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Abstract: We deal with the nonlinear Kirchhoff problem

- (a +b f |Vu|2dx) Au+V(xu = f(u), xeR, (P)
R3

where a is a positive constant, b > 0 is a parameter, the potential function V is allowed to change its
sign, and the nonlinearity f € C(R,R) exhibits subcritical growth. Under some suitable conditions
on V, we first prove that the problem has a positive ground state solution for all » > 0. Then, by
using a more general global compactness lemma and a sign-changing Nehari manifold, combined with
the method of constructing a sign-changing (PS ). sequence, we show the existence of a least energy
sign-changing solution for b > 0 that is sufficiently small. Moreover, the asymptotic behavior b ~\, 0
is established.
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1. Introduction and main results

In the past decades, the following Kirchhoff problem

- (a + bf IVulzdx) Au+Vxu = f(x,u), xeR3 (1.1)
R3

has attracted considerable attention. As we know, the following Dirichlet problem is one of the
important deformations of Equation (1.1), which can be degenerated from (1.1). That is, if V(x) = 0
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and Q is a bounded subset of R?, then Equation (1.1) will become

(1.2)

—(a+b [, IVuPdx) Au = f(x.u)  inQ,
u=0 on 0Q.

Problem (1.2) corresponds to

Uy — (a +b f |Vu|2dx) Au = f(x,u),
Q

which was advanced by Kirchhoffin [1]. As a generalization of the classical D’ Alembert wave equation
of the free vibration of elastic strings, the Kirchhoftf model considers the changes of string length caused
by lateral vibrations, which has important practical significance. For more mathematical and physical
background about the Kirchhoff equations, we direct readers to [2,3] and the references quoted within
them.

When b = 0, Equation (1.1) degenerates to the Schrodinger problem

—aAu+ V(xX)u = f(x,u), xeR", (1.3)

which has been studied in the past few decades; see, for instance, [4-9] and the references therein.
One interesting characteristic is the potential V change sign on RY. In [6], Bahrouni, Ounaies, and
Radulescu showed the existence of infinitely many solutions for Equation (1.3) with
f(x,u) = a(x)[ul''u and 0 < g < 1. Further, Furtado, Maia, and Medeiros [10] investigated the
Schrodinger equation (1.3) with a = 1 and f(x, u) = f(u). Concretely, the nonlinearity f € C'(R,R) is
superlinear with subcritical growth. In addition, it verifies the Ambrosetti-Rabinowitz condition: for
some 0 > 2, there is

f) 0 < OF(r) < tf(t) forall ¢ # 0, where F(f) = f f(s)ds.
0

Besides, V satisfies the following assumptions:
(Vo) V € L (R?) for some 7 > 2;
(VD)0 < V= |llim V(x) < +o0;
V) fR3 IV‘(x)I%dx < S %, where V- := max{-V,0} and S is the best constant for the Sobolev

embedding, given by
fR3 |Vul|>dx

9

$:= inf 1
ueDH>(R)\{0} 3
( L |u|6dx)

(V3) V(x) < Vi forall x e R*and V # V,;
(V) there exist y > 0 and Cy > 0 such that

V(x) < Voo — Cye ™, forall x e R,
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By using variational methods and the concentration-compactness principle, they obtained a positive

ground state solution, and also a nodal solution. Therefore, we know that Equation (1.3) has a least

energy sign-changing solution vy € M, such that 7o(vo) = cop := iI/l\f( To(u), where My :={ueX:
ue /Y

ut # 0, (To(u),uty = (Lo(u),u) = 0} with To(u) = 3 [,(alVul®> + V(x)u*)dx - [, F(u)dx. For more
results about problem (1.3) with indefinite potential, see [10—13] and the references therein.

When b # 0, due to the presence of j];@ |Vu|>’dxAu, problem (1.1) becomes a nonlocal problem,
which also brings some essential difficulties for our study. In the past, problems similar to (1.1) have
attracted a lot of interest, and so there are many results. For instance, the existence of positive, ground
state, and sign-changing solutions for problem (1.1) with various potential V and nonlinearity f has
been extensively studied; see [14-21]. In a recent paper [22], Ni, Sun, and Chen also obtained the
existence and multiplicity of normalized solutions for a Kirchhoff type problem by using minimization
techniques and Lusternik-Schnirelmann theory.

In what follows, we are particularly interested in the case when the potential V involved in problem
(1.1) is indefinite. When V can change its sign and satisfies conditions (V) — (V;) and (V,), Batista and
Furtado [23] studied problem (1.1) with f(x, u) = a(x)|ul”~*u, that is,

- (a + bf IVulzdx) Au+ V(u = a(x)ulPu, xeR3, (1.4)
R3

where 4 < p < 6 and a satisfies the following assumptions:
(a) a € L*(RY);

(a,) there exist C,, 6y > 0 such that
a(x) € de — Cue™®™, forae. x € R?,

where
4o = lim a(x) > 0.

|x|>+00

Via the constraint variational methods and the quantitative deformation lemma, the authors not only
obtained a non-negative ground state solution, but also a sign-changing solution of Equation (1.4).
Here, we point out that the proof of the existence of sign-changing solutions depends on the radial
symmetry of V in their paper. Indeed, once the potential V is radial, one can overcome the lack of
compactness by considering in the radial subspace. However, if V is not radial, it makes no sense to
restrict the problem to spaces of radial functions as the authors did in [23]. Besides, we know the
embedding H'(R*) — LP(R?) is not compact for 2 < p < 6. Therefore, one may ask if there will
be a sign-changing solution for problem (1.4) or problem (1.1) when the indefinite potential V' is not
radially symmetric and f is a general nonlinearity.

Next, we will provide an answer to the questions raised above. Specifically, we are going to
investigate the problem

- (a +b f |Vu|2dx) Au+V(xu=fw), xeR, (1.5)
R3
where a,b > 0 and V is a sign-changing potential.
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Moreover, we shall impose that f € C(R,R) is odd. In addition, f also satisfies the following
assumptions:

; f() -0

() Jim 10— g

"w
(f) hm ﬁ? = +00, where F(t) := fo f(s)ds;

( f3) f is a non-decreasing function for t € R\ {0};
(fa) F(t) > 0, forall r € R.

Through (fy) and (f), it can be known that for any &£ > 0, there is a positive constant C. which
makes

If(O] < e(t] + [t) + Celt|”™",  foranyreR (1.6)
where g € (2,6). Then, let G(?) := ; Lt - F(@1). By using (f3), we can easily obtain
0<G(t)) £G(ty), forany O <t <t. (1.7)

In fact, for any t, > t; > 0, from (f3), one has f(t') < f(’) < f(”) forall #; <t < t,. Then,

1 2
G(ty) = Zf(tl)tl + f f(dt — F(1)

= 1f(t1)tl + fz &t 3dt — F(ty)

4

< 2fan+ [ L2par- r)
131 2

1

< 2t + 17 i ) (4 _ iy~ F)

2

{f (t)t + f()t, — ft)n) — F(t)

p—

1
= Zf(fz)fz - F(1) = G(no).
Before presenting our main results, we first discussed the basic framework in the space
X:= {u ceH'[R): f V(xudx < +oo}
R3

and the corresponding norm is given by

lullx := ( f (alVul* + V(x)uz)dx) , foranyu € X.
R3
Next, we present the main results.
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Theorem 1.1. Assume that (Vy) — (V3) and (fy) — (f3) are satisfied. Then, problem (1.5) has a positive
ground state solution.

