Communications in Analysis and Mechanics, 17(1): 100-127.

% C cati . DOI: 10.3934/cam.2025005
AIMS CRIREIEEatons 1 Received: 13 January 2024

@ Analy sis and Mechanics Revised: 27 November 2024

Accepted: 07 January 2025
https://www.aimspress.com/journal/cam Published: 10 February 2025

Research article

The stability and decay of 2D incompressible Boussinesq equation with
partial vertical dissipation

Hongxia Lin">*, Sabana', Qing Sun', Ruiqi You' and Xiaochuan Guo!

' School of Mathematical Sciences, Chengdu University of Technology, Chengdu 610059, P.R. China

2 Geomathematics Key Laboratory of Sichuan Province, Chengdu University of Technology, Chengdu
610059, P.R. China

* Correspondence: Email: linhongxial3 @cdut.edu.cn; Tel: +8618981712668.

Abstract: This paper studies a special 2D anisotropic incompressible Boussinesq equation in T? with
T = [—%, %] being a 1D periodic box. The system concerned here possesses vertical dissipation only
in the vertical component of the velocity and vertical heat diffusion. When the buoyancy forcing is
not present, the 2D Boussinesq equation is a 2D Navier-Stokes equation with vertical dissipation
only in the vertical component. The stability and large-time behavior problem on the solutions to
the 2D Navier-Stokes equation with only vertical or horizontal dissipation remains unknown. When
coupled with the temperature, the global regularity to the system with vertical dissipation and vertical
diffusion in R? has been solved by Cao and Wu (Arch. Ration. Mech. Anal., 208(2013), 985-1004).
The stability with horizontal dissipation and horizontal diffusion in the periodic domain T X R has
also been established by Dong, Wu, Xu, and Zhu (Calc. Var. Partial Differential Equations, 60(2021))
recently. Now whether the solution of the 2D system remains stable has yet to be solved when
the velocity has vertical dissipation only in the u, equation. This paper aims to solve the problem
and investigates the stability and large-time behavior of the solution to the special 2D Boussinesq
equations on perturbations near the hydrostatic equilibrium. The basic idea here is to decompose the
physical quantity f into its horizontal average, vertical average, and their corresponding oscillations.
By establishing the strong Poincaré-type inequalities and several anisotropic inequalities related to the
oscillations, we are able to obtain H>-stability of the solution under the assumptions that the initial
data is sufficiently small and obeys some symmetries. Furthermore, the exponential decay rates for
the oscillation parts in H' are also established.
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1. Introduction

The Boussinesq equations model buoyancy-driven flows such as geophysical fluids and various
Rayleigh-Bénard convection (see, e.g., [1-4]). The Boussinesq equations are mathematically signif-
icant [3]. This paper concerns a special anisotropic 2D incompressible Boussinesq equation with
only vertical dissipations.

8tU+U-VU+VP:/1( 0 )+@e2, xeQ, t>0,
0»nU,

6;@ +u-Ve = 7](922@, (11)
V-U=0,

U(x,0)=Uy(x), O(x,0)=06(x),

where U represents the velocity field of the fluid, P the pressure, @ the temperature, and e, = (0, 1)
is the unit vector in the vertical direction. Here u > 0 is the kinematic viscosity, > 0 is the thermal
diffusivity and the spatial domain € is given by

Q=T

with T = [-1, 1] being a 1D periodic box.
This paper attempts to achieve two main goals. The first is to understand the stability and large-time
behavior of perturbations near hydrostatic fluid equilibrium given by
1,
Une =0, One = x2, Ppe = 3%
It is easy to verify that hydrostatic fluid equilibrium(Uj,, @), P;.) is a steady state solution of (1.1). We

consider the perturbation (u, 8) with
u= U—Uhe, 0:@_@he-

Then (u, 6) satisfies

8,u+u-Vu+Vp:,u( )+9e2, xeQ, t>0,

Oy
8t9 +u-Vo+u, = 7]8229, (12)
V-u=0,

u(x,0) =uy(x),0(x,0) =6y (x).

The second is to help better reveal the smoothing and stabilization effect of the temperature by consider-
ing the system (1.2) with the vertical dissipation in only the second component of the velocity.

The standard incompressible Boussinesq equations with full dissipation read as

0,U+U-VU + VP = uAU + Oe;,,
0,0 +u-VO =nAo,

V-U=0,

Ux,0) =Uy(x), O(x0) =060q(x).

(1.3)
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The physical background and mathematical features of (1.3) make the model a rich area for mathematical
investigations. Over the past decades, the Boussinesq equations have attracted considerable interest from
mathematical scholars. Major concerns are oriented around the global well-posedness and finite-time
blow up of large-data classical solutions and global regularity for the Boussinesq equations with full
partial dissipation, i.e., 4 = 0 or n = 0, or the mixed partial dissipation case (see, e.g., [5—13])

In recent years, the problems of stability and large-time behavior of its solutions has garnered a lot
attention, and significant progress have been made. For the 2D case, Doering, Wu, Zhao, and Zheng [14]
rigorously proved the global asymptotic stability near a special type of hydrostatic equilibrium without
buoyancy diffusion on a bounded domain subject to stress-free boundary conditions. Later, Tao and
Wu [15] resolved some of the problems left open in [14]. They studied the stability problem for
perturbations near hydrostatic equilibrium of the 2D Boussinesq equations without thermal diffusion
in the periodic domain T?. Ben Said, Pandey, and Wu [16] solved the stability problem for a 2D
Boussinesq system with only vertical dissipation and horizontal thermal diffusion in R?. Furthermore,
when the dissipation is the opposite of that in [16], i.e. the horizontal dissipation and the vertical
thermal diffusion, [17] established the stability in the Sobolev space H? and obtained algebraic decay
rates for the oscillation parts in the H'-norm when the spatial domain Q is T x R. More results with
partial dissipation in two dimensions can be found in [15, 18-25]. For the 3D case, there are also some
developments on the stability of solutions (see, e.g., [26—32]). Here we recall a recent result obtained
by Wu and Zhang in [32]. They considered a 3D anisotropic Boussinesq system in the periodic domain
Q = R? x T. The stability and large-time behavior problem on perturbations near the hydrostatic
balance were established.

