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1. Introduction

In this paper, we investigate the asymptotic symmetry and monotonicity of positive solutions to the
following reaction-diffusion equation:

{ %(x’ t) - Au(x, t) = f(l-xl’ M(X, t)’ t)7 (x’ t) € BI(O) X (0, OO)’

u(x,1) =0, (x,1) € 0B1(0) x (0, 00), .1y

where B;(0) is the unit ball in RV, N > 2.

Reaction-diffusion equations are fundamental mathematical models that describe how the concentra-
tion of substances evolves over time under the influence of both chemical reactions and diffusion. They
are widely applied in fields such as biology for pattern formation, chemistry for reaction waves, ecology
for population dynamics, neuroscience for modeling brain activity, and physics for phase transitions
and material science [1,2]. These equations provide critical insights into self-organization in complex
systems and form a theoretical basis for understanding various spatial structures and dynamic behaviors
in nature. In terms of the application to the asymptotic symmetry of solutions, they also have been used
in the proofs of convergence results for some autonomous and time-periodic equations [3].
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For elliptic equations, the method of moving planes, initially introduced by Alexandrov [4] and
Serrin [5], and later developed by Berestycki and Nirenberg [6], Gidas, Ni, and Nirenberg [7], and Chen
and Li [8], among others, is a powerful tool for investigating the symmetry and monotonicity of solutions.
In [7], Gidas, Ni, and Nirenberg proved that if for each u € (0, ), the function r — f(r,u) : (0,1) - R
is non-increasing, then any positive C?(Bz(0)) solution of

{ Au+ f(|x|,u) =0, x € Bg(0), (1.2)

u=0, x € 0Bg(0),

is radially symmetric and decreasing in r. In recent years, several systematic approaches have emerged
for studying symmetry and monotonicity in both local and nonlocal elliptic equations. These include
the method of moving planes in integral form [9-12], the direct method of moving planes [13-18], the
method of moving spheres [19-23], and sliding methods [6,24,25]. For further details on these methods,
we refer to [26-29] and the references therein.

Notably, by combining hyperbolic geometry with the spirit of the moving plane method, a completely
new monotonicity result can be achieved. Under the condition that (1 — r?)M*2/2 £(r, (1 — r?)"N=22y) is
decreasing in r € (0, 1), for a fixed u € (0, 00), Naito, Nishimoto, and Suzuki have sequentially achieved
that each positive solution of (1.2) is radially symmetric and (1 — r*)~¥=2/2y is decreasing in r € (0, 1)
in the cases of N =2 [30] and N > 2 [31]. In [32], using not only hyperbolic geometry but also elliptic
geometry, Shioji and Watanabe established the symmetry and monotonicity properties of a wide class of
strong solutions of (1.2).

As to the parabolic equations, the situation becomes significantly more intricate. There have been
some preliminary studies of symmetric solutions of the periodic-parabolic problem [33-35] and further
results concerning entire solutions where the time variable ¢ € R [36,37]. In a different type of symmetry
considering the Cauchy-Dirichlet problem of reaction-diffusion equations, asymptotic symmetry shows a
tendency of positive solutions to improve their symmetry as time variable ¢ € (0, o) increases, becoming
“symmetric and monotone in the limit” as # — co. In this context, Li [38] obtained symmetry for positive
solutions in the case that the initial solutions are symmetric. Without the symmetric initial solutions,
in bounded, symmetric, and strictly convex domain Q, Hess and Polacik [39] showed the asymptotic
symmetry and monotonicity of positive solutions to the following problem:

{ Ot = Au(x, 1) + f(u(x,1),1), (x,1) € Qx (0, ), (13)

u(x,t) =0, (x,1) € 0Q x (0, 0).

It was assumed in [39] that f is uniformly Lipschitz-continuous in # and Holder-continuous of exponent
(a, (@/2)) with respect to (u, ). Subsequently, in both bounded and unbounded domains, Polacik [40,41]
extended the result to the following generalized fully nonlinear parabolic equation:

— 2
{ MI—F(I,X,M,DM,D M), (x,l‘)GQX(0,00), (1.4)

u(x,t) =0, (x,1) € 0Q X (0, c0).

In an independent work, Babin and Sell [42] gave a similar result. With the symmetry conclusion
of entire solutions of (1.4), Polacik [37] gave a survey that summarized the following limitations
of existing asymptotic symmetry results: the regularity requirements of the time-dependence of the
nonlinearities and domain, the compactness requirements of spatial derivatives, and the strong positivity

Communications in Analysis and Mechanics Volume 17, Issue 2, 341-364.



343

requirements on the nonlinearities in the case of nonsmooth domains [43]. Moreover, Saldana and
Weth [44] established the asymptotic foliated Schwarz symmetry which indicates that all positive
solutions of (1.1) become axially symmetric with respect to a common axis passing through the origin
ast — oo,

The motivation for this paper is to extend the results of [30—32] to the framework of reaction-diffusion
equations. Our approach, which integrates elliptic geometry with the method of moving planes, is
inspired by the work of [45] and [32].

In order to clarify the theorem, we first introduce the w-limit-set of u:

W) = {90 € CoBr(0) |1 > oo such that ¢ = lim u(: rk)}. (1.5)

By the discussion of « in the Appendix, the orbit {u(-, f) : t > 0} is relatively compact in C(B;(0)) and
w(u) is a nonempty compact subset of C(B;(0)).
From now on, we will assume the nonlinearity f : (0, 1) X (0, o) X [0, c0) — R satisfies

(F1) for each M > 0, f(r,u,t) is Lipschitz-continuous in u uniformly with respect to ¢ and r in the
region (0, 1) X [-M, M] X [0, c0);
(F2) foreach r € (0,1) and 7 > 0 there exist a constant H and a small constant &, both independent of 7
such that
[f(risust1) = f(ra,u,0)] < H(Iry = ral” + 6 = 1),
for all u € (0,00) and (71, 1), (r,12) € (0,1) X [T — &y, T + &;
(F3) forall € [0, 00) and each fixed u € (0, 00), (1 +12)" f(r, (1 +1*)~"T u, 1) is decreasing in r € (0, 1).

