xpley — e3) — ef Xzeq — €] Xze7 — (€2 — €3)" Xy(ez — €3)
—(e2 — es)" Xu(er — es) — €S Ry jes — (t1e1 — es) Ro(T1e1 — e5) — ef R ey
—€1T0R3j€10 —(tirer — €6)TR4(T12€1 —es) — (Tirer — €7)TR4(T12€1 —e7)

T(2) T(z)
—(Be) —eg) U (F2ey —es) — (Fe) —eg — e10) Ua(F2e — g — e1)

EA“,']' A12ijl 0 0 P1 0 0 T1P3 T12P4 T12P4 ZjDi + AITQD[
*  Aogiji 0 0 0 0 0 0 0 0 KlTBiTQDl-
*® * _Q1j+Q2j 0 —P1 P2 P2 0 0 0 0
* * * —sz 0 —P2 —Pz 0 0 0 0
* * * * 0 0 0 -P; 0 0 0

W=\ * * * * * 0 0 0 -P, -P, 0 ,

* * * * * * 0 0 -P, P4 0
* * * * * * * 0 0 0 0
* * * * * * * * 0 0 0
* * * * * * * * * 0 0
* * * * * * * * * * Dl.TQDi - 'yzl ]

4 7®y2
Allij = AiTZj+Zin+Q1j+Wj+%(Zi—zl)+T%X1j+T%2X3j+ Zlle'i' %R3j+AiTQAi,
A12ijl = ZjBl‘Kl + AiTQBiKl,

Apiy = —(1-mW; + KB/ QBK,,
2 2 tp L @ p T SERstl
Q = TIX2+T12X4+TR2+ 4 R4+%U1+ 6 Uz,
®; = [AT KB 0000000 0D|,

i
I

cioooooooooo],

and e;, i = 1,---,11 denote an 11-dimensional fundamental vector whose i-th element is 1 and 0
elsewhere.

Proof: Consider the following Lyapunov-Krasovskii function:

V(x) = Vilx) + Va(x) + Va(x) + Val(x) + Vs(x) (3.9)
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where x, = x(t + 60), -1, <0 <0,

Vity) = X' ()Z,x(t) + f xI(s)dsP, f X (s)ds + f - X (s)dsP, f - x(s)ds

™

f f X (s)dsd9P3f f x(s)dsd0+f_T1f X (s)dsd9P4f f x(s)dsd6,

Vo(x)) = f X (s)Qlyx(s)ds+f o X (s)Qzﬂx(s)ds+f X (s)W x(s)ds,
t—1(1)

Vi(x,) = Tlf f X (s)Xlﬂx(s)dsd9+Tlf f i ($)Xx(5)dsdO
1+0

+(1p — Tl)f f X (S)X3,Jx(s)dsd9 + (1 — Tl)f f X (s)X4)'c(s)dsd9,

2 N0 N
Valx)) = i ffx (s)Rlﬂx(s)dsdeﬁ+—f ffx ()R x(s)dsd6dp
-7 t+0 -7 t+9
TZ_Tlf lf f x (s)R3,,x(s)dsd9dﬁ+ f ffx ($)R4x(s5)d sd6dp,
2
Vs(x,) = O f f f i (5)U, x(5)dsdAdBd6
6 JrJp Ji Jue

T3 _ T3 —T1 0 0 t
S f f f f i (5)Urx(s)dsdAdBd6
6 -, Jp Ja I

Xj,u = Z,u,(cf)Xﬂ > 0, j: 1,3
i=1

where

and similar notations are used. Now, we take the derivative of V(x;) with respect to ¢ along the solution
of the system (2.5).
First, using Lemma 3.1, we see that

! 1 ! !
f i ($)Xpx(s)ds > ——= f i (s)dsX f x(s)ds
t+6 6 t+0 t+6

= —é[x(t) — x(t + O] X5[x(¢) — x(t + 0)]

and

\%

0
- f é[x(t) — x(t + O X[ x(7) — x(t + 60)]d6

Tl

0 t
f f ()Xo x(s5)dsdo
-T] J1t+6

= fﬂ é[x(t) = x(t = )" X [x(1) — x(1 — 9)]ds
0

T1

L [x(t) — x(t = )" Xo[x(1) — x(t — $)Ids
T1 Jo

\%

1 !
= = f [x(t) — x(@)]" X, [x(1) — x()]da
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Similarly, we have