In the proof, we need to overcome the problems stemming from the lack of compactness of Sobolev
embedding in the whole space R*. To solve this problem, we first analyze the relationship between the
energy functional’s minimax level and that of the limit problem. Subsequently, we obtain a positive
ground state solution by applying a more general global compactness lemma (see Lemma 3.1).

In the second result, we mainly focused on researching the existence of least-energy sign-changing
solutions. In order to obtain the result, we will use the method in [24].

Theorem 1.2. Assume that f satisfies (fy) — (f4). Assume also that V satisfies (Vo) — (V,), and there
exist positive constants M, C, and 'y such that, for |x| > M,

C
1+ x”

(V) V(x) < Ve

Then, there exists b* > 0 small enough such that Equation (1.5) possesses a least energy sign-changing
solution for every b € (0,D").

Remark 1.3. Here, we would like to provide an example of nonlinearity f, which is odd and satisfies
the conditions (fy) — (f1), as shown below:

!
f( = Z a;ltl’it, for any t € R,
i=1
where a; > 0 and 2 < b; < 4 for everyi e {1,2,...,1}.
In addition, we can find that a more obvious example that satisfies conditions (V) — (V5), (V:t) is to
take V(x) = Vo, — T(;ly, where C and vy are positive given by (VQ). Alternatively, we can give another
example below that satisfies our hypothesis. That is, the potential function V is given by

Vi) = {—#, if x| < I3

2 .
1|f||x|2’ if [x] > 1,

where 5 € (0,2) and a > 0 is a sufficiently small.

Remark 1.4. Compared with [10], we apply weaker conditions (f>) and (f3) instead of the Ambrosetti-
Rabinowitz condition to investigate the existence of sign-changing solutions. Moreover, condition (f3)
can be used to construct a sign-changing (PS).,,; please refer to Section 5 for the detailed process.
We note that condition (fy) is only used here. Besides, it is not necessary for f to be differentiable. By
using the quantitative deformation lemma, we can prove that the minimizer on the Nehari manifold is
a critical point of the energy functional I, given in Section 2, please refer to Theorem 1.1 below.

Remark 1.5. In this result, we apply the weaker condition (V;‘) instead of the condition (V,) given
in [23], which makes our results applicable to a wider range of potential functions. Furthermore, the
potential function V does not need to be radial in our paper, which is different from [23]. Moreover, for
the proof of Theorem 1.2, compared to [10], the essential problem we face is that the existence of the
nonlocal term poses some difficulties to energy estimates. Here, the condition (Vé) and the restriction
on the range of the parameter b are crucial for estimating energy (see Lemma 5.1). After that, we
can restore the compactness of a bounded Palais—Smale sequence at a certain level with the help of a
global compactness lemma, thereby obtaining the conclusion of Theorem 1.2.
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Theorem 1.6. Assume that uy,, are the least energy sign-changing solutions of Equation (1.5) obtained
in Theorem 1.2. Then, for any sequence {b,} with b, \, 0 as n — oo, there exists a subsequence, still
denoted by {b,}, such that u,, — uy in X as n — oo. Moreover, uy is a least energy sign-changing
solution of Equation (1.3) with f(x,u) = f(u).

Remark 1.7. In this paper, we not only weaken the potential condition, but also increase asymptotic
behavior, which is different from [23]. In particular, our result regarding asymptotic behavior is new.
The asymptotic research enriches the results of our paper, and at the same time, the sign-changing
solution is closely related to the results of the Schrodinger equation in [10]. In practical terms, we
study their asymptotic behavior as b ~\, 0 under assumptions (Vy) — (V,) and (V,), and we show
that they converge to a least energy sign-changing solution of the Schrodinger equation (1.3) with

S u) = f(u), b\ 0.

Now, we introduce the organizational structure of this paper. We first provide the notations and
some necessary lemmas in Section 2. Then, in Section 3, our main job is to establish a more general
global compactness result, which will be well applied in the proof of our main theorems. In Section
4, we first give energy estimates, then Theorem 1.1 is verified. Finally, we prove Theorem 1.2. After
that, Theorem 1.6 is verifed in Section 5.

2. Preliminaries

Next, we first give some notations and necessary lemmas, which are very helpful for us in proving
the main theorems.

3

e “ —"and*“ — ” depict the weak and strong convergence, sequentially.

® ul, = (fR3 Iulpdx)z’l] denotes the norm in LP(R?) for p € [1, +00).

e Let H'(R%) be the Hilbert space with respect to the norm [|ul[7, := &3(|Vu|2 + u?)dx.
e We use |Q] to represent the Lebesgue measure of the set Q.

e 0o(1) denotes a quantity which goes to zero as n — oo.

e C, C;(i=1,2,...) represent different positive constants.

e We denote V = V* — V™~ with V* := max{+V, 0}.

Lemma 2.1. Under the conditions of (V,) and (V,), the quadratic form
U f (a|Vul® + V(x)u?*)dx 2.1)
R3

defines a norm in H'(R?®), which is equivalent to the usual one.
Proof. Due to (V;), one has that there is R > 0, which satisfies

Voo 3Ve
- S vVt < - for any x € R? \ Bg(0), (2.2)

where Bg(0) := {x € R3 : |x| < R}. In general, we take a = 1. Then, using the Holder inequality, the
definition of S, and (2.2), one can ascertain

f (IVul® + Vu?)dx = f (Vul® + VTu?)dx — f V- uldx
]R3 R3 R3
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Sf |Vu|2dx+f V+u2dx+f Viuldx
R3 Br(0) IR

3V
< | IVuldx + IV pegaopluls + —= f udx
R3 2 [x|>R

3V
< (1+ SV o) f Vuldx + = f 1Pdx
R3 2 R3

3Veo
< max {1 + SV 20y, T} f (IVul* + u?)dx.
R3

Furthermore, from [10, Lemma 2.1], one deduces that there is C; > 0, which holds the inequality
fR3(|Vu|2 + V*ut)dx > C fR3(|Vu|2 + u?)dx. Moreover, from (V,), one has

f V uldx
R3

Hence, combining with V = V* — Vit can be obtained that

f (Vul? + ViH)dx > f |Vul>dx + f Viiddx =SV f |Vul>dx
R3 R3 R3 2 JUr3

> min{l AN 1}f (IVul® + VuP)dx
R3

< IV‘qudxsIV_IgIMIESS_IIV_Igf|Vu|2dx.
R3

R3

zmin{1—s—1|v—|;,1}c1f(|vu|2+u2)dx
R3

and the lemma is completed. O

Remark 2.2. From Lemma 2.1, it is obvious to see that the norm given by (2.1) is equivalent to the
usual norm of H'(R*). Moreover, we know that the embeddings H'(R?) — LF(R?) (see [9, Theorem
1.8]) and H'(R?) — L?OC(R3) (see [9, Theorem 1.9]) are continuous and compact, respectively, where
p €[2,6] and g € [1,6). Therefore, the embedding X — LP(R?) is also continuous for all p € [2,6].
Besides, one can see that the continuity of the embedding mentioned above can be represented by the
following inequalities:

lulh < SPllully, for any p € [2,6],

in which S}, > 0 is a constant.

