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1. Introduction

In this paper, we consider parabolic equations with measurable nonlinearities and measure data

(1.1)

u—diva(Du, x', x',t) = p in Qjp,
u Y on T,

where p is a radon measure with |u|(Q;,) < co. Here, the parabolic half cube with the size p is
denoted as O = (0, p) X (—p, )1 x (=p%,0) and the parabolic hyperplane with the size p is denoted
as T, = {0} X (=p, p)"" x (=p%, 0).

We will obtain the pointwise gradient estimate of u in terms of Riesz potential of the right-hand side
u. Here, Riesz potential of u is defined as

r ,t d
IM(x,t,r) = W—p ((x,t)ER"“, r>0,0<a/<n).
o PP
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For the boundary data y, we measure the pointwise oscillation of the gradient in x’-variable and L*-

norm of the time derivative:

r d
f (osc Do+ 0,y | 2.
o \'7, P

For the ellipticity constants 0 < A < A, suppose that the nonlinearities a(¢, x, t) satisfy that

a(é, x, t) is measurable in (x, t) for every & € R”,
a(&, x, 1) is C'-regular in & for almost every (x, 1) € R"!,

and
la¢, x, )l < Al
|Dza(é, x, )| < A, (1.2)
<D§a(§9 X, t){’ §> = /1|§|2,

for any (x,1) € R*™!, & € R" and £ € R". Also suppose that a(&, x, 1) = a(¢, x!, x’, f) is Dini-continuous
in (x’, t)-variables, i.e., that there exists a function w : [0, c0) — [0, 1] which is non-decreasing concave
with lim,\ o w(p) = w(0) = 0 and

1
f wp)dp _ o,
0 P
satisfying that
la€, x', X', 1) — aé, x', Y, )l < w (I, 0) = (v, )]) €] (1.3)

for every (x!,x,f) € R™! & € R" and y € R"!. Note that the nonlinearities are only merely measur-
able on x!-variable.

For nonlinear parabolic equations, many authors obtained the pointwise gradient estimates by using
potentials. Duzaar and Mingione considered linear growth condition in [1]. Kuusi and Mingione con-
sidered p-growth conditions and obtained Wolff potential type estimates in [2, 3] and Riesz potential
type estimates in [4]. Also for elliptic equations with measurable nonlinearities, the boundary point-
wise gradient estimates by using Riesz potentials were obtained in [5], where they used the excess
decay estimates of the gradient in [6]. In this paper, we will extend the result [5] to nonlinear parabolic
equations with measurable nonlinearities and obtain the boundary pointwise gradient estimates by us-
ing Riesz potentials.

For the reader’s further interest, we refer to [7] for Morrey space estimates to linear parabolic sys-
tems with measurable coefficients and measure data. We refer to [8] for weighted Lebesgue estimates
to linear parabolic systems with measurable coefficients. Potential can be used not only for the right-
hand side data of the equation but also be considered as a multiplier of the solution, see for instance [9],
which considers existence and blow-up solution with singular potentials multiplied to the solution.

We use the following notations in this paper. Let z be a typical point in R”, s be a typical time
variable and r > 0 be a size.

l.z=(@, - ,7") =L 2).

2. RTI ={(x", x,0) e R"! : x! > 0}, Rg“ ={(x", ¥, 1) e R : x! = 0).

3. 00z, 9) = —rn + )X X (" ="+ r) X (s = 12, 5), O, = 0,(0,0).

4. 0f(z,5) = Oz, ) NR™ OF = 0, N R,

5. T(Z,s) ={0} X (Z—rnZ+r) X - X" =rn"+r)X(s=r’s) = 0,0,7,s) NRI*".
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6. K,Q=G —rn' +rnx--x @ =r"+r).
7. K@= -rn+rnx---x-r"+r)NR"
1
8. For g € L'(U), (9)u :J[g dx = —fgdx when |U| # 0.
U Ul Ju
In view of the available approximation theory, we assume that 4 € L'(Q3,). Without loss of gener-

ality, we shall assume that
peL'R™, (1.4)

by letting u = 0. By using the concept of SOLA (Solutions Obtained by Limit of Approxima-

R"”\Q*’
tions), we will remove this assumption in Corollary 1.3. Also for the boundary data, let  : T —» R

be a function such that
Doy e L¥(Tx) and 9y € L*(Tx). (1.5)

We obtain the following boundary pointwise gradient estimate in this paper.
Theorem 1.1. There exists a constant ¢; = c1(n,A,A) > 1 such that the following holds. For some

r € (0, R], assume that
2r d
clf wedp (1.6)
0 P

Ifu e C°(-4R%,0; LA(K}p)) N L2 (—4R2,0; W(K3y)) is a weak solution of

u, —diva(Du, x',x’,f) = u in (04 (1.7
u = ¥ on Ty ’
with the assumptions (1.2)—(1.5), then we have that
|Du(xo, t)| < ¢ J( |Du| dxdt + | D (x;, to)l]
O (xo0.10) (1 8)

2 (|ul(Q7 (xo, 1)) d
+ cl f (p—fo + osc Dy +p2)( |a,¢|2dxdz) —pl,
0 p" Tp(xgsto) 0f (x0.t0) p

for any Lebesgue point (xo, ty) = (x}, x), 1) € @ of Du with ¢ = c¢(n, A, \).
0> %0 R

To deal with SOLA, we now remove the assumption (1.4).

Definition 1.2. A SOLA of (1.7) is a distributional solution u € L? (—4R2, 0; W“(K;R)) to (1.7) such
that  is the limit of solutions uy, € C°(=4R?,05 LA(K$,)) N L2 (—4R%,0; WH(K3,)) to

(up); — diva(Duy, x', x',1) = p, in Qf,,
u, = ¥ onToy,

in the sense that u, — u in L? (—4R2,0; W“(K;R)) and L™ > pu, — p in the sense of measures
satisfying
lim sup lusl(Q (0, 0)) < (1@} (xo, t)]) for any Q3 (xo, 1) € Qs

h—o0

where | Q| denotes the parabolic closure of Q.
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We finally state our main result for SOLA.

Corollary 1.3. Without (1.4), Theorem 1.1 continues to hold for SOLA of (1.7), with the estimate (1.8)
for any Lebesgue point (xy, ty) = (x(l), Xy, to) € QF of Du.

Remark 1.4. For the sake of convenience and simplicity, we employ the letter ¢ > 0 and a € (0, 1]
throughout this paper to denote any constants which can be explicitly computed in terms of known
quantities such as n, 4, A. Thus the exact values denoted by ¢ and @ may change from line to line in
each given computation.

2. Excess decay estimates

In this section, the nonlinearities are assumed to be depending only on & and x!-variables with the
following assumptions:

{ a(¢, x') is measurable in x! € R for every & € R”, 2.1

a(é, x') is C'-regular in & € R” for every x! € R.
Also we assume that a(&, x') : R" x R — R” satisfies

la(€, x")| < Alg| +T,
IDea(é, x| < A, (2.2)
(Dea(é,x1)¢, &) = AP,

for every x! € R, &£ € R", £ € R" and for some constants 0 < 1 < A, T > 0.

We obtain the boundary excess-decay estimates for parabolic equations in this section. Under the
assumptions (2.1), (2.2) and

0<xy<r, (2.3)
let g be a weak solution of
g —diva(Dg,x") = 0 in Q3 (xo, 1),
/ / " / (2'4)
g = v -x' onTs(xyt),
where y" = (y%,-+-,¥") € R and (x0, 10) = (X0, X5, **+ » Xg) = (Xg, X0 f0)-

Remark 2.1. If the nonlinearity a(&, x') is only defined on 0 < x! < 3r, then one can easily extend
a(é, x") to satisfy (2.1) and (2.2), which does not effect the results in this paper.

The nonlinearity a(£, x') only depends on x'-variable and g = y’ - x’ on T5,(x),%). So one can
use the difference quotient method to find that Dyg — v* (k € {2, 3, ---, n}) is weakly differentiable
in Q5 (xo, ). Moreover, one can show that D;g — Yal= Wl’z(Q;r(xo, 1o)). By differentiating (2.4) with
respect to x*-variable, one can get that

Il
o

in Q3 (xo, %),

(2.5)
on  To.(x(,1),

Il
o

{ 0, (Dkg - ’yk) - D; [aij(x, nD; (Dkg - ’}’k)]
Dyg —y*
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a i
where a;;(x,1) = %(Dg, x!) satisfies that
J

AlLP,

ai '(X, t){l{
{ / / A (2.6)

la;;(x, D)

IAN IV

for any (x,1) € Q3 (xo,t) and € R" with 1 < i, j < n.
To obtain boundary estimates, we next extend the equation (2.5) from Q7 (xo, fy) to Q».(xo, ). For
ke{2,3,---,n}, welet

gi be the odd extension of D;g — yk from Q3 (xo, 1) to Oy, (X0, to)- 2.7)
Then .
0.8« — Dilaij(x,)Djgi] = 0 in  QF (xo, to),
, (2.8)
8k = 0 on T2r(-x()» fo).
Let a;;(x, 1) be an extension of a;;(x, ) from QJ (xo, ty) to O.(Xo, o) defined as
an(=x', x,0) = an(x', x,0),
aij(=x',x', 1) = a;(x",x',)  whenl<i<nl<j<n, (2.9)
aj(—x', x' 1) = —a (x', x',1) when1< j<n, ’
an(=x', x',t) = —ay(x',x',t) whenl <i<n,
for (x!, X', 1) € Qa.(x0,20) \ Q; (X0, ). Then one can check from (2.6) that
ai;(x, DG = AP
2.1
{ a0l < A, (210

for any (x, 1) € Q»,(x0, 1) and { € R". Then we obtain from (2.8) and (2.9) that g, is a weak solution of
the parabolic equation

O = Di|ay(x,0Djee] = 0 i Qs (x0, 1o). (2.11)

From [10, Chapter 6], we have an excess decay estimate for linear parabolic equations, which can
be applied to (2.11).