Theorem 1.1. Let f satisfy conditions (F1), (F2), and (F3). Assume u € C*'(B;(0) x (0, 00)) N
C(B1(0) X [0, 0)) is a positive bounded solution of (1.1) satisfies that Ou/0t is non-negative, bounded,
and Vu(x, t) is bounded for all (x,t) € B1(0) X (0, 00). Then for each ¢(x) € w(u), the following holds:

e FEither ¢(x) = 0;
e Or ¢(x) is radially symmetric about the origin and satisfies 0, ((1 + |r|2)Nng0(r)) <Oforr=I|xl e
(0, 1), where x € B1(0).

The structure of the paper is as follows: Section 2 presents the preliminary results that form the
foundation for our main findings. In Section 3, we introduce the asymptotic narrow region principle,
which plays a crucial role in the proof of our main theorem. The proof of Theorem 1.1 is provided in
detail in Section 4. Finally, the Appendix includes additional properties of the solutions.

2. Preliminaries

In this section, we will establish some essential preliminaries for applying the moving plane method
in the space (B;(0), g), where the metric tensor g is defined by
4|dx[?
_ M @1
(1 + |x[?)?

Here, | - | denotes the standard Euclidean norm, consistent with the notation used in other sections. For
each 4 € (0,1), let T, c B;(0) be a totally geodesic plane intersecting the x;-axis orthogonally at the
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point (4,0, ...,0). It follows that

1+ 22
T, = {x € By(0): [x—ey = ( ; )} 2.2)
where L
elz(( __21 ),o,m ,0). (2.3)
Define )
5, = {x € By(0)|1x = e > (1 ;’j )} 2.4)

For each x € X, let x* denote the reflection of x with respect to T, in the space (B, (0), g). This reflection
can be expressed as

1+ 22\ x—e
Lo+ L 25
T 2 |x — e 2.5)
‘We remark that
x> > | (2.6)

The proof is presented in Lemma 5.1.
The Laplace-Beltrami operator A, ) in the space (B,(0), g) at x € B;(0) is defined by

212 B N
A = (1 + ] ) ( A 2N -2 9 ] o

x‘_
1+ |x|? P 'Ox;

where A = 3V, 6‘9—;.
Let u(x,t) be a solution to the parabolic problem given by equation (1.1). For each 4 € (0, 1), we
introduce new functions v(x, 1), w,(x, 1), and z,(x, f) to compare the value of u(x, t) with u(x*, r) and to

simplify the analysis of the gradient’s impact. These functions are defined as follows:

v ) = (+ 6P S ux, ),  (x,0) € B1(0) x (0, ), (2.8)
wax, 1) = v ) —v(x, 1),  (x,1) € 2, % (0, ), (2.9)
2060 = (1 + |3 "Fw,(x, 1), (x,1) € £, x (0, ). (2.10)

From (2.8)—(2.10), for (x,1) € ; X (0, o), we obtain

26D = (1+ DT (@ + P T ue, ) = (1 + 1xP) T u(x, 1)

1+
IRUENTE

(2.11)

)2 u(xt, 1) — u(x, 1).

Clearly, z, € C*'(Z; x (0, 0)) N C(Z, % [0,0)]) and z;, = 0 on T,. For each ¢(x) € w(u), denote

Ya(x) = (1 + 167 (1 + 1P T o) = (1 + D) T ()

a2y 2 2.12)
=C+“W o) — (),

1+ |x?
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which is an w-limit of z,(x, 7).
By virtue of the definitions given in (2.7) and (2.8), we observe that for x € B;(0), the function v
satisfies

2\2 _ N
Agov(x, 1) = (1 +ZIXI ) (AV()C, 1 - 2V -2) xiﬂ)

T+ &7 o

N+2

L N LG i FOR P
4 4 (2.13)
S S h (— - Flb,u.) r)) + =D
(P oy A+ 2 N(N -2)
_( . ) S — T (1 S 0,0 + )

In addition to the above notations, we now present the following lemmas to establish the properties
of 7y(x, 1).

Lemma 2.1. Let u € C>'(B;(0) X (0, 00)) N C(B;(0) % [0, 00)) be a positive bounded solution of (1.1)
that satisfies %(x, 1) = 0 for all (x,t) € B;(0) X (0, 0). Assume that the function (1 + ;’2)NT+2 f(r, (1 +
rz)’NTf2 s, 1) is nonincreasing in r € (0, 1) for each fixed s € (0, 0) and t € (0, o). Under these conditions,
7, satisfies

wria Azy = c(x, t)za (2.14)

in X, X (0, o), where
J(xl, (1 + | )_TV(X 1,0 — f(lxl, (1 + IXI )T, 1), t)

calx, 1) = (2.15)
(1 + )= vt 1) = (1 + )~ T v(x, 1)

Proof. Let A € (0,1), x € £,, and set y = x*. Since the Laplace-Beltrami operator is invariant under the
isometry, as shown in Lemma 5.2 in the Appendix, we have

A5 1) = Agyv(x, 1). (2.16)

Using this equality, together with (2.6) and the monotonicity assumption (F3) of (1 + rZ)NT+2 f(r,(1 +
r2)~"7" s, 1), we deduce that

N(N -2 2)%? 1+ 2\ ov(y,
0= A3, = S Duty, 0+ B g, (s by vy, 0,0 - ( Ll ) Gl
_ a2 2\2
g+ XDy WD i ()P, r>+(“2'x' ) ddal
N(N -2
= Agowalx, 1) — %Wﬂ(’@ )

1+ x'2)% Ne2 2

%f(lxﬂl,(l + X' T vt 0, 1) - ﬂf(l (1 + P v, 1), 1)
1+ |x|2)2 wax.1) vy ((1+ ERWE |xﬂ|2)

2 ot ot 2 2
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N(N -2 L+ PV G, £
> Agawate) - SV ZD t)_( + | ) Wwalx, 1)

4 2 ot
1 52 ~ N+2 ]
ﬂf (il (1+ 1) o) f)—¢f(l L+ ) v, 0,1
- 2\2 2
= Baaalnh = W 10 (1 +2|x| ) calx, Hwa(x, t)‘(l +2|X| ) ang .
1+ 2\ dwaCx, 1) 2(N ) owy NN -2)
:( 2 )(_ o T TR Ay T ey elm il ”)