Our paper here focuses on the 2D Boussinesq equations with only vertical dissipations. In order
to better understand relevant progress and our difficulties, let’s review some related results, which
means the system with partial dissipation only in one direction. Cao and Wu [33] established the
global-in-time existence of classical solutions to the 2D anisotropic Boussinesq equations with vertical
dissipation in R? and solved the global regularity problem. The stability of the 2D Boussinesq equations
with only horizontal or vertical dissipation remains an open problem. Some recent works are devoted
to this system in the periodic domain. Dong, Wu, Xu, and Zhu [34] investigated the stability and
exponential decay of the 2D Boussinesq equations with horizontal dissipation in the domain T X R.
Also, [35] proved the nonlinear stability of Couette flow in a uniform magnetic field with only vertical
dissipation in the same domain as [34]. Now whether the solution of the 2D system remains stable in a
periodic domain if the velocity has horizontal or vertical dissipation only in one component equation,
say, u; or u, equation.

Motivated by the above works related to only one-direction dissipation, we examine the 2D Boussi-
nesq (1.2) in T? and establish the stability result and the exponential decay rates of the solution. Before
stating our results, we first assume that u, and 6, satisfy the symmetry as follows:

Upy is odd in x1, ugy and 6y are even in x;. (1.4)

Theorem 1.1. Consider the 2D Boussinesq equation (1.2) with the initial data (ugy, 0y) € H*(Q) satisfying
V - uy = 0 and the symmetry condition (1.4). Then there exists 6 > 0 such that, if

[|(u0, €0l 2 <6,
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then (1.1) possesses a unique global solution satisfying, for any t > 0,

! t
(D)l + 10O, + 2ﬂf 1214217, d T + 277f 102613.d7 < C& (1.5)
0 0

for some universal constant C > Q.

Remark 1.2. The symmetry property (1.4) for the solution (u, ) at t = 0 can persist for any time t > 0,
namely,

uy is odd in xy, u, and 6 are even in x. (1.6)

A similar proof can be found in [32] and [36].
Remark 1.3. If we consider the 2D Boussinesq equation with horizontal dissipation

O11u;
0
8t9+u-V0+u2 = 776119, (17)

V-u=0,
u(x,0) =uy(x),0(x,0) =6y (x).

8,u+u-Vu+Vp:,u( )+9e2, xeQ, t>0,

the stability result in Theorem 1.1 still holds provided that the symmetry condition (1.4) is replaced by

Upy 1S even in xy, Uy and 8 are odd in x;. (1.8)

Theorem 1.1 assesses the global-in-time existence and stability of small solutions to (1.2). Due to
the lack of the horizontal dissipation, the proof of Theorem 1.1 is nontrivial. Especially, the velocity
equation involves only vertical dissipation of u,; it is extremely challenging to control the growth of the
Navier-Stokes nonlinear term, i.e., u - Vu. In fact, when Navier-Stokes possesses the dissipation in one
direction, namely

0

ou+u-Vu+Vp = ( Doty ),
the global existence in time of solutions in the whole space R? remains an open problem. Here we
consider the periodic domain T? , which will greatly help solve this problem. More precisely, our proof
will take advantage of the domain and explore many significant properties. Based on these properties,
several key anisotropic inequalities will then be introduced. There are two important observations.
The first is that by separating a physical quantity into its average, including both horizontal and
vertical directions and the corresponding oscillations, we are able to establish the strong Poincaré-type
inequalities, which are very powerful tools and also play a crucial role in the proof. The second
observation is that if (u, 6y) satisfies the symmetry given in (1.4), then (u, ) maintains the same
symmetries, namely,

uy is odd in x1, u, and 6 are even in x.
This can be achieved via the uniqueness of the solution. Specifically, define

Ul(.X[, X2, t) = _ul(_xb X2, t)’ UZ(xla X2, t) = uZ(_xb X2, t)a
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P(.X], X2, t) = p(_xla-x27 t)a @(-xl,-x29 t) = 9(_x1’x2’ t)'

It easily verifies that U = (Uy, U,), P, and O are still the solution of (1.2). Then the uniqueness
implies the symmetries (1.8). Based on the symmetric property, another strong version of the Poincaré
inequality can be obtained. With these properties and inequalities at our disposal, we can resolve all
the difficult items.

Let us briefly outline the sketch of the proof. The framework in the proof of Theorem 1.1 is
the bootstrapping argument. We first introduce some notations. For a sufficiently smooth function

. . —D . -2
f = f(x1, x,), we define its horizontal average f = and vertical average f by

— -2
fo= ff(xl,xz)dxl, o= ff(xl,xz)dxz, (1.9)
T T
and the corresponding oscillation part

Foo -7 -7 (1.10)
This decomposition is extremely useful due to some of the related properties (see Lemma 2.1). We
remark that the most important property is ﬁ(l) = 0 fori = 1,2, which allows us to establish a strong
Poincaré-type inequality,
1PNz < ClUBS Il (1.1D)
Meanwhile, from the symmetries (1.1) we can also obtain another strong Poincaré-type inequality

1/l < ClIoL 2. (1.12)

Furthermore, to deal with the triple products that stem from the nonlinear terms, the anisotropic
inequality involving triple products associated with f® is provided,

1
f £8P R dx < CIAL A + 101 A1) 2 10:8 2l 2l 2. (1.13)
Q

To obtain the global existence of the solutions in the Sobolev setting H>, we now introduce the H>-energy
E(t) defined by

! t
E(t) = sup(lullf, + 16113,) + 2,uf 124317 d T + 277f 102613, d .
0 0

0<r<t

As aforementioned, the most difficult term is the integral involving the nonlinear term in the velocity, i.e.
f O (- Vu) - Voiudx + f 95(u - Vu) - Voju dx.
However, with the help of the strong Poincaré-type inequality and anisotropic inequalities, we are able to

settle the difficulty. Take one term for instance, by integrations by parts, (1.11) and (1.13), the following
nonlinear integral can be bounded as

f&%ulaluzafuzdx: f@l’@z)@]@zuzﬁfugdx+f@lﬁ(zz)(?]uzﬁfazuzdx
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2 2
< ClIOTD 41101 0rua |2 17 us | 2
1
2 2 2 1 ~(2
+ Cllo1021al 2101112, (101l 2 + 10T 142112)2 110102182 2
2
< Cllull 210212 (1.14)

Therefore, through a series of subtle bounds, we can control the growth of all nonlinear terms and
establish the closed priori estimate:

E(1) < CoE(0) + C,E2(f). (1.15)

Then applying a bootstrapping argument to (1.15) implies the uniform upper bound (1.5) for the initial
data is small enough.

Next, we show the second theorem assessing the large-time behavior of the solutions of (1.2). More
precisely, the exponential decay rates for the oscillation part of the solution are established.