Lemma 2.2. Under the assumptions

{ aij(x, 8¢ = AP ((x,1) € @), { €RY),

llaillz=, < A,

let w be a weak solution of
ow — Dila;j(x,tyDw] =0 in Q..

Then we have that

2a
[lw— (w)QpI2 dxdt < c('[;)) )( |w — (W)er2 dxdt O<p<r),
Qp Qr

where ¢ = c(n, A, A) and @ = a(n, A, A) € (0, 1].
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With Lemma 2.2 and the energy estimate, we obtain the following lemma.

Lemma 2.3. Suppose that k € {2,3,--- ,n}. For g in (2.7), we have that

2a
2 T 2

J( |gk = (8K)0.(yvs)| dxdt <c (—) J[ |gk — (8K, 0.0)| dxdt, (2.12)

0:(3.9) p 0y (3>9)

and

c 2

[ wef dxirs £ [ fo-gf v ¢ e®), 2.13)
0:0) (0 =17 Jo,0.9

forany Q,(y, s) C Qa(x0, %) and 0 < T < p.

Proof. Let k € {2,3,--- ,n} be an arbitrary integer. The estimate (2.12) follows by applying Lemma
2.2 and (2.10) to (2.11).
Next, we choose a cut-off function n € C7(Q,(y, s)) with

0<n<l, n=lonQys) IDI<—— and  Ool<s ——.  (214)
p-T (o -1
We have from (2.11) that
0 (g = &) = Di |aij(x. 0D, (8 = )| =0 in  Qa(x0. 10). (2.15)

Since 7 € CZ(Q,(y, 5)) and Q,(y, 5) C Qa,(x0, fp), We test the above equation by [g; — £*|n? to find that

([gk - §k]77)2 2
= Oq—————¢—lgr— 0,
0 fQﬁ“‘”l { 5 [gx = 'mom

+ f a;i(x,t)D;giD; {[gk - {k]nz} dxdt.
Op(,8)

dxdt

Since 17 € C°(Q,(y, 5)), one can check that f
Op(,5)

2
- ([gk - k]'?) . )
4 |Dgi|"n” dxdt < 0, — + a;;(x, D jgiDigk 1
Op(y,5) 0 (3.5)

= fQ {[gk - P dm - aij(x,0)D;gi [gr — Zk]Zan} dxdt

p(y’s)

8, {([gk - gk]n)z} dxdt > 0. So by (2.10),

dxdt

2
<c f {ng = " nl1oml + 1Dgdl |gx — | Il |Dn|} dxdt.
Op(,5)
By Young’s inequality,
2
f Dgi*n* dxdt < ¢ f |g = 2" {1Dnl + Inl10m1} dxdt.
Op(1.8) Op(y,5)

So (2.13) follows from (2.14).
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Now, we extend g; from Q7 (xo, fy) to Q»,(xo, tp) and obtain some estimates on the extended function
of g;. Since g is a weak solution of (2.4), one can use the difference quotient method to show that

g: = 0,g is a weak solution of
(8 = Di|aij(x,0D; (8] = 8, |2 - Di {a'(Dg, x| =0 in  0F,(x0. 10).
In view of (2.4), one can check that g, = 0 on T5,(x, fp). So
let g,+1 be the odd extension of g, from Q3 (x, #y) to Qa,(xo, fo)

defined as .
gl‘(xla x/) m Q;r(xo’ tO),

| VAN
g (X, X) = { —g(=x', %) in Qn(x0,1) \ Q3 (x0. o).

So we find from (2.9) and (2.16) that
0:8n+1 — D [&ij(X, Z‘)ngn+1] =0 in  Qs(xp, ).
Then we have the following energy estimate for g, in (2.18).

Lemma 2.4. If g,,1 is a weak solution of (2.18), then we have that

[ g dvdr s < [ gy dar ©<7<p)
L(7.9) =17 Jo,0s)

Jor any Q,(y, s) C Qa,(x0, fo)-
Proof. Choose a cut-off function n € CZ(Q,(y, s)) with

and || < S

c
0<np<1l, n=1inQ0:(ys), [Dnl< :
n n=1inQ(y,s), |Dn g 17

We test (2.18) by ¢ = n’g,,, to find that

0= f [at (gn+1)gn+1772 + &ij(x’ I)ngnﬂDi (U28n+1)] dxdt.
Qp(%s)
Then a direct calculation gives that

2 f \Dg,us1 > Pdxdt < f ;i (X, )D (gns1) " Di(gns1) dxdt
Qp(}’ss) Qp(}’ss)

= [ a0 (0o [Di(Perr) - 20D g0 | dd
Op(y,9)

= —f [at (8n+1) 7 8ns1 + Gi1j(x,)D; (gn11) 2nDiny gn+1] dxdt.
Qp(y 5)

From the fact that n € C°(Q,(y, 5)), we get

0, 8,21 1772
f 81 (8ns1) M7 gns1 dxdt = f ¥ — |gus1 > 171; dxdt
0p(».5) 0p(3.5)
> — f |8nar* 1, dxdr.
0Op(y,5)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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By combining the above two equalities and applying the elliptic condition (2.6), we get

[ wgrpasise [ g (00f + o) da
Op(,9) Op(3,9)

So the lemma follows from the choice of the cut-off function 7 in (2.19).

Since the nonlinearity a(&, x') depends on x!-variable, we obtain an excess decay estimate in terms

of a'(Dg, x") instead of D;g. Let g; be the even extension of a'(Dg, x") from Q} (xo, o) to Qa,(x, t)
defined as

gl(xl’-x,’t) = al(Dg(-xlax”t)7 -xl) in Q;r(x(b t())

gi(x', ¥, 1) = a'(Dg(—x", x',1),—x") in Qsr.(x0,10) \ OF (0, 10).

So from (2.7), (2.17) and (2.21), we have following extensions from Q3 (xo, fy) to O»,(xo, to):

(2.21)

g1 is the even extension of al(Dg, xl),
g (k €{2,3,--- ,n}) is the odd extension of Dyg — ¥, (2.22)

gn+1 18 the odd extension of g,.

Then we define G : Q,,(xp, f)) — R" as

G:(glagZa"' ,gn)' (223)

The desired excess-decay estimate will be obtained with the function G in (2.23).

With Lemma 2.4, we estimate g,,; by using the function G in (2.23).

Lemma 2.5. For g, in (2.17), we have that

f gnr[* dxdt < —— G — P duxdt 0 <71 <p),
0:(y.5) =1 Jo,0.9

for any Q,(y, s) C Q. (xo, o) and { = ({1,4’2, e ,§”) e R
Proof. Letdy, = tand d., = p. Let

o — d, | +d,
dm:d0+zp21T and em_lle m=1,2,3,---).
=1

Choose a cut-off function n € C (Q,, (X0, tp)) with

2m m
0O<p<l, np=1in Q10  IDgl< and |9 < . 24)
r—p (r—p)
Since g, = 0 on T>,.(x, 1), we test (2.4) by n*g; to find that
f g |18 | dxdr = - f (a(Dg, x"), D |i1°¢.|) dxdr. (2.25)
Q:m (y,s) Q;rm (y,s)
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Since 17 € CZ° (Q.,, (X0, 1)) and g; = 0 on T5,(x;, ty), one can easily check that

f a' (Dg, xl) D, [nzgt] dxdt = f [al(Dg, x!) - {1] D, [nzg,] dxdt.
e ()

05, (v:9)

Then for k > 0, Young’s inequality implies that

‘ f a'(Dg, x"D\[1°g,] dxdt
o (0:5)

2 2
< f [K \Dg,* /A1 “led +c (77_ + |Dr;|2) |a1(Dg, xh) - §1|2] dxdt.
z-m(y 5) 48 K

By using integration by parts, for any k € {2, 3, - -, n} we have that
f a* (Dg, xl)Dk [nzgt] dxdt = —f Dy [ak(Dg, xl)] g, dxdt.
e (:5) 0;,(0.5)
Then Young’s inequality implies that

n

f a(Dg. x"\Dy |11, dxdt
03, (,9)

k=
< fQ;n(M)[ sl +c Z ‘Dk a (Dg,x )]' ]dxdt.

By (2.7), g is the odd extension of Dyg — ¥* from 0; (X0, t9) to Q,(xo, tp), which implies

; fem (,5)

Dk k(Dg,x ) ‘ n 2 dxdt < ch |DDkg|2 7]2 dxdt

o (V55)

<c Z f |Dgy|* n* dxdt.
k=2 o 5)

By combining the above two estimates, we apply 7 = e, and p = d,,,,; in Lemma 2.3. Then

z": f@ ( )ak(Dg, x"Dy [nzgt] dxdt
o (0.5

2 2
n7lgi f
< dxdt + E gr— (| dxdt,
fQ:m(y,s) 48 0 0 )(P— 7)? | |

dm+l - dm _ P
2 2m+1

f gl dxdr
Q:rm (y,S)

n |gz|2
< f [Kng,lz 7+ ]d dt
03, (9) 24

Ui 2\|,,! 1 112 4"
(?+|Dn|)|a(Dg,x)—{| +(p )22|gk—{| dxdt.

k=2

because d,,11 — €1 = So we obtain from (2.25), (2.26) and (2.27) that

+c

Q‘;er 1 (y’S)

(2.26)

(2.27)
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By (2.22), g; is the even extension of a' (Dg, xl), gr (k€1{2,3,--+,n})is the odd extension of D;g —*

and g, is the odd extension of g, from Q3 (xo, 7o) to Q».(xo, tp). Thus

f 1P|gni1 |* dxdt
em (y,x)

2 2
< f [2;<|Dg,1+1|2 7+ M] dxdt
Qe (55)

12 (2.28)
+ Cf (772 + IDnIZ) e -2+ a Z lgi = £ | ds
— 11— Kk~ .
Q) [\ K (o =17
Now, take p = ¢,, and r = d,,+1 in Lemma 2.4 to find that
2 4" 2
|Dg,1]° dxdt < > |gns1]” dxdt. (2.29)
Qo -9) (0 =17%Jo, . 09
C1K4m 1 ..
Take « so that ——— = —. By combining (2.24), (2.28) and (2.29), we have
(r=pP ~ 48
; 2 4mc |G — 2
f unt? dxdt < f il TG LE (2.30)
0y (9) 04y 09) O (-1
. 1 .
Multiply (2.30) by 3 and sum it from m = 0 to co. Then we have that
D st I* dxdt
o i (955)
o Qll(y N 2.31)
c
<)o gnetl” dxdt + ) — f |G — ¢ dxdt.
,,,Z:o g+ Ld,,,+](y,s> : ,,,Z:O 2"(p = 1)* Jo, 0.9
Thus from (2.31) and the fact that dy = 7, we have
[ gt dsar= [ g dnirs 5 [ (G- gdvar,
0,9) 04y +9) (0 =1 Jg,09
which finishes the proof.
To obtain the desired excess-decay estimate on G = (g1, - - , g,), we will use Poincaré’s inequality.
In Lemma 2.3 and Lemma 2.4, the derivatives Dg,,---,Dg, and Dg,,; were obtained. So it only

remains to obtain the following estimate on Dg;.