f - f 2 ($)X4x(5)dsd0 > ! f _Tl[x(t)—x(cy)]TX4[x(t)—x(cy)]da/
-T2 t+0 T2_T1 t

1
Hence, we get

t

xT(t)Zﬂx(t)+f xT(s)Qlﬂx(s)ds+f_T] xT(s)Qzﬂx(s)ds

=72
0 1 —T1 t
+T1f f ()X, x(5)dsdO + (1, —Tl)f f i1 ($)Xyx(5)d sd6
—T1 t+6 -T2 t+6
§ f [ x(t) ]T [Tl_]zﬂ +X, X [ x(t) ]da
 Jien | @) -X5 O+ X2|| x(@)
-7 T 1
+f 1 [ x(1) ] [TZ—TI Z,+ Xy —-X4 x(1) ]da
e, | X(@) —X4 Oy + X4|| x(@)
It follows from the above that for V;(x,) + V>2(x,) + V3(x,) to be positive, the positive definiteness of Qy;
and Qy;, i = 1,---,r can be removed if the positive definiteness of P;, W;, X;;,X3;, i = 1,--- ,4, j =

1,---,ris guaranteed and (3.7)-(3.8) are satisfied.
The derivatives of V;(x;) and V,(x;) in (3.9) are calculated as follows:

Vitx) = 2(Ax(0) + BiKx(t — (1)) + D,w(0)" Z,x(1) + %XT(t)(Z,z — ZD)x(1)
+2(x(8) — x(t — 1)) P, ft t x(s)ds + 2(x(t — 1) — x(t — 12))" P2 [ - x(s)ds
+2[11x(1) — ft t x"(s)ds]" Ps f 0 f,: 9 x(s)dsdf
+2[(72 = T)x(t) - f a x(s)ds]" Py f - f t x(s)dsdé, (3.10)
Va(x) < X" (0)(Quu + Wp)x(2) [—_T;T(t —11)Q1,x(t jzn) :ng(t = 71)Qux(t = 71)
—x"(t = 12) Qaux(t = 12) — (1 = x" (t = T(O) W, x(t — 7(2)). (3.11)

Using Lemmas 3.1 and 3.2, we have

Vis(x) = il (XX - 1 j; t x" ()X, x(5)ds + 1157 ()Xo X() — 7y ft [ x" (5)Xpx(s)ds
+(12 = 112X () X3,x(1E) = (12— T1) IHI x"(8)X3,x(s)ds
+(1y — 71)° X ()X X(t) — (12 — T1) o & (8) X4 x(s)dss,
< T (OX1x(0) = 85 (0X1,45(0) + r%x;_g)sz(r) — (L) = HO) X8 (1) = &)

+(12 = 71)2 % (D X3,x(1) — £ (D X3,L6(0) — & D X3,87(8) — (1 — @)L () X3,L6(0)
—all ()X3,50) + (12 — 112X (X450 — (L) — 50 Xa(&a(t) = 5(8))
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~(% () = L) Xa(&a(1) = L)) = (1 = @)(&a(1) = (D) Xa(La () = £3(0)
—a({z(t) 54(t))TX4(§z(t) 44(1)), (3.12)

¢ 4
—x T(OR ux(t) — 2 f xT(s)Rlﬂx(s)dsdﬁ ; %xT(t)sz(r)
t+3

-7

V4(xt)

22

f f X (s)sz(s)dsdﬁ + ) X (t)R3#x(t) x (s)ngx(s)dsdB
-T1 t+ﬁ

2)2

LS, T(OR4(1) —

x T($)R4x(s)dsdf

4
T—x (DR, X(1) = L5 (DR, Ls (D) + —x T(OR (1) = (1141(1) = &5(0) (DRo(T141(1) = 5(0))

2)2

IA

(72

X" (DR3,x(2) = &g (DR3,Lo(1) = Lip(OR3uL10(8) = (1 = €)Z5 (DR3.Lo(2)

22\
_8§1TO(I)R3/1§10(T) + S 4T1) L (H)R4x(1)

—((r2 = TG = HO) Ra(72 = TG = G(D))

—((r2 = T)G(®) = L6(0) Ra((72 — TDG() — L6(D))

—&((12 — TG = HO) Ra((12 — T)G() = (D))

—(1 = &)((r2 = TG (1) = L6()) Ra((T2 = 7)1 (1) = L6(1)) (3.13)

0 (13 3)2 ,
—Lx L(HU, x(t) - —f f f x (s)le(s)dsd/ldﬁ+ — L T 0Ux(0)
-1 VB

36
_Tl f f f £ (5)Us £(s)dsdAdB

—X (I)le(f)—( 51(f) L)' Ul( fl(f) g3() +

VS (x1)

IA

L (O UL%(1)

(T 3)2
36

2 _

T
_( >

él(t)—fg(t) o))" Uz( 4’1(1) Zo(1) = Z10(0). (3.14)

It follows from (3.10)—(3.14) that

V(x) + 2 (02 — y*w' (©)w(?)

