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1. Introduction. Statement of the Problem

In this paper, we consider the following pseudo-parabolic equation in the rectangular domain
Q =(0,1) x(0,1):

ou(x,y,t) 0 Ou(x,y, 1) i ou(x,y,t)\ 0 ou(x,y, 1)
or Ec(p =55 ) " atax(” =55 ) " a_y(Q(y U )
0? Oou(x,y,1) .
+ atay(q@) Iy ) (x,y,1) € Qp := Qx (0, 00), (1.1)

with Dirichlet boundary conditions

u,y,t) = e)v(t), u(l,y,t) =0, t=>0, (1.2)

u(-x’oa t) = 09 M(X, 127 t) = 09 (13)
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where v(t) is the control function and ¢(y) is a given function, and the initial value condition
u(x,y,0) =0, 0<x<l;, 0<y<l. (1.4)

It is called that the control function v(¢) € Wz1 (R,) is admissible if it fulfills the conditions v(0) = 0
and |v(¥)| < 1 on the half-line 7 > 0.
Suppose that the functions p(x) € C*(Q) and g(y) € C'(Q) satisfy the conditions

px)>0, p'x)<0, g»)>0, 0<x<l, 0<Ly<h.
It is required that the given functions ¢(y) € WZZ(Q) and Y(y) € L*(Q) satisfy the following conditions:

QD(O):QD(IZ):O, SDnlﬂnZO, I’l:1,2,--',

where ¢, and ¥, are the Fourier coefficients of functions ¢(y) and ¥(y), respectively.

Pseudo-parabolic equations are characterized by the occurrence of a time derivative appearing in the
highest order term, which describes various important physical processes. We know that models of the
theory of incompressible fluids with memory can be described by equations of pseudo-parabolic type [1].

Control Problem. Suppose that the function ¢(t) is given and let € L*(Q). Then we find the
control function v(t) from the condition

L b

f f Yy ulx,y,0)dydx = ¢(1), 1=0, (1.5)
0 0

where u(x,y,t) is a solution of the mixed problem (1.1)-(1.4).

In [2], the control problem for the parabolic equation with the Neumann—Robin boundary condition
was solved using the Laplace operator, and the optimal time for reaching the given temperature in the
bounded domain was found. The boundary control problem for the heat transfer equation with the
Robin boundary condition was studied in [3], and a mathematical model of the heating process of a
cylindrical domain was developed.

In [4], the control problem related to the nonhomogeneous parabolic equation with Dirichlet boundary
condition in a bounded one-dimensional domain was considered, and the optimal estimate of the
minimum time required to reach a given temperature of a thin rod was found. In [5], the boundary control
problem with the Neumann boundary condition for the heat transfer equation in a one-dimensional
domain was studied, and an estimate of the minimum time for heating a thin rod was obtained.

The initial-boundary problem for a class of finite degenerate semilinear parabolic equations with a
single potential term was studied in [6]. Also, the local existence and uniqueness of the weak solution were
determined by applying the Galerkin method and the Banach invariance theorem. The initial-boundary
value problems for nonlinear parabolic systems with power-type source terms are considered in [7].

Control problems for the infinite-dimensional case were studied by Egorov [8], who generalized
Pontryagin’s maximum principle to a class of equations in Banach space, and the proof of a bang-bang
principle was shown in the particular conditions. The control problem for a linear parabolic type
equation in a one-dimensional domain with a Robin boundary condition was studied by Fattorini and
Russell [9]. In [10], an estimate of Carleman type for the one-dimensional heat equation was proved.
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The stability, uniqueness, and existence of solutions of some classical problems for the pseudo-
parabolic equation were studied in [11]. In [12], the point control problems for pseudo-parabolic and
parabolic type equations are considered. In [13], some problems related to distributed parameter impulse
control problems for systems were studied.

In [14], the control problem associated with a pseudo-parabolic type equation in a one-dimensional
domain was studied, and the existence of an admissible control was proved using the Laplace transform
method. Some boundary control problems for the pseudo-parabolic equation can be seen in [15]. An
initial-boundary value problem for a pseudo-parabolic equation with singular potential was considered
by Lian, et al. [16], and global existence and blow-up of solutions were studied. In [17], a class of
semi-linear pseudo-parabolic equations was considered, and the invariance, global existence, non-
existence, and asymptotic behavior of some sets with initial energy were proved by introducing a family
of potential wells.