Lemma 2.6. For g, in (2.22), Dg, € L*(Q,(xo, ty)) exists with the estimate

|Dgi| < C[ Z |Dgl + |gn+1|J € L (Q,(x0, 1)) -

2<k<n
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Proof. We discover from Lemma 2.3 and Lemma 2.5 that

Dgi € L*(Qr(x0, %)) and  gu1 € L (Qr(x0,10)

for any k € {2,3,--- ,n}. It follows from (2.22) that
DD,ge L*(QF(xo,))) and g € L* (O (x0,1)). (2.32)

Since g is a weak solution of (2.4) and the nonlinearities a(&, x') are independent of x*-variable for any
ke {2,3,---,n}, we have from (2.32) that

n

Dila'(Dg,x")] = g — > Di[a"(Dg, x| = g = ) aii(x, D g € L* (O} (x0, 10))
k=2 k=2

Dyla'(Dg, x")] = a\j(x,)D;Dyg € L* (05 (x0, 10)) -
From (2.6), a;;j(x,t) is uniformly elliptic. So we find from (2.22) that
ID[a'(Dg, x"]| < ¢ (IDDg| + i) < C[ Z \Dgy| + Ign+1|] € L (Q; (xo, 1)) -
2<k<n

By (2.22), g, is the even extension of a'(Dg, x"), gr (k € {2,3,--- ,n}) is the odd extension of D;g — y*
and g, is the odd extension of g, from Q7 (xo, %) to O2.(xo, fy). So the lemma follows by extending
the above estimate from Q) (xo, #o) to Q,(xo, t).

We obtain the following excess-decay estimate and L™ -estimate of g, .

Lemma 2.7. For the odd extension g, of g, in (2.22), we have that

2o
f et — (@ue ol doxdt < ¢ (’—’) f 8t — (8net)o, il dxdt,
QT()”S) 0

r o (3,5)

and

lgnill’ < CJ( |gns1l* dxdt. (2.33)
LDO(Q%)O)’S)) Qp()”s)

for any Q,(y, s) C Q,(xo,1) and 0 < 7 < p where a = a(n, A, A) € (0, 1].

Proof. From (2.18), g,+1 is a weak solution of

B8t = Dj [aij(x.0OD;gur | =0 in  Q.(x0.10). (2.34)

By using (2.6) and applying Lemma 2.2 to (2.34), we find that

r

20
f uet — @uen)o,nl dxdt < c(e) f 8net = Zue )yl doxdt, (2.35)
O+ (y,5) 0y (v,9)

for any Q,(y,s) € Q.(xo,%) and 0 < 7 < p. The L*-estimate of g,.; in (2.33) follows by applying
Campanato type embedding to the excess-decay estimate (2.35).
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Recall the definition of G in (2.22) and (2.23). In view of Lemma 2.4 and Lemma 2.6, one can
estimate DG and 0,G as

DG < c{ D |ng|} < c{ D IDgid+ |gn+1|}, 036

1<k<n 2<k<n

10:G| < ¢|Dgp1l

which implies that

J( {IDGP + p%9,G} dxdt < cf { D D&l + lgunil + 07 IDgn+1|2} dxd, (2.37)
Qy(.9) 09 \2<ksn

for any Q,(y, s) C Q,(xo, ). Here, Dg (k € {2,3,--- ,n}), g,r1 and Dg,,; were estimated in Lemma
2.3, Lemma 2.5 and Lemma 2.4 respectively. So we use Sobolev type embeddings to have the following
reverse Holder type inequality.

Lemma 2.8. For G in (2.22) and (2.23), we have that

1
b( G - ¢ dxdt)z < cf G - ¢ldxdt (L €RY),
Q/% (,5) Qp(,5)

2n+1)

n—

forany Q,(y, s) C Q.(xo,ty). Here, 2" = > 2 is the Sobolev conjugate for (n + 1)-dimension.

Proof. Fix any Q,(y, s) C Q.(xo, ty). Choose arbitrary constants g < 71 < 1, < p. Then by the Sobolev
type embedding,

2
b( IG - ¢ dxdt)z < cf {7 IDGP + 71 10,GI" + |G - {1’} dxat.
0r, (.9) 0r, (5.9

2(n+1
Here, the Sobolev conjugate for (n + 1)-dimension is denoted as 2* = (vt D) > 2. We have from
1 —
(2.37) that
J( |71 IDGP +7}10,GI* | dxdr < cﬁf [ D IDgl +Igunil? + 7 |Dgn+1|2] dxd.
[ Or 009) L2<kzn

Since g < 1y < 1, < p, we have from (2.13) in Lemma 2.3 and Lemma 2.5 that

folZ

2<k<n

c 2
|Dgif” + |gn+1|2] dxdt < ———— [ D lae=df +i6 - g|2] dxdt
(TZ - Tl) Q‘rz(}’as) 2<k<n

C

< — |G — ¢* dxdt.
(r2 — 1) Jo., 09
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Since g < 1| < 1 £ p, we have from Lemma 2.4 and Lemma 2.5 that

C C
J[ \Dg i |* dxdt < ———— |8us1 > dxdt < ———— |G — ¢ dxdt.
0r, (05) Ty —T1) Qriry (049) (r2 = 71)"Jo, 0.9

T
Since ﬁ > 1, by combining the above four estimates, we get
T2 =T

2

. r cTy 5
IG — ¢ dxdt| < ——— |G — I dxdt.
Qr, (39

4
T2 = 71) Jo, 09

By the interpolation inequality, we get

n—1

n+3 ﬁ
f G — ¢ dxdt < (f G — T dxdt) (J[ G - ¢ dxdt) .
0ry 09) 00, (09) 00, (09)

2(n+1)

Since 2" =

> 2, we obtain from Young’s inequality that

2

2%
(f IG - dxdt)
Qr, (3.5

& 2(n+3) 2
<L (f G - 2 dxdt) LT R [J( G - ¢| dxdt)
2Vo,0.9 (r2 — 71" Vo, 0

Since g < 71 < 1, < p were chosen arbitrarily, by [11, Lemma 4.3], we get
2 2
(]( |G — §|2* dxdl) <c (][ |G - ¢| dxdt) ,
Q% (y,s) Qp(y’S)

By using (2.37), we apply Poincaré’s inequality to obtain the desired excess-decay estimate on
G =(g1, - ,gu). Weremark that Dg,, Dg; (k € {2,--- ,n}), Dg,. and g, were estimated in Lemma
2.6, Lemma 2.3, Lemma 2.4 and Lemma 2.5 respectively.

Lemma 2.9. For G in (2.22) and (2.23), we have that

and the lemma follows.

J( IG = (G)g.(.)| dxdt < c(f) J( G - (G)g 0l dxdt (0 <T<p),
0:(7.5) Pl Jo,p.s)

forany Q,(y, s) C Q,(xo,ty) where a = a(n, A, A) € (0,1].

Proof. Assume that 87 < p, otherwise the lemma holds from the dilation. We claim that

2a
f IG—(G)QT(y,s)IdedISC(Z) J[ G = (G, .0 dxt. (2.38)
0:(7.5) p Qs (%)
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From Poincaré’s inequality and (2.37), we have that

f IG = (G)g, s> dxdt < cf {*IDGP + 7*10,GI*} dxdt.
0-(v,5) 0-(y,5)

(2.39)
< crzf DDl + Igual? + 7 IDgy ol dxa
0:09) \2<k=n
By taking /% = (8K) 0,y In Lemma 2.3, we get
rzf { D, IDal +7 |gn+1|2} dxdt
0:00.9) \2<k<n
2
< Cf Z |gk ~ 8oyl * T4||gn+1||%°°<Qr(y,s» dxdt.
02:(y,5) 2<k<n
By the assumption 87 < p, we have from (2.12) in Lemma 2.3 that
2 \* 2
Z J[ |gk - (gk)QzT(y,x)| dxdt < c|— Z f 8k — (gk)Qﬁ(y,s) dxdt
2<k<n” Q2:(0,9) P 2<k<n Q%(%S) 2
T 2« 2
<c|— f ’G - (G)Qp 0,5) dxdt
Pl Jog0s 2
T 2a 5
<cl- J( G = (G)g,.9| duxd.
Pl Jop0s
By combining the above two estimates, we get
rzf { D 1Dail +7 |gn+1|2} dxdt
0:00:5) | 2<k<n
2a (2.40)
T 2
<cl(Z) 16 @l drd sl g
P] Jop0s
By the assumption 87 < p, we have from (2.33) in Lemma 2.7 that
™ ||gn+1||%m(g,(y,s)) <7t ||gn+1||ioo(Qp s) = CT4J( Ign+1|2 dxdt.
8 Qr43(y,S)
Also we take £ = (G)g,,(y.5) in Lemma 2.5 to find that
2
4 2 4
cT cT 2
T‘b[ |8t dxdt < — f G = (G)g, .| dxdt < —ZJ( |G = (G)g,. | duxat.
Qp () P7J0509) 2 P7J0509)
By combining the above two estimates, we get
4
cT 2
T4 ||gn+1 ||i°°(Q-r(y,S)) < —Zf |G - (G)Qp(y,s) d)Cdt (241)
P7J0509)

The claim (2.38) holds from (2.39), (2.40) and (2.41). With Holder’s inequality, the lemma follows
from (2.38) and Lemma 2.8 by taking { = (G)g, .-
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3. Comparison estimates

For the comparison estimates on Q,(xy, #y), we handle the interior case x(l, > r in Subsection 3.1

and the boundary case 0 < x(l) < r in Subsection 3.2. From [12, Lemma 4.1], the absolute value

of measurable nonlinearities |a(&, x')| is comparable to |¢]. In fact, one can easily modify the proof
of [12, Lemma 4.1] to obtain the following result, where the nonlinearities depend on &, x and ¢.