Theorem 1.4. Assume the initial data (uo, 6y) € H*(Q) with V - uy = 0 satisfying the symmetry condition
(1.4) and

(20, Ol 22y < O
for some & > 0 small enough. Let (u, 0) be the corresponding solution of (1.2). Then the oscillation part
@®,6@) decays exponentially in time,

G, 6P|z @) < Coe™, (1.16)
182V, V0|20 < Coe™ (1.17)

for all t > 0 and some constant C > 0.

Remark 1.5. Following the decay results from Theorem 1.4, the solution (u, 0) of (1.2) is asymptotically
—2
close to the vertical average (u, 6) in H'(Q) satisfying (a@,e( ) ) satisfies

—(2)
8,5(12) + 61(uf ) + ag(uluz(z)) + 8@(2) =0,
— _ —(2@ —2
atl/t(;) + al(l/t]l/tz(Z)) + az(ug ) = 9( ),
—(2 —2 —
8,9( ) + 81(u10( >) + uz(z) =0.

We explain the main idea in the proof of Theorem 1.4. Due to the degeneracy in the viscous
dissipation and the heat diffusion, especially, the very weak dissipation for the velocity, it is impossible
to establish the large-time behavior for (u, #). We remark that classical approaches such as Schonbek’s
Fourier splitting method [37,38] that solve the fully dissipated system in whole space no longer apply.
Therefore, we have to develop some new techniques. Based on one key observation, i.e., the strong
Poincaré-type inequality _ _

1/?llz < Cld2 P,

we are content to investigate the decay of (@®, @) of the Boussinesq system (1.2) with 7® and §@
obeying

— 2
2 —
éﬁl{l i 31(“% - M% ) + Ox(uruy — i )) +0,p? =0,

) _
2 — 2 5
0+ 01y — iy ?) + a(ud — 12 ) + 0,p? = uduY + 6@,
N —(2) — 2 ~
0P + 01(u10 — u10) + 0p(u260) +ﬁ(22) = 90°.
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Our goal is to derive a differential inequality of the form
dX(t) +cX(@) <0
J— C s
dt B

which implies the exponential decay rates X(r) < Ce . The proof of Theorem 1.4 is divided into
two stages. The first stage proves the exponential decay rate for ||(#®, #?)||;: while the second is to
estimate ||((92Vﬁ(22), GZVE(Z))II 2. The estimates are more complicated than that of the stability. Besides
the inequalities (1.11), (1.12), and (1.13), we need to introduce two additional anisotropic inequalities
associated with the L*-norm and L®-norm (see Lemma 2.4 for details), which will be frequently used in
the proof of the decay rates. After a long and delicate estimate, it is obtained that

%mﬁ%@wwﬁﬁm)+mmmWMWﬁ?mew£@ﬁosa
and
%m&wﬁmﬁW@W@ﬁ»+mm%mm%W$ﬁﬁw%W@M»sa
Using (1.11) again yields the desired exponential decay (1.16) and (1.17) in Theorem 1.4. More

technical details can be found in the proof of Theorem 1.4 in Section 4.

The rest of this paper is organized as follows. Section 2 presents four tool lemmas to be used in the
proof of Theorems 1.1 and 1.4. Section 3 is devoted to the proof of Theorem 1.1. Section 4 proves the
exponential decay estimate of Theorem 1.4. At the end, we claim that C may be different for each line
in this article.

2. Decomposition and anisotropic inequalities

To prepare for the proofs in the subsequent sections, we provide some preliminary lemmas. The

first presents some properties on f("), ?(l) for i = 1,2, and their derivatives. The second contains three
Poincaré-type inequalities, which provide the powerful tools for proving our theorems. The third
proposes an anisotropic upper bound for triple products, whereas the last states anisotropic inequalities
related to the L*-norm and L*-norm that serve the proof of the large-time behavior.

We start with the properties of the composition for f, which can be derived via the definitions (1.9)
and (1.10).

Lemma 2.1. Let f© and j_f(i) fori=1,2 be defined as in (1.9) and (1.10). Then we have
(1) The average operator and the oscillation operator can commute with the derivatives, i.e.

— ) —(1) 1) —D —D ~
Oif =0,0,f =0of ,Of =0uf Oof =0 f".

2 =0 —O —) ) =@
Of =01f, of =0,00f =0f, 0uf  =df.

In particular, if V - f =0, then .
v.- 7' =0, v. =0
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(2) The corresponding average of the oscillation ]70) is zero, fori =1,2

—@)
f(i) =0.

(3) Forany k > 0, Fi) and f(i) are orthogonal in Sobolev space H*.
() 2 wl) )2
f 5 D =0, f e = 11F e + 1771

The second lemma provides the strong Poincaré-type inequalities associated with the oscillation ]7(")
fori=1,2.

Lemma 2.2. Assume f € H'(Q). Then fori = 1,2 it holds,

1FPNez < ClUBS Il 2.1)
where C > 0 is a pure constant. In addition, if we further assume ]_C(]) =0, then

1FP Nz < €Ul (2.2)

Proof. Without loss of generality, we prove (2.1) for the case i = 2. Thanks to the fact that the vertical
average of f® is zero, the proof for (2.1) is easy. In fact, by the integral mean value theorem, for any
x, € T, there exists y € T such that

f P, x) dxs = fP(x1,y) = 0.
T

Using Leibniz’s formula yields

Py = f "0 G s)ds =2 f " 0. fus.

y y
By Holder’s inequality,
PP < CIFPliz 1027 PNz,
Then integrating in space €2, we obtain

2 2
12Nz < CllOLL 2.

——() (1)

= . = - = —() .
(2.2) follows from f@ = 0. By the definition of f@ , f=f" + f@and f = 0, we obtain

Jﬁ(”:f}rmdxl:f(f-]m)dxl:ffdxl—ffdxldxzz().
T T T T2

Then a similar argument to (2.1) yields the desired strong Poincaré-type inequality (2.2) in x;-direction.
This concludes the proof of Lemma 2.2. O
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The third lemma assesses an anisotropic upper bound for triple products, which will be used
frequently in both Theorem 1.1 and 1.4. Similar anisotropic inequalities in R? are also available (see
e.g. [39]). We are able to use a similar proof to that in [39] together with the Poincaré-type inequality
(2.1) to obtain the anisotropic inequality in periodic domain Q.

