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1. Introduction

In this study, we focus on elliptic operators of mixed local and non-local types (mixed Dirichlet
and Neuman boundary conditions) concerning possible positive solutions for critical problems and
possible optimizers of appropriate mixed Sobolev inequality. We examine the existence of solutions to
the perturbed critical problem.

Tw=w""1+w”, w>0 inO,
w=0 in U°,

N;(w) =0 in I,

=0 in 60 NIL,.

(P)

where U = (QUII, U (02N H_g)) and Q U II, is a bounded set with smooth boundary, n > 3, 1 <p<
2" —-1= % and A1 € R. Here, O C R" is a nonempty open set, I1;, I, are open subsets of R" \ O such
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that T, UTL, = R"\ O, I1; N I, = 0 and
T = —A + (=A), for s € (0, 1). (1.1)

An operator that combines classical Laplace operator —A and fractional Laplace operator (—A)* is
referred to as being 'mixed’. The fractional Laplace operator is defined by

(=A)Yw(x) = Cy, PV. f w(x) = w(y)

X — s dy, se€(0,]1).
R” -

The abbreviation ”P.V.” denotes the Cauchy principal value and

1 —cos(zy) ,\!
Cns = (f ———d ) .
4 - |Z|n+2s <

Without discussing the specific instances of how this non-local operator is useful in the actual
situations, and the motivations for investigating issues with them, see [1] and references therein for
more details. The study of the mixed operators of the form £ in (1.1) is motivated by a wide range
of applications. The numerous applications serve as the motivation for the comprehensive analysis of
operator 7 in the problem (P,), such as the concept of optimum exploration mathematical biology, we
refer to [2-6], and other common uses include heat transmission in magnetized plasmas; see [7]. These
types of operators are naturally developed in the applied sciences to investigate the changes in physical
phenomena that have both local and nonlocal effects. Based on these operators, diffusion patterns
change over different time scales, with the lower-order operator taking the lead for long-term patterns
and the higher-order operator leading for short-term patterns they arise, for instance, in bi-modal power
law distribution processes; see [8]. Further applications arise in the theory of optimal searching and
biomathematics; we refer to [2, 3] and the references therein. Also, this type of operator emerges
in models derived from combining two distinct random processes in the probability theory; for a
comprehensive explanation of such a phenomenon, refer to [9]. Recently, there has been a considerable
focus on investigating elliptic problems having mixed-type operator 7, as in (P,), exhibiting both local
and nonlocal behaviour. Let us put some light on literature involving mixed operator £ problems along
the existing long list. Biagi, Dipierro, and Valdinoci [10] have provided a comprehensive analysis of
a mixed local and non-local elliptic problem. Throughout their study, they proved the existence of
solutions to the elliptic problem, explored the maximum principles that govern the behaviour of these
solutions, and investigated the interior Sobolev regularity of the solutions.

The investigation of mixed-type operators is a widely studied area that is emerging in diverse fields.
This includes scenarios like combining the Lévy stable process, which finds intriguing applications in
understanding animal cropping technique, as discussed in [2,3,11,12]. Aizicovici et al. in [13] have
studied the nonlinear logistic equation of the superdiffusive type driven by a nonhomogeneous differential
operator with Robin boundary condition and existence and multiplicity results of positive solutions to
the linearly coupled Hartree systems with critical exponent involving the classical Laplace operator
studied by Mao et al. in [14], and also interesting nonlocal Hilfer proportional sequential fractional
multi-valued boundary value problems have been studied by [15]. Motivated by the investigation of
non-linear problems having critical exponents, in particular those arising from optimizers of the Sobolev
inequality, the concerns addressed in this paper are motivated. Their findings contribute to a better
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understanding of the characteristics of solutions to the following
{Tu =gw), u>0 inO, (12)

u=0in R"\O.