Lemma 3.1. Suppose that (1.2). For any (x,t) € R""!, we have that
€l < c[I¢1+ @A) la' & x. )] < clé] (=" &rer).

3.1. Interior comparison estimates

For a weak solution u of
u,—diva(Du,x', X', 6y =pu in  Q,(xo, 1),
let v and g be the weak solution of
{ v,—divaDv,x",x,1) = 0 in  Q.(x,1),
v = u on 08,0,(xp %),

and
{ g —diva(Dg,x', xj,10) = 0 in  Q:(xo, 1),
g = v on apQé(xO, tO),
where 9, denotes the parabolic boundary. By repeating the proof of the comparison estimate for Du
and Dv such as in [1, Lemma 4.1] and [3, Lemma 4.1], one can prove that

J( \Dut — Dyl dx < clul(Q(xo, 1))
0,(x0.10) i+l

By repeating the proof such as in [1, Lemma 4.2], one can prove that

J[ |Dv — Dg|dx < c w(r) |Dv| dx.
Qg (x0,0) 0O, (x0,t0)
So we obtain that
(X0, 1
J( |Du — Dgldx < ¢ [w +w(r) |Dul dx] . (3.1)
Qé(xoato) r 0O, (x0,t0)

We set

U = (a"(Du, x', x,, 1), Dou, - - - , D),
{ (a'( 0510, Ds ) 32)

G = (a"(Dg, x', x, 1), D2g, - - , D, g).

From [13, Lemma 4.9], we have that

r

]( G = (G, syl dx < c(‘_)) f G = (Glo,omldx  (0<20<r. (3.3
Op(x0,t0) Q%(XOJO) :
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From Lemma 3.1, we have that |Du| < c|U]|. Since |U — G| < c|Du — Dg|, we find from (3.1) that
(X0, 1
f U-Gldx<c ["‘KQ(—’C{”’» + w(r) |Dul dx]
Q¢ (xo.10) d 0r(xo.10)
(X0, 1
<c [—'”KQ G0, 10) 4 ) |U|dx] .
r 0:(x0,10)
So we obtain from (3.3) that

{ w-gumldr=e(B) f 0= @yldx
Qp(x0.10) "7 Jor o) ’

i (f)n [|,U|(Qr(xo, fv))

0 rn+1

+ w(r) |U| a’x] .
Or(x0,0)

One can easily check that

J( U - (U)Qg(xo,to)l dx
Q%(XOJO)

SJ[ U = (U)g,(xo)| dx +J( (D)o, xo0) = U)oy (.00 dX
Q1 (x0.10) Q1 (x0.10) ’

1
< 2n+f |U - (U)Q,(xo,to)l dx
0Or(x0,t0)

so that .
{ w-euuldr=e(t) { U= ol
Q,(x0:00) "7 J 0 (xo0)
" [ ul(Qr(x0, 10)) G4
c (f) [% + w(r) |U| dx]
P r 0:(x0.10)
forany 0 < 2p <r.
3.2. Comparison estimates near the boundary
To handle the boundary case, we assume that

0<xy<r (3.5)

For the boundary data, we assume that
Dy € L™(T4r(x;, 1)) and O € L (T4, (xp, 10)).

We regard the boundary data ¢ as a function in Q] (xo, fy) by defining w(x', x', 1) = y(0, x', 1) for every
0 < x' < 4r. For a weak solution u of

{ut—diva(Du,xl,X',t) = p in QO (xo,t0),

W= g oon Ty n), (36)
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let v, w and g be the weak solution of

v, —diva(Dv,x',x',t) = 0 in 05 (x0, 1),
N (3.7
v = u on 0, [Q4r(x0, to)] ,
w, —diva(Dw,x',x', 1) = 0 in QO (xo, ), 3.8)
wo= v—y+Dot(xpto) X on 9,| 0% (x0.10)] '
and
g: — div a(Dg, x', xXp.t0) = 0 in Q3 (xo, 1),
N (3.9)
g = w on 9, [Q3,(Xo, l‘o)] :
We have from (3.6) and (3.7) that v = u = ¢ on T4,(x{, tp). So from (3.7) and (3.8), we have that
w = Dop(x(, to) - X' on Ty (X[, o). (3.10)

By following the proof of [3, Lemma 4.1] (although [3] considered p-Laplace type equations), we
obtain the comparison estimate for Du and Dv to our problems. The proof for Lemma 3.2 is similar to
that of [3, Lemma 4.1], but we give the proof for the convenience of the readers.

Lemma 3.2. Under the assumption (3.5), we have that

¢l (QF,(x0, 10))
J( |Du — Dv|dx < — .
01, (x0,t0) r
Proof. We first claim that
sup f lu(x, 7) — v(x, 7)| dx < |ul (QF,(x0, 1)) - (3.11)
Te(to—r2,to) < Kar(x0)

To prove the claim (3.11), fix 7 € (ty—72, ;). Form > 1,let ¢ : R — [0, 1] be a function only depending
on t-variable defined as

0 if t>r1,
pt)=3 m@x-n if T-1<t<r, (3.12)
1 if t<7-1.

Here, we remark that we will let m — oo later. We also define

(—v)s

Me = imin{l, }¢ (e > 0),

which implies that
1
Dnye = - D (1 = V) Xo<u-v).<e ¢- (3.13)
Now, we test (3.6) and (3.7) by 1, to find that

f 0, (U —v)ndxdt + f (a(Du, x,t) — a(Dv, x, t), D, ) dxdt
Q5 (x0,10)

Q5 (x0,10)
= f M.e A
05 (x0,10)
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One can check that

_ (U—v)+
8, (= V) e = 0, (u— ) min{l, w V)i} - 5, U min{l, f} ds].
0 €

€

Since ¢ = 0 on Ky, X {fo} and u = v on Ky, X {to - rz}, integration by parts gives

f 0; (u—v)ndxdt
03 (x0,10)
(U—v)+ s
= f 0, [f min{l, —} ds]gbdxdt (3.15)
03 (x0.t0) 0 €

(U—=v)+
- f f min {1, f} ds 0, (~p(1)} dxd.
07 (x0.10) JO €

We obtain from (3.13) and (3.14) that

(U—=v)+
f f min {1, 5} ds 8, {(—4(0)} dxdt
0}, (xo,t0) JO €

1

+ = f (a(Du, x) = a(Dv, x), D ( = V) X0<(u-v), <e®) dxdt (3.16)
€ Jor (xo.t0)

= f M. dy.
01, (x0,t0)

By Lebesgue dominated convergence theorem, we get

(U=v)+
f f min {1, f} ds 8, (~p(0)} dxdt
* (xo.t0) JO €

e—0

= (u—v), 0,{-¢(t)} dxdt.

01, (xo,t0)
On the other hand, by ellipticity condition (1.2), we have that

1

0 S - f <a(Du, x’ t) - a(DV, -x’ t)’ D (u - V)X0<(M—V)+<E¢> d'th
€ Jo; (xo.t0) .

Since 0 < 1, < 1, we find that

f M.edu < ul (Q3,(xo, 1)) -
05 (x0,10)
So we obtain from (3.16) that

f ( )(u — V). 0 {=¢(®)} dxdt < |u|(Q3,(x0, 1)) -
0} (xo0.t0
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By letting m — oo for ¢, we find that
[ wnm = v, dx< (€ o).
K4r(x0)

Since 7 € (ty — 1, t;) was chosen arbitrarily, this proves the claim (3.11).

Since ¢ is non-increasing, we have that 9, {—¢(t)} > 0, which implies that

(U—V)+
f f m1n ds 0 {—¢(t)} dxdt > 0 (e>0).
Q5 (x0,10)
So it follows from (3.16) that

1
- f (a(Du, x,t) — a(Dv, x,1), D (4 — V) Xo<@u-v),<c$) dxdt < f M edu.
03, (x0,10) 0;,(x0,10)

Since 0 < 1, < 1, we also obtain from (3.13) that

f (a(Du, x,t) — a(Dv, x,1), Dy ¢) dxdt < |u| (Qy,(xo, 1)) . (3.17)
0;,(x0,10)
We next claim that ) |
|Du — Dv)| c ,8 -
| | (Q3,(x0, 10)) (3.18)
\fQ4(xoto)(B+|u_v|) H + 070
for > 0 and v > 1. To this end, for € > 0, we test (3.6) and (3.7) by
M,e
Me = : ) (3.19)
B+ (u— V)s) :
which implies that
f 0, (U —v) 1o dxdt + f (a(Du, x,t) — a(Dv, x, t), D> ) dxdt
05 .(x0,10) 0;.(x0,10) (3.20)

= f M. A
0}, (x0.t0)

By the same reasoning for (3.15), we get

(U=v)+ 1
f & (u = V) e dxdt = f f min 516} 45 8, () doxdr.
Q4,(XO 10) Q4r(x0 10) (B + )

Since ¢ is non-increasing, we have that d, {—¢(¢)} > 0. So the above equality and (3.11) give that

supf 0 (u—v)medxdt < ,8]_V sup f |u(x, 7) — v(x,7)| dx
0, (x0.10) Kar(x0)

>0 Te(ty—r2,to)

< B 1l (@ (x0. 10)) -
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One can compute that

f (a(Du, x,t) — a(Dv, x, ), D> ) dxdt
05 (x0,10)

1
= f (a(Du, x,t) — a(Dv, x, 1), D1, ¢) — dxdt
0}, (x0.10) B+ u=v).)
Ne
+(1-v) (a(Du, x,t) —a(Dv, x,t),D (u — v),) ——————— dxdt.
Q7 (x0,10) B+ u—-v).)