Lemma 2.3. For any functions f, g, h,0,8,0,f € L*(Q), then

1
f F2Phldx < CIFIL AUl + 101 £llz2) 1058 e el 2 (2.3)
Q
Proof. By Holder’s inequality, Minkowski’s inequality, (2.1), (2.7), and (2.8), we have
f 17820l dox < M flasg o2, 22, s Wl .2
Q

2
< Cl My i, iy oz, Wl
1 1
< c||ifi;, Az, + 101 Al
Xl

2
Ly,

1 1

2)112 2)112

x |11, 16:2;,
X2 X2

17l 2
L%

< CISIE M2z + 101 £11z2) 2198 N Ml
O

We now state the last lemma, which provides two anisotropic upper bounds on L*-norm and L*-norm
of f@. It can be achieved via 1D inequalities of L*-norm and the strong Poincaré-type inequality in
Lemma 2.2.

Lemma 2.4. Assume 0, f € L*>(Q) and 0,f € H' (Q). Then the following inequalities holds,

1Pl < CIOLNLAF PNz + 101 fP )
X102 PNz + 110102 f 2Nl ) (2.4)
< IOV (2.5)
102/ @l < ClV P2 (2.6)

where C > 0 are some pure constants.

Proof. To prove inequality (2.4), we need the 1D inequalities of L*-norm,

1 1
1Alesery < CUAl L (A2 + IDAll2er)?, 2.7)
~. —~. 1 —. 1
1P llsery < IO g 10N (2.8)

which can be obtained through a slight modification of the proof for (2.1).
Applying Holder’s inequality in one component and Minkowski’s inequality, combining (2.1) and
(2.8), we have

~ —~ 1 — 1
2 2)112 2)12
P2l < CIF®i;, 16.721;,
X2 X

wllLy
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IA

ol [V

1 —_—
2 2
12, 1827l

1
2

2
L )

IA

— 1 —_~ —_,
22 2 2 i
ClH7®1, 7@, + 10171z, )*
X1

1
2

2
Ly,

1
2
L3

— 1 —~ —
2|2 2 2 1
(1927215, 027Nz, + 1610711 )}
.X’l

2

CIO 2N AF Pl + 101 f2,2)F
X102l + 18102 N12)7,

IA

which, combining with [[f?]| < [|18,f@|l, derives (2.4).
(2.6) is the direct consequence of Holder’s inequality and Poincaré inequality (2.1).

102/l + 10,9 FPll2
Cll6xV F .

2
102 N2

IA

IA

This completes the proof of Lemma 2.4. m|

3. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1, which claims the global existence and stability
of solutions of (1.2). To obtain this result, we need to establish a global priori estimate of the energy
E(1), as shown in Proposition 3.1. With the energy inequality at our disposal, we are then able to prove
Theorem 1 by using the bootstrapping argument (see [40, p.21]).

Proposition 3.1. Assume the initial data (uy, 6y) satisfies the conditions in (1.4). Let E(t) be an energy
functional defined by

! t
E(r) = sup(lully + 16113,) + 2,uf 10204217, d T + 277f 1026113, d.
0 0

0<r<t

Then there exist two constants Cy and Cy, depending on u and n such that, forO <t < T,
E(1) < CoE(0) + C1E3 (D). 3.1)
Proof of proposition 3.1. First, we have the L?>-bound
! t
(lull7 + 116117,) + Zﬂf 182us]I7.dT + 277f 10261177 = lluoll7. + 116017 (3.2)
Note that the norm ||(u(?), 8(?))||2 1s equivalent to ||(u(?), 8(1))||2 + ||(u(t), (t)||z2. Thus it suffices

to bound ||(u(?), 0(1))||2. Applying 61.2(1' = 1,2) to (1.2), taking the L*-inner product of the resulted
equations with (6?14, 0?0), and using divergence-free condition for u, we obtain

N | —
&l&

2 2 2
- D (Wl + 1650152) + 1 ) 167 020lls, + 1 ) 100,611
i=1 i=1 i=1
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2 2
:—Zfaf(u-vu)-afudx—Zfa%(u-ve)-afedx

i=1 i=1
=L +1, (3.3)

where we have used
fa?vp - 0%u dx = 0.

To make full use of the anisotropic dissipation, by integrations by parts and V - u = 0, we first split /;
into four parts.

I, = —fﬁ%u-Vu-@%udx—2f81u-81Vu-0%udx
- f@%u -Vu - Oudx — 2f82u -0,Vu - O3udx
= 111+112+113+114.
We now bound /;; through 7,4 one by one. For /;;, we further decompose it as follows:
111 = - fﬁ%ulﬁlulaful dx — f(?fulﬁluz@fuz dx
— f@%uz%ul(ﬁul dx — fa%uzazuza%uz dx
= I+ g+ L+ g

Thanks to the dissipation of u, in the x,-direction, direct applications of Holder’s inequality, Sobolev’s
inequality, and V - u = 0 can show that

Ly < Cld v llslldTu Nl 107wl 2 < Clludl2 10510117, (3.4)

According to Lemma 2.1, we obtain 0,0,u, = 0, ﬁzﬁ{;). Then by integration by parts, Holder’s inequality,
Sobolev’s inequality, (2.1), and Lemma 2.3, 1, , can be bounded as

Ina=- f 01 0102u2uy dx — f 0103 ur 3 0rur dx
2 2
< ClIOTED 141101 0atta | 410712 |2

1
2 3 2 3 ~(2
+ Cll670212 201011212, (101l 2 + 110T142112) 1101021t Pl 2

< Cllull2l102ua 1. (3.5)
Similarly,
111’4 =2 fﬁf@%é‘wﬁ%uz dx

< ClES 1103 Drtaa | 21107 ua I 2
< Cllull 21105112, (3.6)
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For 1, 3, with the help of the symmetry ﬁ(ll) = ( together with (2.2), it is easy to obtain

IA

2 2
ClioTual|21102u: || 4 107wy | 5

2 2
ClioTusl| 2110201 urll g 107 ur |

2
Cllull21|02ua |l

I3

IA

IA

Combining all estimates above for /;; ; through I, 4 yields
Iy < Cllullz2 121217,
11, can be handled similarly to 7;;. We first rewrite it as follows:
I, = =2 f Oy 03u Fuy dx — 2 f 01,0 ux07uy dx
-2 fﬁluzalazuﬁ%u] dx -2 f@luzﬁlazuzﬁfuz dx.
Then invoking (3.4), (3.5), and (3.6) and applying Holder’s inequality, Sobolev’s inequality to the third

term yields
Iy < Cllullz2l|82u2 17,2

We proceed to bound /3. As Iy, 113 is first divided into four parts.
Iy = - f@%ulalulagul dx — f@%ulﬁluzaiuz dx

—f@%uzagulagul dx—f@%uzézuzaguzdx

= I3y + 13+ Lz + 1134

Lemma 2.1, integration by parts, Holder’s inequality together with (2.1) lead to

1 2 2 1 2 2
I 2 f 1"0,03u,%uy dx < Cla"|| =110, 5uill 211030 || 2

IA

2 192
1021l 10501 I 2.