In this work, the boundary control problem associated with the pseudo-parabolic type equation is
considered. Our main goal is to prove that there is a control function. The boundary control problem
studied in this work is reduced to the Volterra integral equation of t the second type using the separation
of variables method. The existence of a solution to this integral equation can also be proved using the
Laplace transform method. In Section 2, the continuity of the kernel of the integral equation on the
half-line ¢ > 0 is proved. In Section 3, we prove the existence of an admissible control function and
derive the required value for it.

2. Main integral equation

In this section, we consider the reduction of the control problem to the Volterra integral equation of
the second kind. For this we first need the following spectral problem:

( ov(x, y)) ov(x, )’))

) ( ») = —v(x,y).
X

where A is a constant to be determined later, and with boundary conditions
v(0,y,0) = 0, v(,y,1) =0, 0<y<h,

and
v(x,0,1) = 0, vix,L,t) =0, 0<x<.

As we know, the above spectral problem is self-adjoint in L*(2) and there exists a sequence of
eigenvalues {A,,,} so that 0 < 4;; < ... £ 4,,, = 00, m,n — oo. The corresponding eigenfunction v,,,
forms a complete orthonormal system {v,,,} in L?(Q), and these eigenfunctions belong to C(Q)(see [18,19]).

Let the eigenfunction v,,, is v,;,(x, y) = 3,,(x) w,(y), and the eigenfunctions ¥,,(x), w,(y) are solutions
of the following spectral problems

L (p(0) L2y = —pp,, 9,(x), 0 <x<li, o
m(O)— m(ll)— s OSXSlb '
and
L(g)™Y) = —v, (), 0<y<b, 02
(,L)n(O) - a)n(ll) - ’ O S y S 12’ .
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where u,, and v, are eigenvalues of spectral problems (2.1) and (2.2), respectively. We denote the
eigenvalues A,,, by Ay = iy + vy, mon = 1,2, -,

A solution to the initial-boundary problem (1.1) - (1.4) is the function u(x, y, t), which is expressed
as follows:

l _
u(x, y. 1) = v(t) o(y) ‘l—l" —w(x,y, 1), 2.3)

where the function w(x, y, r) with the regularity w(x, y, ) € Ci’i’,l (Qr) N C(Qy) is the solution to the
mixed problem

5 AP ) el e
=i (ER2 - 22 200 )

I
+ V(1) (<P(y) hox, go(y)lia’(x) _h l_ a

9 :

5, (y))),
y

with initial-boundary value conditions

w(x, y, 1) loga=0, w(x,y,0) =

We set
ﬁmn = (ﬂlﬂl’l amn - bmn + Cmn) ymna (2'4)

where the coefficients a,,,, b, €y and y,,, are as follows:

L b
I —
:ff‘p(y) ll xvmn(x»y)dydx’ (2.5)
0 0 :
L b ,
bmn:ffwvmn(x’y)dydx’ (26)
1
1 b
ll — X , ,
= f f 7 @O ') v, y) dy dx, 2.7)
0 0 !
and
L b
= f f W) Vinn(x, y) dy dx. (2.8)
0 0

Thus, we obtain (see [18])

t

=S bon = o f & v(s) ds (. )

m=1 n=1 0
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N amn+bmn_cmn - —s) .
O ( f eV () ds (.9,

m=1 n=1 0
where P, = 1 +; <1.
Using (2.3) and (2.9), we obtain the solution of the mixed problem (1.1)—(1.4):
t
— _pmn([_s)
u(xy.0) = o) v(o) - Z Z T f e y(s)ds v (5 )
0
Apn + -c
_ mn mn mn —Omn(t—5) L/
Z; Z; . (fe V'(s) ds) Vi (X, ¥).
m=1 n= 0

From (2.10) and the condition (1.5), we can write

L b

o(0) = f f W) u(x,y, 1) dydx

- bmn — Cmn mn G

m=1 n=1 0

t

bR mn T bmn — Cmn) Ymn
— Z Z (a 1 n /1 ¢ )y fe_pmn(t_s) V/(S) ds’

m=1 n=1 0

where v,,, is defined by (2.8).
According to the properties of the function v(¢), we have

ho b mn bmn — Cmn) Vmn
(1) = v(2) ffl/’(y)‘p(y)—dydx V(1) ZZ e ! 1+ —

m=1 n=1

t

- (amn mn bmn + cmn) Ymn _,Dmn([_s)
+ Z TSI e v(s)ds.

m=1 n=1 0

Note that
L b

/.,

Using (2.11), we can write

RN (amn /lmn - bmn + cmn) mn
s =vn) » > e —

m=1 n=1

m=1 n=1

(2.9)

(2.10)

(2.11)
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RN (amn /lmn - bmn + Cmn) Ymn —Omn(t—5)
+ Z Z TS INE e v(s)ds.

m=1 n=1 0
We set
B(t) = Z ZAM Pl >0,

m=1 n=1

and
m=1 n=1

where f3,,, is defined by (2.4), and A,,, is as follows:

Bmn

Amn:m, mn=12,---

Thus, we have the following Volterra integral equation of the second kind:

t

av(t) + fB(t —s)v(s)ds = ¢(t), t>0.