Here, we have from (3.17) that

1
(a(Du, x,t) — a(Dv, x, t), D ¢) — dxdt
fQZ{,(XoJo) B+ m—-v)) :

<p'” (a(Du, x,1) = a(Dv, x, 1), Dn1 ¢) dxdt

03 (x0.t0)

< B Il (Q5(x0, 10))

f M. dp
05 (x0,10)

With the above four estimates, we find from (3.20) that

and

< B ul (@3, (x0, 10)) -

<a(Dl/l, xa t) - a(DV, -x9 t)’ D (u - v)j:)
— N1 dxdt
03, (x0.10) B+ m-v)) (3.21)
< 38" 1l (03, (x0, 10)) -

(v—=1)

By the definition of 7, ¢, one can see that

f <a(Du9 -x$ t) - a(DV, x9 t)9D(u - V)i>nl’e d.xdt
Q7 (x0,10)

B+ - V)i)v_l

B f (a(Du, x,t) — a(Dv, x, 1), D (u —v).) + min {1 (—v),

03, (xo.o) B+ (=)™ - Te

3 f (a(Du, x,t) — a(Dv, x, 1), D (u — v)) min {1 (u—v).
05 (x0.t0) ’

B+ |u—v]) €

}qﬁ dxdt

} ¢ dxdt,

which implies that

a(Du, x,t) —a(Dv,x,t),D (u —v),
f @Dux.0 —aDv.x0.D@=v)
05 (x0,10)

(ﬁ + (u - V)i)v_l
€0 f (a(Du, x,t) — a(Dv, x,t), D (u — v))
v—1
0, (x0.10) B+ u—v

By letting 7 — t;, and m — oo, the claim (3.18) follows from (3.12) and (3.21).

¢ dxdt.
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n+l
Choose 8 = lu — vlnnj dxdt] and v = ”ni Then by the paraoblic Sobolev embedding

Q5 (x0,10)

(see for instance [14, Chapter 1, Proposition 3.1]), we get

B <c(n,q)

It follows from (3.11) that

B < ¢ Il (Q}, (xo. 1) ™ (f

O3 (x0,10)

J[ |Du — Dv)| dxdt( sup
05 (x0.10) 7€(to—r2,10)

By Holder’s inequaltiy, (3.17) and (3.22), we obtain that

][ |Du — Dv| dxdt :J[ _—
0 (x0,10) 0} (xouto) (B + |u —v[)?

- b( |Du — Dv|?
B 07 (x0,t0) B+ lu— v)”

<c

[Du — Dv|

Y

|l (QL(XO, fo))
|02 (x0. 10)|

1-v

n+2

{u Q7 Cxo, 1))}

|02 (x0, 10)|

Since |Qj[r(x0, to)| > ¢ "2, the lemma follows.

f lu(x, 7) — v(x, 7)| dx]
K4r(x0)

L7241

n

|Du — Dv)| dxdt) .

B+ |u—v)? dxdt

1

1
2 2
dxdt} b( B+ lu—v|)” dxdtl
05 (x0,10)

1
5%

1
2
n

T
f |Du — Dv| dxdt)
05 (x0,10)

We also prove the comparison estimate between Dv and Dw as follows.

Lemma 3.3. Under the assumption (3.5), we have that

]( |Dv — Dw]* dxdt < ¢ [( osc D,
Q5 .(x0,10) Tar(xg,t0)

2
,¢) + rZJ( 0.1 dxdt} :
Q5 (x0,10)

Proof. Withv —w + ¢ — Duif(x;, fp) - X', test (3.7) and (3.8). Fix 7 € (¢ — 1672, ty). Then

0= f f 0, (v=w)(v—w+ ¢ — Duif(xy, 1) - X') dxdt
10-16r2 J K} (x0)

(3.22)

+ f f (a(Dv, x',x',t) — a(Dw, x',x', 1), Dv — Dw + D — D.y(x;, o)) dxdt.
10—16r2 er(xo)
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Recall that y(x!, x’, 1) = (', £). It follows from (1.2) and Young’s inequality that
f f {a(Dv,x', X', t) — a(Dw, x', x', 1), Dv — Dw + Dy — D (x(, 1)) dxdt
t0—16r2 KZr(XO)

1 (7 ’
> — f f |Dv — Dw|* dxdt — cf f |D o — Dy(xy, 1) dxdt
2 Ji-16 Jx; 0 t0-16r2 JK; (x0)

A (7 ?
> = f f Dy — Dl dxdt — c {t - (1 - 16 |K;,(x0)|( osc Dx,z//) :
2 Ji-162 K} (x0) Tar(xt0)

4r(X:10

By a direct calculation,

f f 0, (v—w)(v—w+ ¢ — Doy(x(, to) - x) dxdt
1 K (x0)

0—1672

2
7 (v — W+ — Dop(x, to) - x’)
= f f 51 d.X'dl
t0—16r2 KIY(X()) 2

- f f Oy {v—w+y — Doi(xg, 1) - X'} dxdt.
l‘o—l6r2 Kzr(xo)

From Young’s inequality, we get that

f f O, (v—w)(v—w+y — Du(x, 1) - X') dxdt
10—16}’2 KI"(X())

>

dx

.(x0)

f {v(x, 7) = w(x, ) + Y(x,7) — Doyy(x;, o) - x’}2
2
K

dxdt

- V(. 1) = Wiz 1) + Y1) = Doty 10) - ')
- fm—lﬁrz le 4{r — (to — 16r%)}

—cfr =t - 16 f ' f 10, W dxdt.
K+

t0—16r2 4',(X())

. (x0)

Thus we find that

2
A (" , {v(x, 1) = wx, 7) + Y(x, T) = D, o) - X'
—f f |Dv — Dw)| dxdt+f dx
2 to—1672 K+r(x0) Kzr(xo) 2

4

dxdt

. ff f {v(x, D —w(x, 1) +Y(x, 1) — Doy(x;, o) - x’}2
— Ji-162 ki o) 4{r — (1o — 16r7)}

2 T
T {T ~ (- 16r2)} l|KL(XO)| (szi’)cto) Dx/l//) " fz 1672 fK*( ) ad dthl ’
r ” 0—10r r}CQ

4
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where

dxdt

ff f {v(x, D) —w(x, 1) +Y(x, 1) — Deip(x;, o) - x’}2
t0-16r2 JK 4{r - (to - 16r%)}

+.(x0)

2

(v, 7) = wix, ) + Y(x, 7) = Dot o) - ')

< sup f dx.
T€(t9—16r2,19) J K (x0) 4

Since 7 € (ty — 162, ty) was arbitrary chosen, we find that

f |Dv — Dw|? dxdt < cr?
Q5 (x0,10)

2
|Kjr(xo)|( osc Dx,w) + f |at¢|2dxdtl,
Q5 (x0,10)

T4y (x:t0)
which proves the lemma.

We use the following reverse Holder type inequality for comparing Dw and Dg.

Lemma 3.4. Under the assumption (3.5), we have that

1

2
b( |Dw|? dxdr] < c(f |Dw| + |D o (x), o) dxdt].
03, (x0.t0) 03, (x0.t0)

Y =Du(xp,t0)  and ¥ =(0,%") = (0, Doyp(xp, 10)).-
We obtain from (3.5), (3.6) and (3.7) that

Proof. We let

v=u=y on Tu(x), ). (3.23)
It follows from (3.10) and (3.23) that
w—y X =v—y=0 on Tux),1t).

Define W as the zero extension of w —y" - x’ from Qj (xo, ty) to Q4,(xo, o). Then

(3.24)

o= { w—=y"-x" in Qy (xo, ),
0 in Qy,(xo, t0) \ O3, (X0, to).

Let 2, = 2. Then by dividing into two cases (1) Q»,(y, s) C R%*! and (2) 0»,(y, s) ¢ R2*!, we prove
the following assertion that

24

i
(][ |DW|2dxdt) SC)( |DW* + |y dxdt (3.25)
Op(y,5) 03p(y,5)

for any Qs,(y, 5) CC Qur(xo, to).

Choose Q,(y, s) CC Qur(xo, o). First, suppose that Q,,(y, s) C R, Then 05,(y, 8) C QO (x0, o).
Fixp <r; <ry <2p. Letn € C7(Q,,(y, s)) be a cut-off function with

Osnsl’ I]:lOl’ler(y,S), |D77|S

and omn| <
=T 0u (r, —n)?

(3.26)
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Fixt € ( rl, ) Take a test function {w (w)Q, . S)} n~ for (3.8) to find that

= f f ow {w - (w)Q,1 (y,s)} 1 dxdt
S_r% Krz(Y)

¥ f f (a(Dw, X, 1), D[{W - (Wg, (y,s)}nz]> dxdt.

