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Abstract: In this paper, we study the following fully parabolic chemotaxis system with nonlocal growth
and indirect signal production:

ut = ∇ · (D(u)∇u) − ∇ · (u∇v) + f (u), x ∈ Ω, t > 0,
vt = ∆v + w − v, x ∈ Ω, t > 0,
wt = ∆w + u − w, x ∈ Ω, t > 0,
∂u
∂n = ∂v

∂n = ∂w
∂n = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x),w(x, 0) = w0(x), x ∈ Ω,

in a smooth bounded domain Ω ⊂ Rn(n ≥ 3), where D(u) ≥ D1uγ, f (u) = u(a0 − a1uσ + a2

∫
Ω

uσdx),
D1, a1, a2 are positive constants, a0, γ ∈ R, σ ≥ max{1,−γ} and a1 − a2|Ω| > 0. It is shown that the
above system admits a globally bounded classical solution if 4

n +
γ

σ
> 3−σ

1+σ
. Furthermore, by the method

of Lyapunov functionals, the global stability of steady states with convergence rates is established.
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1. Introduction

Chemotaxis describes the directional movement of cells or organisms in the direction of the concen-
tration gradient of chemical signals. In order to simulate the phenomenon that cells are attracted to the
high concentrations of chemical signals secreted by themselves. In 1970, Keller and Segel proposed a
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classical biological chemotaxis model [1] as follows


ut = ∇ · (D(u)∇u) − ∇ · (S (u)∇v) + f (u), x ∈ Ω, t > 0,
τvt = ∆v − v + u, x ∈ Ω, t > 0,
∂u
∂ν

= ∂v
∂ν

= 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), τv(x, 0) = τv0(x), x ∈ Ω,

(1.1)

where Ω ⊂ Rn, τ ∈ {0, 1}, ν denotes the outward unit normal vector on ∂Ω, u(x, t) represents the density
of cells and v(x, t) denotes the density of a chemical signal. ∇ · (D(u)∇u) and −∇ · (S (u)∇v) represent
self-diffusion and cross-diffusion, respectively. The function f (u) describes cell proliferation and death.
As we all know, chemotaxis research has important applications in both biology and medicine, so it
has been one of the hottest research focuses in applied mathematics nowadays. The system (1.1) with
τ = 0 or τ = 1 has been investigated extensively in the past few decades. For τ = 0,D(u) ≡ 1, S (u) = χu
and f ∈ C1([0,∞)) is assumed to satisfy f (u) ≤ a − µu2 for all u ≥ 0 with some positive constants
a, µ. The solutions to (1.1) are global and bounded for arbitrarily small µ > 0 with n ≤ 2 [2], or
n ≥ 3 and µ > (n−2)χ

n sufficiently large [3]. When f (u) = λu − µuα with α > 1, λ ≥ 0 and µ > 0,
Winkler [4] introduced a concept of very weak solutions and proved global existence of such solutions
for any nonnegative initial data u0 ∈ L1(Ω) under the assumption that α > 2 − 1

n . In the case of
D, S ∈ C2([0,∞)) and D(u) ≥ c0uρ, c1uq ≤ S (u) ≤ c2uq, and f (u) is a smooth function fulfilling
f (0) ≥ 0 and f (u) ≤ au − µu2 for all u > 0 with constants a ≥ 0 and µ ≥ 0, Cao in [5] showed that
there exists a unique global bounded classical solution. For τ = 1,D(u) = 1, S (u) = χu and f (u) = 0
with χ > 0, the system (1.1) has the global solutions with n = 1 [6]; when n = 2,

∫
Ω

u0 >
8π
χ
, the

solution of the system (1.1) will blow up in finite time [7], if
∫

Ω
u0 <

8π
χ
, the system (1.1) possesses a

globally bounded classical solution [8]. In the case of n ≥ 3, if Ω is a ball, then for arbitrarily small
mass m :=

∫
Ω

u0 > 0, there exists the finite-time blow-up solutions [9] with proper initial coditions.
Besides, for f (u) = 0, S (u)/D(u) ≤ K(u + ε)α with u > 0, α < 2

N (N ∈ N),K > 0, ε ≥ 0, Ishida et al. [10]
ruled out convexity of Ω, then established global-in-time existence and uniform-in-time boundedness of
solutions. For f (u) = au − µu2, a ∈ R, Cao [11] used an approach based on maximal Sobolev regularity
and proved that if the ratio µ

χ
is sufficiently large, then the unique nontrivial spatially homogeneous

equilibrium given by (a+

µ
, a+

µ
) is globally asymptotically stable without the restrictions τ = 1 and the

convexity of Ω. For the case f (u) = u(1 − uγ), D(0) > 0, D(u) ≥ K1um1 and S (u) ≤ K2um2 , ∀u ≥ 0,
Ki ∈ R

+, mi ∈ R, i = 1, 2, Wang et al. [12] showed that the system admits global classical solutions
and they are uniformly bounded in time with the parameter pair (m1,m2) lies in some specific regions
and N ≥ 2. When D(u) ' a0(u + 1)−α, S (u) ' b0u(u + 1)β−1 and f (u) = ru − µu1+σ, Zheng [13] showed
the globally bounded classical solutions of the system (1.1) if 0 < α + β < max{σ + α, 2

n }, or β = σ

with µ sufficiently large. In addition, the signal generation may be in a nonlinear form. Zhuang [14]
established that (1.1) admits a globally bounded classical solution under β < σ − 1 or β = σ − 1 with
r = 1, µ > 0 sufficiently large, and the second equation replaced by vt = ∆v − v + u(u + 1β−1). When
D(u) ≥ a0(u + 1)−α, 0 ≤ S (u) ≤ b0u(u + 1)β−1 with a0, b0 > 0 and α, β ∈ R, Ding [15] provided a
boundedness result under α + β + γ < 2

n , or β + γ < 1 + σ, or β + γ = 1 + σ with µ large enough and the
bounded classical solution (u, v)→ (( r

µ
)

1
σ , ( r

µ
)

1
σ ) in L∞(Ω) exponentially under the condition of b > b0.

More relevant works of system (1.2) can refer to ( [16–18]). Furthermore, many scholars consider the
situation which the growth or death of cells is influenced by external factors, that is, the logistic sources
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contains nonlocal growth term. Negreanu and Tello [19] proposed the following model
ut = ∆u − χ∇ · (um∇v) + u(a0 − a1u − a2

∫
Ω

udx), x ∈ Ω, t > 0,
−∆v + λv = f + u, x ∈ Ω, t > 0,
∂u
∂ν

= ∂v
∂ν

= 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

(1.2)

where Ω ⊂ Rn is a smooth bounded domain, if m = 1 and a1 > 2χ + |a2|, it is shown that the solution of
(1.2) satisfies lim

t→∞
‖u − a0

a1+a2
‖L∞(Ω) = 0. when the second is replaced by vt = ∆v − v + uγ and the logistic

source term is uα(1 − σ
|Ω|

∫
Ω

uβdx) with α ≥ 1, β > 1 and m = γ = σ
|Ω|

= 1, Bian [20] proved that the
system (1.2) possesses a unique global strong solution which is uniformly bounded in whole space
under either γ + 1 ≤ σ < 1 +

2β
n or σ < γ + 1 < 2(σ+β)

n+2 + n
n+2 . In reference [21], when γ + m ≤ α < 1 +

2β
n

or n+4
2 − β < α < γ + m, the system (1.2) admits a uniformly bounded global classical solution. For the

logistic source term is replaced by u(a0 − a1uα + a2

∫
Ω

uαdx), Negreanu [22] obtained the global-in-time

existence of classical solutions and the convergence to steady state (a
1
α

0 (a1−a2|Ω|)−
1
α , (a

1
α

0 (a1−a2|Ω|)−
1
α )γ)

under assumptions that α, γ ≥ 1,m > 1, α + 1 > m + γ, a1 > 0 and a1 − a2|Ω| > 0. Moreover, when
the logistic source term is replaced by uσ(a0 − a1u − a2

∫
Ω

uβdx), Ren [23] proved that system (1.2)
possesses a unique global classical solution in three different cases, namely parabolic-elliptic, fully
parabolic, and parabolic-parabolic-elliptic. For more chemotaxis systems with nonlocal terms, we can
find the literature works ( [24–27]). The chemotactic signal is produced directly by cells in the classical
Keller–Segel system, yet the signal generation undergoes intermediate stages in some realistic biological
processes [28]. The related models can be described as follows:

ut = ∇ · (D(u)∇u) − ∇ · (S (u)∇v) + µ(u − uγ), x ∈ Ω, t > 0,
τvt = ∆v − v + w, x ∈ Ω, t > 0,
τwt = ∆w − w + u, x ∈ Ω, t > 0,
∂νu = ∂νv = ∂νw = 0, x ∈ ∂Ω, t > 0,
u(x, 0) = u0(x), τv(x, 0) = τv0(x), τw(x, 0) = τw0(x), x ∈ Ω,