() Z Z Z AEUEE =)@t + (1 = )67 + &) + (1 - £)6l3) [ £(0)

i=1 j=1 I=1

(OO MEC) | MECHx() + & (HQi(1)
i=1 i=1

1>

0| @) + (1= + 6} + (1 =)y |20+ T (D] CTCrerl (1)

+{T(1)(Ae1 + BiK ey + Dyern) Q(Aer + BiK e + Daer)(1) (3.15)

where Ql(f; = 161 + 6, k = 1,2 and 91(;‘1) = 16, + 6, k = 3,4. By Schur complement formula, the
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upper bound of V is negative if and only if

b)) + (1 - )0 +&65) + (1 - o)) @ Cf

PG IE TG ‘ _o 0]<0. (.16)
i=1 j=1 I=1 * " -]

(3.16) holds if and only if the following conditions hold simultaneously provided that 6, < d;;

PV +(1-a)P), < -6/,

u W
e¥y) +(1- s)tpgji <&l
where o
0 9/{;1;1 q)/lﬂ C/{
Vi = | * Q' 0f,i=1,273,4.
* * -1
The above conditions can be rewritten as
() +0ul) + (1= ) (W) +610) < 0, 3.17)
e = 62D+ (1 - &) (W) - 6D) < 0. (3.18)
Since 0 < @, & < 1, the terms a(‘I’(ﬂlﬂ)ﬂ +o1H)+(1- a/)(‘P(ﬁl)ﬂ +0,1) is a convex combination of ‘I’(Ail)ﬂ +0,1
and ‘I’ﬁl)ﬂ + 011. Similarly, the terms s(‘I’ﬁfﬂ -0+ (1 - 8)(\1’5{2’“ — 0,1) is a convex combination of

‘P(il)ﬂ — 0,1 and ‘P(ﬁfﬂ — 0,1. These combinations are negative definite if the vertices become negative.
Therefore, (3.17) and (3.18) are equivalent to

\ngﬂmll < 0,
‘I’fi)ﬂ+611 < 0,
W, — 6l < 0,
W 6l < 0

which can be written as (3.2)—(3.5). It follows from (3.15) that this proves that the conditions (3.2)—
(3.6) suffice to show
V(x,) + 2L (0)z(0) = ywT ()w(r) < 0.

Integrating ¢ = 0 to t = co, we have
V(x(0)) = V(x(0)) + J < 0.

Since V(x(e0)) > 0 and V(x(0)) = 0, we can show that J < 0 and this achieves the H,, disturbance
attenuation of the system (2.5). The stability of the system with w(z) = 0 is proved in the same lines as
in [18].

Remark 3.1. The paper [18] uses the similar method to propose a stabilizing control design for
nonlinear NCSs. It has shown that its method has advantaes over the previous methods in [6] and [7].
The novelty of Theorem 3.1 lies in a new multiple Lyapunov-Krasovskii function (3.9) where
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Zi, Wi, OQvj, Q2j, Rij, Rsj, Xij and X3; are multiple Lyapunov matrices. In addition, the integral
(&), i = 1,---,r of the membership functions avoid the derivatives of the membership function in
the H. disturbance attenuation conditions (3.2)—(3.5). The quadruple integral terms and the
quadratic forms of the double integral terms f f xT(s)dsdBP f f xI(s)dsdB are employed in (3.9),
which leads to a drastic reduction of the conservatism in the H, disturbance attenuation condition. In
fact, recent papers [6] and [7] do not use the quadruple integrals and the quadratic forms of the
double integrals. This implies that our H, disturbance attenuation conditions are less conservative
than recent results, and is technically better than others. In fact, this advantage was shown in [18].

Remark 3.2. The conditions (3.7)—(3.8) remove the positive definiteness of Qy; and Qy;, i = 1,--- 1,
and reduce the conservatism in conditions in Theorem 3.1.

Remark 3.3. The conditions (3.2)—(3.8) are not strict LMIs unless h > 0 is given. By defining h = %
these conditions can be seen as bilinear matrix inequalities. Effective algorithms to solve them
include the branch-and-cut algorithm, the branch-and-bound algorithm, and the Lagrangian dual
global optimization algorithm in [2, 14] and [15], respectively.