2 JK, ()

(3.27)

One can check that

f f ow {w —(W)g, (y’s)} n* dxdt
s—12 JKp, ()

2
T 1 2 2
= f f 50 [{W_(W)Qru(y,s)} ’72] = {w= 0o, 00} 200 dxt,
s=12 JKr, ()

which implies that
f LIwee ) - g e ne o[
K 2 '

.
) 2
< f f [G,W {w - (W)o, (y,s)} n +c |w — Wg,, 49
s—r3 JK,, ()

In view of (3.27) and (3.28), we apply the ellipticity condition (1.2) to find that

’ 2.2 1 2
A |Dw|"n~ dxdt + - [{w(x, T) — (W)er (y,s)} n(x, T)] dx
-2 JK, o) Kry3) 2

T 2
< f f {(a(Dw, x, ), T]ZDW> + 0w {w — (w)Qr1 Q,,s)} 772 +c |w — (w)Qr1 (39)
()

-
< cf f {|DW| ‘w — Wg,, 49
s—r3 JK, ()

First, apply Young’s inequality. Then (3.26) gives that

A (7 1
z f f |Dw|* dxdt + f 5 [W(X, 7) = (W)g, (y,s)]2 dx
Krl (Y) K’l(y ‘) 2
w=(W)g, s
(rz - r1)2 f f,z(y)‘ Gy

dxdt

(3.28)

i |a,n|] dxdt.

Inl10im| dxdt

2
1D + |w = 09)g, .0 a0} v,

dxdt (3.29)

G Jo [ 000

where we used that

i 2
f f |W - Wg, v
s—13 JK,, ()

2

2
dxdt

dxdt < f |W - (W)er ,8)
01,.5)

< Cf ‘W - (W)Qrz()”s)
01,(.9)
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which holds from that 7 € (s -, s) andp < ry < rp, <2p.
Since 7 € (s — r%, s) was arbitrary chosen, we find from (3.28) and (3.29) that

2
f |Dw|* dxdt + sup f [W(x, 7) — (W), (y,S)] dx
0r, (35 Kr )

TE(S—F%,S)

c

2
dxdt,

L— w = (W)Qr (,9)
(=11 Jo, 09 :

for any p < r; < r; < 2p. By the parabolic Sobolev embedding (see for instance [14, Chapter 1,
Proposition 3.1]), we get

er(m)

e
<c [ f |Dw|n% dxdt)( sup f [w(x, 7)— (W) Qrz(y,s)]z dx) .
Or, (v.5) re(s—r2,5) VK, )

So one can use Young’s inequality to find that

2
f |Dw|* dxdt + sup f [W(x, 7)—(W)o, (y,s)] dx
0, (.9) K O)

TE(S—I‘%,S)

2
dxdt

w—=W)g, 0.9

n+2
n

<

1 2 1
5 sup f [w(x,T)—(w)Q,z(y,s)] dx+c \Dw|2 dxdt}
K, ()

2
2 te(s-r3.5) (r2=r)* Jo, 5.9

2
Let g(0) = f |Dw|? dxdt + sup f [w(x, T) — (w)Qg(y,s)] dx. Then
Qo(y.s) Ko(y)

T€(5—0,s)

n+2

1 C on "
g(r) < 3 grn)+ —— (f | Dw|#+2 dxdt) )
025(y,5)

(rp=r)"

Since p < r; < r, < 2p were arbitrary chosen, we obtain from [11, Lemma 4.3] that

n+2

C n "
8p) < —uy (f \Dwl| dxdt) :
P \Joyt9

which implies that

f |Dw|* dxdt + sup f [w(x, 7)— (W) Qp(y’x)]z dx
Op(y,5) ‘re(s—pz,s) Ko(y)

n+2

c 2n §
<= ( f D] dxdr) -
p 025(5.9)

2
2
J[ |IDw*dx < ¢ ()( |Dw[* dx) .
Op(v.5) 02(3,5)
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Recall from (3.24) that w = w — " - X" in Q,,(y, s), which implies that

f

79

2
|DW + )/|2dx <c ()( |Dw + ylz* dx) .
(.5) 02p(v,9)
So the assertion (3.25) holds for the case Q,,(y, s) C R’fl.
Now, suppose that Q»,(y, ) ¢ RTI. Then by the fact that Q3,(y, 5) € Qu(x0, 1),
103,(y, ) N [Qar(x0, 1) \ R > cp" > €] Q3,(y, 9)I- (3.30)

Fixp <r; <ry <2p. Letn € C7(Q,,(y, s)) be a cut-off function with

and |0 < ———.  (331)

037731’ nzloner(y,S), |D77|§ 2
r—n (ry —r1)

Since Qs,(y, 5) C Qur(xo, to), it follows from (3.31) that € C°(Qar(x0, 19)). We also have from (3.24)
that w = 0 in Q4,(xo, %) \ R**!. So we discover that

Wi € Wy (02, (xo, o)) -

Fix 7 e (s -, s). Take the test function > € W, (Qj{r(xo, to)) for (3.8) to find that

0= f f ow [Wn*] dxdt + f f (a(Dw, x, 1), D[Wwn?]) dxdt,
s—r% K,*z(y) s—r% K,*Q(y)

where we used (3.31) and that Q3,(y, s) C Qu,(xo, fp). By a direct calculation,

T T
f f ow [an] dxdt + f f (a(Dw, x,t) — a(y, x, 1), nsz> dxdt
s—r3 KL () s=r3 JKL )

=— f f {(a(Dw, x,1) = aly. x,0).W2nDn) + (a(y. x,1), 7’ Div + W2nD)} dxd.
513 KL

From (3.24), we have that Dw = Dw — y in R’fl. So (1.2) gives that

T A N2
f f 5, {(W") } + ADWPR dxdt
s—r% K 2

<c [ [ (Pt mDasD + (1091 + #in))
s=r, VK3 0)

Since n € C(Q,,(y, 5)), we have from Young’s inequality that

A 2 T
f W DnsoF g f f \DVWPnPdxdt
K, ) 2 -2 JK5 )

r

=¢ f {0 (1D + l10iml) + by} doxdr.
07,9

(3.32)
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By (3.24), w = 0 in Qq4,(x0, tp) \ RTI. Since Qy,(y, 5) C Qur(x0, tp), we have that
W =01in Qo (y,s) \ R,
and it follows from (3.32) that

A 2 T
f Wee Dt DI f f \DWPrPdxdt
Kyy ) 2 s=2 K, )

=¢ f (W (1Dl + Il 9:ml) + b
Or, (:5)

Since T € (s - rf, s) was arbitrary chosen, we have from (3.31) that

sup f W(x, ) dx + f |DW|* dxdt
Te(s—rf,x) K ) 0, (0,9

1
<c [—2 W dxdr + |y|2].
(r2=1)* Jo, 0.9

(3.33)

From (3.30) and that w = 0 in Q4,(xo, %) \ R™*!, we have the Sobolev-Poincaré type inequality in [15,
Theorem 3.16] to get

2n 4
)[ W*dx :)( W(x, T)|=2 |W(x, T)|=2 dxdt
Qr2 (.9) Qr2 ,s)

. 2
s n+2 n+2
:J( [J[ Wx, T dx) G Iw(x, T)|2dx) dt (3.34)
s—r3 WK, () K, (y)

2
n+2
2n A
<c G |DW(x, T)|"+2 dx) sup f Wi, D> dx| .
9,0 re(s-r2,5) VK, )

So with Young’s inequality, one can use the above two inequalities to find that

sup f IW(x, 7)1 dx + f |DW|* dxdt
re(s-r3,5) VK, ) Or (:9)

1
— sup f W(x, ) dx + ¢
2 re(s-r2.5) YK )

n+2

1 o n )
—H( f D dxdt] + P
(ry—ry)~n 01, (3.9)

Let g(§) = sup f [W(x, 7)) dx + f |DW|* dxdt. Then
7e(s-6,5) JKy(y) Qo(y.5)

<

n+2

1 N 2n "
T 2y (f |DW|n+2 dth) + |,y|2
(rp=rp) 035(y.5)

Since p < r; < ry < 2p were arbitrary chosen, we obtain from [11, Lemma 4.3] that

1
g(ry) < Eg(’”z) +c

n+2
1 20 n 2
Ty (f | Dw| 2 dde) + |yl
p Q3p(y,5)
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which implies that

f |DW[* dxdt + sup f W(x, 7)* dx
Op(y,5) TE(S—pz,S) K,(»)

n+2

1 N :
2(n+2) (f |l)1"1\/’|m dxdt) + |7|2
p 03,(3,5)

So (3.25) holds for the case Q»,(y, s) ¢ R

<c

By dividing into two cases (1) Q»,(y,s) C RTI and (2) Oy (y,s) ¢ R’fl, we have the assertion

(3.25). Since Q3,(y, s) CC Qur(xo, 7o) in (3.25) was arbitrary chosen, by applying [16, Lemma 3.1] for
s =lyland yo = zi > 1 (with a suitable covering argument because the size is 3p in the right-hand side

of (3.25) not 2p), we have that

1

2
()( |DW|2dx) < cf |DW| + |y| dx.
03,(x0,10) O4,(x0,10)

Since y = (0, Dy i(x], 1)), the lemma follows from (3.5) and (3.24).

In Lemma 3.4, we obtained the reverse Holder type inequality. So we can obtain the following

comparison estimate for Dw and Dg.

Lemma 3.5. Under the assumption (3.5), we have that

J( |Dw — Dg|dxdt < c w(3r) [Dw| + | D y(xg, to)| dxdt.
03,.(x0,10)

Q5 (x0,10)

Proof. By using w — g, test (3.8) and (3.9). Then we get
][ (a(Dw, x', x}, to) — a(Dg, x', X, to), Dw — Dg) dxdt
03, (x0,t0)

SJ( (a(Dw, x', X4, to) — a(Dw, x', X', 1), Dw — Dg) dxdt.
03, (xo,t0)

We obtain from (1.2) and (1.3) that

J( |Dw — Dgl2 dxdt < c w(3r) |Dw||Dw — Dg| dxdt.
03, (x0.t0)

03, (x0.,t0)

With Young’s inequality and Lemma 3.4, we get that

J( |Dw — Dg|* dxdt < c[w(3r)]? |Dw|? dxdt
03, (x0,t0)

03, (x0.t0)

2
< clwBr)]? G |Dw| + | D (x5, to)] dxdt] .
05 (x0,10)

From Holder’s inequality, the lemma follows.
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With Lemma 3.2, Lemma 3.3 and Lemma 3.5, the comparison estimates for Du and Dg will be
obtained. We now have the comparison estimate Lemma 3.6 and the excess decay estimate Lemma 2.9,
so the remaining proof is similar to the elliptic case in [5]. However, for the sake of the completeness,
we give a detailed proof.