(1.3)

where u, v,w represent the density of cells, the density of chemical substances and the concentration
of indirect signal, respectively. For τ = 0,D(s) ≥ a0(s + 1)α, |S (s)| ≤ b0(1 + s)β−1 for all s ≥ 0 with
a0, b0 > 0, α, β ∈ R, Li in [29] have obtained the nonnegative classical solution (u, v,w) is global in
time and bounded for β ≤ γ − 1. Moreover, if µ satisfies some suitable conditions, the solution (u, v,w)
converges to (1, 1, 1) in L∞-norm as t → ∞. When the signal generation is in a nonlinear form, it
also has been shown that the boundedness and large time behaviors of classical solutions in [30]. For
τ = 1,D(u) = 1, S (u) = u, Zhang in [28] proved that if γ > n

4 + 1
2 , the solution is globally bounded; if

µ > 0 is sufficiently large, (u, v,w) satisfies ‖u(·, t) − 1‖L∞(Ω) + ‖v(·, t) − 1‖L∞(Ω) + ‖w(·, t) − 1‖L∞(Ω) → 0
as t → ∞. For D(u) ≥ D1uα, S (u) = u with D1 > 0, α ∈ R, γ ≥ 2 and µ > 0, Wu in [31] proved the
global existence and boundedness of solutions if the assumption α

n +
γ

2 >
1
2 holds with n ≥ 3. When

D, S ∈ C2([0,∞)) satisfying D(s) ≥ a0(s + 1)−α, 0 ≤ S (s) ≤ b0(s + 1)β for a0, b0 > 0 and logistic source
term is replaced by b − µsγ for all s, b ≥ 0, γ ≥ 1, Wang [32] obtained the global boundedness of
solutions in four cases: the self-diffusion dominates the cross-diffusion; the logistic source suppresses
the cross-diffusion for µ > 0 sufficiently large; the logistic dampening balances the cross-diffusion; the
self-diffusion and the logistic source both balance the cross-diffusion with µ > 0 suitably large. If D, S
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are smooth functions satisfying D(s) ≥ a0(s + 1)α, |S (s)| ≤ b0s(s + 1)β−1 for all s > 0 and the logistic
source term is µ(s − sγ) with s ≥ 0, γ > 1, Zhang in [33] showed that the system (1.3) possesses a
globally bounded classical solution (u, v,w).

The above systems only discuss the forms of direct or indirect generation of chemical signals, but do
not discuss systems with nonlocal source terms and indirect signal production.Thereafter, inspired by
reference [22], considering the growth or death of cells is influenced by external factors, this article
added the production of chemical signals goes through intermediate stages and studied the following
fully parabolic chemotaxis system with a nonlocal growth term and indirect signal production

ut = ∇ · (D(u)∇u) − ∇ · (u∇v) + f (u), x ∈ Ω, t > 0,
vt = ∆v + w − v, x ∈ Ω, t > 0,
wt = ∆w + u − w, x ∈ Ω, t > 0,
∂u
∂n = ∂v

∂n = ∂w
∂n = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x),w(x, 0) = w0(x), x ∈ Ω,

(1.4)

in a bounded domain Ω ⊂ Rn(n ≥ 3) with smooth boundary ∂Ω. The diffusion function D(u) satisfies

D ∈ C2([0,∞)) and D(u) ≥ D1uγ, u > 0, (1.5)

where D1 is a positive constant and γ ∈ R. And f (u) is the logistic function, which satisfies

f (u) = u(a0 − a1uσ + a2

∫
Ω

uσdx) (1.6)

with
σ ≥ max{1,−γ} and a0 ∈ R, ai(i = 1, 2) > 0, a1 − a2|Ω| > 0, (1.7)

the initial data fulfill 
u0 ∈ C0(Ω̄), u0 ≥ 0, u0 . 0,
v0 ∈ W1,∞(Ω̄), v0 ≥ 0,
w0 ∈ W1,∞(Ω̄), w0 ≥ 0.

(1.8)

Under these assumptions, our main results on the global boundedness and large time behavior of
solutions to system (1.4) are as follows:

Theorem 1. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. Suppose that functions
D(u), f (u) and parameters σ, ai(i = 0, 1, 2) satisfy (1.5)-(1.7) with 4

n +
γ

σ
> 3−σ

1+σ
. For any nonnegative

initial data (u0, v0,w0) evolve from (1.8), the system (1.4) possesses a global classical solution

(u, v,w) ∈ (C0(Ω̄ × [0,Tmax)) ∩C2,1(Ω̄ × (0,Tmax)))3, (1.9)

which is bounded in Ω × (0,∞).

Remark 1. When a2 = 0, the result in Theorem 1 is consistent with that in [31] with S (u) = u in system
(1.3), which needs µ > 0. If a2 > 0, system (1.4) does not require any restrictions on a0. These findings
suggest that the nonlocal term a2

∫
Ω

uσdx could play a crucial role in ensuring the global existence and
boundedness of solutions in (1.4).
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Remark 2. This work extends the study in [22] to the system with nonlinear diffusion and indirect signal
production. Our results show that the nonlinear diffusion mechanism and nonlocal logistic sources have
an inhibitory effect on the blow-up solution.

Theorem 2. Assume the conditions in Theorem 1 hold. Let (u, v,w) be the solution of (1.4) obtained in
Theorem 1, then there exist some κ > 0 and C = C(a0, a1, a2, σ, γ, |Ω|) > 0 such that

‖u(·, t) − u∗‖L∞(Ω) + ‖v(·, t) − v∗‖L∞(Ω) + ‖w(·, t) − w∗‖L∞(Ω) ≤ Ce−κt

for all t > 0, where κ = 1
4(n+2) , u∗ = v∗ = w∗ = ( a0

a1−a2 |Ω|
)

1
σ .

The framework structure of this article is as follows. In Sect.2, we give the local existence of the
solution in (1.4) and show several related inequalities. In Sect.3, we consider the global boundedness of
solutions for problem (1.4) under some suitable conditions and prove Theorem 1. In Sect.4, we give
a lower bound for u via comparison [34]. In Sect.5, we obtain the asymptotic behavior of (1.4) by
constructing Lyapunov functions, thus completing the proof of Theorem 2.

2. Local existence and preliminaries

In this section, we present several important lemmas that will be used in the following sections. First,
we will state the local-in-time existence result of solutions for problem (1.4), which can be proved by
adapting well-established approaches for parabolic-parabolic chemotaxis models (see [35]).

Lemma 1. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary, D(u), f (u), and initial data
(u0, v0,w0) satisfy (1.5), (1.6), and (1.8), respectively. Then there exist Tmax ∈ (0,∞] and a tripe (u, v,w)
of nonnegative functions

(u, v,w) ∈ (C0(Ω̄ × [0,Tmax)) ∩C2,1(Ω̄ × (0,Tmax)))3

which solves (1.4) in the classical sense. Moreover, if Tmax < ∞, we can see that

lim
t↗Tmax

sup ‖u(·, t)‖L∞(Ω) = ∞. (2.1)

We next state a lemma which guarantees L1-boundedness of u, v and w.

Lemma 2. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u)
and the parameters σ, ai(i = 0, 1, 2) satisfy (1.5)-(1.7). Assume that (u, v,w) is the solution of (1.4).
Then there exist constants Mi(i = 1, 2, 3, 4) such that

‖u(·, t)‖L1(Ω) ≤ M1 := max
{ ∫

Ω

u0dx, (
a0

a1 − a2|Ω|
)

1
σ |Ω|

}
, (2.2)

‖v(·, t)‖L1(Ω) ≤ M2 := max
{∫

Ω

v0, M3

}
, (2.3)

‖w(·, t)‖L1(Ω) ≤ M3 := max
{∫

Ω

w0, M1

}
, (2.4)

for all t ∈ (0,Tmax). Moreover,∫ t+τ

t

∫
Ω

uσ+1dxdt ≤ M4 = (a1 − a2|Ω|)−1M1(1 + a0τ), (2.5)

for all τ ∈ (0,Tmax) and t ∈ (0,Tmax − τ).
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Proof. Integrating the first equation of the system (1.4) over Ω, we have

d
dt

∫
Ω

udx =

∫
Ω

u(a0 − a1uσ + a2

∫
Ω

uσdx)dx

=a0

∫
Ω

udx − a1

∫
Ω

uσ+1dx + a2

∫
Ω

u(
∫

Ω

uσdx)dx.
(2.6)

By applying Hölder’s inequality, we derive

∫
Ω

u
( ∫

Ω

uσdx
)
dx ≤

( ∫
Ω

uσ+1dx
) 1
σ+1 |Ω|

σ
σ+1

( ∫
Ω

uσ·
σ+1
σ dx

) σ
σ+1 |Ω|

1
σ+1 = |Ω|

∫
Ω

uσ+1dx, (2.7)

therefore

a2

∫
Ω

u
( ∫

Ω

uσdx
)
dx ≤ a2|Ω|

∫
Ω

uσ+1dx.