4. Control design

Next, we shall propose a control design method. It is assumed that instead of the controller (2.4), a
form of the controller is given by non-PDC, described by

r r -1
u(t) = Y il —tO)K; [Z i€t - r(r)))zl-) x(t - 7(1))
i=1 i=1
= KJ(Z) 'x(t —7(1) 4.1)
where K; and Z;, i = 1,--- , r are to be determined, and y;, i = 1,--- ,r are given as in (2.4). Then, the

closed-loop system (2.1) with (4.1) becomes
x(t) = Ax()+ BAK;(Z;)_lx(t —7(1)) + D w(1). 4.2)

Applying Theorem 3.1, we obtain the following theorem for control design.

Theorem 4.1. For some scalar h > 0. A controller (4.1) makes the fuzzy system (2.1)—(2.2) achieve
the H,, disturbance attenuation with vy if there exist matrices Z; > 0, Py > 0, Py > 0, P3, >
0, Payn > 0, Rijmn > 0, Ropn > 0, Ry > 0, Rapn > 0, Xijn > 0, Xop > 0, Xz > 0, Xipy >
0, Uppn > 0, Uspn > 0, Wi, K;, jymn=1,---,r, and scalars 6; > 0, i = 1,2 such that

LGOI o
[ ijklmn _Jl]<0, i,j,k,l,m,n:l,"',r, p:]ﬂ“"47 (4'3)
% ijl
61 =6,>0 (4.4)
LZ +X2 —Xz ]
n o T A " |=20imn=1,--,r, 4.5
_XZmn Qlimn + X2mn )
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where

1
ijklmn

ijklmn =
ijklmn —
trijklmn -
?1 Jjmn =

92 Jjmn

93 jmn
04 Jjmn
61' Jjlkmn —

[1h
x

T jklmn

1 5 — —
11 Zl_+ X4mn _X4mn

- - >0i,mn=1,---,r 4.6
_X4mn Qlimn + X4mn ( )

%éijklmn + 01 jyn + 611,
%éijklmn + O jyun + 611,
%éijklmn + O3 jn — 0o,
%éijklmn + O4jn — 021,

—el X5 mer — (€2 — e4) Xuyn(ez — ea),

—el X3 jmnee — (€2 — €3) Xumn(e2 — €3),

—e] R jmme10 — (T12€1 — €)' Ryyn(T12€1 — €7),

—e4 R juneo — (T12€1 — €6)" Rayn(T12€1 — €6),

TUijtkmn — e5TleneS — (e1 — e3)" Xpun(ey — €3) — eg)_(3jmn€6 - e7T)_(3jmne7 — (€3 — e3) Xuym(es — e3)
—(e2 — €4)" Xumn(es — €s) — ef Ry jumes — (111 — €5)" Royn(T1€1 — €5) — €4 R3 jyneo

—el R jume10 — (T12€1 — €6)" Ramn(T12€1 — €6) — (T12€1 — €7)" Rapn(T12€1 — €7)

_ e _ e
—(Re; — ex) Uyn(Hey — eg) — (Fey —eg — €10) Unn(—Le1 — €9 — e19)

4 (2)y2
= —szz - T%RZkl - 27%2R4kl - %Ulkl - (TZ) UZkl’
[Ajju BiK; 0 0 P1in 0 TPy T12Pamm
s =1 =W 0 0 0 0 0 0
* * _Q_ljmn + Qijn _0 _len p_Zmn P_Zmn 0
* * * _Qijn 0 _P2mn _P2mn 0
* * * * 0 0 0 — P
= * * * * * 0 0 0
® * * % * * 0 0
* * * * * * * 0
* * * * * * * *
* * * * * * * *
| * * * * * * * *
T12P4mn 0 Di ]
0 0 0
0 0 0
0 0 0
0 0 0
Py —Pawn 0 |,
_p4mn _p4mn 0
0 0 0
0 0 0
* 0 0
* * _7’21_
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- _ - . _ i} 4 20 _
Nijju = AZj+ ZAT + Qv + Wi — 3(Zi = Z)) + 11 X ju + T3, X3 + 3 Ruju + it lj) Riju,
AZ; BK, 0 0 00 000 0DZ

¢z, 0 00O0OOOO OO

(2) 2

T _
Fl]l

S = = ( = T
Q. = 2(=2Z; + i X + T, Xag + 2R + R4kl + 3 U]kl + = Uzkl) 0
/ * -1
where T, = Ty — T4, 7(122) = T2 - Tl In this case, control gains K; and Z;, j,l = 1,--- ,r can be found

as solutions of the above LMIs.

Proof: We consider the same Lyapunov-Krasovskii function (3.9) except for the first term of V(x,),
which is replaced by
Vi(x) = X" ()Z; " x(0).