Define the energy functional 7, : X — R by

1 b ?
Ty(u) = §||u||§+ Z( f 3 |Vu|2dx) —~ f F(u)dx.
R R3

One can see that u +— f F(u)dx is well defined on X, so 7 ,(u) is also well defined. Through discussions,
one can deduce that 7, € C!(X,R). Moreover, for any v € H'(R?),

T(w),v) = f (aVu - Vv + V(x)uv)dx + bf IVulzdxf Vu - Vvdx — f f(u)vdx.
R3 R3 R3 R3
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The limit problem associated with (1.5) is the autonomous problem below:

- (a +b f |Vu|2dx) Au+Vou= f(u), xeR. (P)
R3

The functional corresponding to Equation (P.,) is
1 2 2 b 2 ’
Tpo(u) == | (@Vu|”+ Veu)dx+ — [Vuldx] — F(u)dx.
’ 2 R3 4 R3 R3

Cp1 = 11'}\1; fb(u) and Choo = inf I;,,oo(u), (23)
ueNp

ueNp

Let

where
Ny = {u € X\ {0} : (Tj(u),uy =0} and  Npeo := fu € X\ {0} : (T} (), u) = 0}.
In addition, we define
Cpo i= uiel/l\lzb Ip(u),
where
My:={ueX:u* #0, (T, (u),u")y=(T,(u),u")=0}.
Next, we will provide some important lemmas to prove Theorem 1.1 and Theorem 1.2.

Lemma 2.3. If {u,} ¢ M, is a minimizing sequence for Iy, then C; < |lu;||x < C, for some Cy, C, > 0.

Proof. Let {u,} ¢ M, and 7,(u,) — m as n — oo. On one hand, due to (fy), (fi), and the Sobolev
inequality, one has

|3 < el + b f |V, |>dx f IVuPdx = f fu)utdx
3 R3 R3

R

< f (el + Coluts ) u dx
R3
_ +12 +16
=¢ |un|dx+C€f |u, |dx
R3 R?
2010212 61(,,%((6
< &S5lluslly +CaS el |-

When ¢ is sufficiently small to make (1 — &S %) > (, we can obtain that ||u;||x > C; for some C; > 0.
On the other hand, in light of {u,} C M, C N, we have (I} (u,),u,) = 0. In virtue of (1.7), one can
arrive at

1
met o1) = Ty) = Tylun) = (T30, )
= Zllulf + fR 3 (%f(un)un _ F(un)) dx

1 2
2 lluallx

which means that m > 0, so one can deduce that {u,} is bounded in X. Namely, ||u;|lx < C, for some
C, > 0. Therefore, C; < |lut|[x < C». o
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Remark 2.4. If {u,} € X be a (PS). sequence, then by using (1.7) and similar arguments to Lemma
2.3, one can get ||u,||x < C, for some C, > Q.

Similar to the discussion in [25], one can derive Lemma 2.5 and Lemma 2.6. Here, we omit the
proof process.

Lemma 2.5. Assume that (Vo) — (V,) and (fy) — (f3) hold. If u € X with u* # 0, then there exists a
unique pair (s, t,) € (0, +00) X (0, +00) such that s,u* + t,u~ € M,. Moreover,

Ty(s,ut +t,u”) = mag]b(qur + tu”).
s>

Lemma 2.6. Assume that (Vy) — (V,) and (fy) — (f3) hold. If u € X with u # 0, then there exists a
unique s, > 0 such that s,u € N,. Moreover,

Ty(s,u) = maox T, (su).

Lemma 2.7. ¢, can be obtained by some positive and radially symmetric function i € Nj, that
corresponds to the ground state solution of (P) (see [26]). Furthermore, if f is odd, then for every
0 <6 < WV, there is C = C(0) > 0 that satisfies

0<ulx) < Ce‘glxl, for any x € R, 2.4)

where @ = (a +b fR3 IVzZIzdx)%.

Proof. The existence of the ground state solutions of (P,) was proved in [26, Proposition 2.4]. For the
properties of solutions of (P.), see [27, Proposition 1.1]. O

3. A global compactness result

Now, we will give a more general global compactness lemma, which is very useful.
Lemma 3.1. Let {u,} C X be a sequence such that
Ty(uy) = ¢ and I,(u,) -0, asn— oo.

Then, there exist uy € H'(R?) and A € R*, such that J A (ug) = 0, where

A 1
Tawy = L2 f VulPdx + > f V(uldx — f F(u)dx,
2 R3 2 R3 R3

and either
(D) u, > uyin X, or

(ii) there exists a number k € N*, k sequences of points {y{;} c R? with Iyﬁl — 400, 1 < j<k andk

functions {ul, ..., uk} c H'(R?), which are nontrivial weak solutions to

—(a + bA)Au + Vou = f(u) 3.1
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and ’
bA> o
¢+ = = Taluwo) + JZ‘ T, (3.2)
k
= ug— Y w(- =y =0,
Jj=1 X
k
A= Vul} + > IVulB, (3.3)
=1
where

bA 1
VNOE ar f [Vu|*dx + —f Veu*dx — f F(u)dx.
2 R3 2 R3 R3

Proof. In view of Remark 2.4, we know {u,} is bounded in X. Then, there are uy, € X and A € R* that
satisfy

u, — uy in X and f Vi, |>dx — A. (3.4
R3

Due to (3.4) and 1 (u,) — 0 as n — oo, we arrive at

f (a@Vuy - Vo + V(x)upp)dx + bAf Vuy - Vedx — f f(up)pdx =0, VeelX.
R3 R3 R3

That is, J; (up) = 0. On the other hand, it is clear to see that

bA 1
Taluy,) = art f |Vun|2dx+—f V(x)u,%dx—f F(u,)dx
2 R3 2 R3 R3

1 b 2
= ‘5’ fR Vu,Pdrt 5 fR 3 V(x)ugdx+z( } |Vu,,|2dx)

bA?
—f F(u,)dx+—+o0(1)
R3 4

2

= Ib(un)+b%+o(l). (3.5)

Besides, for all ¢ € Cy(R?), one has

(Talun), @) =(a + bA)f Vuy, - Vedx + f V(x)unpdx — f Jun)pdx
R3 R3 R3

3

= | (@Vu,-Vo+ VX)up)dx+b | |Vu,|’dx f Vu, - Vedx
R3 R3

R3
- f S(up)pdx + o(1)
R3
=(L},(un), ) + o(1). (3.6)
It follows from (3.5) and (3.6) that

2
jA(un)_)C+T and J,4(u,) — 0, asn— oco.

Communications in Analysis and Mechanics Volume 17, Issue 1, 159-187.
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Next, we will demonstrate in three steps and provide detailed proof process.
Step 1. Letting u,l1 ‘= u, — Up, We can obtain

(@) T2 = ¢+ — Fu(uo),
(b1) (T2 W), udy = (T (), ) = (T (o), o) + 0(1) = o(1).

To prove (a;), we can use the weak convergence of {u,} and [28, Lemma 3] to conclude that

Vi 3 = Va3 — [Vuol3 + o(1), (3.7)

lunly = lualy = luol; + o(1), (3.8)

f F(u,ll)dx = f F(u,)dx — f F(up)dx + o(1), 3.9
R3 R3 R3

L z fuhyuldx = L z f(u,)u,dx — fR 3 F(uo)uodx + o(1). (3.10)

Moreover, by virtue of (V,), we know Y& > 0, AR > 0 such that |V, — V(x)| < £ on R? \ Bz(0). Hence,
it holds that

f (Voo = V)12 — u)dx
R3

< f Vo = VlluZ — u|dx + sf |u? — ug)dx
Br(0) R3\Bgg(0)

< Cilu, — ”0|L2(BBR<0>) + Cre = Cre + o(1).

