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Abstract: In this paper, we study the following fully parabolic chemotaxis system with nonlocal growth
and indirect signal production:

u; = V- (Dw)Vu) — V- (uVv) + f(u), xeQ, t>0,
vv=Av+w-—v, xeQ, t>0,
w,=Aw+u—w, xeQ, t>0,
- v~ Ow (), x€dQ, t>0,

on ~ On on

u(x,0) = ug(x), v(x,0) = vo(x), w(x,0) = wy(x), xe€Q,

in a smooth bounded domain Q c R"(n > 3), where D(u) > D u?, f(u) = u(ap — a1u’ + a, fQ u’dx),
Dy, ay,a, are positive constants, ag,y € R, o0 > max{l, —y} and a; — a,|Q2| > 0. It is shown that the
above system admits a globally bounded classical solution if % +1> %‘; Furthermore, by the method
of Lyapunov functionals, the global stability of steady states with convergence rates is established.
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1. Introduction

Chemotaxis describes the directional movement of cells or organisms in the direction of the concen-
tration gradient of chemical signals. In order to simulate the phenomenon that cells are attracted to the
high concentrations of chemical signals secreted by themselves. In 1970, Keller and Segel proposed a
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classical biological chemotaxis model [1] as follows

u, = V- (Dw)Vu) = V- (Sw)Vv) + f(u), xeQ, t>0,

™V, =Av—v+u, xeQ, >0, (1.1
Qo= 2 -0, x€dQ, t>0, '
M(-x’ 0) = MO(X), TV(X, O) = TVO()C), X € Qa

where Q c R", 7 € {0, 1}, v denotes the outward unit normal vector on 9Q, u(x, t) represents the density
of cells and v(x, r) denotes the density of a chemical signal. V - (D(u)Vu) and -V - (S (u)Vv) represent
self-diffusion and cross-diffusion, respectively. The function f(u) describes cell proliferation and death.
As we all know, chemotaxis research has important applications in both biology and medicine, so it
has been one of the hottest research focuses in applied mathematics nowadays. The system (1.1) with
7 =0 or 7 = 1 has been investigated extensively in the past few decades. For 7 = 0, D(u) = 1, S (u) = yu
and f € C!([0, o)) is assumed to satisfy f(u) < a — uu? for all u > 0 with some positive constants
a,u. The solutions to (1.1) are global and bounded for arbitrarily small g > 0 with n < 2 [2], or
n>3and pu > @ sufficiently large [3]. When f(u) = Au — pu® with @ > 1,4 > 0 and u > 0,
Winkler [4] introduced a concept of very weak solutions and proved global existence of such solutions
for any nonnegative initial data uy € L'(Q) under the assumption that @ > 2 — }1 In the case of
D,S € C*([0,00)) and D(u) > cou’,ciu? < S(u) < cud, and f(u) is a smooth function fulfilling
£(0) > 0 and f(u) < au — pu?® for all u > 0 with constants @ > 0 and u > 0, Cao in [5] showed that
there exists a unique global bounded classical solution. For 7 = 1, D(u) = 1,5 (u) = yu and f(u) =0
with y > 0, the system (1.1) has the global solutions with n = 1 [6]; when n = 2, fQ Uy > i—”, the
solution of the system (1.1) will blow up in finite time [7], if fQ Ug < 8;”, the system (1.1) possesses a
globally bounded classical solution [8]. In the case of n > 3, if Q is a ball, then for arbitrarily small
mass m := fQ uy > 0, there exists the finite-time blow-up solutions [9] with proper initial coditions.
Besides, for f(u) = 0,5 (v)/D(u) < K(u+&)* withu > 0,a < %(N e N),K > 0,& > 0, Ishida et al. [10]
ruled out convexity of €, then established global-in-time existence and uniform-in-time boundedness of
solutions. For f(u) = au — uu?,a € R, Cao [11] used an approach based on maximal Sobolev regularity
and proved that if the ratio £ is sufficiently large, then the unique nontrivial spatially homogeneous
equilibrium given by (”L—*, ‘L—*) is globally asymptotically stable without the restrictions 7 = 1 and the
convexity of Q. For the case f(u) = u(1 —u”), D(0) > 0, D(u) > K;u™ and S (u) < Kru™, Yu > 0,
K; e R*, m; e R, i = 1,2, Wang et al. [12] showed that the system admits global classical solutions
and they are uniformly bounded in time with the parameter pair (m;, m,) lies in some specific regions
and N > 2. When D(u) =~ ao(u + 1)7%, S (u) = bou(u + 1)~ and f(u) = ru — pu'*", Zheng [13] showed
the globally bounded classical solutions of the system (1.1) if 0 < @ + f < max{o + «, %}, or =0
with u sufficiently large. In addition, the signal generation may be in a nonlinear form. Zhuang [14]
established that (1.1) admits a globally bounded classical solution under 8 < o — 1 or 8 = 0 — 1 with
r = 1,u > O sufficiently large, and the second equation replaced by v, = Av — v + u(u + 1#~!). When
D(u) > ap(u + 1)™,0 < S(u) < bou(u + 1’~! with ag,by > 0 and a,8 € R, Ding [15] provided a
boundedness result under @ + 8+ 7y < %, orf+vy<1+0,orfB+7y =1+ 0 with u large enough and the
bounded classical solution (u, v) — ((ﬁ)é ) ( lfl)#) in L*(€)) exponentially under the condition of b > b.
More relevant works of system (1.2) can refer to ( [16—18]). Furthermore, many scholars consider the
situation which the growth or death of cells is influenced by external factors, that is, the logistic sources
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contains nonlocal growth term. Negreanu and Tello [19] proposed the following model

u,:Au—)(V~(uva)+u(a0—a1u—a2fQudx), xeQ, t>0,
-Av+Av=f+u, xeQ, t>0,

du — v ), x€0Q, t>0, (2
l/l(.x, O) = Ll()(X), V(X, 0) = VO(-X)’ X € Qy

where Q C R” is a smooth bounded domain, if m = 1 and a; > 2y + |a»|, it is shown that the solution of