Authors have studied various interesting inequalities for mixed operator £ in [16, 17]. Lamao et
al. in [18] found out the behavior and properties of solutions to (1.2), specifically focusing on their
summability characteristics. We also refer to [19-21] for interested readers, where we point out that [21]
contains a study of mixed operator Neumann problem. The non-linear generalization of £ given by
—A, +(=A,)’ has also started gaining attention for mixed operators. Dipierro et al. in [22] were the first
to consider mixed operator problems in the presence of classical as well as non-local Neumann boundary
conditions. Their recent article discusses some characteristics and regularity results corresponding with
a mixed local and non-local problem, further with certain specific incentives derived from mathematics
models and population growth. It is worth commenting that none of these articles studies mixed operator
problems under mixed boundary conditions. This made us curious about what happens when we set
up a PDE involving mixed operator £ under boundary conditions involving Dirichlet datum in some
part and Neumann (local and non-local both) datum in the remaining part. To answer this, we started
with (P,) and the combination of mixed operator as well as mixed Dirichlet Neumann boundary, which
is the striking feature of our paper. In particular, when 7~ = —A in (P,), Grossi [23] studied classical
problems with mixed boundary conditions and established solutions under some appropriate assumption
on parameter A. In [24], authors have studied the behaviour of the Sobolev constant with a mixed
boundary condition, where the main goal is to examine appropriate emphasis concerning the Neumann
boundary of a sequence that minimizes using the standard isoperimetric inequalities. In our study, we
define a function space where it contains those functions that are vanishing on some part of R” \ O.
Due to this behavior, the best constant depends on some part of R" \ O, but in the Dirichlet boundary
case, best constant does not depend on O. For further study, see [24]. Biagi et al. [25] studied existence
and non-existence outcomes to (P,) type problems under the Dirichlet boundary condition. The
motivation for this paper arises from the investigation of nonlinear problems with critical exponents.
These problems are modeled as

Lu = fu) + Ag(w),

under some conditions on u and £ is some operator like (local/nonlocal/mixed). Here f(u) and g(u)
represent the critical and subcritical nonlinearities, respectively, and A € R is a parameter. With all
the above literature as motivation where, many authors have studied the existence/nonexistence and
multiplicity of the solutions. We are curious about the critical problem involving mixed local and
nonlocal operator 7 under the mixed Dirichlet and Neumann boundary conditions. We proved similar
results as in [25] pertaining to problem (£,) with mixed boundary conditions in the same spirit. There
exists no single article at present that studies such a problem with mixed boundary conditions; hence,
our article is a breakthrough in this regard. Last but not least, we try to provide a glimpse of problems
available in literature, involving Dirichlet Neumann’s mixed boundary datum to the readers. Brezis et
al. in [26], consider the following Dirichlet boundary value problem:

(1.3)

—Au=u’+ f(x,u), u>0 1inQ,
u=0 in 9Q.
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where Q is the bounded domain of R", p = 2* — 1 n > 3 and in particular, f(x,u) = Au. They have
studied the existence of solutions to (1.3) for every 4 € (0, 4;), (4, is the first eigenvalue of —A) when
n > 4 and problem (1.3) has no solution if A ¢ (0, 4;) and Q is star-shaped domain. In [27], Valdinoci
et al. studied the fractional counterpart of problem (1.3) and its results can be seen as an extension of
the classical Brezis-Nirenberg results. Recently, Biagi et al. in [28] have studied the corresponding
Sobolev inequality and found the optimal constant, which is never achieved, and they also proved the
existence and non-existence of a positive solution to a mixed elliptic problem (P,) with the Dirichlet
boundary condition using the variational methods. Currently, we have worked on the first principle
eigenvalue problem with mixed operators involving mixed boundary conditions in [29]. Using its
advantage, we extend the results of [28] in our article. Our optimal constant does not depend on the
whole domain as [28]: it only depends on some part of the boundary of the domain. Our findings
offer specific advantages over existing results by introducing a novel approach to nonlinear problems
with critical exponent, which enhances the understanding of this problem (P,) with mixed boundary
conditions. These contributions hold substantial potential impact for both theoretical developments
and practical applications in related fields. We also established L™ result of positive of solutions and
maximum principle for problem (P,).

First, we looked into the mixed Sobolev inequality for the case of the mixed operators where the
domain is divided into two disjoint parts, I1; and I1,. More precisely, suppose n > 3 and 2* = %
critical Sobolev exponent. Fix s € (0, 1). Let O be an open set that may not be bounded. We assume
that w : R” — R that are vanshis outside of U. So, we define the following mixed Sobolev inequality

w(x) = w)P

|X _ y|n+2s

SO I Wl ) < NIVWI2 0, + f , dxdy. (1.4)
Here, constant S, (O, I1,) is taken to be large enough for which inequality (1.4) is satisfied.

We observe that equation (1.4) holds by choosing the constant that is less than or equal to the
following classical Sobolev constant (which depends at some portion on the boundary of O)
YRS
n(5)

) H
2n

SL,) =

(1.5)

where &, is the measure of the unit ball in R” and C = %(%)¥’ to further details, we refer
2°\2

to [23,24]. From [23], we have classical best Sobolev constant S, < S(Il,). Since from well known the
Sobolev inequality:

w(x) = w(y)P
|x _ y|n+2s

SUL) Wl ) < 90120, < VI 0, + f ) dxdy = {(w)’.