Similarly, /33 can be estimated as

Izy = - f 0yt 8,051, 0%, dx — f 0ot 0r1,0,05u; dx

IA

1 2 1 2
10521141101 021l 215112 + 1102811 102411141101 Py || 2

2
Cllull2ll02u]ly.

IA

By (2.3) and ||uy||;2 < Cl|01u1]|2, we obtain

1 1 1
3 3 2 2112 (192
L3 < |10yuallp2 101wl (101wl + 107uall; )O3 ]2

2
< Cllull2ll02ually,
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Also, we have
2 2 2
L34 < [|02us]| 4110zl 4 105u0 |12 < Cllullg2||02uz|l3 -

Thus, we obtain
I3 < Cllull2182usl17 .
With a nearly same argument with 7,3, we derive
Ly = =253 - 2151 + 20134 -2 fazulazaluzaéuz dx < C||H||H2||32M2||§,z-
In summary, we obtain the upper bound for [,
Iy < Cllull2ll02u2]15,2. (3.7)
Next, we turn to deal with /,. It remains to be divided into four parts:
L = - fﬁ%u VO -P0dx -2 fﬁlu -0,V0 - 30dx
-~ fagu VO -H60dx -2 fazu -0,V0 - 050 dx
= 121 + 122 + 123 + 124.

We first split I, into two terms, then use integration by parts and combine with Holder’s inequality,
Sobolev’s inequality, and (2.1) to obtain

Ly = - f 0,10,0,00760 dx — f 0,10,000,6 dx

+ f 20,1, 07320 dx + f P, 0P820,0 dx

IA

CN0 TN 41101 0261141107611 2 + Clldviz 2Nl 4110161 411070:26)l 2
+C|8202u | 10PN = 11036112 + CllO3 1ol 2116|1070, 2
< C(llullz + 161l2)12u] 2, + 11026112,)-

where we have used 810,u; = 9,915 and 8,0 = 9,6® by Lemma 2.1. Similarly, I, can be estimated
as follows:

Ly, = -4 f U 830,00%0 dx + 2 f 010,120,020 dx + 2 f 120,02 8%0,0 dx

IA

Clis 1= 1202611211036l 2 + Cl101 sl 2110161211676 .2
+C|0, 142151101 0P 141167 0,6)| .2
< C(llullz + 16ll2)I02u] 2, + 11026112,0)-

To bound I3, we need to resort to the fact that ﬁ(ll) =0,1e.,u; = ?fll). Then by (2.3) and (2.1), we find

Iy = - f 03u"9,0030 dx — f 03u20,0036 dx
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1
ClIB36,1101611%, 10,612 + 183601,2)* 13 2
+C 1211626114636

CllOl 11 + 10:611,.).

IA

IA

For the last term /54, it is clear that
by < Cl|82ull+110: V6l 21103612 < Clluel 211626117,
As a result of the above estimates, we obtain
L < C(llullz + 116ll2) 182421572 + 1026117,2)- (3.8)
Inserting (3.7), (3.8) into (3.3) and integrating it in time, we conclude

2 !
Z(Ilﬁ?ulliz +11676117.) + 2 f (Wlld; Orually, + |67 D,ubl,) dT

i=1 0

2 t
< > @}uo, 3260112, + C sup I, O)IF,, f (U620, + 1170:0012,) .
0

p 0<t<T

which together with (3.2) implies the desired estimates (3.1). The proof of Proposition 3.1 is thus completed.
]
We now prove Theorem 1.1.
Proof of Theoreml.1. We now have established a priori estimate on the H2-norm of (u, §), namely,
E(t) < CoE(0) + ClE%(t). (3.9

The bootstrapping argument then allows us to prove the stability of the solution, provided that the initial
data is sufficiently small, i.e.

E(0) = [|(uo, Op)lzp < 6° < ——. 3.10
(0) = ll(uo, 6o)ll}2 16C,C2 (3.10)
To apply the bootstrapping argument, we start with the ansatz that
1
E(t) £ —.
LTS

Then (3.9) together with the small assumption (3.10) implies

E(t) < CoE(0) + C,EX(HE(t) < CoE(0) + %E(t),

or

1
E(t) <2CyE(0) < —.
(1) 2 2C0EO) < g7
Thus, the bootstrapping argument asserts for any ¢ > 0,

E(t) < C&°.
which means the perturbed solution of (1.2) exists globally for all time. We complete the proof of

Theorem 1.1. O
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4. Proof of Theorem 1.4

This section is committed to proving Theorem 1.4. As aforementioned in the introduction, to obtain

the exponential decay, we will derive the following differential inequality:

d
EXO) + CX(1) <0.

4.1)

In the proof, we will make extensive use of the anisotropic inequalities and Poincaré inequality presented

in Section 2, which play a crucial role in establishing this type of inequality (4.1).

Proof of Theorem1.4. We first construct the equations of (#®, ). By taking the vertical average of

(1.2), it is easy to verify that (E(Z),ém) satisfies
y y

(2)
Ou? + 0,3 ) + 02(—u1u2<2>) +0,p? =0,

6,u2 +6(u1u2( ))+8( us )— (2)

6 9(2) + 61(”19 ) + l/tz(z) 0.

Taking the difference between (1.2) and (4.2), we obtain

—©
atul + 0, (ul - u% ) + 0 (uyuy — MIMZ( )) +0,p® =0,

2
,u2 + 01 (ujuy — uluz( )) + 82(u2 u% ) +0,p? = yaﬁ )+ 6,

0,02 + 8,6 — u 0 )+az(u29) + U5 = nd2e®.

Step 1. Decay for ||@@, 62)||
Dotting the system (4.3) by @@, 62) yields, we obtain

d — —
Ed—tam@n; + 16212, + lld-w? 112, + nll0:62112,
=L+ hLh++d+ 05+ T,

where
ho= - f ol — @ VE dx, Jy = f 0 (uyuy — iy Yt dx,
J; = - f 01 (uyuy — DV dx, Jy = — f az(ug—ug i 15 dx,
Js = - f 910 — 1,0 )8 dx, Jg = — f 9,(10) "8 dx.