Thus we obtain

owixt) - 2AN=-2) v dwa NV -2)

+ ; + 1) > ,t ,1). 2.17
o T 2 A0 D > cax twa(x. ) (2.17)

From (2.10), an elementary computation shows that

ow,(x, 1) LZ(?Z)
o (L+1x)™

Az, t) = (AQ+x)” z)wﬁ+2V<1+|x|2>-”T’2>-Vwﬂ+(1+|x|2)-”T’Z>AwA
2N -2) & GO NN=2)
T+ &5~ e

(1+ 1)~ | Aw, -

Therefore, z,, as defined in (2.10), satisfies the inequality given in (2.14). O

Lemma 2.2. Assume that for some (xy, ty) € T, X (0, 00), there holds
0

ﬁ(xo, f) <0,

on

where n denotes the unit outer normal to 0%,. Then,
0
P (x0,10) > 0. (2.18)
on

Proof. Since z,(x,t) = 0 on T X (0, c0), we have

ow 207,
a—ﬂ(xo,fo) = (1 + )T 8—<xo,ro> <0. (2.19)

We define x,, as x, = xo— pn(xy), p > 0, and n(x) is the unit outer normal to 9%, at point x,. Specifically,

n(xo) = —(xo — e)/|xo — eal.
For x,, € X, using the definition in (2.5), we find that

A _ _
X, =Xg= X0+ gn(xop),
where

(1+A%)p

=——7 —>0.
1+/12+2p/l>
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This result follows from the property given in (2.5) that

1+ 2% 1+ 2% 1+ 22\
lx, —eal = TP lx, —eal = ¢ lx, — eallx, —eal = 1
Then, it follows that
Ow (xo, 1) . walxp, D) = walxo, 1)
—————~ = lim
on p—0* -p
. (V(xq, 1) —v(xo,1)  V(xp, 1) — v(x0, t))
= lim +
p—0* -p 4
> t - ] t 9 t - 0 t
~ im v(xg, 1) = V(Xo, 1) ( q ) + lim v(x,, 1) — v(xo, 1)
q-07 —-q p/ po07 p
GV(XO, t)
= -2 .
on
From (2.19), we conclude that inequality (2.18) holds. O

3. Asymptotic maximum principles

In this section, we present the following asymptotic narrow region principle, which will play a crucial
role in establishing Theorem 1.1.

Lemma 3.1. (Asymptotic narrow region principle) Assume that Q is a bounded narrow region with
respect to e, contained within the annulus defined by

1+ A2 1+ A2
{xEBl(O) 1 <|lx—e, < 1 +6}, 3.1

for some small 6 > 0, where e, is defined by (2.3).
For sufficiently Large 1, assume that 7,(x,t) € C*(Q) x C!([t, o)) is bounded and lower semi-
continuous in x on ), and satisfies

0z (x, t _
WD pann B ), D eQx (i), .
za(x, 1) > 0, (x,1) € QX [ 1, 00),
where c,(x, t) is bounded from above. Then for sufficiently small 6 the following statement holds:
limz(x,7) 20, VxeQ. (3.3)
[—0o0

Proof. Let m be a fixed positive constant that will be determined later. Define

~ emtz/l(x, l)
ux, )= —.
A(x, 1) 500
Then Z,(x, t) satisfies
82/1()(:, t) _ memtz/l(x, t) + emt (9Z,1(x, t)
ot B d(x) d(x) ot
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and

AZ(x, 1) = emr(AZﬂ(’@ n _2VZA(X, V() Ad(x) zax, z)).

$(x) ¢ (x) d(x)  H(x)
Thus, we find that

0Z(x, ) VZa(x, )Veé(x) Ag(x) -
- A ,t—th—> , 1)+ + ,1). 34
o Zi(x, 1) — 2e o) c(x, 1) 5 m|Za(x, 1) (3.4)
Let ¢(x) be defined as
212
(x) = sin |x_e/l|_% +7T sin \/|XI _%| +|XZ|2+W+|XN|2_1;_212 + z
X) = _— — | = —1.
¢ 1) 1) 2
For each x € Q2, we have
T |x — eyl — L T
- < 2 <l+=<n
2 0 2 2
Direct calculation shows
1 (lx—ed =52 —el - 3L )
A = —— 4] - - — — _1
d(x) 5 sm[ 5 + > + cos 5 + e eﬂlcS(n )
1 (l—ed - 5E
< 5 sin[% + g )
Thus,
Ag(x) 1
< ——. 3.5
o) 3 )
We claim that for any T > t,
%,(x,f) > min {0, infZ,(x, Z)}, (x.0) € QX [L.T]. (3.6)

If (3.6) is not true, by (3.2) and the lower semi-continuity of z, on Qx [£, T], there exists (xg, #y) in
Q x (1, T] such that

Z1(x0,10) = min Z,(x, ) < min{0, inf Z,(x, 7)}. (3.7)
Qx(1,T] Q
Since B
Zax,) =0, (x,H)eQNT,,
and

20,0 >0, (x,0)€QnaB(0),

where T, is defined in (2.2), the minimum point x; is an interior point of (). Therefore,

0Z,(x0, 1)

< 0, 3.8
% (3.8)
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AZ(x0,80) = O, (3.9)
VZi(xo,00) = 0 (3.10)
From (3.4), (3.5), and (3.8)—(3.10), we have
0Z1(x0, 1 1
0> —Z/l(;f ) _ AZa(xo, 10) > (Cﬁ(xo,to) e tm Za(xo, f0)- (.11)

Since c,(x, t) is bounded from above for all (x, 1) € B1(0) X (0, o0), we can choose ¢ small enough such

that |
) — = < —=—.
ca(xo, o) 2 < 25
Taking m = 1/26%, we derive that the right-hand side of the second inequality of (3.11) is strictly greater
than 0, since Z,(xy, fp) < 0. This contradicts with (3.11).

Therefore, given the boundedness of z,, there exists a constant C > 0 such that
Z1(x, 1) = min{0, igle(x, Hl=>-C, (x,H)eQxl|tT].

Thus, we have
z(x, ) = e™(=C), Vt>t.