The time-derivative of V;;(x,) is calculated as

Vitx) = 2x"(0Z; (Aux(t) + BiK(Z)) ™ x(t — () + Dyw(t)) + x" ()2, x(1)
= X' (0Z,"(AiZ, + Z,A} — Z)Z,'x(1) + 2x" (0Z,' B,K(Z}) ™' x(t — 7(1)))
+2x"(10Z;' Daw(1))

We follow the similar lines of proof of Theorem 3.1, and obtain

V(x) = Z Z Sy Z Z MO EOE(Et - 1)

i=1 j=1 k=1 I=1 m=1 n=1
Xﬂn(f(t - T))gT(t)(aez(jllzlmn + (1 - al)eg/llmn + ggfj;lmn + (1 - g)gl(jlilmn)g(t)
where Hl(fk)lmn = %éijklmn + épjmm p = 1,2, gffk)lmn = %éijklmn + gpjmn» p= 3,4,
ZIctcz, 0 -+ 0
- _ 0 0O --- 0
Orjktmn = Oijiimn + QD + ) .o e
Z=|z" @ @t e

We have defined the following matrices:

Zr: 2 2 ﬂj(f)ﬂk(f)ﬂl(-f)ijz =7,0.7Z,,

j=1 k=1 I=1
D O €t = TNt = TN Qo = 2507
j=1 m=1 n=1

for example. Similar notations have also been used for others matrices. Applying the Schur
complement formula and the inequality —Q~! < —2Z + ZQZ, we obtain (4.3)—(4.6).

Remark 4.1. In case that the delay rate n is unknown, we can still make use of Theorem 4.1 with
W;=0, j=1,---,r

Remark 4.2. The conditions (4.3)—(4.6) are not strict LMIs unless h > 0 is given, either. However,
they can be solved in the same way as discussed in Remark 3.3.
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5. Numerical example

We consider the system [19]

2
i) = ) MOAXE) + Bu(t) + Diw(0), (5.1)
i=1

z(1)

>
D AECx() (5.2)
i=1

where x,(¢) € [1, —1] and

0 1 0 1 0 0]
Al‘[—o.m O]’Az_[—0.68 o]’Bl‘H’BZ‘[y’

C, = [1 0.1], C, = [1.1 0.1], D, = [001],02 - [ 0 —,

(x1) = 1 —x1, (x)) = x5

Suppose that 0.0 < 7(f) < 1.50 and = 0.3.

First, we compare our results with others to show the effectiveness of Theorem 3.1 for stabilization
with w(#) = 0 (Table 1).

Table 1. Comparison of the methods.

Method Ty

[19] 0.60
[7] 1.40
Theorem 3.1 2.38

This obviously show that our new multiple Lyapunov-Krasovskii function method is better than the
existing conditions.

Next, we design an H,, controller for the fuzzy networked system (5.1)—(5.2). Given the H,
attenuation level y = 1, Theorem 4.1 gives the feedback control u(¢) by

u(t) = K3 (Z) ™ x(t — 7(1)) (5.3)

where
K = [0.0522 —0.1368], K, = [0.1121 —0.1643],

] 0.0936  —0.0485 [ 0.0924 -0.0468
' 1-0.0485 0.1289 |” 7%~ [-0.0468 0.1258 |°

Theorem 4.1 is based on Theorem 3.1, which has been shown to be least conservative in the above
numerical example. It implies that Theorem 4.1 is a control design method which requires less
conservative design conditions than others.

AIMS Electronics and Electrical Engineering Volume 3, Issue 3, 257-273.



271

Finally, the simulation result on the state trajectories of the closed-loop system with the initial
conditions x(0) = [-0.5 0.5]7 and the zero-mean Gaussian random variable w(¢) of variance 0.1 is
shown in Figure 1. The delay 7(¢) is assumed to be 7(f) = 1 + 0.5 sin(0.1¢). The bold and dotted lines
indicate x;(¢) and x,(¢), respectively, and they show the system stability with disturbance attenuation.

06

b ]

states

-06F B

-08 L L L L L L L
0

time

Figure 1. The state trajectories.

6. Conclusions

The H, disturbance attenuation and control design of nonlinear networked control systems
described by Takagi-Sugeno fuzzy systems have been considered. A new multiple
Lyapunov-Krasovskii function was introduced to obtain new H,, disturbance attenuation conditions
for the closed-loop system. This technique leads to less conservative conditions. Control design
method for nonlinear networked control systems was also proposed based on the same multiple
Lyapnov-Krasovskii function and thus conditions for control design are less conservative than the
existing ones.
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