From the arbitrariness of &, it can be concluded that

lim | (Vo — V)@ — ug)dx = 0. (3.11)
n—00 R3
Using (3.7)—(3.9) and (3.11), we can show that

a+ bA
Ty — Ta(un) + Taluo) =T(|Vu,11|§ — [Vutal; + [Vuol)

+ % fR 3 V() (uf — u?)dx + % fR 3 Veo(u! ) dx
+ f3(F(un) — F(up) — F(uy,))dx
:0(1)].R
That is, (a;) is correct. As for (b;), by using a similar argument as before and (3.10), it is sufficient to

get (by). We omit the details here. Furthermore, by (a;), we can obtain that J° A°°(u,11) > 0.
Step 2. Define

6 := lim sup supf |u) *dx.
Bi(y)

n—+oco yER3

Case 1 (Vanishing): 6 = 0. That is, as n — oo,

sup f |u}*dx — 0.
yeR3 J B1(y)
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From the P.L. Lions lemma in [9], one has u! — 0 in L'(R?) for any ¢ € (2,6). Thus, we deduce that
lim fR3 fuldx = 0 by (1.6). Besides, it is easy to get fRS(V(x) — Vo)(ul)*dx = o(1). Hence, by
n—+0oo

(b1), we can conclude ||M,1,||X — Qasn — oo.

Case 2 (Non-vanishing): 6 > 0. Assume that there exists {y!} ¢ R* such that

5D
f |u!Pdx > — > 0.
Bi(y)) 2

We now define a new sequence w! := ul(- + y!). It is easy to get that {w!} is bounded in X. Moreover,
we suppose that w! — u! in X. Since

112 12 6
f lw,|"dx = f lu,|"dx > — >0,
B1(0) Bi(v) 2

it follows from the Sobolev embedding that u' # 0. Moreover, . — 0 in X implies that {y!} is

unbounded. That is, |y!| — oo as n — oo. Furthermore, we can show (jj’)’(ul) = 0.
Step 3. Setting u? := u! —u'(- —y!), we can check that

(@) T02) > ¢ + 55— Fa(uo) = T ),
(b2) (T W), uzy = (T (), ) = (T3 (o), o) = (T Y "), u') + o(1) = o(1).
Similar to Step 2, define
6@ := lim sup sup f |u?|*dx.
Bi(y)

n—+oco yeR3

If 6@ = 0, we have |lu?|[x — 0 asn — oo. That is, |lu, — up — u'(- —y)|lx = 0asn — c. By (3.7)
and (a,), we have A = |Vul5 + [Vu'l5 and ¢ + b{jz = Jaup) + I (u"). Furthermore, we know that
TS W2 = o(1). If @ > 0, as the arguments as above, we know that there exists {y2} ¢ R? unbounded,
and a sequence w? := u?(- + y?) that satisfies w> — u? in X and u*> # 0. Besides, we can obtain

(jA‘”)’(uz) = (. Iterating the above process, we can show that

J = 4,1 Jj—1 j—1
w, =u,  —uw (- —=y)

with |y£| — oo and

wi!

n

= u{;_l(- +y£_1) — /! inX,
where u/ is the nontrivial weak solution of Equation (3.1). Moreover, we can conclude that

. hA2 T .
TR]) = ¢+ == = Taluo) = ) T3 + o(1).
i=1
Noticing that #' is the nontrivial weak solution of Equation (3.1), in view of (1.7), we can obtain
J(u’) > 0. Besides, similar to the above discussion, we know that when 6 = 0, T} = o(1).
Hence, there is some finite constant k € N. Moreover, the above process will stop after k iterations.
Namely, the proof is completed. O

Corollary 3.2. The functional 1, satisfies (PS). condition for ¢ € (0, cp ).
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Proof. Let {u,} C X be a (PS), sequence for ¢ € (0, ¢y ). Then,

Ip(uy,) = c€(0,¢p00) and Iy(u,) -0, asn— oo.

We only need to prove that {u,} has a convergent subsequence in X next. From Remak 2.4, we first
conclude that {u,} is bounded in X. Hence, there is a subsequence of {u,}, still denoted as {u,,}. Besides,
there is also uy € H'(R?) that satisfies u, — ug in X. If it is strongly convergent, then the proof is
completed. If u, - ug in X, from Lemma 3.1, there exist A = [Vuol3 + Z'j‘-zl IVu/|2, k € N and {y!} c R

with |y| — +oco for j = 1,2,...,kand u/ € H'(R?) such that
a bA2 k
Tho) =0, Ny =g = Y (- =yDllx = 0. ¢+ == = Taun) + ) JX),

J=1 J=1

where u/ are nontrivial critical points of I3 forj=1,2,... k
We first give the following two claims.
Claim 1: If uo # 0 and there exists ¢y > 0 such that fouy € N, then we claim that #, < 1.
Since fouy € Nj, and 7, (up) = 0, we can obtain that

2
||touo||§+b( 3|V(fouo)|2dx) = f S (touo)(touo)dx
R R3
and
(a+ bA) f |Vuo|*dx + f V(x)ugdx = f f(uo)uodx.
R3 R3 R3
It follows from (3.3), (3.12), and (3.13) that
1 S (uo) f(fouo))
1-= % < f - *dx.
( t(z))”uOHX R3((u0)3 (touo)? ol dx

From (f3) and (3.14), it is easy to obtain #y < 1. Therefore, the claim is proved.
Claim 2: If uy # 0, we claim that

bA
Jalug) > cpy + vE f3 |Vuto|>dux.

R

Combining #, < 1 and (1.7), we can arrive at

1 1
f (Zf(fouo)(fouo) - F(fouo)) dx < f (Zf(uo)uo - F(uo)) dx.
R3 R3

Hence, we can obtain

1
T alug) =T a(ug) — Z(fg(uo), Uo)

bA 1 1
ar f Vo Pdx + — f V(xuddx + f ~ Fuo)to — Futg) | dx
4 R3 4 R3 R3 4

(3.12)

(3.13)

(3.14)

(3.15)
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t bA
> f (@Vuol* + V(x)ud)dx+— f |Vuo|*dx
R3 4 R3

-I>|C>N

1
+f (Zf(fouo)(touo)—F(touo) dx
R3

3

1, bA
=T y(toug) — — (L, (touo), touto) + — f |Vuo|*dux
4 4 Ju
bA
= T (tot0) + — f [Vuo*dx
4 R3

bA
>cpp+ — f Vuol*dx.
4 R3

Therefore, the claim is proved. Similarly, since u/ # 0 and (" Z")’(uj ) = 0, it is easy to see that

. bA .
TLW!) > cpeo + T \Vu/|*dx. (3.16)

R3

Now, we return to our proof. If ug = 0,k > 1, then A = Z’;zl IVu/]5 and ¢ + % = Z’;zl I W) >
kcpoo + %. Noticing that ¢ < ¢p, this is absurd. If uy # 0,k > 1, then from (3.2), (3.15), and

(3.16), we can obtain ¢ + %ﬂ > cpy +kcpoo + %. By using (fy) — (f3) and similar discussions to those
in [9, Theorem 4.2], one ascertains ¢,; > 0. Combining ¢ < ¢;, we know this case cannot occur.
Therefore, k = 0 and the proof is completed. O

4. Positive ground state solution

Now, we prove Theorem 1.1. First, due to conditions (fy) — (f2), one can easily deduce that 7,
satisfies the mountain pass geometry. Then, by conditions (fy) — (f3) and similar discussions to those
in [9, Theorem 4.2], we have

cp1 = Inf max 7 ,(y(r)) = inf max J,(tu) > 0,
b1 yel te[0,1] b()/( )) ueX\{0} >0 b( )

where I' := {y € C([0, 1], X) : ¥(0) =0, Z,(y(1)) < 0}.
Then, we show the relationship between ¢, and ¢, ... Note that # is a positive ground state solution
of (P.), so combined with Lemma 2.6, one can ascertain that there is #; > 0, which makes 7;it € N,,.