Assuming (1.7) holds, applying the Hölder’s inequality again yields

d
dt

∫
Ω

udx ≤a0

∫
Ω

udx − (a1 − a2|Ω|)
∫

Ω

uσ+1dx

≤a0

∫
Ω

udx −
a1 − a2|Ω|

|Ω|σ
(
∫

Ω

udx)σ+1,

(2.8)

for all t ∈ (0,Tmax).
On an ordinary differential equation(ODE) comparison, this implies that∫

Ω

udx ≤ M1, (2.9)

where M1 := max
{ ∫

Ω
u0dx, ( a0

a1−a2 |Ω|
)

1
σ |Ω|

}
. Integrating the third equation in (1.4) over Ω yields

d
dt

∫
Ω

wdx =

∫
Ω

udx −
∫

Ω

wdx, for all t ∈ (0,Tmax), (2.10)

then
d
dt

∫
Ω

wdx +

∫
Ω

wdx =

∫
Ω

udx ≤ M1, for all t ∈ (0,Tmax). (2.11)

So (2.2) and (2.11) imply (2.4). By the same method, using the second equation of the system (1.4) and
(2.4), we obtain (2.3). Moreover, integrating (2.8) upon (t, t + τ) for t ∈ (0,Tmax − τ), and using (2.9),
we have ∫ t+τ

t

∫
Ω

uσ+1dxdt ≤ M4, for all t ∈ (0,Tmax − τ),

where M4 = (a1 − a2|Ω|)−1M1(1 + a0τ). �

We provide the well-known Neumann heat semigroup theory without proof for our subsequent work
(see Ref. [36, 37]).
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Lemma 3. Assume that λ ∈ {0, 1}, p ∈ [1,∞], q ∈ (1,∞) and θ ∈ (0, 1). Then there exists positive
constant c1 such that for all u ∈ D(Aθ), A := −∆ + λ,

‖u‖Wm,p(Ω) ≤ c1‖(−∆ + 1)θu‖Lq(Ω), (2.12)

if
m −

n
p
≤ 2θ −

n
q
.

If in addition q ≥ p, then there exist some constants c2 > 0 and α > 0 such that for all u ∈ Lp(Ω),

‖Aθe−tAu‖Lq(Ω) ≤ c2t−θ−
n
2 ( 1

p−
1
q )e−αt‖u‖Lp(Ω), (2.13)

where the associated diffusion semigroup {e−tA}t≥0 maps Lp(Ω) into D(Aθ). Moreover, for any p ∈ (1,∞)
and ε > 0, there exist c3 > 0 and µ > 0 such that

‖Aθet∆∇ · u‖Lp(Ω) ≤ c3t−θ−
1
2−εe−µt‖u‖Lp(Ω) (2.14)

is valid for all Rn-Valued u ∈ Lp(Ω).

We recall the Gagliardo–Nirenberg interpolation inequality (see Ref. [38] for detail), which will be
used frequently in the proof of our main results.

Lemma 4. Let u ∈ W1,q(Ω) ∩ Lp(Ω) and h ≥ 1, p ∈ (0, h), where Ω ⊂ Rn(n ≥ 3) is a smooth bounded
domain. Then there exists a constant c4 > 0 such that

‖u‖Lh(Ω) ≤ c4(‖∇u‖λLq(Ω)‖u‖
1−λ
Lp(Ω) + ‖u‖Lp(Ω)), (2.15)

where
1
h

= λ(
1
q
−

1
n

) + (1 − λ)
1
p
,

and λ ∈ (0, 1) satisfies

λ =

n
p −

n
h

1 − n
q + n

p

.

Finally, we give the following lemma from [39], which is also important for our proof.

Lemma 5. Let T > 0, c5 > 0, c6 > 0 and τ ∈ (0,T ). Assume that the function z : [0,T ) → [0,∞) is
absolutely continuous and such that the following inequality holds:

z′(t) + c5z(t) ≤ c(t), (2.16)

for a.e t ∈ (0,T ), where c ∈ L1
loc([0,T )) is a nonnegative function satisfying∫ t+τ

t
c(s)ds ≤ c6, (2.17)

for all t ∈ [0,T − τ).
Then

z(t) ≤ max
{
z(0) + c6,

c6

c5τ
+ 2c6

}
, (2.18)

for a.e t ∈ (0,T ).
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3. Glocal existence and boundedness

In this section, we will give the proof of global existence and boundedness of solutions to system
(1.4). Some necessary estimations are needed. We first give an inequality involving

∫
Ω

wp+1dx and then
use this inequality to establish the Lp-estimate for w.

Lemma 6. Assume that (u, v,w) is the solution of (1.4) on [0,Tmax) as in Lemma 2.1 and p > 1. Then
we have the following inequality

d
dt

∫
Ω

wp+1dx + p
∫

Ω

wp+1dx ≤ pp
∫

Ω

up+1dx, (3.1)

for all t ∈ (0,Tmax).

Proof. Multiplying the third equation of (1.4) by wp, integrating over Ω and with the help of Young’s
inequality, we obtain

1
p + 1

d
dt

∫
Ω

wp+1dx =

∫
Ω

wp(∆w + u − w)dx

= − p
∫

Ω

wp−1|∇w|2dx +

∫
Ω

wpudx −
∫

Ω

wp+1dx

≤
1

p + 1

∫
Ω

wp+1dx +
pp

p + 1

∫
Ω

up+1dx −
∫

Ω

wp+1dx

= −
p

p + 1

∫
Ω

wp+1dx +
pp

p + 1

∫
Ω

up+1dx.

�

In addition, in order to obtain the proof of Theorem 1, a key step is to derive the upper bounds of
‖w(·, t)‖Lσ+1(Ω) and ‖∇v(·, t)‖Lβ(Ω). We will expand the proof from the following lemmas.

Lemma 7. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u)
and parameters σ, ai(i = 1, 2) satisfy (1.5)-(1.7). Assume that (u, v,w) is the solution of (1.4). Then for
each β ∈ (1, n(σ+1)

n−(σ+1) ), there exist positive constants M5 and M6 such that

‖w(·, t)‖Lσ+1(Ω) ≤ M5, ‖∇v(·, t)‖Lβ(Ω) ≤ M6, for all t ∈ (0,Tmax). (3.2)

Proof. Using Lemma 6 for p = σ, we have

1
σ + 1

d
dt

∫
Ω

wσ+1dx ≤ −
σ

σ + 1

∫
wσ+1dx +

σσ

σ + 1

∫
Ω

uσ+1dx. (3.3)

Taking z(t) :=
∫

Ω
wσ+1dx, t ∈ (0,Tmax), and c(t) := σσ

∫
Ω

uσ+1(·, t)dx, t ∈ (0,Tmax), we obtain

z′(t) + σz(t) ≤ c(t), for all t ∈ (0,Tmax). (3.4)

According to (2.5), one implies∫ t+τ

t
c(t)dt = σσ

∫ t+τ

t

∫
Ω

uσ+1dxdt ≤ C1, for all t ∈ (0,Tmax − τ), (3.5)
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where C1 = σσM4 > 0.
In view of (3.5) and Lemma 5, this yields that∫

Ω

wσ+1dx ≤ max
{ ∫

Ω

wσ+1
0 + C1,

C1

στ
+ 2C1

}
,

thus, we have
‖w(·, t)‖Lσ+1(Ω) ≤ M5, (3.6)

where M5 = max
{ ∫

Ω
wσ+1

0 + C1,
C1
στ

+ 2C1

} 1
σ+1
.