(1.2) satisfies lim ||u — al‘faz Iz~ = 0. when the second is replaced by v, = Av — v + u” and the logistic
—o0

source term is u®(1 — ﬁ fQ wdx)witha > 1,8>landm =y = ﬁ = 1, Bian [20] proved that the

system (1.2) possesses a unique global strong solution which is uniformly bounded in whole space

under eithery+1 <o <1+ %ﬁ oroc<y+1< % + 5. Inreference [21], wheny+m <a <1+ %ﬁ
or % — B < a <y + m, the system (1.2) admits a uniformly bounded global classical solution. For the

logistic source term is replaced by u(ay — aju® + a, fQ u“dx), Negreanu [22] obtained the global-in-time

existence of classical solutions and the convergence to steady state (aé (ay —az|Q|)‘é , (aé’ (a;— a2|Q|)‘5 ))
under assumptions that o,y > 1,m > l,a + 1 > m+ y,a; > 0 and a; — a,|Q2| > 0. Moreover, when
the logistic source term is replaced by u”(ay — aju — a; fg uPdx), Ren [23] proved that system (1.2)
possesses a unique global classical solution in three different cases, namely parabolic-elliptic, fully
parabolic, and parabolic-parabolic-elliptic. For more chemotaxis systems with nonlocal terms, we can
find the literature works ( [24—27]). The chemotactic signal is produced directly by cells in the classical
Keller—Segel system, yet the signal generation undergoes intermediate stages in some realistic biological
processes [28]. The related models can be described as follows:

u, = V- (Dw)Vu) =V - (S(w)Vv) + u(u — u”), xeQ, t>0,
™V, =Av—v+w, xeQ, t>0,
™, = Aw—w+u, xeQ, t>0, (1.3)
ou=0,y=0,w=0, x€, t>0,

u(x,0) = ug(x), 7v(x, 0) = Tvo(x), Tw(x, 0) = Two(x), x € Q,

where u, v, w represent the density of cells, the density of chemical substances and the concentration
of indirect signal, respectively. For 7 = 0, D(s) > ag(s + 1)%,]S(s)| < bo(1 + s)#~! for all s > 0 with
ap, by > 0,a,B € R, Li in [29] have obtained the nonnegative classical solution (u, v, w) is global in
time and bounded for 8 < y — 1. Moreover, if u satisfies some suitable conditions, the solution (u, v, w)
converges to (1,1,1) in L*-norm as t — oo. When the signal generation is in a nonlinear form, it
also has been shown that the boundedness and large time behaviors of classical solutions in [30]. For
7=1,D(w) = 1,S (u) = u, Zhang in [28] proved that if y > 7 + %, the solution is globally bounded; if
w > 0 is sufficiently large, (u, v, w) satisfies |lu(-, 1) = 1|z~ + [IV(-, 1) = 1|z + W, 8) = 1|10 — O
as t — oo. For D(u) > Diu®,S(u) = u with D; > 0, € R,y > 2 and g > 0, Wu in [31] proved the
global existence and boundedness of solutions if the assumption ¢ + £ > % holds with n > 3. When
D, S € C*([0, 0)) satisfying D(s) > ao(s + 1)7%,0 < S(s) < bo(s + 1)? for ay, by > 0 and logistic source
term is replaced by b — us” for all 5,6 > 0,y > 1, Wang [32] obtained the global boundedness of
solutions in four cases: the self-diffusion dominates the cross-diffusion; the logistic source suppresses
the cross-diffusion for u > 0 sufficiently large; the logistic dampening balances the cross-diffusion; the
self-diffusion and the logistic source both balance the cross-diffusion with p > 0 suitably large. If D, S
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are smooth functions satisfying D(s) > ao(s + 1)%,]S(s)| < bys(s + 1)/~! for all s > 0 and the logistic
source term is u(s — s7) with s > 0,y > 1, Zhang in [33] showed that the system (1.3) possesses a
globally bounded classical solution (i, v, w).

The above systems only discuss the forms of direct or indirect generation of chemical signals, but do
not discuss systems with nonlocal source terms and indirect signal production.Thereafter, inspired by
reference [22], considering the growth or death of cells is influenced by external factors, this article
added the production of chemical signals goes through intermediate stages and studied the following
fully parabolic chemotaxis system with a nonlocal growth term and indirect signal production

u, = V- (DWw)Vu) =V - (uVv) + f(u), xeQ, t>0,
vi=Av+w—v, xeQ, t>0,
w,=Aw+u—w, xeQ, t>0, (1.4)
==, x€0Q, 1>0,

e, 00 = o). v(x. 0) = vo(). w(x. 0) = wo(x). x € Q.

in a bounded domain Q C R"(n > 3) with smooth boundary 0Q2. The diffusion function D(u) satisfies
D € C*([0, 00)) and D(u) > Dyu”,u > 0, (1.5)

where D, is a positive constant and y € R. And f(u) is the logistic function, which satisfies

fw) = ulag — a1u” + a, f u’dx) (1.6)
Q
with
o > max{l,—y}and ap € R,aq;(i = 1,2) > 0,a; — a,|Q| > 0, (1.7)

the initial data fulfill
up € COQ), up >0, up 0,
vo € Wh(Q), vy > 0, (1.8)
wq € Wl’oo(Q), wo > 0.

Under these assumptions, our main results on the global boundedness and large time behavior of
solutions to system (1.4) are as follows:

Theorem 1. Let Q c R"(n > 3) be a bounded domain with smooth boundary. Suppose that functions
D(u), f(u) and parameters o, a;(i = 0, 1,2) satisfy (1.5)-(1.7) with % + Clr > f;—é’r For any nonnegative
initial data (uy, vy, wo) evolve from (1.8), the system (1.4) possesses a global classical solution

@, v, w) € (CQ X [0, Tax)) N C*H(Q X (0, Ta)))’ (1.9)

which is bounded in Q X (0, o).

Remark 1. When a, = 0, the result in Theorem 1 is consistent with that in [31] with S (u) = u in system
(1.3), which needs pu > 0. If a, > 0, system (1.4) does not require any restrictions on ay. These findings
suggest that the nonlocal term a, fg u’dx could play a crucial role in ensuring the global existence and
boundedness of solutions in (1.4).
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Remark 2. This work extends the study in [22] to the system with nonlinear diffusion and indirect signal
production. Our results show that the nonlinear diffusion mechanism and nonlocal logistic sources have
an inhibitory effect on the blow-up solution.

Theorem 2. Assume the conditions in Theorem 1 hold. Let (u,v,w) be the solution of (1.4) obtained in
Theorem 1, then there exist some k > 0 and C = C(ag, a,as, 0,y,|Q|) > 0 such that

(-, 1) — ullo@) + 1IVCS 1) = Villzo) + W 1) — willze @) < Ce™

1 _ _ 1
T2y U = Ve = Wi = (a1 a2|Q|)

forall t > 0, where k =

The framework structure of this article is as follows. In Sect.2, we give the local existence of the
solution in (1.4) and show several related inequalities. In Sect.3, we consider the global boundedness of
solutions for problem (1.4) under some suitable conditions and prove Theorem 1. In Sect.4, we give
a lower bound for u via comparison [34]. In Sect.5, we obtain the asymptotic behavior of (1.4) by

constructing Lyapunov functions, thus completing the proof of Theorem 2.
2. Local existence and preliminaries

In this section, we present several important lemmas that will be used in the following sections. First,
we will state the local-in-time existence result of solutions for problem (1.4), which can be proved by
adapting well-established approaches for parabolic-parabolic chemotaxis models (see [35]).