Lemma 4.1. Assume that (V) — (V3) and (fy) — (f3) hold. Then,
0< Cp1 < Cpoo-

Proof. We first claim that #; < 1.
Since it € N}, ., one has that

2
f (alVﬁ|2+Vooﬁ2)dx+b( f |Vu|2dx) = f f(@)adx. 4.1)
R3 R3 R3

Due to ;i1 € N, we ascertain that

2
r f (a|va|2+V(x)u2)dx+ng( f |Vu|2dx) = f f(tait)(tit)dx. (4.2)
R3 R3 R

3
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Combining (4.1), (4.2), and (V3), we deduce that

! - = [y  f(w) _
(% - 1) fR3(a|Vu|2 + Voiit)dx > L} ((t,;ﬁ)3 _ ?) il dux.

If ; > 1, the above equation does not hold by (f3). Thus, we can obtain that #; < 1.
It follows from (1.7), (V3), Lemma 2.6, and the above claim that

Cpy < max I ,(tin) = 1,(tz0h)

>0
tlgt =12 ) 1 N, - _

< = (alVu|” + Vit )dx + — f(tan)(tzin) — F(tzi) | dx
4 R3 R3 4
1 1

< - | (@Val + Vei*)dx + f — f()a — F(@) | dx
4 R3 R3 4

= _Z-b,oo(ljt) = Cp,c0-
The proof is completed. O

Proof of Theorem 1.1. Through using [9, Theorem 1.15], one knows that there exists a sequence
{u,} c X such that

Iy(u,) > cpy and I,(u,) >0, asn— oo.

In view of Corollary 3.2 and Lemma 4.1, the sequence {u,} has a subsequence which strongly converges
to u € X. Besides, the function u satisfies 7,(u) = ¢, > 0 and 1 (1) = 0. We can easily get that u # 0.
This indicates that u is a ground solution of Equation (1.5). Next, we prove that Equation (1.5) has a
positive ground solution. First, based on f being an odd function, we can see J,(|ul) = Z,(u) = ¢
and |u| € N},. We can claim that 7 (Ju|) = 0 by using the deformation lemma, where f does not require
differentiability. For convenience, let us note w = |u|. Then, we only need to prove 1 (w) = 0.

By contradiction, we assume 7, (w) # 0. Then, there are o > 0 and 6 > 0 that satisfy

W,y =0, YueX with |lu—wlx < 36.

1 _3s
2’ V2lwlix

Let D :=(1-o0,1+0), where o € (0, min {
(f3), we have

}). By using the fact that w € N, and the condition

(I, @w),tw) >0, if r<1
and
(I, @w),tw) <0, if r>1.
Hence, we can take #;,7, € D \ {1}, such that
(I (tw),tw) >0, (I, (taw), tw) < 0. 4.3)
It follows from Lemma 2.6 that

¢ ;= max {ZL,(tyw), Lp(tow)} < T,(w) = Cp1. “4.4)
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For &£ := min{(cy; — ¢)/3,60/8} and S5 := {u € X : |lu — wllx < 6}, due to the deformation lemma
in [9, Lemma 2.3], one deduces that there exists € C([0, 1] X X, X) that satisfies

(@n(l,u)=uifu ¢ I,'([cp) —2&,cp1 +2€]) N Sas;
b)Y, I NS 5) € I
(c) I,(n(1,u)) < I,(u), for any u € X.
From this deformation, with the help of Lemma 2.6, we can claim that
max I,(m(1,tw)) < cpy. 4.5)
Indeed, on the one hand, from Lemma 2.6, we know V¢ € D,
Ty(tw) < Tp(w) = cp1 S cpy + €.

In addition, based on the definition of ¢, it can be concluded that

1
lltw — wlx < a?llwlly < 552 < &,
which means rw € S;. Hence, tw € I,"'"* N S 5. According to (b), it is easy to obtain (4.5).
In what follows, we can first claim that (1, tw) N N,, # 0 for some t € D. We define

O(1) := (T ,(n(1,tw)),n(1,tw)), fort> 0.

From (4.4), the definition of € and (a), we have n(1,#,w) = t;w and n(1, ,w) = tw. From (4.3), one
has

(1) = (T, w), aw) > 0,  D(ty) = (T)(1aw), w) < O. (4.6)

In view of (4.6) and the continuity of ®, there exists 7y € [t;,1,] C D such that ®(#y) = 0. From the
definition of @, one has n(1, fow) € N,,. Namely, n(1, tw) N N, # 0 for some ¢ € [t;,1,]. Then, one gets
cp1 < 1p(n(1,tow)), which is clearly contradictory to (4.5). Hence, the assumption is not valid and we
ascertain that 7} (w) = 0. Therefore, w is a non-negative solution of Equation (1.5). Finally, according
to the maximum principle [29, Theorem 3.5], one can obtain w > 0 in R?. Then, we say Equation (1.5)
has a positive ground solution w. So far, the proof is completed. O

Remark 4.2. Let u; € X be the solution obtained from Theorem 1.1. From the theory of classical
Schrodinger equations (see [30, Theorem 3.1]), it is easy to conclude that u, decays exponentially as
|x| = oo. Namely, for every 6 > 0, there exist C = C(0) > 0 and R > 0 such that

u(x) < Ce™™, for any |x] > R. 4.7

5. Existence and asymptotic behavior of least energy sign-changing solutions
In this section, we will prove the existence and asymptotic behavior of least-energy sign-changing
solutions of Eq. (1.5). We first give the relationship among ¢ 1, ¢5« and cp». Then, inspired by [24],
we can construct a sign-changing (PS),,, sequence for 7. After that, we can use Lemma 3.1 to prove

Theorem 1.2. Finally, we prove Theorem 1.6.

Communications in Analysis and Mechanics Volume 17, Issue 1, 159-187.



175

Lemma 5.1. Assume that (Vy) — (V»), (V;‘), and (fo) — (f3) hold. Then, there exists b* > 0 small enough
such that for 0 < b < b* we have

0< Cpp < Cp1 + Cpo < 2Cb,oo'

Proof. Define u,(x) := u(x — ney) and e; := (1,0, 0), where i is given in Lemma 2.7. In what follows,

u; represents the positive ground state solution of Equation (1.5), which is obtained from Theorem 1.1.
Claim 1: There exist s¢, #o > 0 such that sou; — tyit,, € M, for some ny € N large enough.

In fact, denote y(a) = %ul — i, with a > 0, and define a,, a, by

ay=supfa € R" : y"(a) #0} and a, =infla € R* : y"(a) # 0}.