Next, we obtain the Lβ-bound of ∇v by applying semigroup arguments (see, for example, [36,37]). First,
using the variation of constants formula for the second equation of system (1.4) indicates

v(·, t) = et(∆−1)v0 +

∫ t

0
e(t−s)(∆−1)w(·, s)ds. (3.7)

Choosing τ < 1 and setting A := −∆ + 1, λ = 1,m = 1, q = σ + 1, β ∈ (1, n(σ+1)
n−(σ+1)) in Lemma 3, which

makes θ ∈ ( 1
2 + n

2(σ+1) −
n

2β , 1). Then there exist positive constants ε, γ such that

‖v(·, t)‖W1,β(Ω) ≤C2‖Aθv(·, t)‖Lσ+1(Ω)

≤C2‖Aθe−tAv0‖Lσ+1(Ω) + C2

∫ t

0
‖Aθe−(t−s)A‖w(·, s)‖Lσ+1(Ω)ds

≤C2t−θ−
n
2 ( 1

σ+1−
1

σ+1 )e−εt‖v0‖Lσ+1(Ω)

+ C2

∫ t

0
(t − s)−θe−γ(t−s)‖w(·, s)‖Lσ+1(Ω)ds

≤C2t−θ‖v0‖Lσ+1(Ω) + C2M5

∫ t

0
(t − s)−θe−γ(t−s)ds,

(3.8)

for all t ∈ (τ,Tmax). So

‖v(·, t)‖W1,β(Ω) ≤ C2τ
−θ‖v0‖Lσ+1(Ω) + C2Γ(1 − θ) := C3, (3.9)

where C2,C3 represent different positive constants, and when (1 − θ) > 0,Γ(1 − θ) > 0. Therefore, we
obtain that ‖∇v(·, t)‖Lβ(Ω) is bounded for all t ∈ (0,Tmax). �

Next we will calculate the first equation of system (1.4) to obtain an inequality for
∫

Ω
updx by

applying the classical Green’s formula, Young’s inequality, and Hölder’s inequality.

Lemma 8. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u)
and parameters σ, ai(i = 1, 2) satisfy (1.5)-(1.7). Assume that (u, v,w) is the solution of (1.4). Then for
any p > max{2, γ}, σ > −γ there exist C4,C5 > 0 depend on p, such that the following inequality

d
dt

∫
Ω

updx +

∫
Ω

updx ≤ −(a1 − a2|Ω|)
∫

Ω

up+σdx + C4

∫
Ω

|∇v|
2(p+σ)
σ+γ dx + C5 (3.10)

holds, for all t ∈ (0,Tmax).
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Proof. Multiplying the first equation in (1.4) by up−1 and integrating over Ω by parts, we have

1
p

d
dt

∫
Ω

updx =

∫
Ω

up−1∇ · (D(u)∇u)dx −
∫

Ω

up−1∇ · (u∇v)dx

+

∫
Ω

up(a0 − a1uσ + a2

∫
Ω

uσdx)dx

≤ − (p − 1)
∫

Ω

up−2D(u)|∇u|2dx + (p − 1)
∫

Ω

up−1∇u · ∇vdx

+ a0

∫
Ω

updx − a1

∫
Ω

up+σdx + a2

∫
Ω

updx
∫

Ω

uσdx

≤ − (p − 1)
∫

Ω

D1up+γ−2|∇u|2dx + (p − 1)
∫

Ω

up−1∇u · ∇vdx

+ a0

∫
Ω

updx − a1

∫
Ω

up+σdx + a2

∫
Ω

updx
∫

Ω

uσdx,

(3.11)

for all t ∈ (0,Tmax).
Using Young’s inequality to the second term on the right side of (3.11) yields

(p − 1)
∫

Ω

up−1∇u · ∇vdx ≤
(p − 1)D1

2

∫
Ω

up+γ−2|∇u|2dx +
(p − 1)

2D1

∫
Ω

up−γ|∇v|2dx

≤
(p − 1)D1

2

∫
Ω

up+γ−2|∇u|2dx +
C4

p

∫
Ω

|∇v|
2(p+σ)
σ+γ dx

+
a1 − a2|Ω|

2p

∫
Ω

up+σdx, for all t ∈ (0,Tmax).

(3.12)

According to Young’s inequality, the combination of (3.11) and (3.12) leads to

1
p

d
dt

∫
Ω

updx +
1
p

∫
Ω

updx

≤ −
(p − 1)D1

2

∫
Ω

up+γ−2|∇u|2dx + (a0 +
1
p

)
∫

Ω

updx +
C4

p

∫
Ω

|∇v|
2(p+σ)
σ+γ dx

+ (
a1 − a2|Ω|

2p
− a1)

∫
Ω

up+σdx + a2

∫
Ω

updx
∫

Ω

uσdx

≤ −
(p − 1)D1

2

∫
Ω

up+γ−2|∇u|2dx + (a0 +
1
p

)
∫

Ω

updx +
C4

p

∫
Ω

|∇v|
2(p+σ)
σ+γ dx

+ (
a1 − a2|Ω|

2p
− a1)

∫
Ω

up+σdx + a2|Ω|

∫
Ω

up+σdx

≤ −
(p − 1)D1

2

∫
Ω

up+γ−2|∇u|2dx +
C4

p

∫
Ω

|∇v|
2(p+σ)
σ+γ dx

− (
a1 − a2|Ω|

p
)
∫

Ω

up+σdx +
C5

p
,

(3.13)

where we note that our assumption a1 − a2|Ω| > 0 and p > 2 warrant that

a1 − a2|Ω| −
3(a1 − a2|Ω|)

2p
> 0.
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Therefore, the following inequality

(a0 +
1
p

)
∫

Ω

updx ≤ (a1 − a2|Ω| −
3(a1 − a2|Ω|)

2p
)
∫

Ω

up+σdx +
C5

p
holds by Young’s inequality. Then (3.10) is obtained. �

In order to obtain the Lp boundedness of u , we need to estimate the second term on the right side of
(3.10), thus an inequality for

∫
Ω
|∇v|2qdx has to be required.

Lemma 9. Let (u, v,w) be a solution of (1.4), then for any q > 2 there exist positive constants C6 and
C7 such that

d
dt

∫
Ω

|∇v|2qdx + 2q
∫

Ω

|∇v|2qdx +
2q − 2

q

∫
Ω

|∇|∇v|q|2dx

≤(p − 1)
∫

Ω

wp+1dx + C6

∫
Ω

|∇v|
(2q−2)(p+1)

p−1 dx + C7, for all t ∈ (0,Tmax).
(3.14)

Proof. According to the second equation of (1.4), we can obtain
1

2q
d
dt

∫
Ω

|∇v|2qdx =

∫
Ω

|∇v|2q−2∇v · ∇vtdx

=

∫
Ω

|∇v|2q−2∇v · ∇(∆v + w − v)dx

=

∫
Ω

|∇v|2q−2∇v · ∇wdx −
∫

Ω

|∇v|2qdx

+

∫
Ω

|∇v|2q−2∇v · ∇(∆v)dx,

(3.15)

for all t ∈ (0,Tmax).
Now we estimate the first and third terms of (3.15), where an important inequality (3.10) in

reference [10] as follows is needed

1
2

∫
∂Ω

|∇v|2q−2∂|∇v|2

∂n
dx ≤

(q − 1)
2q2

∫
Ω

|∇|∇v|q|2dx + C8, (3.16)

with some C8 > 0.
Using (3.16), we can infer that∫

Ω

|∇v|2q−2∇v · ∇(∆v)dx

=
1
2

∫
Ω

|∇v|2q−2∆|∇v|2dx −
∫

Ω

|∇v|2q−2|D2v|2dx

= −
1
2

∫
Ω

∇|∇v|2q−2 · ∇|∇v|2dx +
1
2

∫
∂Ω

|∇v|2q−2 ·
∂|∇v|2

∂n
dx −

∫
Ω

|∇v|2q−2|D2v|2dx

= −
q − 1

2

∫
Ω

|∇v|2q−4 · |∇|∇v|2|2dx +
1
2

∫
∂Ω

|∇v|2q−2 ·
∂|∇v|2

∂n
dx −

∫
Ω

|∇v|2q−2|D2v|2dx

≤ −
2(q − 1)

q2 |∇|∇v|q|2dx +
q − 1
2q2

∫
Ω

|∇|∇v|q|2dx −
∫

Ω

|∇v|2q−2|D2v|2dx + C8

≤ −
3(q − 1)

2q2 |∇|∇v|q|2dx −
∫

Ω

|∇v|2q−2|D2v|2dx + C8,

(3.17)
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for all t ∈ (0,Tmax), where we have used ∆|∇v|2 = 2∇v · ∇(∆v) + 2|D2v|2. Applying Young’s inequality
and |∆v|2 ≤ n|D2v|2, we get∫