Lemma 1. Let Q c R"(n > 3) be a bounded domain with smooth boundary, D(u), f(u), and initial data
(up, vo, wo) satisfy (1.5), (1.6), and (1.8), respectively. Then there exist T, € (0, 0] and a tripe (u,v,w)
of nonnegative functions

(U, v, w) € (COQ X [0, Tar)) N C*H(Q X (0, Tpar)))*
which solves (1.4) in the classical sense. Moreover, if T,,,. < 0o, we can see that

tim sup uC Dl = oo. 2.1)

max

We next state a lemma which guarantees L'-boundedness of u, v and w.

Lemma 2. Let Q C R*(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u)
and the parameters o, a;(i = 0, 1,2) satisfy (1.5)-(1.7). Assume that (u,v,w) is the solution of (1.4).
Then there exist constants M;(i = 1,2,3,4) such that

L el R e A 22)
Q a; — ax|Q]
IOl < Mz = max [ o, o), 23)
Q
wC, Dl < M3 = max{f wo, Ml}, (2.4)
Q

forall t € (0,T,4,). Moreover,

I+T
f fu‘”ldxdt <M, = (a - a2|Q|)_1M1(1 + ayT), (2.5
t Q

forall T € (0, Trax) and t € (0, T o — 7).
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Proof. Integrating the first equation of the system (1.4) over Q, we have

d
—fudx:fu(ao—alu“+a2fu“dx)dx
dt Jo Q Q
:aofudx—alfu‘”ldx+a2fu(f u’dx)dx.
Q Q o Ja

By applying Holder’s inequality, we derive

f u( f u”dx)dx < ( f " dx) 7 QF ( f U dx) Q| = |0 f udx, (2.7
Q Q Q Q Q

azfu(fu“dx)dxsanglfu(’”dx.
o Jo o

Assuming (1.7) holds, applying the Holder’s inequality again yields

d
—fudx Saofudx—(al—alel)fu"“dx
dt Jo Q Q

(2.6)

therefore

(2.8)
— ay|Q
<ag f udx — al—aﬂl(f udx)’!,
Q Q| Q
forall r € (0, T,,0x).
On an ordinary differential equation(ODE) comparison, this implies that
f udx < M, (2.9)
Q
where M, := max { fQ updx, (m)ﬁlﬂl}. Integrating the third equation in (1.4) over Q yields
d
— f wdx = fudx - fwdx, forall t € (0, T,par), (2.10)
dt Jo Q Q
then J
— f wdx + fwdx = fudx <M, forallt € (0, T,,..). (2.11)
dt Jo Q Q

So (2.2) and (2.11) imply (2.4). By the same method, using the second equation of the system (1.4) and
(2.4), we obtain (2.3). Moreover, integrating (2.8) upon (t,t + 1) for t € (0, T,,4x — 7), and using (2.9),
we have

1+T
f f u”Hdxdt < My, forall t € (0, Tppur — 7),
t Q
where My = (a; — a,|Q)) "M, (1 + ay7). o

We provide the well-known Neumann heat semigroup theory without proof for our subsequent work
(see Ref. [36,37)).
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Lemma 3. Assume that A € {0,1},p € [1,00],q € (1,00) and 0 € (0,1). Then there exists positive
constant ¢; such that for all u € D(A%),A := —A + A,

lullwery < cill(=A + Dullioq), (2.12)
if
m— n <26 - E.
p q

If in addition q > p, then there exist some constants ¢, > 0 and a > 0 such that for all u € LP(Q),
—g—n(l_1y _
1A% ull a0y < ot "2 lull oy (2.13)

where the associated diffusion semigroup {e="*}=o maps LP(Q) into D(A?). Moreover, for any p € (1, o)
and € > 0, there exist cz; > 0 and u > 0 such that

6 tA —6-1-¢ -
[|A eV - u||Lp(Q) <3t 2% ’”IIuIILp(g) (2.14)

is valid for all R"-Valued u € L?(Q).

We recall the Gagliardo—Nirenberg interpolation inequality (see Ref. [38] for detail), which will be
used frequently in the proof of our main results.

Lemmad. Letu € W (Q)NLP(Q)and h > 1, p € (0, h), where Q C R*(n > 3) is a smooth bounded
domain. Then there exists a constant ¢4 > 0 such that

llull gy < calllVullfyq i, + lullr@)s (2.15)
where i { 1 {
L= A -+ (-,
h q n p
and A € (0, 1) satisfies
A= p_k .
1 - 3 + %

Finally, we give the following lemma from [39], which is also important for our proof.

Lemma 5. Let T > 0,c5 > 0,¢c6 > 0 and v € (0,T). Assume that the function z : [0,T) — [0, o) is
absolutely continuous and such that the following inequality holds:

(1) + csz(t) < (1), (2.16)

fora.et e (0,T), where c € L! ([0,T)) is a nonnegative function satisfying

loc

1+T
f c(s)ds < cg, (2.17)
t
forallt € [0,T —71).
Then -
2(f) < max {z(0) + c5, — + 2cq), (2.18)
CsT

fora.ete (0,7).
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3. Glocal existence and boundedness

In this section, we will give the proof of global existence and boundedness of solutions to system
(1.4). Some necessary estimations are needed. We first give an inequality involving fQ wP*ldx and then
use this inequality to establish the L”-estimate for w.

Lemma 6. Assume that (u,v,w) is the solution of (1.4) on [0, Trax) as in Lemma 2.1 and p > 1. Then
we have the following inequality

d
—fw””dx+pfw”+1dxSp”fu””dx, (3.1)
dl le) Q Q

Proof. Multiplying the third equation of (1.4) by w”, integrating over Q and with the help of Young’s
inequality, we obtain

1 d
—pr+ldx=fw”(Aw+u—w)dx
p+1dt O Q
=—ppr_1|Vw|2dx+fw"udx—fw"“dx
Q Q Q
1 pr
< pr+ldx+ fu”“dx—fw”“dx
p+1Jg p+1Jg Q
14

P
=- pr+1dx+ P fu"“dx.
p + 1 Q p + 1 Q

In addition, in order to obtain the proof of Theorem 1, a key step is to derive the upper bounds of
W, DllLe+1q) and |[Vv(:, Dl|zsq)- We will expand the proof from the following lemmas.