Taking the limit # — oo, we obtain

limz,(x,2) >0, VxeQ.

—00

This completes the proof of Lemma 3.1. O

In the proof of the main theorem, we will also use the following two classical maximum principles.
For the convenience of the reader, we now show them in the version suitable for this article.

Lemma 3.2. (Strong parabolic maximum principle for a not necessarily non-negative coefficient)
For each A € (0,1), assume z(x,t) € C>' (£, %X (0,00)) N C (E_/l x [0, 00)) and for (x,1) X T, X (0, ),
Z(x, t) > 0 satisfies that

0z(x, 1)
ot
where c(x,t) is bounded in X, X (0,0). If z(x,t) attains its minimum O over Z X [0, o) at a point
(x0,29) € 3 X (0,00), then z(x,1) = 0in Z; X (0, 1p].

— Az(x,1) — c(x,)z(x, 1) = 0,

Proof. Foreach A € (0,1), wesetcy = sup c(x,1t)and let
21%(0,00)

2(x, 1) = e 'z(x, 1),

and then for (x, 1) X £; X (0, ), z(x, 1) = e~ 'z(x, t) > 0 and satisfies that

0z(x, - Z
Z(at D _ AzZ(x, 1) + (co = c(x, 1))z(x, 1)
O0z(x,t
= —coe " (x, 1) + e—m% — e Az(x, 1) + coe”'z(x, 1) — c(x, 1)e” ' z(x, 1)
— e—cot % — AZ(X, l’) - c(x, l)Z(x’ t) > 0.
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If z(x, t) attains its minimum O at (xo, #y), then z(x, ¢) also gets its minimum O at the point (xo, fy) over
3. X [0, c0). Considering ¢y — c(x,t) > 0 in £, X (0, o), then from the strong parabolic maximum
principle with c(x, ) > 0 (Theorem 12 in [46], Chapter 7), we can obtain that for (x, ) € £, X (0, 1y], we
have z(x, t) = 0 and therefore z(x, 1) = e Z(x, ) = 0. O

Lemma 3.3 (Parabolic Hopf’s lemma for a not necessarily non-negative coefficient). For each
A€ (0,1), we let (xo, ty) be a point on the boundary of £, X (0, T) for YT > 0 such that z(xy, ty) = 0 is
the minimum in T, x [0, T]. Assume that there exists a neighborhood V := |x — xo* + |t — to]? < RS of
(x0, o) such that for (x,t) € VN (X, X (0,7)), z(x,1) > 0 and satisfies

0z(x, 1)
ot
where c(x,t) is bounded in X, X (&T). If there exists a sphere S = |x — X'|* + |t — |* < R passing
through (xo, ty) and contained in X, X [0, T] and (xo, ty) # (X', t"), then under the assumptions made
above, we have

— Az(x,1) — c(x,)z(x, 1) = 0,

0z

—(xp, %) <0,

on (X0, 0)
where n is the unit outer normal of 0%, for the fixed t.

Proof. Foreach A € (0,1), wesetcy = sup c(x,t)and let
21%(0,00)

2(x, 1) = e 'z(x, 1).

Then at the point (xy, #y), z(x, ¢) also gets its minimum 0 and for (x,7) € VN (X, X (0,T)), z(x, ) > 0 and

satisfies that _
0z(x, 1)

ot
Considering (co — ¢(x, 1)) > 0in o, X (0, T'), then from the parabolic Hopf’s lemma (Theorem 2 in [47]),
we can derive that every outer non-tangential derivative dz\dv at (xy, tp) is negative, where v represents
any outer non-tangential vector. Particularly, by the definition of z(x, #), for the fixed ¢y, and the unit
outer normal n of 0X,, we have 0z\dn(xy, ty) = z\on(xy, ty) < 0. O

— AZ(x, 1) + (co — c(x,1))z(x, 1) = 0.

4. Proof of the main theorem

We will carry out the proof in two steps. For simplicity, choose any direction within the region to be
the x; direction. The first step is to show that for A sufficiently close to the right end of the domain, the
following holds for all ¢ € w(u):

Y(x) >0, VxeZ, 4.1)

This provides the initial position to move the plane. We then move the plane T, to the left as long as the
inequality (4.1) continues to hold, until it reaches its limiting position. Define

Ao = inf{d > 0]y, (x) > 0, for all ¢ € w(u), x € Z,, u > A}. (4.2)

We will show that 4, = 0. Since the x; direction can be chosen arbitrarily, this implies that for any
¢ € w(u), ¢(x) is radially symmetric and (1 + I)clz)NTf2 ¢(x) is monotone decreasing about the origin. We
will now detail these two steps.
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Proof of Theorem 1.1. For all ¢ € w(u), we assume ¢ % 0 in B;(0).
Step 1. We show that for A < 1 and sufficiently close to 1, the following holds:

Ualx) >0, VxeX;, Vo¢ceuw). 4.3)

The Lipschitz continuity assumption (F1) on f implies that c,(x, f) is bounded. Additionally, we

have ,

N—
A2\ "7
| ) u(-x/l’ t) - u(-x’ t) > 07 (X, t) € az/l X (0’ OO),

1+ |x
D=7
uln1) ( T+ P
since u(x,t) = 0, for (x, 1) € dB;(0) X (0, 00), and u is positive in B;(0). Combining this with (2.14), we
can apply Lemma 3.1 to conclude that (4.3) holds.
Step 2. We will demonstrate that the parameter A, as defined in (4.2), is equal to zero, that is to say

A =0. (4.4)

Assume for contradiction that 4o > 0. We will demonstrate that 7', can be shifted slightly to the left,
thereby contradicting the definition of Ay.