Ω

|∇v|2q−2∇v · ∇wdx = − (q − 1)
∫

Ω

w|∇v|2(q−2)∇|∇v|2 · ∇vdx −
∫

Ω

w|∇v|2q−2∆vdx

≤
q − 1

q2

∫
Ω

|∇|∇v|q|2dx + (q − 1)
∫

Ω

w2|∇v|2q−2dx

+
√

n
∫

Ω

w|∇v|2q−2|D2v|dx

≤
q − 1

q2

∫
Ω

|∇|∇v|q|2dx + (q − 1)
∫

Ω

w2|∇v|2q−2dx

+

∫
Ω

|∇v|2q−2|D2v|2dx +
n
4

∫
Ω

w2|∇v|2q−2dx

≤
q − 1

q2

∫
Ω

|∇|∇v|q|2dx +
(
(q − 1) +

n
4
) ∫

Ω

w2|∇v|2q−2dx

+

∫
Ω

|∇v|2q−2|D2v|2dx,

(3.18)

for all t ∈ (0,Tmax).
And we also have

(
(q − 1) +

n
4
) ∫

Ω

w2|∇v|2q−2dx ≤
p − 1

2q

∫
Ω

wp+1dx +
C6

2q

∫
Ω

|∇v|
(2q−2)(p+1)

p−1 dx, (3.19)

for all t ∈ (0,Tmax). Substituting (3.17), (3.18), and (3.19) into (3.15), we have

1
2q

d
dt

∫
Ω

|∇v|2qdx ≤ −
q − 1

q2

∫
Ω

|∇|∇v|q|2dx −
∫

Ω

∇v|2qdx +
p − 1

2q

∫
Ω

wp+1dx

+
C6

2q

∫
Ω

|∇v|
(2q−2)(p+1)

p−1 dx + C8,

(3.20)

for all t ∈ (0,Tmax). Then we readily derive (3.14), where C7 := 2qC8. �

Combining Lemma 6 and Lemma 8 with Lemma 9 and using Young’s inequality, the following
inequality will be gained. And next we will establish the boundedness of ‖u(·, t)‖Lp(Ω), ‖∇v(·, t)‖L2p(Ω)

and ‖w(·, t)‖Lp+1(Ω).

Lemma 10. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u)
and the parameters σ, ai(i = 1, 2) satisfy (1.5)-(1.7). Assume that (u, v,w) is the solution of (1.4). Then
for any p > max{2, γ}, q > 2, there exist positive constants M7,M8 and M9 such that

‖u(·, t)‖Lp(Ω) ≤ M7, ‖∇v(·, t)‖L2q(Ω) ≤ M8, ‖w(·, t)‖Lp+1(Ω) ≤ M9, (3.21)

for all t ∈ (0,Tmax).
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Proof. If σ > 1 or σ ≥ −γ, we combine (3.1), (3.10) with (3.14) and apply Young’s inequality to obtain

d
dt

( ∫
Ω

updx +

∫
Ω

|∇v|2qdx +

∫
Ω

wp+1dx
)

+

∫
Ω

updx

+ 2q
∫

Ω

|∇v|2qdx +

∫
Ω

wp+1dx +
2q − 2

q

∫
Ω

|∇|∇v|q|2dx

≤pp
∫

Ω

up+1dx − (a1 − a2|Ω|)
∫

Ω

up+σdx + C4

∫
Ω

|∇v|
2(p+σ)
σ+γ dx + C6

∫
Ω

|∇v|
(2q−2)(p+1)

p−1 dx + C5 + C7

≤C4

∫
Ω

|∇v|
2(p+σ)
σ+γ dx + C6

∫
Ω

|∇v|
(2q−2)(p+1)

p−1 dx + C9, for all t ∈ (0,Tmax).

(3.22)

If σ = 1, we have the similar inequality and omit it here. In order to obtain the boundedness above, we
need to estimate the right two terms of (3.22). By employing reference [38] and Gagliardo–Nirenberg
inequality, we deduce that

C4

∫
Ω

|∇v|
2(p+σ)
σ+γ dx =C4

∥∥∥|∇v|q
∥∥∥ 2(p+σ)

q(σ+γ)

L
2(p+σ)
q(σ+γ) (Ω)

= C4

∥∥∥∥|∇v|q
∥∥∥∥ α1

q

L
α1
q (Ω)

≤C10

(∥∥∥∇|∇v|q
∥∥∥λ1

L2(Ω)

∥∥∥|∇v|q
∥∥∥1−λ1

L
β
q (Ω)

+
∥∥∥|∇v|q

∥∥∥
L
β
q (Ω)

) α1
q

=C10

(∥∥∥∇|∇v|q
∥∥∥λ1

L2(Ω)

∥∥∥∇v
∥∥∥∥q(1−λ1)

Lβ(Ω)
+

∥∥∥∇v
∥∥∥q

Lβ(Ω)

) α1
q

≤C10

(∥∥∥∇|∇v|q
∥∥∥λ1

L2(Ω)
Mq(1−λ1)

6 + Mq
6

) α1
q

≤C10 max
{
Mq(1−λ1)

6 ,Mq
6

} α1
q

·

(∥∥∥∇|∇v|q
∥∥∥λ1

L2(Ω)
+ 1

) α1
q

≤C10 max
{
Mq(1−λ1)

6 ,Mq
6

} α1
q

· 2
α1
q −1

(∥∥∥∇|∇v|q
∥∥∥ α1λ1

q

L2(Ω) + 1
)

≤C̃10

(∥∥∥∇|∇v|q
∥∥∥h1

L2(Ω)
+ 1

)
≤

q − 1
q

∥∥∥∇|∇v|q
∥∥∥2

L2(Ω)
+ C11, for all t ∈ (0,Tmax),

(3.23)

and

C6

∫
Ω

|∇v|
(2q−2)(p+1)

p−1 dx =C6

∥∥∥|∇v|q
∥∥∥ (2q−2)(p+1)

q(p−1)

L
(2q−2)(p+1)

q(p−1) (Ω)
= C6

∥∥∥|∇v|q
∥∥∥ α2

q

L
α2
q (Ω)

≤C12

(∥∥∥∇|∇v|q
∥∥∥∥λ2

L2(Ω)

∥∥∥|∇v|q
∥∥∥1−λ2

L
β
q (Ω)

+
∥∥∥|∇v|q

∥∥∥
L
β
q (Ω)

) α2
q

=C12

(∥∥∥∇|∇v|q
∥∥∥λ2

L2(Ω)

∥∥∥∇v
∥∥∥q(1−λ2)

Lβ(Ω)
+

∥∥∥∇v
∥∥∥q

Lβ(Ω)

) α2
q

≤C̃12

(∥∥∥∇|∇v|q
∥∥∥h2

L2(Ω)
+ 1

)
≤

q − 1
q

∥∥∥∇|∇v|q
∥∥∥2

L2(Ω)
+ C13, for all t ∈ (0,Tmax),

(3.24)
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where

α1 =
2(p + σ)
σ + γ

, α2 =
(2q − 2)(p + 1)

p − 1
,

λ1 =

q
β
−

q
α1

q
β
− ( 1

2 −
1
n )
, λ2 =

q
β
−

q
α2

q
β
− ( 1

2 −
1
n )
,

h1 =

α1
β
− 1

q
β
− ( 1

2 −
1
n )
, h2 =

α2
β
− 1

q
β
− ( 1

2 −
1
n )
.

(3.25)

And for large p > 1, it will be shown that there exists constant q > 1 such that λ1, λ2 ∈ (0, 1) and
h1, h2 < 2 hold in (3.25).

To ensure that λ1, λ2 ∈ (0, 1) and h1, h2 < 2, we can choose suitable parameters such that

α1, α2 > β and q >
α1

2
−
β

n
, q >

α2

2
−
β

n
. (3.26)

According to continuity argument, we discuss the case β ∈ (1, n(σ+1)
n−(σ+1)), which is inserted into (3.26) to

have
p >

n(σ + 1)
2(n − (σ + 1))

(σ + γ) − σ, q >
n(σ + 1)

2(n − (σ + 1))
+ 1, (3.27)

and
p + σ

σ + γ
−

σ + 1
n − (σ + 1)

< q <
p + 1

2
+

(σ + 1)(p − 1)
2(n − (σ + 1))

. (3.28)

Thus if
p + σ

σ + γ
−

σ + 1
n − (σ + 1)

<
p + 1

2
+

(σ + 1)(p − 1)
2(n − (σ + 1))

, (3.29)

holds, then (3.28) is true. And 4
n +

γ

σ
> 3−σ

1+σ
implies (3.29). Then for any p > p0, we can choose suitable

q such that (3.27) and (3.28) are fulfilled, where p0 := max{2, γ, n(σ+1)
2(n−(σ+1)) (σ + γ) − σ}.