Sforallt € (0, T,y

O

Lemma 7. Let Q C R"(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u)
and parameters o, a;(i = 1,2) satisfy (1.5)-(1.7). Assume that (u, v, w) is the solution of (1.4). Then for

each B € (1, n"_(gfl))), there exist positive constants Ms and Mg such that

WG, Dllee@) < Ms, IVV(, Dlls) < Me, for all t € (0, Tax). (3.2)

Proof. Using Lemma 6 for p = o, we have

1 d o load
— dx < - “dx + f 7 dx. 3.3
crldr Jo"' 0'+1fw S B 3-3)

Taking z(1) = [, w*'dx,1 € (0, Tuax), and ¢(1) := 07 [, u”" (-, 1)dx, 1 € (0, Tyuar), We obtain

7)) + oz(t) < c(t), forallze (0, T ) (3.4)

According to (2.5), one implies
I+T I+T
f c(t)dt = 07 f f u"dxdt < €y, forallt e (0, Tpur — 7), (3.5)
t t Q
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where C; = 0" M, > 0.
In view of (3.5) and Lemma 5, this yields that

C
[ty < max [ wgecn Seac)
Q Q g7

thus, we have
W, Dllze+1@) < Ms, (3.6)

1
where Ms = max{fﬂwg“ +CL4 + 2C1}“+].

ot

Next, we obtain the I#-bound of Vv by applying semigroup arguments (see, for example, [36,37]). First,
using the variation of constants formula for the second equation of system (1.4) indicates

!
v(-, 1) = A Vyy + f Dy 9)ds. (3.7)
0

n(o+1)
n—(o+1)

1). Then there exist positive constants &,y such that

Choosing 7 < 1 and setting A .= -A+ 1, A=1,m=1,g=0+1,8€ (1,
makes 6 € (% +

) in Lemma 3, which

n_ _n
20+ 28’

0
IV(, Dllwis) SCUIAVE, D r+1(q)
A
0 —tA 0 —(1-$)A
<G,lIA e vollpr+1 () + sz 1A% Y w(-, $)ll o ds
0
—g—n(L __Ly _
SCZZ' 2((r+l (r+l)e gt”V()”LO'H(Q) (3.8)

!
—0 —y(t—s
+Cy f (t = ) eI, )l ds
0
!
<Cyt™? C,M. — 5)fe™9g
<Cot™|vollpriqy + CoMs | (t—s)"e s,
0

forall € (1, T)ux). SO
V(- Dllwis@y < Cot°lvollpriy + CoI(1 = 6) = Cs, (3.9)

where C,, C; represent different positive constants, and when (1 — ) > 0,I'(1 — ) > 0. Therefore, we
obtain that [|Vv(-, )||zsq) 1S bounded for all 1 € (0, T'qx). O

Next we will calculate the first equation of system (1.4) to obtain an inequality for fQ u’dx by
applying the classical Green’s formula, Young’s inequality, and Holder’s inequality.

Lemma 8. Let Q c R*(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u)
and parameters o, a;(i = 1,2) satisfy (1.5)-(1.7). Assume that (u,v,w) is the solution of (1.4). Then for
any p > max{2,y}, o > —y there exist C4,Cs > 0 depend on p, such that the following inequality

d pro
—fu”dx+fu”dxs—(a1—a2|Q|)fu”+‘7dx+C4f|Vv|2(m)dx+C5 (3.10)
dt Jg Q Q Q

holds, for all t € (0, T pax)-
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Proof. Multiplying the first equation in (1.4) by u”~! and integrating over Q by parts, we have
—= f uldx = f u”~'V - (D(u)Vu)dx — f u’~'V - (uVv)dx
p

+ fu”(ao —au” +a2fu(’dx)dx
Q Q

—(p-1 f u D)\ VulPdx + (p — 1) f uP'Vu - Vvdx
Q Q

G.11)
+a0fupdx—a1fu”+"dx+a2fu”dxfu‘rdx
Q Q Q Q
<

—(p-1 f Dy Vuldx + (p - 1) f u”"'Vu - Vvdx
Q Q
+ ap f u’dx — a; f u”*7dx + ay f u”dxf u’dx,
Q Q Q Q
forall r € (0, T,,0x).

Using Young’s inequality to the second term on the right side of (3.11) yields

— 1D _1
(p—1) f W'V - Vvdx g% f up+7—2|vu|2dx+M f WPV Pdx
Q Q

-1)D o
(=D 2) ! f Ty + = f Vv 7 dx (3.12)
Q
— ay|Q
+ @~ @l f uP*7dx, forall t € (0, Tpay)-
Q

2p
According to Young’s inequality, the combination of (3.11) and (3.12) leads to

1d 1
upa’x+—fu”dx
pdt p Ja

_ 1 D 1 C p+o
<- —(p ) lf PYY2\VylPdx + (ag + )fu”dx+—f|Vv|2("”)
— a|Q
(a1 612| l 1)fu”+(’dx+a2fupdxf
- 1 D C p+o
S_u f W uldx + (@ + ) f wdx + = f Vo 57 dx (3.13)
2 Q p
—a|Q
+(al—aZ||—al)fup+"dx+a2|9|fu”“’dx
2p Q
— 1 D pt+o
- %f p+y— 2|Vu|2dx+ _a f |VV|2(a+y)
|

Q
(a1 —Clzlg )fup_m_d i) CS
Q P’

where we note that our assumption a; — a,|Q2| > 0 and p > 2 warrant that

3(as — w|Q
al—a2|§z|—(a‘Tf’2|D > 0.
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Therefore, the following inequality

1 3 —a|Qd C
(a0 + ~) f Wdx < (ay — ar)Q) — 24 = 92K, f gy 4 &
P Ja 2p Q p

holds by Young’s inequality. Then (3.10) is obtained. O

In order to obtain the L” boundedness of u , we need to estimate the second term on the right side of
(3.10), thus an inequality for fQ [Vv[*4dx has to be required.