To begin with, we intend to determine the sign of i, for any ¢ € w(u) and all x € X, under the case
Ao > 0. To achieve this, according to the definition (2.12), we now need to discuss the inequality that
Z3,(x, 1) satisfies as t — co. From the definition of w(u), for each ¢ € w(u), there exists a sequence {#}
such that u(x, #;,) — ¢(x) as t; — oo. Define

u(x,t) =ulx,t+t,— 1), 4.5)
and

fk(|—x|’ u, t) = f(lxl’ u, r+ tk - 1) (46)

Then we have u,(x, 1) — ¢(x) in the sense of C(B;(0)) as k — oo. Let Q; := B1(0) X [1 — &y, 1 + &].
We now have

%(x, t) - Auk(x’ t) = f}<(|x|, I/lk(.x, t)’ t)’ (-x7 t) € Q] 5 (4 7)
u(x,t) =0, (x,1) € 0B1(0) X [1 — &9, 1 + &]. ’
Similarly as in (2.8)—(2.11), we have the following definitions of functions:

v = 1+ P T ), (4.8)
W/lo,k(x9 t) = vk(x/lo’ t) - Vk(.x, t)’ (49)

N-2

1+ |xb)?\ 7
Z/lo,k(xa 1) = Z,lO(X, t+,—1) = (Tlxlz uk(xio, 1) — ui(x, 1). (4.10)

It follows from (4.7) and Lemma 2.1 that

8z k -
1) = A2y, 0) > € Daa a0, (x0) € By, X [F,00),

where

_ Sl (L4 ) v, 0,0 = filld, (4 )~ v, ), 0

Caok(X, 1) = cp(x, 1+ 1, — 1) = =
’ ’ (1 + X))~ T v, 1) = (1 + x) " T ve(x, 1)
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Based on the relationship between the functions (4.8)—(4.10) and u; defined as (4.5), using Lemma
5.3, we deduce the existence of subsequences vi, wy,x, and z,,x which converge uniformly to the
respective functions ve,, W, 0, and 7y, all in the sense of C*! (£, X [1 — &), 1 + &) as k — oo and
they satisfy

250 = (1 + D) T Wyl ) = (1 + [P (Voo(xﬂo ) = Vel 1)
1 Ao |2 T

Furthermore, both in the sense of C (Z,, X [1 — &, | + &]) as k — oo we have

0Zayk 0Z 1,00

ot

(x, 1) = Azyou(x, 1) — (X, 1) = Az (X, 1),

C/lo,k(xa t) - C/lo,oo(-x, Z)’

where c,, (x, t) is bounded in X, X [1 — &, 1 + &]. This follows from the proof of Lemma 5.3, where
it is established that the sequence f; within the definition of ¢, uniformly converges to f., satisfying
(F1) in the sense of C (Z,, X [1 — &9, | + &]). For any ¢ € w(u), by the definition of the limit set w(u),
there exists #; such that z,,(x, ) — ¥,,(x) in the sense of C(X,,) as ty — oo . Particularly, according to
the convergence of z,,, in the sense of C 2z 1,) We have

220X, 1) = Zagk(X, 1) = Zpg00(x, 1) = Yy (%),  as k — oo. (4.11)

Combining the continuity of z,, . with respect to ¢ and the definition of Ay, we deduce that z,, - (x, )
satisfies the following inequalities:

Pno0l) _ p 613 o Dzt (68 € Ty X [1— £0, 1 + 0]
ot Ap,00\As Z CQp,00\ Ay Ap,00\As b))y s Ao 0> 0l (412)
Z/lo,m(xa n >0, (x,1) € 2/10 X [1—-¢&p, 1+ &].
We apply Lemma 3.2 to (4.12) in X, X [1 — &, 1 + &] to get either
Lpoo(X, 1) =0 for (x,1) € Xy, X[1 =&, 1+ &], 4.13)
or
Zapeo(X, 1) >0 for (x,0) € Zy, X (1 —&p, 1 + &l (4.14)
In case (4.13), since z,, (x, 1) = 0, for all (x,7) € X, X [1 — &p, 1 + &), we have
W6 ) =0, Qe vo(x", 1) = vo(x,1). (4.15)
From (2.13), for (x,7) € £, X (1 — &9, 1 + &], we have
1+ x5\ Oves (1 + xP)'s w2 NN -2)
Agg Vel X, 1) = ( 3 ) ——(x, 1) - —fm(l L (1 + )T v, 1), 1) + 1 — V(X 1),
(4.16)
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and
1+ 2P\ dve
AgyVeo(X, 1) :( 2 ot (x", 1)
4.17
(1 + [x%2)*2 pe_No2 N(N -2) @1
- ffoo(lx/lola (1 + |-x/10| )_Tvoo(-x/lo’ t)’ t) + Tvoo(x/lo’ t)
By (4.15) we can obtain that
1+ P 0wigeo N(N —2)
AWy, 1) = 0, ( 5 5; (4, 1) = 0, W60 =0,

for (x,1) € £, X [1 — &0, 1 + &]. Combining (4.16) and (4.17), we finally arrive at

(1+ 1) fuollxl, (1 + DT v 1),0) = (1 + 129D fi(lxL (1 + 9P v, 1), 1), (4.18)

for (x,7) € 3, X (1 — &9, 1 + &]. Since Lemma 5.1 implies that |x| > [x"|, (4.18) contradicts the
assumption (F3) of f. It follows that case (4.13) is invalid.
Next from case (4.14), we can derive that for all ¢ € w(u),

Zapoo(X, 1) = (%) > 0, x € Xy (4.19)

Since 4y > 0, we now attempt to slightly shift A, to the left. If A, still meets definition (4.2), we can
P —_— 2

construct a contradiction. For any small / > 0, we set V., = x € {x € B;(0) ‘Ix —eyl > 1;—;()0 + l}, and

for i, there exists a C, > 0, such that

Wi =2Cp >0, x€Vy. (4.20)
We now show that, for all ¢ € w(u), there exists a universal constant Cy such that
lﬁ/lo >Cy>0, xe€ V,10+l. (421)

If not, there exists a sequence of functions {:,b’jo} with respect to ¢* C w(u) and a sequence of points
{xf) c V,+1 such that for each k£ we have

YA () < % (4.22)

By the compactness of w(u) in C(B;(0)), there exists 1//30 which corresponds to some ¢° € w(u) and
x° € V4 such that
Wi, () = 5, (1),
as k — oo in the sense of C(B(0)). Now by (4.22) and the definition of A,, we obtain
Y5, (%) =0,

which contradicts (4.19), since ¢° € w(u). Thus (4.21) must be established.
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From (4.21) and the continuity of ¢, with respect to A, for each ¢,, under a fixed Cy, there exists
&, > 0 such that

050, x€Vium YA€ (lo—s,, )

C
Ya(x) > 5

Similarly due to the compactness of w(u) in C(B;(0)), for all i,, there exists a universal € > 0 such that
Co
2

) 2 = >0, x€Vyu, YA€(—&,d). (4.23)

Consequently, for ¢ sufficiently large, we have
Z/l(x, t) >0 P X € V/lo+l P Yad e (10 - &, /10)

Since [ > 0 is small, by (4.22), we can choose & > 0 small, such that £,\V,, ., is a narrow region defined
as (3.1) for A € (1 — &, Ap), and then applying the asymptotic narrow region principle (Lemma 3.1), we
arrive at

Yaux) >0, VxeX\Vyu. (4.24)

Combining (4.23) and (4.24), we derive that
Yalx) =20, VxeX;, Viely—¢&,d), VYyewl).