Hence, a combination of (3.22)-(3.24) entails that

d
dt

( ∫
Ω

up +

∫
Ω

|∇v|2q +

∫
Ω

wp+1
)
dx +

∫
Ω

updx + 2q
∫

Ω

|∇v|2qdx +

∫
Ω

wp+1dx ≤ C14, (3.30)

for all t ∈ (0,Tmax). By employing the Grönwall’s inequality for (3.30), the desired result (3.21) is
gained. �

Lemma 11. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u)
and parameters σ, ai(i = 1, 2) satisfy (1.5)-(1.7). Assume (u, v,w) is the solution of (1.4), then there
exists a positive constant M10 such that

‖∇v(·, t)‖L∞(Ω) ≤ M10, for all t ∈ (0,Tmax). (3.31)

Proof. (3.31) can be deduced by applying the semigroup arguments (see [36, 37] for details) to the third
and second equations of (1.4). �

Next, by using Lemma 11 and the standard Alikakos–Moser iteration, we establish the L∞ bound of u.
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Lemma 12. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u)
and parameters σ, ai(i = 1, 2) satisfy (1.5)-(1.7). Assume that (u, v,w) is the solution of (1.4). Then for
any p > max{2, γ}, σ > −γ, there exists a positive constant M11 > 0 such that

‖u(·, t)‖L∞(Ω) ≤ M11, for all t ∈ (0,Tmax). (3.32)

Proof. For any p > max{2, γ}, multiplying the first equation of (1.4) by up−1, integrating over Ω, and
using Hölder’s inequality, one obtains

1
p

d
dt

∫
Ω

updx =

∫
Ω

up−1∇ · (D(u)∇u)dx −
∫

Ω

up−1∇ · (u∇v)dx +

∫
Ω

up−1 f (u)dx

≤ − (p − 1)
∫

Ω

up−2D(u)|∇u|2dx + (p − 1)
∫

Ω

up−1∇u · ∇vdx

+ a0

∫
Ω

updx − a1

∫
Ω

up+σdx + a2

∫
Ω

up
∫

Ω

uσdxdx

≤ − (p − 1)D1

∫
Ω

up+γ−2|∇u|2dx + (p − 1)
∫

Ω

up−1∇u · ∇vdx

+ a0

∫
Ω

updx − (a1 − a2|Ω|)
∫

Ω

up+σdx

(3.33)

Once more employing Young’s inequality, we have

d
dt

∫
Ω

updx +

∫
Ω

updx ≤ C15. (3.34)

Integrating (3.34) yields that ∫
Ω

updx ≤ C16,C16 := max
{ ∫

Ω

up
0dx,C15

}
. (3.35)

Then, we can prove the following inequality by using Alikakos–Moser iteration (see [16, 40] for details)

‖u(·, t)‖L∞(Ω) ≤ M11, for all t ∈ (0,Tmax). (3.36)

Now, we complete the proof of Theorem 1. �

Proof of Theorem 1. Along with Lemma 1 part 2, this proves that Tmax = ∞ and the standard parabolic
regularity makes sure that (u, v,w) is bounded for (x, t) ∈ Ω × (0,∞). Hence the desired result of
Theorem 1 is obtained. �

4. A lower bound for u

To further prove the asymptotic behavior of the solution, we are going to estimate the lower bound
for u and provide some lemmas as follows.

Lemma 13. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u)
and parameters σ, ai(i = 1, 2) satisfy (1.5)-(1.7). If (u, v,w) is the solution of (1.4) and(u0, v0,w0) satisfy
(1.8), then there exists a constant positive C17 such that

lim
t→∞

sup ‖∆v(·, t)‖L∞(Ω) ≤ M12. (4.1)
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Proof. We split the proof into two steps:
Step 1. Fix θ0 ∈ (0, 1) and set m = 2, p = ∞ in Lemma 3, we verify lim

t→∞
sup ‖Aθ0w(·, t)‖Lp(Ω) ≤ C17

for any p > max{2, γ, n(σ+1)
2(n−(σ+1)) (σ + γ) − σ} with some C17 = C17(θ0, p, λ, γ, σ) > 0.

Review of (3.21), we know that there exists suitably large t0 > 0 satisfying

‖u(·, t)‖Lp(Ω) ≤ M7, for all t ≥ t0. (4.2)

In view of the variation-of-constants representation, we get

w(·, t) =e(t−t0)(∆−1)w(·, t0) +

∫ t

t0
e(t−s)(∆−1)u(·, s)ds

=e−(1−λ)(t−t0)e−(t−t0)Aw(·, t0) +

∫ t

t0
e−(1−λ)(t−s)e−(t−s)Au(·, s)ds

for all t ≥ t0. Recalling that A = −∆ + λ in reference [36] and applying the (4.2), then there exist
constants C18,C19, we can derive

‖Aθ0w(·, t)‖Lp(Ω) ≤e−(1−λ)(t−t0)‖Aθ0e−(t−t0)Aw(·, t0)‖Lp(Ω)

+

∫ t

t0
e−(1−λ)(t−s)‖Aθ0e−(t−s)Au(·, s)‖Lp(Ω)ds

≤C18e−(1−λ)(t−t0)(t − t0)−θ0‖w(·, t0)‖Lp(Ω)

+ C19

∫ t

t0
e−(1−λ)(t−s)(t − s)−θ0‖u(·, s)‖Lp(Ω)ds

≤C18e−(1−λ)(t−t0)(t − t0)−θ0‖w(·, t0)‖Lp(Ω) + C20

for all t ≥ t0, where C20 := M7C19

∫ ∞
0

e−(1−λ)ττ−θ0dτ < ∞ with θ0 ∈ (0, 1). Thereafter

lim
t→∞

sup‖Aθ0w(·, t)‖L∞(Ω) ≤ C21,

and there exists t0 > 0 large enough fulfilling

‖Aθ0w(·, t)‖L∞(Ω) ≤ 2C21, for all t ≥ t0. (4.3)

Step 2. The solution v satisfies (4.1).
Let us fix any θ1 ∈ (1, 2) on the condition that θ1−1 < θ0 < 1 and choose p > max{2, γ, n

n−2 (σ+γ)−σ}
satisfying p > n

2(θ1−1) , thus

2θ1 −
n
p
> 2θ1 − 2(θ1 − 1) = 2. (4.4)

Then following the same procedure as Step 1 and invoking (2.11), (4.3), and reference [36], we estimate

‖v(·, t)‖W2,∞ ≤C22‖Aθ1v(·, t)‖Lp(Ω)

≤C22e−(1−λ)(t−t0)‖Aθ1e−(t−t0)Av(·, t0)‖Lp(Ω)

+ C22

∫ t

t0
e−(1−λ)(t−s)‖Aθ1e−(t−s)Aw(·, s)‖Lp(Ω)ds

≤C23e−(1−λ)(t−t0)(t − t0)−θ1‖v(·, t0)‖Lp(Ω) + C24
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for all t ≥ t0, where C24 := 2C21C′22

∫ ∞
0

e−(1−λ)ττ−(θ1−θ0)dτ < ∞ with θ1 − 1 < θ0 < 1. This implies (4.1)
for some M12 > 0. In accordance with (4.1), we can pick t0 > 0 suitably large satisfying

‖∆v(·, t)‖L∞(Ω) ≤ 2M12, for all t ≥ t0. (4.5)

With the help of the comparison principle [34], a positive lower bound for u is hereafter addressed
after some suitable waiting time. �

Lemma 14. Let Ω ⊂ Rn(n ≥ 3) be a bounded domain with smooth boundary. The functions D(u), f (u),
and parameters σ, ai(i = 1, 2) satisfy (1.5)-(1.7) with the positive number p being as defined in (4.4).
Assume that (u, v,w) is the solution of (1.4) and the initial data fulfills (1.8). Then there exists a constant
M13 such that

lim
t→∞

inf
(

inf
x∈Ω

u(x, t)
)
≥ (1 −

a0 − a1 − 2M12

a1
)

1
σ := M13, (4.6)

Proof. Dealing with the first equation in (1.4), a combination of (3.34), and (4.5) yields

ut =∇ · (D(u)∇u) − ∇ · (u∇v) + u(a0 − a1uσ + a2

∫
Ω

uσdx)

=∇ · (D(u)∇u) − ∇u · ∇v − u∆v + a0u − a1uσ+1 + a2u
∫

Ω

uσdx

≥∇ · (D(u)∇u) − ∇u · ∇v − 2M12u + a0u − a1uσ+1 + a2u
∫

Ω

uσdx

≥∇ · (D(u)∇u) − ∇u · ∇v + (a0 − 2M12)u − a1uσ+1,

for all x ∈ Ω and t ≥ t0. Moreover, let the function y(t) ∈ C1([t0,∞)) be defined byy′(t) = (a0 − 2M12) · y(t) − a1yσ+1(t), t ≥ t0,

y(t0) = inf
x∈Ω

u(x, t0).