Lemma 9. Let (u,v,w) be a solution of (1.4), then for any q > 2 there exist positive constants C¢ and

C5 such that
d 2 -2
4 f IVv2dx + 2g f |Vv|24dx+q— f VIV Pdx
Q

(3.14)
<(p-1) f WPl dx + C f e ”dx+c7, forall 1 € (0, Tyay).
Proof. According to the second equation of (1.4), we can obtain
2 - f |Vv[Mdx = f IVV[*2Vy - Vv,dx
= f [VV[*72Vy - V(Av + w — v)dx
2 (3.15)

= f IVV[*42Vy - Vwdx — f IVv|[*dx
Q Q

+ f IVv|*72Vy - V(Av)dx,
Q

forall € (0, T,0y).
Now we estimate the first and third terms of (3.15), where an important inequality (3.10) in
reference [10] as follows is needed

1

2 Joa

9|Vv|* (-1
“on ST

|Vy|?~2 f IVIVv|Y|?dx + Cg, (3.16)
Q

with some Cg > 0.
Using (3.16), we can infer that

f [Vv|*2Vy - V(Av)dx
Q

1
== f V|2 AV dx — f IVv|*~2|D*v[*dx
2 Q Q

1 1 Vv
=-= f VIVV472 - VIVvPdx + - f woper2 IV g f Vv~ DV dx
2 Q 2 50 (9n Q

-1 1 O|Vv|?
:—q— f IVyP4= . VIV Pdx + = f |Vv|24-2~ﬂdx— f V92| D*v|Pdx
on Q

Z(q 1)
q°

(3.17)

V|V

f Vv~ D?*v*dx + Cy

< -

3
(‘é )|V|V 192dx — f |Vv|2q 2D*vPdx + Cs,
7
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for all 7 € (0, T,,..), where we have used A[Vv|* = 2Vv - V(Av) + 2|D?*v|*. Applying Young’s inequality
and |Av]> < n|D?*v[?, we get

f IVV[*2Vy - Vwdx = — (g — 1) f WV 2V - Vvdx — f wIVVP72 Avd x
Q Q Q
-1
<= f IVIVv*Pdx + (g — 1) f WV dx
q Q Q
+ Vn f w|Vv|*~2|D*v|dx
Q
-1
sq—2 f IVIVV9Pdx + (g — 1) f w2 VP9 2dx (3.18)
q Q Q
+ f Vv 2 D2 vPdx + 2 f WAV 2dx
Q 4 Q
g—1 2 n 219..12g-2
< —— | VIVPdx+((g— D+ ) [ WV 2dx
q Q 4" Jo

+ f IVyv[*42|D*v|dx,
Q

for all t € (0, Typur)-
And we also have

_1 C q=2)(p+
((q—1)+g) f w2 Vv < 2 7 f w””dx+2—; f Vv (3.19)
Q Q Q

for all t € (0, T},4x). Substituting (3.17), (3.18), and (3.19) into (3.15), we have

1 d 1 1
— f VvPdx < - f IVIVVIPdx - f Vidx + 2 f wh*ldx
2qdt Jo 9 Ja Q 29 Ja

i (3.20)
+ f Vv dx + G,
2g Jo
for all € (0, T.ux). Then we readily derive (3.14), where C; := 2¢Cs. O

Combining Lemma 6 and Lemma 8 with Lemma 9 and using Young’s inequality, the following
inequality will be gained. And next we will establish the boundedness of [|u(-, H)l|r ), IVV(, Dl 2r @)
and [[w(-, D)1 (@)

Lemma 10. Let Q C R"(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u)
and the parameters o, a;(i = 1,2) satisfy (1.5)-(1.7). Assume that (u,v,w) is the solution of (1.4). Then
for any p > max{2,v},q > 2, there exist positive constants M-, My and My such that

e, Dllzr) < M7, IV, D20y < M, W, Do) < Mo, (3.21)
forallt € (0, T,y
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Proof. If o > 1 or o > —y, we combine (3.1), (3.10) with (3.14) and apply Young’s inequality to obtain

d

E(Lupdx+f|Vv|2qu+f ”“dx) fu”dx

+2g f IVv[*dx + f w”“dx+ f VIV dx
Q

(3.22)
<p” f WP dx = (ay — axlQ)) f WP dx + Cy f IV dx + Cq f V" dx + Cs + G
Q

<C, f Vo dx + C f Vo " dx + Co., forall £ € (0, Typy).

If o = 1, we have the similar inequality and omit it here. In order to obtain the boundedness above, we
need to estimate the right two terms of (3.22). By employing reference [38] and Gagliardo—Nirenberg
inequality, we deduce that

2(p+o) T
s f Vo5 dx = Vvl ", = Cfiovr] %,
La@+y) (Q) L@
(Y]
<Cuo( [V el st Iee )

]

(1-21) G
—C10(||V|Vv| ||L2(Q)||VVHZ/3(Q)] + ”Vv”(l]ﬁ(g)) "

@]

q
<Cu [Tt M + 1) 629
@ o1
<Cjp max {Mg(l_/ll)’ Mg} q (”VlV 5 ||L2(Q) ) q
ap
<C}p max {Mg(l_m, Mg} 24 (“V'V"lq”mﬂ) * 1)
<C10(||V|Vv| [ )
<—|IV|V |q||L2(Q) + Cl], forall r € (O, Tmax),
and
Co [ Wi F ax el S, = o],
© LT (Q)
@
<cuf[o] ol + ol g, )
@
(vt |Vv||z;t;;” () o

<C12(”V|VV| ||L2(Q) )

<—||V|V |q|| + Cy3, forallt e (0, T ),

LX)

Communications in Analysis and Mechanics Volume 17, Issue 2, 387—412.



400

where
_2Ap+o) _(Q2q-2(p+1)
a) = , Ay = 5
o+y p—1
4 _ 4 4 _ 4
_ B @ _ B @
/11_2_1_1)”12_2_(1_1)’ (3.25)
B 2 n B 2
o @ _q
B B
hy = T = T 1
%—(5—;) %‘(5—;)

And for large p > 1, it will be shown that there exists constant g > 1 such that 14,, 1, € (0, 1) and
hi, h, < 2 hold in (3.25).
To ensure that 4, 4, € (0, 1) and hy, h, < 2, we can choose suitable parameters such that
B> b (3.26)

a,
aj,ay>B andg> ———,g> — — —.
,ay > 9> 5 4> 5

According to continuity argument, we discuss the case 8 € (1, n(otl) ), which is inserted into (3.26) to

n—(o+1)
have ( 3 ( 3
g MetDh 307
P> ) T T T e T (3.27)
and 1 1 @+ Dp-1)
p+o o+ p+ o+ D(p-
_ . 3.28
oty n-w+D) 152 T2m—wo+1D) (3.28)
Thus if 1 1 o
p+0'_ o+ p+ +(0'+ p—-1) (3.29)

< :
oc+y n—-(+1) 2 2(n— (o + 1))
holds, then (3.28) is true. And % + £ > 3=Z implies (3.29). Then for any p > py, we can choose suitable

g such that (3.27) and (3.28) are fulfilled, where py := max{2,y, soti=(o +y) — 7).
Hence, a combination of (3.22)-(3.24) entails that

d
—( f ul + f Vv + f W dax + f uldx +2q f IVv[9dx + f wPldx < Cya, (3.30)
dt\ Jo Q Q Q Q Q

for all t € (0, T,,.x)- By employing the Gronwall’s inequality for (3.30), the desired result (3.21) is
gained. O