This contradicts the definition of Ay. Therefore, Ay = 0 must be true.
As aresult, (4.4) implies that for all ¢ € w(u),

l//()(X) = O, Vx e 20,

that is to say, for all ¢ € w(u) and x € X,

N=-2

1+ Py T
Zo(x, 1) = (TW uoo(-xo’ D) — ue(x, 1)

N=-2

1+ P T
= ( 15 2 @(x%) — p(x) > 0.
Since x° = (=x1, x5, -+ , xy) for x € £y with 0 < x; < 1, finally we can get that
O(=x1, X2, , XN) 2 (X1, X2, , Xp). (4.25)

Since the x; direction can be chosen arbitrarily, (4.25) implies that all ¢(x) are radially symmetric about
the origin. Combining with (4.12) and the proof of (4.19), we can derive that for 0 < A < 1, z, , satisfies

az/l,oo(xa t)

—a AZ) (X, 1) 2 Choo(X, DZp00(x, 1), (x, 1) € Zy X [1 = &p, 1 + &,
Zaeo(X,2) =0, (x,0) € Ty X [1 — &y, 1 + &,
Z/l,oo(x’ t) > 09 (-x9 t) € Z/l X [1 — &, 1 + 80]9

where ¢, 1s bounded. Then we can apply Lemma 3.3 to obtain that

0Z1.00(x, 1) OYra(x)
on ) <0

xeT,, VY0<A<l,
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where 7 18 the outer normal vector of 82_4. From Lemma 2.2, we can conclude that
AL+ )= p()]
on

Under the conclusion that all ¢(x) are radially symmetric about the origin, from (4.26) we can infer that
forall0 <r <1,

0. (4.26)

3, ((1+) T p(r) <0, (4.27)

which shows asymptotic monotonicity. Now we complete the proof of Theorem 1.1. O
5. Appendix

We note that B;(0) = {x e RV : [x| < 1}, N > 3, weset S* = {X e RV : |X| = 1, Xy41 > 0}, and

define a mapping P : (S*,|dX|*) — (B1(0), g) by
1
P(X17 e ’XNaXN+1) = —(le e ,XN)'
XN+1 +1

The overall idea of the proof of (2.2)—(2.5) is similar to that in [32] in the case a = 1, so we omit the
proof process. Strongly inspired by Lemma A.1 and Lemma A.2 in [31], here we give the proof of (2.6)
and (2.16).

Lemma 5.1. We have

1+ |x? 21\ )
e :(1+ ) |x —e;l”. (5.1

Therefore, we can derive |x| > |x!| for x € Z,.

Proof. We define a = —e,/|e;|* = (24/(1 = 4%),0, - - - , 0). From this definition, (2.3), and (2.5), by some
elementary computations, we note that

1+2\ a-e
1= e+ L -0,
N WY I RV
1+ 2\ 1-2 (1+22
2
11 = - . — ledla - e,l.
el ( 22 ) 22—y el e
Then we have
|x/l|2 — |x/l_a/l|2
2
1+ 2\ x—e;, a-e s o] x—es a-e |
= 5= S| =ded”+ 1) 5~ 5
22 lx — el la — el |x — e, la — el

(leal” + D?lx —al _ lealla = eiPlx —al* _ leaPlx - al®

b

lx — el’la — e, - |x — eal’la — e)l? - |x — eql?
where we use the property of distance operations that for p, g € RV\{0},

p q

Ipl*>  1ql?

_lp—d
Ipligl

Communications in Analysis and Mechanics Volume 17, Issue 2, 341-364.



356

Thus we obtain

lealPlx—af _
|x — eql? |x — eqf? |x — eqf?

L+ X P =1+

leal’lx + ea/leal’P _ (lea? + DA + xP) _ (1 + /12)2 (1 + )
24

|x — €/1|2 ’

which implies (5.1). Due to the definition of £, for x € X,, we have

1+ |xf 21 Y o 24 V[1+22)
= |_X—e/1| > :17

1+ |x1? 1+ A2 1+ A2 21

and then we can find that |x| > |x4|. ]

Lemma 5.2. Assume that v(x) € C*(B(0)). Lety = x"* and v(y) is a function with y as the independent
variable. We define v;(x) = v(x') as a new form of the function with x as the independent variable. Then

232 _
Agyva(x) = (1 kil ) (AXVA(X)— Mx'Vm(X))

2 1+ [x?
(5.2)
1+ P\ 2(N -2)
= ( 5 ) Ap(y) — Twy - Vyu(y) 1 = Ay VWly=at,
y=x

where A, = f\il 62/8xl.2, x-V, = Zf\il x;0/0x;, and A ) are defined asin (2.7).