Lemma 3.6. Under the assumption (3.5), we have that

* (X0, 1
J[ |Du — Dgldxdt < ¢ [w + osc Duy+ rZJ[ 0.wI* dxdtl
0, (x0.10) r Tar(x(:10) 0t (x0.10)
+ cw(4r) |Du| + | D ¥(x;, to)| dxdt.

05 (x0.t0)
Proof. By Lemma 3.5,
J( |Dw — Dgldxdt < c w(3r) |Dw| + |D (i, to)| dxdt
03, (x0.t0)

0y (x0,t0)

< cw(3r) |Du| + |Du — Dw| + |Dy(x;, to)| dxdt.

0y (x0,t0)

In view of Lemma 3.2 and Lemma 3.3,

)( |Du — Dw| dxdt SJ[ |Du — Dv| + |Dv — Dw| dxdt
05 (x0,10) 05 (x0,10)
|ul(Q7,(x0, 1))
Sc|—L—"—+ osc Doy+ rzf 01 doxdt | .
r T4 (x),10) 0 (x0.10)

From the above two estimates, the lemma follows.

Recall the definition of G in (3.2), which is an extension of (a'(Dg, x', x), 1), D2g, -+ , D,g). In
Lemma 3.6, we obtained an excess decay estimate of G. For an extension U : Qg.(xo, %) — R™! of
(a'(Du, x', x{), 1)), Dou — Doy, - -+, Dyu — Dyytp) which is defined as

U=, - ,up), (3.35)

where

{m is the even extension of a'(Du, x', xg, to) from Qy (xo, to) to Qur(xo, 1), (3.36)

up (k € {2,---,n}) is the odd extension of Dyu — Dy from Qj (xo, to) to Qu4,(x0, 1),
we derive an excess decay estimate in the following lemma.

Lemma 3.7. Under the assumption (3.5), we have that

f |U - (U)Qp(x(),to)l d-th
9

o (X0,10)

@ r " ’
<c|(]] f - Wosldrd + atin (—) { s
r Qur(x0,t0) P Q4 (x0,t0)
n + X, , t
¢ (I) (94 (X0, 1)) + osc Doy + rzf 041> dxdt
o rtl Tar(x)l0) 0} (x0.10)

forany 0 <2p <r.
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Proof. We set G : Qs,(xo, ty) — R" as

G=1(g1,"", &> (3.37)
where

g1 is the even extension of a'(Dg, x', x},, to) from Q3 (xo, to) to Q3,(xo, to),
g (k € {2,--- ,n}) is the odd extension of Dyg — Dy(x;, tp) from Q3 (xo, fo) to Qs,(xo, o).

We have from (3.5) and Lemma 2.9 that

f G — (G)o,sou | dixdt < ¢ (’3) J( G — (G) gy o] doxdt (3.38)
0Op(x0,10) 02(x0,0)

-
for any 0 < 2p < r. In view of (3.36) and (3.37), we discover that

|l/lk - gkl < |Dk1/t - Dkgl + |Dkl// - Dklﬁ(x(l), l’o)l < |DM - Dgl + 0SC Dxrlﬂ in Q;—r(.X(), l()),

T3 (3 0)

for any k € {2,3,--- ,n}. Since 0 < x(l) < r, we have from (3.36) and (3.37) that

)( | — gil dxdt < 2J[ luy — gil dxdt
Q3r(x0.10) 03, (x0.10)

< ZJ[ |Du — Dgldxdt +2 osc Dy
03, (x0.t0)

T3,(x(,10)

(3.39)

for any k € {2,3,--- ,n}. From (3.36) and (3.37), we find that
luy — g1l < la'(Du, x', x{, t0) — a'(Dg, x', x{, o)l < c|Du— Dg| in  Q3,(xo, o),

which implies that

)( luy — g1|dxdt < ZJ( luy — g1l dxdt < 2‘)[ |Du — Dg| dxdt, (3.40)
Q3,(x0,t0) 03, (x0.t0) 03, (x0.t0)

because 0 < x(l) < rin (3.40). For U and G in (3.35) and (3.37), we have from (3.39) and (3.40) that

f |U_G|dth:f |(I/£1,"' ,Mn)_(gl,"' ’gn)ldth
03,(x0,0) 03,(x0,10)

<c b( |Du — Dg|dxdt + osc Dx/l//} .
03, (x0.t0)

T3,(x(5t0)

On the other hand, Lemma 3.6 gives that

* (X0, 1
J[ |Du — Dg|dxdt < ¢ lw + osc Doy + rZJ[ |6tv,l/|2 dxdtl
0%, (x0.10) rt T (xuto) 07, (x0.10)
+ cw(4r) (IDul + |D (x5, to)l) dxdt.

03, (x0.t0)
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We find from Lemma 3.1 that |[Du| < c|U|. So by combining the above two estimates,
* (%0, 1
)( U — Gl < C[IﬂI(Q4,( 010) |
03,(x0,10) r

n+1
+ c w(4r) |U| + D (x;, to)| dxdt.

O4r(x0,10)

osc Dy + rzf 10 dxdtl
0;.(x0,t0)

T4r()€6,l())

(3.41)

From (3.38) and (3.41), we have that

f |U - (U)Qp(xo,to)l dxdt
Op(x0,10)

« r\" /
< c[(e) J[ U = (U) 0y (0.0 | dxdlt + (—) w(4r) |Ul + D y(xo, 20)] dxdt
"7 J 0 (x0.t0) P Qur(x0.10)
n + X, ,t
c (f) w + osc Duy+ rZJ( 01 dxdt|,
0 it Tar(x(5t0) Q3 (x0,t0)

for any 0 < 2p < r. One can easily check that

J[ \U - (U)er(xo,to)l dxdt
Q2/(x0,10)
f WOl ddt e o = Udosinldd
Q2,(x0,10) 02r(x0,10)

<t f U = (U) g, (xo.0)| dxdlt,
Q4,(x0,0)
and the lemma follows.
4. Pointwise Riesz potential estimates

The remaining proof is similar to the elliptic case [5], but we give a detailed proof for the complete-
ness. For a weak solution u of (1.7), define U : O, — R" as

U= ,uy-,up), 4.1)

where

{u1 is the even extension of al(Du, x!, X, to) from Q3 to Oag, 42)

up (k €{2,3,---,n}) is the odd extension of Dyu — Dy from Q54 to Oap.

Lemma 4.1. For any (xy, 1)) € Q_;; and 0 < p < 4r < R, we have that

J[ \U = (U)o, (xo.0)| dxdt
Q

) (X0,10)
P\ r\' ,
<c [(—) J( U = (U) gy 0.0y dxdt + eo(dr) (—) J( U + 1D t(x), 10)| dxdt
r Qu4r(x0,10) P Qar(x0,t0)
" * (X, f
c(f) w + osc Dx,¢+r2f 0 dxdt.
P r Tar(x(t0) 07 (x0.10)
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Proof. If r < 2p < 8r, then one can directly check that

f |U — (U)Qp(xo,to)l dxdt
0,

) (X0,10)

< f U = U)ol + W)0n ) — (U)ol dxdr
Qp(x0,t0)

4r\"
<2 (_) J( |U - (U)Qzu(xo,to)l dxdt
P Q4,(x0,10)

¢ (8) f |U - (U)Q4r(X(),IU)| d)Cdl,
r Q4,(x0,10)

IA

and the lemma follows.

We now suppose that 0 < 2p < r. Assume that x; > r, which is the interior case. Then Q,(xo, fy) C
R’fl. The definition of U in (3.2) and (4.1) are different, but the value of U — (U)g, (x.¢) In Op(X0, o)
and U — (U)g,(xp.10) 1N Qr(x0, tp) from (3.2) and (4.1) differs by at most osc D, . Also the value of

T4r(x(’)310)

U from (3.2) and (4.1) differs by at most [D| < |Dy(xy, to)| + osc Dyy in Q4,(x0, t). So we find
from (3.4) that

Tar(xp510)

f |U - (U)Qp(xo,to)l dxdt
Op(x0,t0)

a - n /
<c |:(B) f |U - (U)Qr(xo,to)l dth + C()(r) (—) f |U| + |Dx/'7b(x0, tO)l d.xdt
Q:(x0.10) P J0xo.10)

r

n (X0,
c(f) [M + osc Doy + rZJ( 0* dxdt
p ]"n+ Tr(xé)»tO) 0Or(x0,10)

So the lemma holds when x; > r.