Lemma 11. Let Q C R"(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u)
and parameters o, a;(i = 1,2) satisfy (1.5)-(1.7). Assume (u,v,w) is the solution of (1.4), then there
exists a positive constant My such that

||VV(',t)||Loo(Q) < M](), for all t € (O, Tmax)- (331)

Proof. (3.31) can be deduced by applying the semigroup arguments (see [36,37] for details) to the third
and second equations of (1.4). O

Next, by using Lemma 11 and the standard Alikakos—Moser iteration, we establish the L bound of u.
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Lemma 12. Let Q C R"(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u)
and parameters o, a;(i = 1,2) satisfy (1.5)-(1.7). Assume that (u, v, w) is the solution of (1.4). Then for
any p > max{2, y}, o > —v, there exists a positive constant M, > 0 such that

[, Ollo) < M1y, forallt € (0, T pay). (3.32)

Proof. For any p > max{2,y}, multiplying the first equation of (1.4) by u”~!, integrating over Q, and
using Holder’s inequality, one obtains

1
1d f uPdx = f u” 'V - (D(u)Vu)dx — f 'V - (uVv)dx + f u?™ f(u)dx
pdt Jq Q Q Q

<-(p-1 f w2 Du)|VulPdx + (p - 1) f u’'Vu - Vvdx
Q Q

+a0fupdx—a1fu”+‘rdx+a2fupfu‘7dxdx (3.33)
Q Q Q Q

<-(p- 1D, f W Vulfdx + (p - 1) f u’'Vu - Vvdx
Q Q

+a0fupdx—(a1—alel)fu”“’dx
Q Q

Once more employing Young’s inequality, we have

d
—fupdx+fupdx§ Cis. (3.34)
dt Jqo Q
Integrating (3.34) yields that
f u’dx < Ci6, Cig 1= max | f uhdx, Cs). (3.35)
Q 0
Then, we can prove the following inequality by using Alikakos—Moser iteration (see [16,40] for details)
lu(:, Dllz=y < M1y, forallz € (0, Tpa). (3.36)
Now, we complete the proof of Theorem 1. O

Proof of Theorem 1. Along with Lemma 1 part 2, this proves that 7,,,, = co and the standard parabolic
regularity makes sure that (u, v, w) is bounded for (x,7) € Q X (0, ). Hence the desired result of
Theorem 1 is obtained. O

4. A lower bound for «

To further prove the asymptotic behavior of the solution, we are going to estimate the lower bound
for u and provide some lemmas as follows.

Lemma 13. Let Q C R"(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u)
and parameters o, a;(i = 1, 2) satisfy (1.5)-(1.7). If (u, v, w) is the solution of (1.4) and(uy, vy, wo) satisfy
(1.8), then there exists a constant positive Cy; such that

tlg{l.o sup [|AV(:, Dllz=) < Mi». 4.1)
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Proof. We split the proof into two steps:
Step 1. Fix 6y € (0,1) and set m = 2, p = oo in Lemma 3, we verify lim sup [[A%w(-, H)||1») < C17
—0o0

for any p > max{2, vy, %(0 + v) — o} with some Cy; = C17(60, p, A,y,0) > 0.

Review of (3.21), we know that there exists suitably large 7, > O satisfying
lee(-, D)l ry < M7, forall £ > t,. 4.2)

In view of the variation-of-constants representation, we get

!
w(-, 1) =e0ADy( 10) + f A Dy 5)ds

fo
t
:e_(l_/D([_m)e_(t_t())Aw(-, to) + f e—(l—/l)(t—s)e—(t—s)Au(.’ s)ds
To

for all + > #,. Recalling that A = —A + A in reference [36] and applying the (4.2), then there exist
constants Cyg, C9, we can derive

) —(1=)(- 60 . —(i—tg)A
AW, Dllr @) <e (1=D0=10)| Ao g=(0=10) w(, t)llzr @)

!
+f e~V A =AY ()| Lod's

4]
—(1=)(t— -0
<Cge” IV (1 — 1) lw(-, o)l

!
—(1=A)- -6
+ C19f e™ VI (¢ — 50l )| ryds

]
—(1=A)(t- -0
<Cige” V0 (¢ — 1) P w(-, 1)o@y + Cao

for all ¢ > t,, where Cyg := M;Cy9 fow e~V dr < 0o with 6, € (0, 1). Thereafter
tlgg SUP”AGOW(', Nz~ < Car,
and there exists ¢y > 0 large enough fulfilling
lA%w(., Hlz=@) < 2Cy, forallt > 1. 4.3)

Step 2. The solution v satisfies (4.1).
Let us fix any 6, € (1, 2) on the condition that ¢, —1 < 6y < 1 and choose p > max{2,y, 55 (o +y)—0}

satisfying p > 39, thus

20, — 2 520, - 26, - 1) = 2. (4.4)
p
Then following the same procedure as Step 1 and invoking (2.11), (4.3), and reference [36], we estimate

0
[v(, Dllwze <CullA™v(-, Dllzr@)
—(1=A)(— 0 ~(—-1p)A
<Cope” 17D A0 g=(=10) v(, to)llr @)
!
+C22f eIV A =94 (9| Ly ds

4]
—(1=)(t— 0
<Cpe™ IV (¢ — 1) (-, to)llr() + Cas
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for all 7 > 1y, where Cyy := 2C5,C), fooo e I=V7r=0=0)dr < 0o with §; — 1 < 6, < 1. This implies (4.1)
for some M, > 0. In accordance with (4.1), we can pick 7y > O suitably large satisfying

IAV(, Dllzo) < 2M),, forall £ > 1. 4.5)

With the help of the comparison principle [34], a positive lower bound for u is hereafter addressed
after some suitable waiting time. O

Lemma 14. Let QQ C R"(n > 3) be a bounded domain with smooth boundary. The functions D(u), f(u),
and parameters o, a;(i = 1,2) satisfy (1.5)-(1.7) with the positive number p being as defined in (4.4).
Assume that (u, v, w) is the solution of (1.4) and the initial data fulfills (1.8). Then there exists a constant
M5 such that

—a; —2M
D=0y = My, (4.6)

lim inf (inf u(x, 1) > (1 — 2
t—oo xeQ a

Proof. Dealing with the first equation in (1.4), a combination of (3.34), and (4.5) yields

u

~

=V - (Dw)Vu) =V - (uVv) + u(ag — a;u’ + a, f u’ dx)
Q

=V - (D(w)Vu) — Vu - Vv — uAv + agu — a,u’* + au f u’dx
Q

>V - (DW)Vu) — Vu - Vv = 2Mu + agu — aju” + asu f u’dx
Q

>V - (D(u)Vu) — Vu - Vv + (ag — 2Mp)u — ayu”*,

for all x € Q and ¢ > t,. Moreover, let the function y(¢) € C'([ty, ©)) be defined by

V(1) = (ag — 2M2) - (1) — ary” (1), 1 > 1,
(to) = }Clelgfz u(x, 1o).