By Lemma 2.5, there exists (s(y(a)), t(y(a))) such that s(y(a))x*(a)+t(x(a))xy (a) € M,. Because u; is
positive and # is radial, we can prove that a; = +co. Indeed, we first notice that i is radially symmetric,
as the same arguments presented in [31, Lemma 3.1.2] (see also [32, Radial Lemma 1]), one has that
there exists a constant C > 0 such that

_ Izl x

la(x)| < CT, for every |x| > 1. (5.1

X

We can obtain that for every x € Bg(0), there is |[x — ne;| > n — |x| > n — R. By using (5.1), one can
ascertain

_ _ la2l|x &)
= —_ < _—
i,(x) = u(x nel)_Cln_R_n_R
Then, for fixed x € Bg(0), we will have
1 1 1
x(@ = —-uy —iy, 2 —uy — G . (5.2)
a a n—R

Therefore, we can take € = #‘CZ > 0 and ny € N, such that # < g for every n > ny. Combining with

(5.2), we know that for all n > ny and a € (0, +00), there is

1 1
x() = —u; —it, > —u; > 0.
a 2a

Finally, we obtain that a; = +oco by the definition of a;.
If a - a; = +0, then %ul — 01in X and y*(a) — 0. Similar to [33, Lemma 2.2 (ii)], one concludes
that s(y(a)) — +oo and {t(y(a))} is bounded in R*. Hence, as a — a;, one has

s(x(a)) — t(x(a)) — +oo. (5.3)

Similarly, if a — a3, x"(a) — 0, one has that #(y(a)) — +oco and {s(y(a))} is bounded in R*. So, as
a — a,, we have

s(y(a)) — t(xy(a)) — —oo. (5.4)
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From [33, Lemma 2.2 (i)], we can ascertain the continuity of s and . Combining (5.3) and (5.4), we
obtain that there exists ag € (a,, a;) such that s(y(ap)) = t(y(ap)) for ny. Hence, let sy = %s(x(ao)) and
to = t(x(ap)), it is easy to show that

s(x(ao))x(ao) = souy — toi,, € M.

Claim 2: There exist b* > 0 small enough and n € N* large enough such that for 0 < b < b* we
have

ma())( T (souy — toit,) < Cp1 + Cpo- (5.5
85,1>

Obviously, 1,(su; — ti,) < 0 for s or ¢ large enough. Next, we only need to consider this problem in
a bounded interval. That is, we consider the case that s,¢ € (0,C), where C > 0. Moreover, one can
check that there is ¢, > O that satisfies #, — 1 as n — oo and t,i1, € N,. Then, by a direct calculation,
we can obtain

1
I ,(suy — tit,) =5 f (a|V(suy — ti,)* + V(x)(suy — tii,)*)dx
R3

b 2

+—( f IV(sul—tL't,,)Izdx) - f F(suy — tii,)dx
4 R3 R3
R

2
f @V (sup)P + V(x)(sup)?)dx + Z( IV(sul)Izdx)
R3

3

1

2
- f F(sul)dx+l f (alV(ti,)* + V(x)(ti,)*)dx
R3 2 R3

b 2
+—( |V(tﬁn)|2dx) - f F(ti,)dx — f aVsu, - Vtii,dx
4 R3 R3 R3

- f V() (suy )(ti,)dx
R3

b 2
+—{4s2t2 ( f Vu, -Vﬁndx) 45t f IV Pdx f Vu, - Vidx
4 R3 R3 R3
+25%F f Vi |2dx f \Vit,|>dx — 4sf° f |Vit,[*dx f Vul-Vﬁ,,dx}
R3 R3 R3 R3

- f (F(suy — tii,) — F(suy) — F(ti,))dx
R3

<I,(suy) + L,(t,in,) + B, + C, + D,
=1 p(suy) + 1 po(tyity) + Ay + B, + C, + Dy, (5.6)

where

A =% f (V) = V)bt d,
2 ).

B, =- stf (aVu, - Vi, + V(x)u,ir,) dx,
R3
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b 2
c, :—{4s2t2 ( f Vi, -Vundx) 45t f IV, Pdx f Vi, - Vii,dx
4 R3 R3 R3
+ 2% f |V [2dx f \Vit,|>dx — 4sf° f |Viz,|*dx f Vu1~Vﬁndx},
R3 R3 R3 R3

D, :f (F(suy) + F(tin,) — F(suy — tit,))dx.
R3
First, similar to the conclusion presented in [10], we can show that
! )
f ullﬁl’llqu < Cle_ﬁ” + Cze—mn’
R3

__dq_ _ g s _5
luy|%5,dx < Cze” @@ D" + Cye” ¢1" < Cse” @@ " + Cge 1",
R3

for any g € [1, 5].
For A,, in view of (V,), we can arrive at

1 1 T C
A< =3 (Voo = V(x + ney))iddx < —Zcf % gr<-=

B1(0) B1(0) 1 + |x + nelly nY

As for D,,, due to (1.6), one has

D, < Zf (f Csur)tin, + f(ti,)su1) dx
R3
<2 f (s(lsm|+|su1|5)tﬁn+C5|su1I"_ltb‘tn+8(|tb‘tn|+|tL7,,|5)su1+C£|tb‘tn|"_1su1)dx
R3
< Cge_&" + Cge_%".
In what follows, we estimate B,.. Since (1", ’oo(ﬁ,,), uy) = 0, we deduce that
f (aVia, - Vu; + Vit,u))dx + b IVﬁnlzdxf Vi, - Vudx = f Sf(i,)udx.
R3 R3 R3 R3

From (1.6), (5.7), and (5.11), we derive that

f f(ﬁn)uldx - \&3 Vooﬁnu]dx
Vii, - Vuydx = =&
fR3 1 a+b [, IVa,Pdx

<Cio (f f(ﬁn)uldx+f Vwﬁnuldx)
R3 R3

_0 _9
<C(Cje fa’t Cire 6",

Since (7 (uy), it,) = 0, we can get that

f (aVu, - Vi, + V(xX)uyir,) dx + bf |Vu1|2dxf Vu, - Vi, dx = f f(uy)u,dx.
R3 R? R? R3

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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Let us go back to the term B, now. Combining (1.6), (5.8), (5.12), and the above equation, we can

obtain that
Bn:st(b f IV, 2dx f Vu, - Vit,dx — f f(ul)ﬁndx)
R3 R3 R3

Sst(b f |V, [*dx f Vu, - Vi, dx + f If(ul)lﬁndx)
R3 R3 R3

< Cpze s + Cpye 8", (5.13)

By (5.12), it is easy to conclude that

C4
Cu < Cise™™" + Cige & + —b f IV Pdx f Vi, dx
R3 3

R
< C15€_6£”n + C16€_%n + C17b. (514)

Then, due to (5.9), (5.10), (5.13), and (5.14), we can ascertain that
C7 _0 _0
A,+B,+C,+D, < —— + Cge fa’t Cioe 6" + Ci7b. (515)
n

. . _0 _9S
Therefore, choosing ny € N* large enough, we can obtain —% + Cige"a™ + Cige” 6™ < 0. Hence, we
0

CrL—Crge 80 _Croe 870
77— 18¢ ba ¥—Cjge

can take b* = —2 o > 0, and then, Vb € (0, b*), we have

A,+B,+C,+D, <0,
for all n > ny. Noticing that (5.6), we deduce that

max J,(su; — ti,) < max J,(su;) + Ib’oo(ljtn)
5,t€(0,C) s€(0,C)

< Ib(ul) + Ib,oo(ﬁn)

= Cp,1 + Cp,cos

for all n > ny. Therefore, the claim is proved. Finally, combining Claim 1 and Claim 2, for any

b € (0,b"), we can show that
cpr < Tp(Souy — toily,) < max Ty(suy — tidyy) < Cp1 + Cp oo
S,>

The proof is completed. O

In order to construct a sign-changing (PS).,, sequence of the functional 7,, we follow the method
in [24]. Define

fR3 fwu dx .