Before bounding J; through Jg, we first make the following decompositions by u = u

(2)

2 2 7P ? (*(2)
—(2)
2 2 —(2H2) (‘(2)

D7D,

(4.2)

4.3)

4.4)

(4.5)
(4.6)
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iy — i = a7 +uu) +au (4.7)
— D) o~ —2) = )
wl-u0 =u0?+u78" +adVe> (4.8)

Subsisting (4.5) in J; and using (2.2) and ||]A‘22)||L2 < |Ifllz2 yields

—~— (2)
- f T dx - 2 f @27 dx

2 —(2 2 2)\2 2
IO TN 1a 21PNz + O @) 1 2
~2 —(2 2 2 2 2
NN 2 P 1 2 + ClOE N 21 = ]2
2112
Clull 201055112,

Ji

IAIA

IA

where we have used, due to alﬁ? = —82532) =0,
f 0. dx = 0.

Using a similar argument and replacing to apply the Poincaré inequality (2.2) by (2.1), J4 can be
estimated as

—~— (2)
Jy=-2 f 0w u? dx -2 f 1@y Uy dx

2)112
Cllull 21102512,

IA

Invoking 82f(2) = 0,f and 52?(2) = 0, and noticing the following facts
f TPTYT dx = 0,

we have

5= - [omuEY ax- [omPalE ax- [ 0mITR dx.

Then Holder’s inequality, (2.2) and (2.4) lead to
5 o= - f TOTV T dx - f T dx f VT dx
2 —(2 2 2 2 2
NN 2P o TP 2 + ClNOE N 1 172

23 2) 2 1 2 2
+CIE 2 (N2 + 10000 112) 2110285211027 2
2)112
< Cllullello2u11.

IA

Similarly, J; is first rewritten as three parts and employing Iﬁ'fzz)ll <C ||(92i¢{22)|| and |@2)|I <C ||81‘I;t—(12)||

yields

—~— (2)
J; = - f w20, uu dx — f 01@Pu u dx
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2 —2 2 2 2 2
< @M 20 TN AT e + 107 1085 oo 522
2 2 2
10V 2 D] 2
2)12
< Cllull2 0712,

Next, we estimate Js. By means of Holder’s inequality, Lemma 2.2, Lemma 2.3, and 1PNz < 1z,
Js is bounded by

Js = - f 315(2)5(12)5(2) dx — f a]ﬁ(l”é(zyé@) dx
2@—2702) Oy (2)..,(2)
— | 0.6 #70Pdx - | 0,@6?@) 62 dx

10,81 E 1022 + 10 E2 218 1162
F ORI AFP e + 102 1) 1020 210,02
HIO T 0N 02N + 1211816221162
C(llullz + 10115210525 12211026141

IA

IA

where we have used
f 0,u070¥6? dx = 0.

Now to start estimating the last term Js, we use the above Lemma 2.2 and Holder’s inequality, we get

Jo = - f 2t 00® dx — f 0,0Pu,6® dx
2 (2 2 (2
< N0 1121161116212 + 1102622 Mol =162
2)112 22) 112
< Cllullz + 161l2) 102557112, + 10:26P112,).

Collecting all estimates above yields
d — —
TG + 16D15) + 242057, + 2702621 7

< Cllu, Ol (1025511 + 10:26211%0). (4.9)

In what follows, we show the differential inequality of (Va@, VO@)||,2. Taking the gradient of (4.3)
and multiplying the resulting equations by (Vi'¥, V), we have

1d — -
Ed—t(nvzﬂ)niz +IVEPIZ,) + plloa Vil |, + nllo. VP12,
—(2)
= - f(?lV(uf - uf ) - Vﬁ{lz) dx — IGZV(uluz - l/l]btz(z)) . Vit_(lz) dx
—(2)
- f 01V (uyuy — uy ™) - Vil dx — f VWi —ud ) Vi dx

) f 0V~ Vo dx - f :V(0)” -V dx.
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=K +K,+ K3+ K4+ K5 + K.

By integration by parts and (4.5), K, is divided into two parts.

—_— (2

)
ko= o [vara avarace [viEae o vidas
= K11+K12.

Due to Holder’s inequality and Lemma 2.2, we obtain

Kll

2 f Vi a0\ Vi dx + 2 f ul v - 0,Vi dx

—(2 2 2 2 —(2 2
CIVEP @010, VED N2 + CIVED N 2162110, Va2
2)112
Cllull 2110, Vi |2,

IA

IA

Also,

2) 2) 2)
CIva? - w10, Vil
2 2 2
CIVEP 21110, Va2
2112
Clull 2110, Vi |12,

=
[\S)
A A

IA

which together with the estimates for K;; gives
K\ < Cllulli2 110, V25|17 (4.10)
Going through a similar process as in the derivation of (4.10), we have
Ky < Cllull2 10,V |7, (4.11)
The estimates of K, are similar to those of J,. We divide K, into three parts.
K, = - f HV@Iw?) - vul? — f V@) - vil? — f HV@wY) - Vil dx
= Ko + Ky + K.

We first bound K5, K. At first glance, it seems there are eight terms that need to be estimated.
However, due to the fact that 825(2) = 0, the decomposition for K>; and K>, is reduced to three items.
Then applying Holder’s inequality, Lemma 2.2, and Lemma 2.3, we obtain

K21 + K22 = - fOQVZtEZ) : ﬁ(lz) . Vit—(lZ) dx — f@zﬁf) . Vﬁ(lz) . Vﬁ(lz) dx

. f o5 - 0,2 - 917 dx

2 —(2 2 —(2 2
CUI0 Va2 7PN + 10285111V V2
1

2)(12 2 2 1 2 —2
+C1105u 112,102 112 + 110105 1112)2 102012 | 211017852
2))12
< Cllullell0VE 117

IA
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Here we have used

- [[ovar w2 v ax=o

which can be proved by integration by parts and 92 = 0. For Ko, invoking Poincaré inequality (2.1),
(2.2), and the anisotropic inequalities (2.3) and (2.4) yields

Kn = - f Vi T2 . Vi dx - f Vi T2 . Vi dx

_f(gZ;;lz).Vﬁ(ZZ).V;éz)dx_faz—ﬁ(zz),vmzxv;ﬁz)dx
2 2) 2 2) 2)
CI0 Vi N2l + 102V 2 il ) IVED 2
2% 2 2 1 2 2)
+CIIVa |, (IVE? 2 + 110, Vi |12)2 102 Vit | 2110227 2