Applying the comparison argument, we gain

C
u(x, ) > y(t), y(t) = wo——% + Cag, forallxeQ andt > 1,
and
—a; -2M
Yty — (1= 24 207, ast — oo.
ag
Which implies that
—a; -2M
liminf (inf u(x, 1)) > liminf inf y(r) > (1 - LN 7271235
t—0o0 xeQ t—0o0 a

O
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5. Asymptotic behavior

The key to proving Theorem 2 relies on seeking so-called Lyapunov functions. Thus in this section,
we will construct the appropriate Lyapunov functions in the following lemmas to obtain the large-time
behavior of the solution (u., v., w,) of the system (1.4).

Lemma 15. (Lemma 3.1 in [41]) Let f : (1, 00) — [0, 00) be uniformly continuous such that flw f(Hdt <
oo, then

f(®) — 0, ast — oo. (5.1

Lemma 16. Let functions D(u) and f(u) and parameters o and a;(i = 1,2) satisfy (1.5)-(1.7). Then for
any classical solution (u,v,w) of (1.4) in Q X (ty, 00) verifying

sup (|lu(:, Dllz=) + IIVE, Dllwro)) < Mg,

1€[ty,00)

with some ty > 0 and M, > 0.
Then there exist 6 € (0,1) and Cy; = Co7(M4, D1, 0,7, |Ql, || Vu(-, to + Dllc@) > 0 such that

IVu(-, Dl < Cor((t — 10)" + 1), > 1 + 2.

Proof. First, using the Neumann heat semigroup estimate [34] to the third and the second equations
in system (1.4) we can derive that ||VV||.~q) and |[|[VW|| =) 1S bounded in ¢ € (0, T},,,). According to
Theorem 1, the system (1.4) possesses a global bounded classical solution. Thus, we can find ¢ € [#, o)
such that
sup (|lu(:, Dllz=) + [IVE, Dllwro)) < M.
telty,00)

And because of (i, v, w) € (CO/(Q X [0, Tur)) N C*H(Q X (0, T,x)))?, applying a proof method similar to
proposition 3.4 in Reference [15], we can obtain that there exists 6 € (0, 1) such that ||Vu(., Nle@w) <
Cy((t - lo)g + 1) holds. O

Lemma 17. Assume functions D(u) and f(u) and parameters o and a;(i = 1, 2) satisfy (1.5)-(1.7) and
(u,v,w) is the solution of (1.4). The initial data (uy, vy, wy) evolves from (1.8). Then there exists a
positive constant Hy € [My3, My,] such that functions E and F are defined by

Hout, Hou,
E(r) := f (= ey — 1 In Lydx + =2 f (v —v.)ldx + —= f (W — w.,)2dx, (5.2)
Q Uy Q Q

4 2
Hyu, Hyu,
F() := f(u —u)’dx + ot f (v —v.)dx + ot f(w —w,)dx, (5.3)
Q 4 Ja 4 Ja
wheret > 0,u, = v, =w, = (m)ﬁ, and we have
d
EE(I) < —F(t), forallt> 0. 5.4
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Proof. Note that

Hyu, Hyu.
E@) = f (u—u, —u,In i)dx + ot f (v- v.)dx + Holt« f(w — w,)2dx
Q u 4 Q 2 Q

*

(5.5
=E (1) + Ex(1) + E5(1).

By system (1.4) and the assumption in Theorem 2, applying Young’s inequality, we deduce that

E;(r):f”_”*utdx
O u

= f 4 _uu* (V- (DW)Vu) = V - uVv) + u(ay — aju” + a, f u”dx))dx
Q

Q
Vul? Vu-V
:—u*f| l;' D(u)dx+u*f “ vdx
Q u Q u

+ f(u —u)(ag— au’ + ar f u’dx)dx
o) o)

; Vul? \ 1
g—”—fpluyl Ul s IVvPdx
2 Q I/lz 2 QD]MY

—a; f(u —u)(u’ —ul)dx + a> f(u —u,)dx f(u” —ul)dx
Q Q Q
Hou,
<o f VvPdx - a, f (u — )W — u?)dx
2 Ja Q

+a f(u —u,)dx f(u" — u?l)dx,
Q Q

where ay = aqju? — a, fg uZdx, Hy is obtained by u with a lower bound.
A simple calculation yields

(5.6)

(= u)W” —ul) = ul" (- u),

and hence

- a f(u —u)(u” —u%)dx < —aju’! f(u — u,)*dx. 5.7)
Q Q

We treat the last integral in (5.6) by estimating the integrated function in a pointwise way. Suppose (1.5)
1s valid, according to reference [15], and the Mean value theorem ensure

a f (u — u)dx f W — u)dx <ay( f (u — u,)2dx)?|Q)( f W — u?)2dx)?|Q?
Q Q Q Q

<a,|Q| f (u — u)dx + ar|Q)| f (u” —u”)’dx
Q @ (5.8)

<a;|Q| f(u — u)’dx + a|Q) f(O'(u + 1) u - u))’dx
Q Q

<a,|Q| f(u — w)*dx + a|Qlo* (M + Iu,)* 2 f(u — u)*dx,
Q Q
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where [ > 0, together with (5.7)-(5.9), we can conclude that