, ifu#0;

g(u, V) = {Ou§+b(fR3 [Vul? dx)?+b fR3 [Vul? dx fR3 V2 dx . u . (516)
5 1Tu = 0.
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First, since f being an odd function, we can obtain g(u,v) > 0 if u # 0. Besides, we can see that
u € M, if and only if g(u*",u”) = g(u”,u") = 1. Moreover, we can construct the following set U,
which is larger than the set M,. Namely, we define

1 1
U := {u eX:lgw u)-1]< 5 lg(u™,u") 1] < 5}

We know M, c U. Furthermore, from Lemma 2.5, it can be concluded that M, # 0. That is,
M, c U # 0. Now, we use P to represent the cone of the non-negative functions in X, D := [0, 1],
E := D x D, and X to represent the set of continuous maps o, so that for all s, ¢ € D,

(i) o € C(E, X);

(i) 0(s,0) =0, 0(0,¢) € Pand o(1,¢t) € —P;

f3 flo(s.1)o(s.1) dx

B
(@) (£ 0 0)(s, 1) < 0 and 4 e a2

We can claim that £ # (. In fact, for every u € X and u*™ # 0, we can set o(s, 1) = u(1—s)tu™ +ustu,
where u > 0 and s, € D. Then, through simple calculations, one can conclude o (s, ) € X for some
u > 0. Moreover, we can also obtain the following lemmas.

Lemma 5.2. Assume that (V) — (V») and (fy) — (f4) hold. Then,

inf sup J,(u) = 1nf I,(u) = cpo.

02 yeo(E)

Proof. On one hand, for all u € M, and s,7 € D, there is o(s,t) = u(l — s)tu* + ustu” such that
when y > 0 is sufficiently large, o(s,7) € X. In light of Lemma 2.5, one concludes that 7,(u) =
max;,so £ ,(su* + tu”). Hence, one obtains that

Tp(u) > sup Lp(u) >inf sup 7,(u),

ueo(E) T€X uer(E)
which implies that
inf 7,(u) > inf sup 7,(u). (5.17)
LlEMb [o4(S] uco(E)

On the other hand, we can see that for every o € X, there is u, € o(E) N M,. Therefore,

sup 1) > 1p(uy) > lﬂf Iy(u).

ueo(E)

Then, one can arrive at

inf sup J,(u) > 1nf I ,(u). (5.18)

T e (E)

Hence, combining (5.17) and (5.18), we can conclude that

inf sup J,(u) = 1nf Ib(u) = Cp2.

€L e (E)
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Now it remains to prove the claim. Indeed, due to the definition of X, we can know o(0,¢) € P and
o(1,t) € —P, which holds for every o € X and ¢t € D. Moreover, by using conditions (f;) and (1.7),
it is easy to ascertain that for every ¢t € R, there is i f(®t > F(t) > 0. Next, for convenience, one can
define I*(s, 1) := g(o*(s,1),07(s,1)) + g(0(s,1),07(s,1)). Then, one can deduce

70,1 >0 (5.19)
and
(1,1 <0. (5.20)
Then, we can use property (iii) and the inequality 2 + ¢ > 24 where a, b, ¢,d > 0, to obtain that
I(s,1) > 2.
Thus,
I(s,1)=2>0. (5.21)
In addition, we can verify [*(s,0) = 0. Hence,
I(5,00-2=-2<0. (5.22)

Therefore, using Miranda’s theorem [34] and (5.19)—(5.22), there is (s, #,) € E that satisfies
(S ty) =" (Soy 1) =2 = 0.
As a result, one has
80 (Sor10), 0 (Sors ty) = 80 (Sos b)), 0 (Ses 1)) = 1.

Namely, there exists u, = 0(sy,t,) € 0(E) N M, for any o € Z. The proof is completed. O

Lemma 5.3. Assume that (Vy) — (V,) and (fy) — (fs) hold, then there exists a sequence {u,} C U
satisfying 1,(u,) — cpp and 1} (u,) — 0 asn — oo.

Proof. Let {w,} € M, be a minimizing sequence and o (s, ) = u(1 — s)tw} + ustw, € Z, so

lim ma()I(E) Iy(w) = lim I,(w,) = cpa. (5.23)
n—oo weo, n—o0

We can claim that there is a sequence {u,} C X, which satisfies, as n — oo,
Iy(uy) = cpp,  I(u,) — 0, dist(u,, 0,(E)) — 0. (5.24)

Suppose there is a contradiction, then, there exists 6 > 0 such that o,(E) N Vs = 0 for n, which is
sufficiently large, where

Vi={ueX:IveX, st|v-ullx <6 I1,Wllx <8, | Z,(v) —cpal <6}
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Through using [35], due to Hofer [36], there is 7 € C(D X X, X), which satisfies the following properties
for some ¢ € (0, %) and every ¢ € D.

(1) 10, u) = u, n(t, —u) = —n(t, u);
(ii) p(t,u) = u forany u € 7,°"° U (X \ I,)*"), where T = {u € X : Tp(u) < c};

(i) p(1, I3\ Vi) € T8,
(@) n(1, (2,
By (5.23), select n to be sufficiently large so that

me\wgcf“ZmP

Tu(E) C T g (E)NV; = 0. (5.25)
Define 7 ,(s,t) := n(1,0,(s,t)) for all (s,7) € E. Then it is clear to see that 6, € X. From (5.25) and
property (iii), it can be inferred that &,(E) € I, *_ Therefore,

cpp =1inf sup I,(w) < max I,(w) < cpp — f,
T 0L e (E) wedy(E) )
which is absurd, so the claim is valid.
Now, we begin to prove {u,} C U when n is large enough. Indeed, in light of 7} (u,) — 0 as
n — oo, one can ascertain (7, (u,), u;y) = o(1). After that, it is sufficient to prove u, # 0, which means
g(ul,u;) — 1 and g(u,,u’) — 1. Therefore, one gets {u,} C U for n large enough. Using (5.24), there
is a sequence {v,} that satisfies

Vo = SaWy + t,w, € 0,(E), |V, — upllx — 0. (5.26)

To get u; # 0, we only need to show that s,w, # 0 and t,w, # O for n large enough. It derives from
Lemma 2.3 and the fact of {w,} ¢ M, that C; < [lw}]| < C, for some C;,C, > 0. Next, we only need
to prove s, - 0 and t, -» 0 as n — oco. By contradiction, if 5, — 0 as n — oo, in light of (5.26) and 7,
being continuous, one can get

0 < cpp = lim Z,(v,) = lim Z,(s,w) + t,w,) = Hm T (2, w)).
n—oo n—oo n—oo

Choosing 0 < € < 25—2 such that

Cpo = hm I,(w,) = lim max Tp(sw, +tw,) > lim max Z,(sw; + t,w,)

n—oo g, 1> n—oo S>

2
1

= lim max {—Ilsw:lr +t,willE + — f IV(sw! + t,w)I* dx
2 4 R3

n—oo >0

- f F(sw, +t,w),) dx}
R3

2
> lim 1,(t,w,) + hm m%x{—llw ||X f F(sw)) dx}

n—oo

> cpo + hm m%x{—llw ||X—ss f lw > dx — C.s f w o dx}
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2

S

> cpo + lim max{ (1 -~ 2538) W% - Cgsgnw;ngsﬁ} > Cpa,s
n—oo s>0 2

leads to a contradiction. Then, the above assumption is not valid. Therefore, {u,} C U for n large

enough. O

Based on the previous lemma, we will now focus on the proof of Theorem 1.2.