2 2 2
+C1N02u | NIVa D IV 2
2112
< Cllullp2)|0: Vi |2,

IA

We now deal with K3. By (4.7), it naturally divides K3 into three parts.
Ky = - f V@) - Vi dx — f V@ Yuy - Vi dx - f alvﬂ??ﬁ?)@ Vi dx
= K31+ Kx + Ks;.
Again by the good property HJ(Z) = 0, K3; and K3, can be reformulated as
Ky +Kyp = - f 40,0, 0,4 dx — f 0,u?0,us’ 9,1 dx
- f ST, dx - f Vi20, 52 VE? dx
- f Va0 7PV dx,

where we use
f u20,Va? - Vil dx = 0 and f o1d?u? 0, dx = 0.
Then making full use of (2.1), (2.2), and (2.3), we infer

Ky + Ky < Clas 01010235 12110135 12 + CUVE 41102385 11V |2
+CIPE TN (T2 + 101722 10,0572 2
+CIVEP 2 AV 2 + 110, VED ,2) 10 VED 2110, 7

< Cllullll02 Vi 13-

For K33, noticing that by (2.4) and Lemma 2.2
1 1
@l < CllAa 12, A N2 + 1010 ]12)3
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X (10,2202 +110,0:5212)*
< C110,0,8|2. (4.12)

Then it can be estimated as follows:

Ky = - f A@IuY) oy dx + f n@IuY) By dx

< CIAtEPED 2007 + ClloV@ TS 2110552

< CURTN 2@ s + 1T N2 @z + 10T N 10T N N0 TN 2
+C 10N 2N + 10781 210 ) 10355 2

< Cllull 2|0, Va2,

Now we focus on estimating the term Ks, we are able to establish the upper bound in a similar way as in
Js. Since K5 has more terms, according to (4.8), this can be divided into three terms,

__ —2 —~— (2 —
Ks = - f 0, v@EY? + 7787 + @P02) ) - Vo2 dx
= K51+K52+K53.

. . . — =2
We proceed to estimate each of these three items separately, owing to V - #? =0and d,f =0, Ks,
passes through the decomposition with only one term,

K5,

- f 8,02vu? - ve® dx

IA

—2)1% —2 —2 1 el 2
CIIVEI, (IVED ]2 + 1101 Vi 12) 211020167121V 6 2
Cllull2 110, VEPI12,

IA

Applying (2.1) and (2.3) yields

Ky = - f @, Va8 + 0,6 7® + 0,@ve" +6,0° Vi) - Vo dx

IA

10, VZ2 218 = IVE2 + 10,721,184 VG2 2
FCIEPIEAFP e + 10722 10:V02) 210,78 I
+CIVEDZ AV 2 + 110 VED 1) H10: VOl 210,61l
< Cllullg + 1001210 VES |2, + 110 VO 2,).

By Holder’s inequality and (4.12), we obtain

= 2 = @ __
- f 1@V 6,67 dx + f 0,@6) 36 dx.

Ks3

2 22 72 2Y (2 22
< NEGETE 210,672 + 110, @6 2110362

2—~—(2 (2 272 2 2 02 2
< (37212062 + 10762 21 s + 1071411016211 .N10:1 6P 2

2 (2 2 2) 272
+(101 @ 2110P N + 1101021 21 )11036 22
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< C(lulle + 16112) 102 VAL |2, + 10V 2).

Finally, we estimate the last term, this can be decomposed into four terms by a similar method as in Jg
to obtain

Ks < Cllullz + 161l2) 102 VE5 12, + 110V |).

Combining the estimates for K; through K4, we obtain
1d
2 dt
< Cllull + 16112) 1102 VIS s + 110, V6P12,),

(Va2 + IVE2I2,) + ullo: Va2, + nlld, V622,

which together with (4.9) derives, for a pure constant C;
d —
25+ 16215 + = Cillle + 1012192251
+2n = Ci(lullz + 161121062112, < 0.

Recalling the stability result in Theorem 1.1, we can select 6 > 0 in (1.5) to be sufficiently small
such that

2p = Cy(llullgz + 10llz2) > g, 217 = Crlllull gz + 116l]2) > 7.

Moreover, using Poincaré-type inequalities in Lemma 2.2 yields

2112 2)112 2112 2012 2012 2)112
2N = 1R+ 1m0 < CloaP I, + Cllowus 115, < Cllowus 12,
A(2)112 (2)112 A(2)112 a2
16212, = 116212, + V62|, < Clld:6l12,.

Then we have p N N
d—t(lfﬁﬁ)lliﬂ + 1162115, + min{u, mA®IZ, + 162117,:) < 0.
which implies the exponential decay (1.16) in Theorem1.4.
Step 2. Decay for [|(9,Vi®, 8,VI?)|| 2

The routine and the procedure of the proof are similar to ||(L7(2),F§(2))||§11. Applying 6,V operator to
(4.3), multiplying the resulting equations by (9, Va®, 8,V6@) and then integrating over Q yields

1d — -

m(ﬂazvﬁzﬂﬁz +110.VE2I2,) + o3Vl 12, + nllo3Ve@ |,

= - f@lan(uf — ﬁ(lz)) . (92Vit_(12) dx— f@%V(uluz - M]Ltz(z)) . anﬁ(l2) dx
- f 010,V (uyuy — wup”) - 0,V dx — f Vs - u)) - 0,Vu) dx

- f 01V - u0") - ;Y62 dx — f EVwr0)" - 3,V6? dx
= L+ L+ 13+ Ls+ Ls+ L.
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—
The estimates for L, and L, are simple. Invoking (4.5) along with 0, f @ _ 0, applying integration by
parts, u; = Tt(]z) + ﬁ(lz) and Vu, = Vit{lz) + Vﬁ(lz), we obtain

)
L f ,VQuPw? + (y)? )310, Vi dx

= 2[(82Vﬁ(12)u1 +62ﬁ{12)Vu1)8162Vﬁ(12) dx

< ClOVEP 2l 11018 Vi Pl 2
1 1
+CIIVaur|12, (V|2 + 1101 V| 2) 2 1050711211010, Vil 2
< Cllullg 163V |12.. (4.13)

Similarly,

h
i
|

—~— (2)
f HLVQuYuY + @y )RV dx

2 f (D2VIS U + 0:uS?Vus? + 0, Vi us? + 02us Vs )V dx

2 2 2
< ClNOVED N2 luall 1103V 2
3 L o—2 P—)
+C|IVi||2, (IVuiall 2 + 1101 Vaeoll2)2 103251121103 Vs 2
2 )12
< Cllull2ll3Va? )2, (4.14)

To estimate L,, we first divide it into two terms according toi = 1 and i = 2.
— 2 — 2
L2 = f@laz(uluz - uluz( )) : (91(9?12(1 ) f@g(uluz - uluz( )) . (9%?51 )dx
= Ly + L.
. —(2) .
Again, based on the fact 9,f =0, Ly; is further decomposed as follows:

—~— (2)
Ly f 0,0,@T + T2 + 7T )0, HR dx

f 010,10\ O3 dox + f (0100557 + 01185 0,10, 05,7 dx
T f @0 AVT + 0,000 T + 0T 0 + 0, 0,10, Z d.