olt: f IVv|*dx — aju?™! f(u —u)?dx + as|Q) f(u —u,)’dx
Q Q Q

(5.9
+ @y | Qo (M + [u,)*" 2 f (u — u,)’dx.
Q
Then we use Young’s equality to estimate E,(¢) and E5(?),
E5(1) = o f vi(v = v,)dx
Q
H . Hyu, Hou,
ot f(v —v.)Avdx + > fw(v —vodx — ;u f v(v —v,)dx
H . .
- Hou f V] Yow = w)dx — 110 f v = v,) dx
2 Ja
H * * *
<2 f Vo + o f (v — v.)ldx + 0K f (w = v,)2dx (5.10)
2 Ja 4 Ja 4 Ja
Hou,
_ o f(v—v*)zdx
2 Ja
Hol/l* f 2 HOM* Ii()l/h< 2
=— |Vv|dx — f(v - V,) f(w - Vv.)dx
2 Ja 4 Ja 4 Jo
HOM* f 2 HOM* 2 HOM* 2
=— IVv|“dx — f(v—v* —w,)dx
2 Ja 4 Ja 4 Ja
and
E’(t) =Hou. f wi(w — w,)dx
Q
=Hyu, f(w w.)Awdx + Hyu, f uw — w,)dx — Hou*fw(w w,)dx
(5.11)
< - Hou, f IVw| w.)dx
Q
2 Hou,
= — Hyu, f IVw|“dx — f(w —w,)? )dx.
Q 2 Ja
Combing E|(1), E(t) and E(), we obtain
d
EE(I) +au’! fg(u — u,)*dx
Hyu, Hou,
4 ot f(v—v*) ot f(w—w*)zdx (5.12)
4 Jo 4 Jo
2 202, Hotts
<(ar|Q| + a>| Qo= (M, + lu,) + T) (u—u,)dx.
Q
Since
alQ + @|Qo (M) + lu,) 7% + 2= a)|Qf + arl Qo> (M + lu,)>7 =2 + By
<
au?! B ajul=! — a|Qug-!
_ @lQ+ alQlo (M + (G 7202 B ys o
T as a; — oo,
ay - (2R
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there is a; > 0 such that

H()Ll*

+1
2

aiu’ ' > a|Q) + a|QoA (M + ) +

provided a; > a;. This in conjunction with (5.13) entails that

d Hou. Hou.
2E®+ f (- ) dx + =& f v —v)dx + =2 f (W —w,)2dx <0,
dt Q Q Q

4 4
therefore
d H()M* 2 H()I/t* 2
—E@) < - f(u —u,)dx - f(v —v,)2dx — f(w —w,)?dx
dt o 4 0 4 Q (5.13)
where a; — a,|Q2| > 0. Lemma 5.3 is proved. O

We are now in a positive to prove our main result.

Proof of Theorem 2. Integrating (5.13) from ¢, to co, we have

f f (u — w,)’dxdt + f f (v — v,)dxdt + f f (W — w,)dxdt < oo,
fo Q to Q to Q

According to the standard parabolic regularity theory [42], with the global boundedness of (u, v, w), we
can see that there exists ¢ € (0, 1) and Cyg > 0 such that

< ng, (514)

||u||c + ”V”C + ||W”C2+’9’”g(§_2><[t,t+l]) =

3 _ 4
2+'9’1+7(Q><[t,t+1]) 2+19’1+7(Q><[t,t+1])

for all > 1. This clearly implies that [ (u(-,) — u.)*dx + [[(v(-.0) = v.)*dx + [[(W(-,1) — w,)%dx is
uniformly continuous with respect to ¢ > f, provided ty, > 1. Therefore, we infer from Lemma 15 that
the following inequality

f (u(-, 1) — u,)’dx + f (-, 1) — v,)’dx + f (w(-, 1) —w,)?dx —» 0 ast — oo. (5.15)
Q Q

Q

holds.
The Gagliardo—Nirenberg inequality says

2

Izl < CGNllwllﬁw(mlleEm for all @ € W'°(Q). (5.16)
Using @ as u — u,,v — v, and w — w, in (5.16), respectively, we have from (5.14) and (5.15) that
-, 1) — wallz= @) + |V, 1) = Vallzo@) + [IWC, D) = willpe@) — 0, ast — oo. (5.17)

We next defined ¢ : (0, c0) — R and

o(s):=s—u, — u*lni, s> 0.
U
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By the Taylor expansion with s € (0, o), there is £(s) € (0, 1) such that
@ (s + (1 - Hu)
2

(s —u)*, s> 0.

(S - M*)z

o(s) : = o) + @' (w)(s — u,) +
U
T 2Es+ (- Oy

Obviously, ¢(s) > 0, and use L’Hopital’s rule to see

e(s) . U, 1

I 1 ' -
o (5 — )2 sow 2Es+ (1= Hu)? 2w,

Furthermore, we can pick #; > 0 such that

1 1
(u—u,)* <o) < —(u—u,)?, forallt> 1, (5.18)
du, U,
namely,
1
f (u(-,0) —u)dx < E((f) < — f (u(-, 1) — u,)*dx, forall t > 1, (5.19)
4u, Jo x JO

In view of (5.13) and (5.19), we have
%E(r) <-F@) < —%E(t), forall r > ¢,
thus, we get by the Gronwall inequality that
E(1) < E(ty)e™2%™, forall 1 > 1,
Together with (5.18), we obtain the estimate
o 1) = 1l + VG D) = Vil oy + WG 1) = WalBsigy < Caoe™ 071, (5.20)

for all t > 11, with Cy9 = Ca9(ay, a1, as, 0,y,|€2|) > 0. By using the Gagliardo—Nirenberg inequality with
Lemma 16 and (5.14)-(5.15),

2

-, 1) = i) < CaolVul, DlI7Z gl 1) = w7,

< Co((t - 1) + De 75 (5.21)

(t—t1)

SCpe ¥ > +2

with C3y = C30(IQ), C31 = C31(ao, ar, az, o, v, [Q, [Vu(-, 1)llz=@)) > 0, C32 = C3(C3y, 6). Similarly, an
application of the Gagliardo—Nirenberg inequality with combining (3.31) and (5.20) indicates that

e
V(1) = villiw @) £ Csze %, £ >t + 2 (5.22)

(t-t1)

Iw(-, 1) = w.lli=) < Cage D, t> 1 + 2 (5.23)

for some C33 = C33(a0, a,ax,o,7y, |Q|, ||VV(, fl)”Loo(Q)) > 0, and C34 = C34(Cl(), a,
a,o,%v, |Q|’ ||VW(" tl)”Lw(Q)) > 0'
A combination of (5.21)-(5.23), gives us

(t—11)

(-, 1) — wlo) + 1IVC, 1) = Villzo) + W, 1) — walliw@) < Ce %,

with ¢t > #; and C = C(ay, a1, az, 0,7, |€Q|) > 0, which completes the proof of Theorem 2. m]
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6. Conclusion

In this paper, we considered that the growth or death of cells is influenced by external factors and
the production of chemical signals goes through intermediate stages, and thus we investigate a fully
parabolic chemotaxis system with a nonlocal growth term and indirect signal production. The work is
carried out under the condition of spatial dimension n > 3, when the initial data, the diffusion function,
the logistic source term and related parameters satisfy certain conditions, the global boundedness
of solutions to system (1.4) is proved by applying the maximum principle, variation-of constants
formula, Neumann heat semigroup estimation, Young’s inequality, Gagliardo—Nirenberg inequality
and so on. In addition, by constructing appropriate Lyapunov functions, we obtained the asymptotic
behavior of solutions.
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