On the other hand, if 0 < xé < r, Lemma 3.7 implies that

f |U - (U)Qp(xo,[())l dxdt
0

) (x0,10)

[0 7 n /
Qar(o0-f0) P JQur(xo.10)

r

¥ n + X, ,t
c(—) ME D o Da+rf o]
0 e T4 (x),t0) Q5 (x0,10)

where U in Lemma 3.7 was defined in (3.35) which is same to that in (4.1). So the lemma holds when
0<xy<r

Now, we prove Theorem 1.1.
Proof of Theorem 1.1. Let xo = (x,, X}, o) € Q_;; be a Lebesgue point of Du. From Lemma 4.1, we get
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that

f |U - (U)Qpl(xo,fo)l dxdt
Op, (x0,10)

&) J[ \U| + |D ¥ (xy, to)| dxdt
Op, (x0.,10)

<C2

0 a
(_1) f‘ IU — (U)sz(xo,to)l dXdl + (U(pz)(
P2] Jo,, (xo.t0)

)
C —
P1

for any 0 < p; < p» < R. Choose § = 6(n, 4, A) € (0, 1/2] satisfying that

P1

ll(Q5, (x0, 10))
om0 07 L ose Dot + 0 dxdt|,
it Tpy (xg510) 0% (x0,t0)
oy (X0:10

1
TEie 4.3
2% =76 w3
which implies that
f |U B (U)Qé'p(xo,l‘o)| dxdt
Osp(x0,10)
1 ’
S EJ( U= Wl drd+ cs|olp)f UI+IDedlx, to)ldxdt] (4.4)
Qp(x(),to) QP(XOJO)

+ C3

(@} (x0, 7))
M + osc Dyy+ pZJ( 0 dxdt ] ,
Qy (x0,t0)

ol T, (x}0o)

for any 0 < p < R. We choose the constant ¢; = ¢;(n, 4, A) > 1 in (1.6) as

{ 165_2nC3 }
cy =maxs—, 1.
log2

Then from the assumption (1.6) in Theorem 1.1, one can check that

—2n 2r
1
o7 f w(p) dp < — forsome re€ (0,R]. 4.5)
log2 Jo Jol 16

Fori=1,2,--,letr, = 6'r, Qi = 0, (%0, f0), O = O;i(x0s10), Ty, = Ty (X 10, Ei = f U~ (U)g) dxdt,

i

F; = b( U dxdt| and
0i
+
Vi = W 'Eg" ), osc Doty + w(r)IDyip(xg, 1o)| + r,?)[ 0.41” dxdt. (4.6)
T i o7

Choose p = r; in (4.4). Then we get that

E;
Einin<—+c

T6 w(r)t Ul dxdt + v;

O;

(l:()’laza)
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Here, we obtain that

1
Ei < 16 + c3w(r) | Ei + c3[w(r)Fi + vi] i=0,1,2,---), 4.7)
because of that
)( |U| dxdt Sf U — (U)g,ldxdt + |(U)g,| < E; + F; (i=0,1,2,--+).
Oi Oi

Since 6 = 6(n, 4, A) € (0, 1/2], one can directly check that

N I (Yopdp v 1 " w(p)dp
]Z:(;w(rj)s[log2fr p +;10g(1/6) frjﬂ p

From (4.5), we get

S fzrw(p)dp
~log2 Jy P

RS 1
o) 2 C3 Zw(rj) < 1—6, (4.8)
Jj=0
which implies that czw(r;) < 1/16 fori =0,1,2,---. So from (4.7), we have that
E; .
Ej+1S§+C3[(,U(}’j)Fj+Vj] (]:0,1,2,"').

Sum the above inequality over j € {0, 1,--- ,i — 1}. Then we get

i i—1
E
D E <42 slw(r)F; +v)] (i=1,2,3) (4.9)
j=1 4 j=0

[

To simplify the computation, define v = 46™"c;3 Z v;. Then we have from (4.6) and (4.8) that
j=0

[oe)

v=46"c; Z .

J=0 J

2 (ul(Q3 (x0, 1)) d,
<c [ f (u + osc Doy + pzf |0,w|2dxdt) L Doy, t0)|l.
0 0f (x0,t0) P

HI(Q)) , ) i
= + osc )Dx/zp + w(r)ID (X, o)l + rjjg |0~ dxdt

Tr_ j (x6 >0

ol T, (x.t0)

We claim that

F; <464 Uldxdt+v  (i=0,1,2,---). (4.10)
Qo

To this end, since 0 € (0,1/2] and Fy = U dxdt|, the claim follows holds when i = 0. To use

0
induction, we next assume that (4.10) holds w(ilen 0,1,---,i, which means that

Fo,Fy, -, Fi <45 |U|dxdt +v. 4.11)
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By a direct computation,

Fi+l = 1]( U dxdt
Qix1

which implies that

< b( U dxdt
Qo

Fiul < Fo + Z 5 U = (U)o, dxdt.
Jj=0 Q;

+ Z b( dedt—f U dxdt|,
j:O Qj+1 Q

J

By using (4.9), we obtain that

Fio < Fo+ 067" ZE < Fy+6™
j=0

5E,
Ve + ZZ alw(r)F;+vl|.

We discover from (4.8) and (4.11) that

i

267 Y e3lw(r)F; +v] < 267"¢3

Z w(r;) (46‘”J(QO |U| dxdt + v) + Z vj]

=0 =0 =0
1 %
<= Uldxdt + v+ =,
<5 bgol | dx % >
which implies that
56"E, 1

Fiyi < Fo+

7 +§[ QOIUIdxdt+v].

we have that Fy < |U| dxdt. Also we have that

Since Fy = b[ U dxdt|,
Qo Qo

56"E, 567" 567"
L U = (U)g,| dxdt <

4 4 Qo Qo

|U| dxdt.

Thus

Fio1 <467+ |U|dxdt + v,
Qo

and the claim (4.10) holds when i + 1. So by an induction, the claim (4.10) holds fori =0, 1,2, ---

We have from (4.9) that
|Uldxdt <4 |U = (U)g,ldxdt +|(U)g,| < E; + F; (i=0,1,2,---),
Oi Oi

which implies that

flUldxdt<—+2Zc3[w(rJ)F +vi]+F; (i=0,1,2,---).
i ]O

(4.12)
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By (4.8) and (4.10), we get that

i i

Z clw(r)Fj+v;l < CZ (& [w(”j) (45_")( |U| dxdt + v) +v;
Qo

J=0 J=0

Sc[ |U|dxdt + v

So we find from (4.10) that

i

ZC3[w(rj)Fj+vj]+F,-§c |U|dxdt + v].

j=0 Qo
In view of (4.12), we get that

|U|dxdt§c[ |U|dxdt+v] (i=0,1,2,---).
Oi Qo
By the definition Q; = Qyi,(xo, ty),
J( |U|dxdt£cJ[ |U|dxdt+v} (i=0,1,2,---). 4.13)
Qs (x0,10) 0 (x0,t0)

With the estimate (4.13), it is ready to estimate Du. Recall from (4.1) and Lemma 3.1 that
|Dul < c(|U| +|Doyl) < c(IDul +|Dyl) in Q3. (4.14)

Since xy € O, we find from (4.14) that

J[ |Du| dxdt < c[)[ |U|dxdt + sup |Dx,zp|] (i=0,1,2,--).
Q(‘;V(XOJ()) Q(Sir(x()’t()) T(;i,(x(,yf())

Since x; € Q_;; and U is an extension defined in (4.2), we have from (4.14) that

)( |U|dxdt < c]( |U|dxdt < c[:f |Du| dxdt + sup |Dx,¢/|] .
Qr(x0.t0) OF (x0.t0) Of (xo.t0) T(x(:00)

By using the above two estimates, we have from (4.13) that

J( |Du|dxdt < ¢ J( |Du|dxdt + v + sup |Dx,g[/|} (i=0,1,2,--+),

Q5 (xo.t0) 05 (x0,t0) T (xg:t0)

where we used that sup |D.y| < sup |Dyy|fori=0,1,2,---. So from the following computation
Tsi,(x:t0) T (xp.00)

SWlQWKH%W%%WF%CDM

Ty(x{.t0) Tr(xp,t0)

I d
< |Dy(xp, to)l + —— f osc Dy & < Dy (X, o)l + cv,
log2 J, 1,0 Je
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we obtain that

)( |Du|dxdt < ¢
07 (xo0.0)

From the assumption, (xo, #y) is a Lebesgue point of Du, which implies that

(i=0,1,2,---). (4.15)

)( |Dul dxdt + |D.oy(x;), o)l + v
05 (xo,t0)

1—00

|Du(xg, tp)| = 1im)( |Du| dxdt < cb( |Dul| dxdt + | D y(x;, to)| + v
Q7 (x0.10) 0y (x0,t0)

From the definition of v, we showed that
2 (ul(Q; (x0, 1)) d,
y<ec [ f (p—ﬂoo + osc Do+ pzf |6,l//|2dxdt) L Do, r0)|l :
0 p" Ty (x5t0) 03 (x0,10) p

So we find that Theorem 1.1 holds.
5. SOLA (Solutions Obtained by Limit of Approximations)

We explain just a sketch proof for Corollary 1.3 because the proof related to SOLA appears in
many papers, say [1, Section 5.2], [17, Section 4.3] and [4, Remark 7]. Suppose that u;, — u in
L? (—4R2, 0; W“(K;R)) and L™ > u;, — u in the sense of measures satisfying

lim sup [1,/(Q} (xo, 1)) < |ul(LQ, (X0, )]) for any Q7 (xo, to) € O,

h—oo

for every Q;(xo, 1o), where | Q] denotes the parabolic closure of Q. We return to (4.15) in the proof
of Theorem 1.1 for the size r/2 instead of r. Fori € {0,1,2,---}, replace u and u with u; and ,,
respectively. Then we find that

J[ |Duy,| dxdt < cb( |Duy| dxdt + | D y(xj, to)l]
Qsiyjp(X0,10) Qy/2(x0,10)

" (1nl(Q3 (xo, 1)) d,
+ Cf (M + osc Dx’w +f |0tw|2 dth) _'D
0 0} (x0.10) P

ol T, (x}.t0) -

fori=0,1,2,---. By sending & — oo, we find that

J[ |Du| dxdt < c[]( |Du| dxdt + | D y(xj, to)ll
Osiy o (X0,10) Or2(x0,10)

m (1l (LQ; (xo, 1) ] d
+c f [ ( £ )+ osc Doy + f Iat«//lzdxdt]—p
0 055 (x0.10) P

pn+1 Tp(x('),fo) !

fori =0,1,2,---, which implies that
J( |Du| dxdt < ¢ [J[ |Du| dxdt + | D y(x;, to)l]
Osirpa(X0:10) Qr(x0,t0)

2 (|ul(Q} (xo, 1)) d
+ cf ['D—H + osc Dyy +J( |(9,l//|2 dxdt) @
0 " Tp(xgt0) 0} (xo.10) p

e

fori =0,1,2,---, because u
of Du.

Rr\Qr = 0. So Corollary 1.3 follows, because (xy, fy) is a Lebesgue point
2R
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