. L. . . - —(2)
Then Poincaré inequality (2.2), (2.6) along with ||[f@||,2, IIf Il < |Ifll,2 leads to
2 2 2 2 2~(2
Ly < CU010:8 llullzs + 1010587 2 lluaalle + 110177 411028511 4110103871 2
1
3 2 La2—2 2~(2
+Cl10 110212, 10110212 + 107 uallz2)2 103571121101 032 | 2

2 2112
< Cllull |3Vl |12,.

Similarly, by Lemma 2.2 and Lemma 2.3 we obtain

o = [ T
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_ 5
= f @D + uP Y + 30, s + Eaga?)aza;”)aga? dx

3~(2 2~ (2 2 2~(2)12
< Cllullp= 3821050 2Nz + CllouS - 11057112,
2% 2 2 132 2—(2
+Cl10,u 112,102 2 + 1101050 112)2 10325 11211035 12
2vr—(2)12
< Cllull 2 l3Va? |12,

where we have used, by integration by parts,
— 1
f T2 P = 0, f TR ST dx = 5 f D 9T dx.

Thus,
Ly < Cllull 2|03V |12, (4.15)

The bound for L; is subtle. We first rewrite it as
Ly = f OV@IEY +ulny +uluy oIV dx
= L31 + L32 + L33.
Observe that Vﬁ(lz) =0and
f P uP oy dx = 0,

which can be verified by integration by parts. It is easy to see

f 00,7 TR dx

Ls;

2 —(2 3~(2
< ClOOE N 1a 21103712
2 2112
< Cllull Va2,

Also, by Lemma 2.2 and (2.4), we infer
Ly = f @ VuDuy + 0,V ul + 0w v + 0yuy Val) - 93V dx

2 —(2 2 2 —(2 2 2 2
CN0, Va2l 2 = 105 VE N2 + CNOy Vi N 2wl 105 Va2

— ()& —2 —2 1 2 2w —(2
+CIIVE |15, (Vs N2 + 1101 VIS N1 2)2 101055, 12105 Vi 2

IA

e -2 2—(2 1 2 22
+C1101 25 112,101 12 + 10725 112)2 110, Vit 121103 Vs |l

2 2
2 2012
< Cllull2l03VaS |2,

where we have used
2 2 2
7] < ClNOVE |2 < Cll020, Vil 2

~ ~—2
For Ly, according to Lemma 2.1, 9, VA® = §, V7", and 8, V@) can be decomposed into these
four terms:

alv(ﬁ(lz)a{zz)) _ (?IVE(IZ)'ITZZ) + alvﬁ(zz)ﬁf) + alb{lZ)Vzéz) + alﬁzz)vﬁ(f).
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Then, invoking || @2 < [l (2.1), (2.5), and (4.12), L33 can be bounded,

Therefore,

Ls3

<

IA

IA

2 2 2 2 2 2
C16,Va w2 N + 10, Vil PNl )03 Vsl 2
2 2 2 2 2 2
+C(10,7PVaP N2 + 10,7 Vil 21105 VeS|l 2
2 2 2 2 2 2
CUO VPN e + 101V 2P )03V 2
2 2 2 2)
+CINO A= IVED N 2103V 12
2% 2 2 1 2 22
+CIIVa N2, AVE? 2 + 110 Vit |12)2 1010215 1121103 Vit |l 2

2 2112
Cllull 213V 112,.

2 2)112
Ly < Cllull 2103V |2,

With reference to K5, Ls can be first shown as follows:

Ls

. — = @ —
- f V@I + 7787 + @YY ) - 2V dx

= L51 + L52 + L53.

Applying the equality 62?(2) =0and 015(12) = 0, using integration by parts, we then obtain

Ls;

—fﬁ(lz)ﬁlang-@zVaz)dx

1
2

f 0,179,V6? - 9,96* dx = 0.

Using (2.3) again together with (2.6) and (2.2), Ls, can be bounded as

Ls,

IA

f @,vi28” +0,v8" 7 + 0,72va " +0,8" Vi) - B2V dx

9 —2) —(2) 2 2 —(2) 2o A2
110, VEP N 21160 " Ml + 101V N2l + 101371141198 11,4105V 6P 2

2

3 1 -2 7
+CIIVEPI (VI 2 + [1V0151112)211010205 11121105V 2

IA

ClON 21103 VES | 1103V 0P 2.

Similarly to Ks3, Ls; can be obtained as follows:

Lsy < CllGu, O)ll 2 (10355112, + 193VE12,).

Combining all estimates above for Ls, Ls,, and Ls3, we obtain

Ls < Cli(u, )|l 2 (103Va |2, + 102V621%,).

After integration by parts, L¢ is split into four terms
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be = f 02V + 0,V6Puy + 0515 VO + 0,62 Vuy) - 5362 dx,

(4.16)

4.17)

Volume 17, Issue 1, 100-127.



124

Similarly,
Lo < Cli(u, )|l 2 (103VE |2, + 103V6212,). (4.18)

As a consequence of (4.13), (4.14), (4.15), (4.16), (4.17), and (4.18), we conclude that there exist two
constants C5 and Cy4 such that

%(||52W2)||iz + 1002113, + 2w = Cslullz + 161l DNIO3 Va5l
+(2n = Ca(llullzz + 161l DIBVE?Z, < 0. (4.19)
Then (4.19) along with the stability result of Theorem 1.1 implies
18 VI, + [10:V6}, < Ce™,
for some positive constants C3, Cy4, provided that the initial data is suitable to satisfy
2u = Cs(llullg + 116]]2) > 1,

2n = Ca(llull + 116l 2) > 1.
We thus complete the proof of Theorem 1.4.
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