Applying the comparison argument, we gain

u(x, t) ≥ y(t), y(t) =
C25

eσ(a0−2M12)t + C26, for all x ∈ Ω and t ≥ t0,

and

y(t)→ (1 −
a0 − a1 − 2M12

a1
)

1
σ , as t → ∞.

Which implies that

lim inf
t→∞

(
inf
x∈Ω

u(x, t)
)
≥ lim inf

t→∞
inf y(t) ≥ (1 −

a0 − a1 − 2M12

a1
)

1
σ .

�
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5. Asymptotic behavior

The key to proving Theorem 2 relies on seeking so-called Lyapunov functions. Thus in this section,
we will construct the appropriate Lyapunov functions in the following lemmas to obtain the large-time
behavior of the solution (u∗, v∗,w∗) of the system (1.4).

Lemma 15. (Lemma 3.1 in [41]) Let f : (1,∞)→ [0,∞) be uniformly continuous such that
∫ ∞

1
f (t)dt <

∞, then
f (t)→ 0, as t → ∞. (5.1)

Lemma 16. Let functions D(u) and f (u) and parameters σ and ai(i = 1, 2) satisfy (1.5)-(1.7). Then for
any classical solution (u, v,w) of (1.4) in Ω × (t0,∞) verifying

sup
t∈[t0,∞)

(‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖W1,∞(Ω)) ≤ M14,

with some t0 ≥ 0 and M14 > 0.
Then there exist θ̄ ∈ (0, 1) and C27 = C27(M14,D1, σ, γ, |Ω|, ‖∇u(·, t0 + 2)‖C(Ω̄)) > 0 such that

‖∇u(·, t)‖C(Ω̄) ≤ C27((t − t0)θ̄ + 1), t > t0 + 2.

Proof. First, using the Neumann heat semigroup estimate [34] to the third and the second equations
in system (1.4) we can derive that ‖∇v‖L∞(Ω) and ‖∇w‖L∞(Ω) is bounded in t ∈ (0,Tmax). According to
Theorem 1, the system (1.4) possesses a global bounded classical solution. Thus, we can find t ∈ [t0,∞)
such that

sup
t∈[t0,∞)

(‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖W1,∞(Ω)) ≤ M14.

And because of (u, v,w) ∈ (C0(Ω̄× [0,Tmax))∩C2,1(Ω̄× (0,Tmax)))3, applying a proof method similar to
proposition 3.4 in Reference [15], we can obtain that there exists θ̄ ∈ (0, 1) such that ‖∇u(·, t)‖C(Ω̄) ≤

C27((t − t0)θ̄ + 1) holds. �

Lemma 17. Assume functions D(u) and f (u) and parameters σ and ai(i = 1, 2) satisfy (1.5)-(1.7) and
(u, v,w) is the solution of (1.4). The initial data (u0, v0,w0) evolves from (1.8). Then there exists a
positive constant H0 ∈ [M13,M11] such that functions E and F are defined by

E(t) :=
∫

Ω

(
u − u∗ − u∗ ln

u
u∗

)dx +
H0u∗

4

∫
Ω

(
v − v∗)2dx +

H0u∗
2

∫
Ω

(w − w∗)2dx, (5.2)

F(t) :=
∫

Ω

(
u − u∗)2dx +

H0u∗
4

∫
Ω

(
v − v∗)2dx +

H0u∗
4

∫
Ω

(w − w∗)2dx, (5.3)

where t > 0, u∗ = v∗ = w∗ = ( a1
a1−a2 |Ω|

)
1
σ , and we have

d
dt

E(t) ≤ −F(t), for all t > 0. (5.4)
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Proof. Note that

E(t) =

∫
Ω

(
u − u∗ − u∗ ln

u
u∗

)dx +
H0u∗

4

∫
Ω

(
v − v∗)2dx +

H0u∗
2

∫
Ω

(w − w∗)2dx

:=E1(t) + E2(t) + E3(t).
(5.5)

By system (1.4) and the assumption in Theorem 2, applying Young’s inequality, we deduce that

E
′

1(t) =

∫
Ω

u − u∗
u

utdx

=

∫
Ω

u − u∗
u

(∇ · (D(u)∇u) − ∇ · (u∇v) + u(a0 − a1uσ + a2

∫
Ω

uσdx))dx

= − u∗

∫
Ω

|∇u|2

u2 D(u)dx + u∗

∫
Ω

∇u · ∇v
u

dx

+

∫
Ω

(u − u∗)(a0 − a1uσ + a2

∫
Ω

uσdx)dx

≤ −
u∗
2

∫
Ω

D1uγ
|∇u|2

u2 dx +
u∗
2

∫
Ω

1
D1uγ

|∇v|2dx

− a1

∫
Ω

(u − u∗)(uσ − uσ∗ )dx + a2

∫
Ω

(u − u∗)dx
∫

Ω

(uσ − uσ∗ )dx

≤
H0u∗

2

∫
Ω

|∇v|2dx − a1

∫
Ω

(u − u∗)(uσ − uσ∗ )dx

+ a2

∫
Ω

(u − u∗)dx
∫

Ω

(uσ − uσ∗ )dx,

(5.6)

where a0 = a1uσ∗ − a2

∫
Ω

uσ∗ dx, H0 is obtained by u with a lower bound.
A simple calculation yields

(u − u∗)(uσ − uσ∗ ) ≥ uσ−1
∗ (u − u∗)2,

and hence

− a1

∫
Ω

(u − u∗)(uσ − uσ∗ )dx ≤ −a1uσ−1
∗

∫
Ω

(u − u∗)2dx. (5.7)

We treat the last integral in (5.6) by estimating the integrated function in a pointwise way. Suppose (1.5)
is valid, according to reference [15], and the Mean value theorem ensure

a2

∫
Ω

(u − u∗)dx
∫

Ω

(uσ − uσ∗ )dx ≤a2(
∫

Ω

(u − u∗)2dx)
1
2 |Ω|

1
2 (
∫

Ω

(uσ − uσ∗ )2dx)
1
2 |Ω|

1
2

≤a2|Ω|

∫
Ω

(u − u∗)2dx + a2|Ω|

∫
Ω

(uσ − uσ∗ )2dx

≤a2|Ω|

∫
Ω

(u − u∗)2dx + a2|Ω|

∫
Ω

(σ(u + u∗)σ−1|u − u∗|)2dx

≤a2|Ω|

∫
Ω

(u − u∗)2dx + a2|Ω|σ
2(M1 + lu∗)2σ−2

∫
Ω

(u − u∗)2dx,

(5.8)
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where l > 0, together with (5.7)-(5.9), we can conclude that

E′1(t) ≤
H0u∗

2

∫
Ω

|∇v|2dx − a1uσ−1
∗

∫
Ω

(u − u∗)2dx + a2|Ω|

∫
Ω

(u − u∗)2dx

+ a2|Ω|σ
2(M1 + lu∗)2σ−2

∫
Ω

(u − u∗)2dx.
(5.9)

Then we use Young’s equality to estimate E2(t) and E3(t),

E′2(t) =
H0u∗

2

∫
Ω

vt(v − v∗)dx

=
H0u∗

2

∫
Ω

(v − v∗)∆vdx +
H0u∗

2

∫
Ω

w(v − v∗)dx −
H0u∗

2

∫
Ω

v(v − v∗)dx

= −
H0u∗

2

∫
Ω

|∇v|2dx +
H0u∗

2

∫
Ω

(v − v∗)(w − w∗)dx −
H0u∗

2

∫
Ω

(v − v∗)2dx

≤ −
H0u∗

2

∫
Ω

|∇v|2dx +
H0u∗

4

∫
Ω

(v − v∗)2dx +
H0u∗

4

∫
Ω

(w − v∗)2dx

−
H0u∗

2

∫
Ω

(v − v∗)2dx

= −
H0u∗

2

∫
Ω

|∇v|2dx −
H0u∗

4

∫
Ω

(v − v∗)2dx +
H0u∗

4

∫
Ω

(w − v∗)2dx

= −
H0u∗

2

∫
Ω

|∇v|2dx −
H0u∗

4

∫
Ω

(v − v∗)2dx +
H0u∗

4

∫
Ω

(w − w∗)2dx

(5.10)

and
E′3(t) =H0u∗

∫
Ω

wt(w − w∗)dx

=H0u∗

∫
Ω

(w − w∗)∆wdx + H0u∗

∫
Ω

u(w − w∗)dx − H0u∗

∫
Ω

w(w − w∗)dx

≤ − H0u∗

∫
Ω

|∇w|2dx −
H0u∗

2

∫
Ω

(w − w∗)2dx +
H0u∗

2

∫
Ω

(u − w∗)2dx

= − H0u∗

∫
Ω

|∇w|2dx −
H0u∗

2

∫
Ω

(w − w∗)2dx +
H0u∗

2

∫
Ω

(u − u∗)2dx.