Proof of Theorem 1.2. First, there is a (PS),,, sequence {u,} € U by Lemma 2.3 and Lemma 5.3,
which is bounded. Then, we assume that there exists a subsequence, which satisfies u,, — uy in X. We
can claim u,, — uy in X, thus we deduce that

I(up) = cpp and IZ,(MO) =0

From Lemma 2.3, by u, — ug in X, we get |luz|lx > C, > 0, namely uy € M,. Hence, uy € M, is a
least energy sign-changing solution of Equation (1.5).
It remains to verify the above claim. In fact, due to Lemma 3.1, if case (i) occurs, the proof is
completed. If case (ii) occurs, since ¢, < Cp o, it follows from (3.2) that k < 1. Hence, k = Oork = 1.
If uy = 0, in light of ¢, > 0, one can deduce for k = 1 and A = |[Vu'[3,

Uy = u' (- =) (5.27)

Since |y!| — +o0 and {u,} c U, (5.27) and Lemma 2.3 imply that (u')* # 0. Besides, due to
TSy = 0, we get (JoY @), wh*) = (I3)wh,@)*) = 0. Hence, we have
T2 (WhH*) 2 cpeo + 2 fR3 |V(u!)*[*dx by (3.16). Therefore,

bA? bA?
Co1F Cot == > Cp2+ — = = Jy U D =T+ IR )

> Cpoo + —f |V(u )+| dx +cpo + —f |V(u )_|2dx
’ 4 R3 ’ 4 R3
bA?

> 2Cb,oo + T’

which contradicts with ¢;; < ¢p. Thus, ug # 0, combining ¢,» < ¢p1 + Cpoo, (3.2), (3.15), and (3.16),
we can get that

bA? bA? bA?
Cpt + Choo + — >cbz+——JA(uo)+ZJ’A () 2 ey + Kepoo + ——.
4 ‘= 4
Therefore, we can show that k = 0 and u,, — 1 in X. The proof is completed. i

From now on, we will study the asymptotic behavior of the above sign-changing solutions with

respect to b. In order to facilitate research, we set ¢p; := ir}g To(u), coo := 1/r\1(f Joo(u) and cp, :=
ue/No 0,00

inf Zo(u) with Ny := {u € X\ {0} : (Ty(w),u) = 0}, Now = {u € X\ {0} : (I} (w),u) = 0}, and

ueMy ’

Mo:={ue X u #0, (Iyuw),u")y = {(Iy(u),u”) = 0}, where 7o(u) and 7 (u) respectively represent
I (u) and 1 (u) with b = 0. Besides, from Theorem 1.2, we have obtained that Equation (1.5) has a
least energy sign-changing solution for all b € (0, b*) under hypothesis (Vy)) — (V,) and (V,). Next, we
denote it as u;, and consider the problem with b € (0, min{b*, 1}).
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Proof of Theorem 1.6. First of all, in virtue of Theorem 1.2 and Lemma 5.1, we immediately know
that ¢, 1s achievable by some u;, for all b € (0, b*) and satisfies 7,(up) = cp2 < Cp1 +Cpo- Hence, there
is a sequence {u,, } that satisfies 7, (up,) = cp,2 < Cp,1 + Cp, 0 and I ;n(u,,n) = 0. Similar to the proof
in [37], we can get that 7,(up) = ¢, < My, where M, is a positive constant. Due to (f3), we have that

1 1
Mo+ 121y, (up,) - Z(I;;n(ubn)’ wp,) > —|lup, |13,

and we can easily infer that {u;, } is bounded. Thus, there is a subsequence of {u;, } and uy € X that
satisfies u,, — up in X. Besides that, we can easily check that the sequence { fR3 IVubnlzdx fR3 Vu,,, -
Vedx} is bounded for all ¢ € Cy’ (R?). Therefore, combining b, — 0 as n — +o0, we can arrive at

lim b, f |V, |*dx f Vuy, - Vedx = 0.
R3 R3

n—0oo

Through simple calculations, one has

(Ty(uo), ) = f (@Vito - Vo + V(Ouo@)dx — f Fluo)gdx
R3

R3

_ lim{ f @V, - Voo + V(x)up, 0)dx — f f(un)godx}
R3 R3

n—oo

= 1im (7}, (), @) = 0

forall ¢ € Cy (R3), which implies that 7 olg) =0

In the following, we deduce that 7((uy) < cp,. Because of (f,), we know that there is Ay > 0
large enough such that 7, (svj + tv;) < O for all s +¢ > Ay. Due to Lemma 2.5, we get that there is
(Sp,> 1p,) € (0, +00) X (0, +00) that satisfies s, v + t,,v, € My,, where vy € My satisfies Zo(vo) = cop.
Hence, we have 1, (s5,v) + t,v;) = 0 by (f3), and then 0 < s, , 1, < Ag. Therefore, we can conclude
that

b, 2
cop=Lo(vo)=1},(vo)— 1 (f3 |VV0|2dX)

1- 4 1- 4 2
21y, (86, Vo +1p,Vg) +—— <f' (Vo), Vo) +—— <f' (o), v0>——(f [Vvol dX)

1 + Ag ’ + + 0 ’ - n 2
>rp,0 — KT, (vo), vo)| - |<f,,,,<vo>, ol =7 | 19wl dx
R.

1+A4 ) o
=Cp, 2~ f|VV0| dxf Vgl dx—

—%(fR Vol dx) .

|Vv0| dx f Vv, [*dx
3

Hence,

lim sup ¢y, 2 < Co2- (528)

n—+co
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In light of (f3) and Fatou’s Lemma, one gets
1,
To(uo) =L o(uo) — Z<fo(uo), uo)
1 5 1
=—luollx + — f(uo)uo — F(up) | dx
4 R3 4
.. 1 ) 1
Shmmf{—llub B+ [ (=, — Fu,) dx}
N 400 4 n RS 4 n n n

1
=liminf {fb,, (up,) — Z<I b, Up,), um}
n—+oo

=liminf 7, (u,) < limsupcy,» < cop. (5.29)

n—+00 s 400

Next, we show that uy € M, and Z((uy) > cop. First, combining the boundedness of {uy, } and (5.28),
one deduces that

by ?
o(1) < lim Zo(uy ) = lim {Ibn(ubn) O ( f |Vu;,"|2dx) }
n—oco n—oo R3

4
=lim 7, (up,) < limsupcy, 2 < ¢o2. (5.30)
n—o0 n—+oo

Besides, it is easy to check that
0 =<(T}, (wp,), ) = (Lo(up,), @) + o(1)
for all ¢ € Cy(R?), which means that

lim Tj(up,) = 0. (5.31)

Hence, owing to (5.30) and (5.31), we know that there is a subsequence of {u,, }, still denoted by {uy, },
which satisfies

lim IO(ub,,) =c< o2 and lim I{)(ubn) =0. (532)

In virtue of [10, Proposition 4.1], we get that ¢, < ¢o1 + Co- According to [10], we know that 7
satisfies the (PS ). condition, where ¢* < ¢g; + co. Hence, by (5.32), we get that the (PS),. sequence
{up,} has a convergent subsequence, still denoted by {u;,}. Then, one has u;,, — up in X. Moreover,
in light of {u,,} € M, and Lemma 2.3, we can arrive at ||u§n||X > Cy > 0, and then |lugllx > C, > 0.
Noting that 7 (uy) = 0, we can show that uy € M,. Therefore, we can obtain that Zo(up) > cop.
Combining with (5.29), we conclude that uy € M, and Zo(uy) = co,. Namely, u, is a least energy
sign-changing solution of Equation (1.3). The proof is completed. O
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