Proof. To compare the values of A, yvi(x) and A, ,)v(y) through direct computation, we define u(y)
and u,(x) as

(1 + [y~ N=272y(y),
(1 + )~ V272 (x).

u(y)

uy(x)

Then we can find that

1 1+ P\ 2N -2) N(N -2)
1 2\(N+2)/2 A _ _ — .V - —— 2y, 5.3
7+ D) u(y) 5 e PR AN v 63
2
1 2\(N+2)/2 1+ |xf? 2(N -2) N(N -2)
4_1(1 + D) A (x) = 5 Awy - T|X|2 Vv |- TW, (5.4)
1+ [P\ V27
uly) = lelz uy(x). (5.5)
For simplicity, we define
X=x—-e, Y=y-e, UxX)=ux), and U(Y) = u(y). (5.6)
By (2.5), (5.1), and (5.5), it follows that
v 1+ 22\ X X 1+22\ v 57)
S22 ) xp T\ 22 ) v '
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22

N-2
T /12) XN UAX). (5.8)

uwy)= (

Then we can calculate that

oX;| (1 2V IYP-2v2 ax;| (1422 21,
aY: | . 21 Y oy, 21 Y@
i=j i#]
aUY) iaU(Y)%
o, L 0X; o,
22\ & (A 2U 0+ é)UA(X)leN AY¢
- L+ ox;, 0X aY;’
FuUwy) i 02U(Y) 0X; +8U(Y)82Xj N *U(Y) 0X, 0X,
o} Ll 2 aY 0X; ov?) &L 0X,0X,dY; 9Y
2 Y N-2 ZXN—Z XN 2 X X
aU(z) _ ( ) i |2 U0 + 20U L, UAX) ’
0xX; 0x; ) CON ). ¢ 0ij.
U N2 g2 x V2 LOUNX
- (2] e
X, + A 0X,0X,, 0X,0X,,
N2 191XIV-2 U (X) L IXP2 9U,X)
1+ 42 ox, 0X, X, ox, |

Then we obtain

N
SPU(Y)
AyU(Y) =
2. on

) N-2 )
- (1 +/12) X

iazU/l(X) (X)) S PULX) < 9K, 9K,
X2 £a\ov;) T L4 9X,0X, &4 oY, o,

j=1

o2 N_zzN“aUﬂ(X) 3|X|N ’ Z 29 2+|X|N—2 X 62X,

1+ 22 = X —i\ 9Y; £ gy?
(2] S ) ZN: 6|X|N-2 Y, 9X, 0X,

1+2) 4 ox; &4, X, &Y oY,

24 N PP Y xS ax, ox,
+ UA(X)[ ( )

1+22 ]Z:; 0xX; < o 0X,0X, & 9Y; 0Y;

24 N |X| -2 N 32

CUix

(R ,Z 7 |
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From (5.7) we also have

ZN:aXﬁ_ 1+2\ 1 (1e2\Y 22 8|X|4_ 21 4|X|4 10X, 0%, _
av;| \ 22 ) |vp | 2a 1+ A2 1+ 22 = R ()

i=1

AXIN2 5 (0X,\ s o X 5 PIXIN 2 (0X5) b XV & 0
oX, 2\a7) * Zay} 2o 2\aw) T oX, 2, Y

i=1 i=1 i=1

Through the above calculation process, we finally get that

20 \"7 v [0 U0 < (0K
AYU(Y)—(1+/12) DY X izl(aY,-)

21 N+2
:(1M2) IXNPAYUNX).  (5.9)

J=1

By (5.6), for each i, we have

X)) _ g ox _an  Pu _ 0(%E") (%) ax  Pu
8X[ B Ox,- (9X, B (?x,- ’ aXlz B (9X, B (9)61' 8X, B 8)612 ’

au() ou®y)
oUY) _ouy) dy _ o) uw) _ (%) (%) v _ duwy
3Y,- ayi (?Yl (9yl- ’ 8Y12 (9Yl ﬁyi c')Yl 0y2 ’

Then (5.9) implies

21 N+2
Ayu = (TAZ) |)C - €/1|N+2Axu/1.

By (5.1), we have
L+ P T A= (1 + )7 Ay,

From (5.3) and (5.4), we can conclude that (5.2) holds. O

For each fixed 7 > 0 and 0 < @ < 1, we define the parabolic cylinder Q. := B{(0) X [T — &y, T + &),
where & is a small constant. For any points (x, 1), (%,7) € O, since u(x, 1) € C>'(Q,), there exist two
constants & € (min{t, 7}, max{z, 7}), & € (0, 1), such that

|u(x, ) —u(X, 1) |u(x, 1) —u(x, ) + u(x, ) — u(x, f)|
NPT EEERTNE
|u(x, 1) — u(x, f)| + |u(x, 7) — u(x,7)|
X — &* + - 72

a

g, E1 |1 = '+ IVuCx + £.(% = x), D)l ]x — 1.

N

A

Again by u(x, 1) € C*'(Q,) and the boundedness of Q-, we have |u,(x, &)|, |Vu(x + &(X — x), 1), |t — f]l_%,
and |x — %' are all bounded. Then for some 0 < « < 1, there exists a constant Cy > 0 such that

(v, 0) = (59 < Collx= 7+ 7). (5.10)

Combining (5.10) with the boundedness of u(x, t) in Q,, for any 7 > 0, the orbit {u(-, 1), t € [T—&p, T+&p]}
is relatively compact in C(B;(0)). To directly address the properties of the functions in w(u), we present
the following lemma.
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Lemma 5.3. Let M := sup{||u(-, )||;~ : t > 0}, and then, under definitions (4.5) and (4.6), for each k,
u, and fy satisfy the problem (4.7).

Then there exist some functions u. € C*'(B1(0) X [1 — &y, 1 + &) and f» € C((0, 1) X [-M, M] x
[1 — &9, 1 + &]) such that uy — u. in the sense of C*'(B(0) X [1 — &y, 1 + &]) and fi — fr ask — oo
in the sense of C((0, 1) X [-M, M] X [1 — &, 1 + &]). With a constant &y, u.(x, t) satisfies

Uso =0, (x,1) € 0B1(0) X [1 — &9, 1 + &]. .11)

{ 3;;;0 - Auoo = foo(l-x|’ uoo(x’ t)a t)a (X, t) € BI(O) X [1 — &p, I+ 80]9
Proof. Foreach K and any (x, t), (u, it), (%, f) in the bounded domain Q, := (0, 1) X [-M, M] X [1 — &, 1 +
&oJ, by (5.13) and definition (4.6), we set C’ to be the maximum of C,, C,, and C, appearing in (5.13),
with any & > 0, if [|x] — |5 + |u — @] + |t — §|* < 6(e) = £\C’, and then we have

&

fellxl, u(x, 1), 1) = fill®, (%, D, D < C'(x = M + ju— @l + 11 = %) < C'- o

&,
which means the sequence {f;},.y 1S equicontinuous in Q,. In addition, owing to the boundedness of Q,
and the continuity of f in Q,, we deduce that {f;},. 1s bounded in Q, for each k. Then the Ascoli-Azela
theorem implies that there exists a function f,, € C(Q,) such that f; — f. in the sense of C(Q,) as
k — oo, and f, is Lipschitz continuous in u by (F1).