(5.11)

Combing E′1(t), E′2(t) and E′3(t), we obtain

d
dt

E(t) + a1uσ−1
∗

∫
Ω

(u − u∗)2dx

+
H0u∗

4

∫
Ω

(v − v∗)2dx +
H0u∗

4

∫
Ω

(w − w∗)2dx

≤(a2|Ω| + a2|Ω|σ
2(M1 + lu∗)2σ−2 +

H0u∗
2

)
∫

Ω

(u − u∗)dx.

(5.12)

Since
a2|Ω| + a2|Ω|σ

2(M1 + lu∗)2σ−2 + H0u∗
2

a1uσ−1
∗

≤
a2|Ω| + a2|Ω|σ

2(M1 + lu∗)2σ−2 + H0u∗
2

a1uσ−1
∗ − a2|Ω|uσ−1

∗

=
a2|Ω| + a2|Ω|σ

2(M1 + l( a0
a1−a2 |Ω|

)
1
σ )2σ−2 + H0

2 ( a0
a1−a2 |Ω|

)
1
σ

a0 · ( a1−a2 |Ω|

a0
)

1
σ

→ 0 as a1 → ∞,
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there is ã1 > 0 such that

a1uσ−1
∗ > a2|Ω| + a2|Ω|σ

2(M1 + lu∗)2σ−2 +
H0u∗

2
+ 1

provided a1 > ã1. This in conjunction with (5.13) entails that

d
dt

E(t) +

∫
Ω

(u − u∗)2dx +
H0u∗

4

∫
Ω

(v − v∗)2dx +
H0u∗

4

∫
Ω

(w − w∗)2dx ≤ 0,

therefore

d
dt

E(t) ≤ −
∫

Ω

(u − u∗)2dx −
H0u∗

4

∫
Ω

(v − v∗)2dx −
H0u∗

4

∫
Ω

(w − w∗)2dx

≤ − F(t),
(5.13)

where a1 − a2|Ω| > 0. Lemma 5.3 is proved. �

We are now in a positive to prove our main result.

Proof of Theorem 2. Integrating (5.13) from t0 to∞, we have∫ ∞

t0

∫
Ω

(u − u∗)2dxdt +

∫ ∞

t0

∫
Ω

(v − v∗)2dxdt +

∫ ∞

t0

∫
Ω

(w − w∗)2dxdt ≤ ∞,

According to the standard parabolic regularity theory [42], with the global boundedness of (u, v,w), we
can see that there exists ϑ ∈ (0, 1) and C28 > 0 such that

‖u‖
C2+ϑ,1+ ϑ2 (Ω̄×[t,t+1])

+ ‖v‖
C2+ϑ,1+ ϑ2 (Ω̄×[t,t+1])

+ ‖w‖
C2+ϑ,1+ ϑ2 (Ω̄×[t,t+1])

≤ C28, (5.14)

for all t > 1. This clearly implies that
∫

Ω
(u(·, t) − u∗)2dx +

∫
Ω

(v(·, t) − v∗)2dx +
∫

Ω
(w(·, t) − w∗)2dx is

uniformly continuous with respect to t ≥ t0 provided t0 > 1. Therefore, we infer from Lemma 15 that
the following inequality∫

Ω

(u(·, t) − u∗)2dx +

∫
Ω

(v(·, t) − v∗)2dx +

∫
Ω

(w(·, t) − w∗)2dx→ 0 as t → ∞. (5.15)

holds.
The Gagliardo–Nirenberg inequality says

‖$‖L∞(Ω) ≤ CGN‖$‖
n

n+2

W1,∞(Ω)‖$‖
2

n+2

L2(Ω) for all $ ∈ W1,∞(Ω). (5.16)

Using $ as u − u∗, v − v∗ and w − w∗ in (5.16), respectively, we have from (5.14) and (5.15) that

‖u(·, t) − u∗‖L∞(Ω) + ‖v(·, t) − v∗‖L∞(Ω) + ‖w(·, t) − w∗‖L∞(Ω) → 0, as t → ∞. (5.17)

We next defined ϕ : (0,∞)→ R and

ϕ(s) := s − u∗ − u∗ln
s

u∗
, s > 0.
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By the Taylor expansion with s ∈ (0,∞), there is ξ(s) ∈ (0, 1) such that

ϕ(s) : = ϕ(u∗) + ϕ′(u∗)(s − u∗) +
ϕ′′(ξs + (1 − ξ)u∗)

2
(s − u∗)2

=
u∗

2(ξs + (1 − ξ)u∗)2 (s − u∗)2, s > 0.

Obviously, ϕ(s) ≥ 0, and use L’Hôpital’s rule to see

lim
s→u∗

ϕ(s)
(s − u∗)2 = lim

s→u∗

u∗
2(ξs + (1 − ξ)u∗)2 =

1
2u∗

.

Furthermore, we can pick t1 > 0 such that

1
4u∗

(u − u∗)2 ≤ ϕ(u(·, t)) ≤
1
u∗

(u − u∗)2, for all t ≥ t1, (5.18)

namely,
1

4u∗

∫
Ω

(u(·, t) − u∗)2dx ≤ E1(t) ≤
1
u∗

∫
Ω

(u(·, t) − u∗)2dx, for all t ≥ t1, (5.19)

In view of (5.13) and (5.19), we have

d
dt

E(t) ≤ −F(t) ≤ −
1
2

E(t), for all t ≥ t1,

thus, we get by the Gronwall inequality that

E(t) ≤ E(t1)e−
1
2 (t−t1), for all t ≥ t1,

Together with (5.18), we obtain the estimate

‖u(·, t) − u∗‖2L2(Ω) + ‖v(·, t) − v∗‖2L2(Ω) + ‖w(·, t) − w∗‖2L2(Ω) ≤ C29e−
1
2 (t−t1), (5.20)

for all t ≥ t1, with C29 = C29(a0, a1, a2, σ, γ, |Ω|) > 0. By using the Gagliardo–Nirenberg inequality with
Lemma 16 and (5.14)-(5.15),

‖u(·, t) − u∗‖L∞(Ω) ≤ C30‖∇u(·, t)‖
n

n+2
L∞(Ω)‖u(·, t) − u∗‖

2
n+2

L2(Ω)

≤ C31((t − t1)θ̄ + 1)e−
(t−t1)
2(n+2)

≤ C32e−
(t−t1)
4(n+2) , t > t1 + 2

(5.21)

with C30 = C30(|Ω|),C31 = C31(a0, a1, a2, σ, γ, |Ω|, ‖∇u(·, t1)‖L∞(Ω)) > 0,C32 = C32(C31, θ̄). Similarly, an
application of the Gagliardo–Nirenberg inequality with combining (3.31) and (5.20) indicates that

‖v(·, t) − v∗‖L∞(Ω) ≤ C33e−
(t−t1)
4(n+2) , t > t1 + 2 (5.22)

‖w(·, t) − w∗‖L∞(Ω) ≤ C34e−
(t−t1)
4(n+2) , t > t1 + 2 (5.23)

for some C33 = C33(a0, a1, a2, σ, γ, |Ω|, ‖∇v(·, t1)‖L∞(Ω)) > 0, and C34 = C34(a0, a1,

a2, σ, γ, |Ω|, ‖∇w(·, t1)‖L∞(Ω)) > 0.
A combination of (5.21)-(5.23), gives us

‖u(·, t) − u∗‖L∞(Ω) + ‖v(·, t) − v∗‖L∞(Ω) + ‖w(·, t) − w∗‖L∞(Ω) ≤ Ce−
(t−t1)
4(n+2) ,

with t ≥ t1 and C = C(a0, a1, a2, σ, γ, |Ω|) > 0, which completes the proof of Theorem 2. �
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6. Conclusion

In this paper, we considered that the growth or death of cells is influenced by external factors and
the production of chemical signals goes through intermediate stages, and thus we investigate a fully
parabolic chemotaxis system with a nonlocal growth term and indirect signal production. The work is
carried out under the condition of spatial dimension n ≥ 3, when the initial data, the diffusion function,
the logistic source term and related parameters satisfy certain conditions, the global boundedness
of solutions to system (1.4) is proved by applying the maximum principle, variation-of constants
formula, Neumann heat semigroup estimation, Young’s inequality, Gagliardo–Nirenberg inequality
and so on. In addition, by constructing appropriate Lyapunov functions, we obtained the asymptotic
behavior of solutions.
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