0

Lemma 1. The following estimate is valid:
OSﬂmnSC(Pnl//n, m,n:1,2,"',
where C = const > 0 and B, is defined by (2.4).

Proof. Step 1. Using (2.1), (2.5), and the formula for integration by parts, we write

L b

L
0
A

= 00 P(0)9,(0) — g, f
0
I

= 00 PO F,(0) + ¢, f

0
= ¢, p(0)9,,(0) + by,

Tn(x) wy(y) dy dx

d dﬁm(x)
d_ p(x) ) x

p(x)

I P (x)dx

p’l(x) T (x)dx

where b,,, is defined by (2.6).

(2.12)

(2.13)

(2.14)

(2.15)
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Then, by (2.2) and (2.5), we have

L b

l _
o Vi = Vn f f 60 " 9,0 0,0 dy
0 0

l

11 12

_ ll - X i dwn
- - [ 2w [ w0 e Gy
0 0

ll 12
Iy —x , dw,
_ f LY (o dx f &0 g2 ay
ll dy
0

0

l] lZ

[ — ’
_ f - 9 (x)dx f [40) & D] ny) dy

0 0

= —Cmn,

where ¢,,, is defined by (2.7).
Then we have the following equality:

amn(ﬂm + Vn) - bmn + Con = ©n P(O) 19;11(0),

where u,, + v, = Ap.

(2.16)

Step 2. As we know, the following inequality holds for the eigenfunctions of problem (2.1) (see [14])

Iy
9,0 [Ouerirz0, m=12.--
0

Step 3. By (2.4), (2.16), and (2.17), we obtain

Ian = (amn /lmn - bmn + Cmn) Ymn

A b
= 0 p(0)9,(0) f () f W) on)dy
0 0

Iy
= @0ty p(0) ,(0) f 9 (Ddx.
0

If the function p(x) € C'(Q), we can write the following estimate (see [20])

max [ (x)| < Cy ul/?.

0<x<l mn

Therefore,
[9,(0) < Cy?, 199, < Cy )/

m m
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(2.19)

Volume 17, Issue 1, 1-14.



where C; = const > 0.
Then, by integrating the equation (2.1) from O to /;, we obtain

Iy

pU)Y,, (1) = p(0) 7,(0) = —p, f T(x) dx. (2.20)
0

According to (2.19) and (2.20), we have the estimate

0
#,,(0) f SRR LA
0 H

(P 8,01) = PO 7,0)| < C.

m
Thus, we obtain the required estimate

0<Bum <Co,,.

Proposition 1. Assume that ¢,y € L>(Q). Then, the kernel B(t) of the integral equation (2.15) is
continuous on the half-line t > 0.

Proof. According to Lemma 1 and (2.12), we have the estimate

where C = const > 0.
3. Main result

In this section, we consider the existence of a solution to the Volterra integral equation of the second
kind, that is, the existence of an admissible control function.

For any M > 0, we denote W(M) the set of functions ¢ € W21(—oo, +00), which satisfying the
following conditions

1Bllwie,) <M, ¢(1)=0 for t<0.

Now, we present the main theorem for proving the existence of admissible control.

Theorem 1. There exists M > 0 such that, for any function ¢ € W(M), the equation (2.15) has a
solution v(t) meeting the condition |v(t)| < 1.
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We rewrite the Volterra integral equation (2.15) as follows:

t

o) = av(t)+ fB(t— s)vis)yds, t>0.

0

It is known that we can write the Laplace transform of the function v(7) as follows:

[

v(p) = fe‘p’v(t)dt,

0

where p =0 +il,0 >0, €R.
Then, applying the Laplace transform to the integral equation (2.15), we obtain

(9]

(p) =a f e P y(t)dt + f e " f B(t — 5) v(s)ds dt
0 0

0

= av(p) + B(p) W(p),
where « is defined by (2.13).
Then we can write _
— . ¢
V(P) =,
a + B(p)
and .
o+ico +00 . .
v(t) = L LB) eptdp — i M el HO! de.
27 J - a+B(p) 21 J a+ B(o +il)

Lemma 2. The following estimate
|a+§(a+i§)| >a, o0>0, (eR,

is valid, where a = const > 0 is defined by (2.13).