Next we discuss the convergence of {uy}ren. Set O := B1(0) X [1 — €p, | + &], and from (4.7), for
each k, let ﬁ(x, 1) = fi(Ix], ux(x, 1), r). Then we have

Ou(x, 1)

Py — Aug(x, 1) = fi(x, 1), (x,0) € Q. (5.12)

Additionally, for any (x, 1), (X, 7) € Q1, by conditions (F1) and (F2), we have three constants C,, C,, and
C; such that

|fa(x. 1) = fil & ) = | fillx, we(x, 1), 1) = fil| K], we(%, D), 7)|
< |f(|X|, le(x, t)’ t) - f('xl, l/lk(.x, t)’ t)' + |f(|~)~cl’ I/tk(x, t)’ t) - f(ljz" uk(jz’ 2)9 t)l

- - - N (5.13)
+ |f(|-x|a l/lk(.x, i)a t) - f(|x|a I/lk(.x, f)’ f)l
< Colx = 1" + Culu(x, 1) = (%, D] + Cile = 1%,
By (5.10), we set C = max{C,, C,,C, C,}, and then for any (x, t), (%,7) € Q;, we have
et = e Dl < € (jx = 1 + |- 7)) (5.14)

which means for any two points P(x, ¢) and P(%,1), we define d(P, P) = (jJx — &| + |t — f]%), and then we
can get that
f(P) — fi(P
ap P =FPI_
pbeg, d*(P,P)

P+P

(5.15)
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Given that u; is the solution of (4.7), then the existence and uniqueness theorem of classical solutions
for heat equations (Theorem 3.3.7 in [48]) implies that

|uk|2+a,l+%;Q1

P) — u (P
= sup u(P)| + sup |Duy(P)| + sup |D*ug(P)| + sup ui(P) — ui(P)|

auk
E(P)‘ + sup

Pe0; Peo; Peo; Peo; ppeg,  d*(PP)
PP
N ) ;= buc py _ s (5.16)
|Dug(P) = Dug(P)| D2, (P) — Duy(P) G(P) - G(P)
+ sup = + sup = sup =
PPeQ, d*(P, P) PPeQ d*(P, P) PPeQ d*(P, P)
P#P PP PP
< C < +oo,

where C is a constant independent of k, Duy = (Ouy/0x;, Ouy/dx,, - - - , Oux/Oxy), and D*uy is the Hessian

matrix of u;. On the one hand (5.16) shows the equicontinuity of u, Duy, D*uy, and du; /0t in C(Q,),
which means for a given € > 0, we can choose ¢ > 0 independent of k such that

Jur(P) = u (P)| + %(P) - %(13) + |Dug(P) = Du(P)| + |D*u(P) — D*wi(P)| < C&° < &,

for all P,P € Q, and k. On the other hand (5.16) also ensures that for each k, u;, Duy, D*u;, and
Ouy /0t are all bounded in Q. By the Ascoli-Azela theorem, there exist functions ue, U0, {Uico W

=1

N
{u,-joo}l_ . € C(Q)) such that as k — oo for each i and j we have

Oouy, Ouy Ouy,

U = U . 7 Ui S 7 Ui A o  Uijeo
’ ot ’ ox; ’ 6)(,','8)(]' e

which are all in the sense of C(Q;). Employing the fundamental theorem of caculus and (5.16),
for e > 0, (x,1) € Q,, and fixed i, we can _choose 60 = min(d, 1) > 0 independent of k such that
B5(x) X [1 — &y, 1 + &] € Q; and for all || < 6 and k we have

0uk 0l/tk 02Mk
a_xl'(Xh.'.’Xj-'_h"..’xN’t)_a_Xl’(Xh.'.’Xj’.'.’XN’I)_axi(?Xj(x,t)h
I a2 2
0 0
= B (e Xy shy e X Dhds — ———(x, D
0 0)(:1'(9)(]' Xi0X;
! 62uk 02uk 1
< f (X1, ,xj+sh, -+ ,xn, 1) — (x, 0| |hlds < || T*C < C6%|h| < glhl.
0 6x,-(9xj XiOX;j

Similarly we can get that

9
k1 X B ) = (1) = S r)h‘ < sup |DPug| 1" < ClA™ < el
i 01
oup(x,t Y ou ou
wi(x, t + h) — up(x, 1) — k;t )il < fo a—tk(x,t+ sh) — a_zk(x’ t)‘ lhlds < &lhl.
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Letting k — oo, we can derive that

|M500(X1,"' ,Xj+]’lj,"' L XN, 1) — Uiso( Xy, - - - s Xjy oo ,XN,I)—M[jOO(X,l)hl < glh|,
|uoo(-xl,"' > Xi +hi?”' ,XN,t) _uoo(xh'" > Xiy* 0 7-xN’t) - uim(x’t)hl < Slhl’ (517)
oo (X, £ + 1) — Uso(X, 1) — Useoht| < €lh|.

Then (5.17) means that for each i and J,

e Oitoo Ot
Uijoo = 77— Ujw = 7 Uteo = —7
! 6xl-6xj’ 0x; ’ ot’

(5.18)

as h — 0. The above discussion shows that u., € C>'(Q;) and as k — oo we observe that u;, — U, in
the sense of C>'(Q,) and

0 Ol
% R %, Duy = Due, D*up — Du, (5.19)
all in the sense of C(Q;). By (5.19) and the existence of u., and f.,, considering the problem (4.7) as
k — oo, we can deduce that u,, satisfies

Oute,
T — Al D) = fullfhun(r .0, (60 € BIO)X [1 =80, 1+ 80,
Uso(x,1) =0, (x,1) € 0B1(0) X [1 — &9, 1 + &9].
Then we complete the proof of Lemma 5.3. O
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