Proof. According to Lemma 1 and (2.13), we can write

It is known that we can write the Laplace transform of the function B() as follows:

(o)

f B(t)e " dt

0

=5 A f P gy
0

B(p)

m=1 n=1

3.1)

(3.2)
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where function B(¢) is defined by (2.12). Then we can write

a+B(0’+l{)—a+iio_+p i

m=1 n=1

S A (o)
:“;;(mp S mZZ; @ + P >2+52

= Re(a + B(o + i0)) + i Im(a + B(o + i0)),

where
=y . - = Amn (0-+pmn)
Re(a + B(o +il)) =a + )
;;(rfwmn)“@
and o .
Im(a+B(0'+l§)) =-7
;HZ‘(CH/O )+

We can see that the following inequality holds:

(0 + pun)> + < (0 + pn)* + DA + ).

As a result, we obtain
1 S 1 1
(@ +pm) +8 1+ (0 +pm) + 1
Then, using the inequality (3.3), we can obtain the following assumptions:

(3.3)

O+ Pun)* + &

IRe(a + B(o + i) = a + ZZ (

m=1 n=1

S+ 1 Z Z Npn (O + Pin) (3.4)

(3.5)

and

o+ Bio+ i) =10 Y. T )2 o

m=1 n=1

4 Coi Il
1+§Zzz(a+pm)2+l 1+72° (3-6)

m=1 n=1

where C, , and C,, are defined as follows:

Amn (T + Poun)
ZZ(O‘+p D2+ 1 ZZ(O‘+pmn)2+l

m=1 n=1 m=1 n=1
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By (3.4) and (3.6), we obtain the required estimate

lo + B(o +i0)| > a + > q,

NI
where C, = min(C, ,, C;,) is bounded for all o > 0.

Let the Laplace transform of function ¢() satisfy the condition

f 60| dC < +oo.

If we proceed to the limit as oo — 0 in the equality (3.2), we have

L (@D,
v %[wa+agf &

Also, to prove Theorem 1, we need the following lemma.
Lemma 3. Suppose that the function ¢(t) belongs to W(M). Then for the
Laplace transform of function ¢(t) the following estimate holds

f 60| dC < +oo.

Proof. Using the formula for integration by parts in (3.1), we can write

[

&UHO=IEWWWMt
0
e—((r+i{)t t=00 1

+ ;
=0 o+ lé/

= —4(1)

o+il

Then, we have

(0 +i) (o +id) = f TG (1),
0
Further, for oo — 0 we obtain

(o)

il pid) = f e g (1) dt.
0
Besides

[ee)

P(i) = f e g(t) dt.

0

Communications in Analysis and Mechanics
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Thus, we can write the following inequality:

f BGOPQ + )L < C iy

where C, = const > 0.
By using elementary identities and inequalities, we have

b 2
f GG de = |¢< 4>| 4 |¢<x4)|

1/2 1/2
f Gor de) f T
~ 1/2 2 1/2
+ f 2igiord) f T )

<C f GO+ dE < Ca 1181,

Now we present the proof of Theorem 1.
Proof of Theorem 1. Let us show that v € W21 (R,). Indeed, using (3.7) and (3.8), we can write

f PO + Py de = f

s
) f|¢(i§)|2(1+|§|2)d§ = COﬂSt||¢||ﬁvzl(R)-

#(id)

a+B

2
‘ (1 +1%) d¢
i)

Now, we show that the function v(¢) satisfies the Lipschitz condition. Actually,

t

f V(&) dé| <

N

|V(t) - V(S)l = ||V,||L2(Q) VI — 5.

Using (3.7), (3.8), and Lemma 3, we have the following estimate

+00

1 (i)
< ———d
OIS 5 f la + B(iJ)| ¢

-
< 5— f lp(i0) d¢
T

Communications in Analysis and Mechanics Volume 17, Issue 1, 1-14.
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2
< — 1
ﬂ_a”¢”W2(R+)
CoM
<
2na

=1,

where « is defined by (2.13) and

B 2w

M=—— GC,= t > 0.
s » = Cons

Theorem 1 is proved.
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