Also, we can see the largest possible constant in (1.4) certainly satisfies S,, (O, I1;) > S(I1,) and S(I1,)
depends on some part of domain O. Our goal is to demonstrate the interaction between S, (O, I1;) and
S(I1,) in the following theorem.

Theorem 1.1. Suppose s € (0,1), O C R" is an open set. Then, the following holds true

S50, 11)) = SUL). (1.6)
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In the following result, we show the optimal constant S, (O, I1;) in (1.4) is never achieved.
Theorem 1.2. Suppose O C R" is an open set. Then, S, ((O,11,) in (1.4) is never achieved.

Now, our following result gives us surety of the nonexistence solutions to this problem (P,) for 4 < 0
and star-shaped bounded domain.

Theorem 1.3. Suppose A < 0 and O C R" is a star-shaped bounded domain. Then, (P,) has no solutions,
where 1 < p <2* - 1.

Proof. We follow the same ideas from [Theorem 1.3 in [25]] to complete this proof and also we can
easily complete our proof by using Pohozaév identity and borrowed ideas from [Theorem 1.8 in [30]].

Furthermore, analysis of the existence theory to the problem (P,) is dependent on A. Let us quickly
review the approach of Grossi et al. [23]. We used concepts from [25] to identify the existence of
solutions and studied the properties of the map 4 — S, to determine the inequality S, < S(IL).
In the case of p = 1 and for any range of A, we show problem (P,) has no solution. However, (P,)
has a solution inside an intermediate range of 1. More precisely, denoting by 4, , the first eigenvalue
of (—A)* with mixed Dirichlet-Neumann boundary condition in a bounded open set O and by A’ the
first eigenvalue of 7 in O with mixed Dirichlet-Neumann boundary condition, see [29], we have the
following result.

Theorem 1.4. Let p = 1 ( linear case) and O be nonempty bounded open set. There exists 1* € [, A’)
such that the problem (P,) possesses at least one solution if 1 € (1%, 1"). Furthermore, the following are
true

1. For A > A’, problem (P,) has no solutions.
2. Suppose 0 < A < Ay, and B = {w € L*(O) : Wl ) < SUL) ?} C L2 (0). Then (P;) have no
solutions in B.

In the case of the superlinear perturbation, the scenarios are very different, and the following outcome
is demonstrated using the variational method, which is based on the Mountain pass geometry, see in [31]
and to prove it we state the existence result below.

Theorem 1.5. Suppose p € (1,2* — 1), n > 3. Then, problem (P,) has a non-trivial solution

1. If s, > Tpp forall A > 0.
2. Ifagy < 1pp A >0 large enough.

where,
C(prD@n-2)
> .
The article is organized in the following way : Section 2 presents the functional framework
suitable for mixed classical and fractional Laplace operators with mixed Dirichlet and Neumann
boundary conditions. In Section 3, we focused on the analysis of mixed-order Sobolev-type inequality
and proved the main results 1.1, 1.2. In Section 4, we present the analysis of the critical problem.
Next, we provide an analysis of the critical problem in Section 4 and also for both cases p = 1 and
1 < p <2 -1, we complete proof of Theorem 1.4, Theorem 1.5.

a5, =min(2(1 —s),n—-2), and 7,,=n (L.7)
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2. Function Space and preliminaries

Throughout this section, we set our notations and formulate the functional setting for (P,), which
shall be useful throughout the paper. More precisely, we define the function spaces to study (P,), and
also investigated the existence of an optimal constant for some mixed Sobolev-type inequalities.

For every s € (0, 1), we recall the fractional Sobolev spaces; see [32],

|u(x) — u(y)l

H[R") = {u e L’(R") : s
lx —yl2**

e L*(R" x R”)}.

We assume that O U I1, is bounded with a smooth boundary. We define the function space X ;32(0 U
I, U (80 N 11,)) as the completion of Cy(OUIL U @OoN I1,)) equipped with the following norm

{w)* = ||Vull;

T20) + Ul2 ue CFOUTL U @GO NTL)),

where [u]; is the Gagliardo seminorm of u defined by

_ 2
= ([P )

0 |x _ y|n+2s

The symbol U is used throughout the article instead of (O U IT, U (90 N T1,)) to keep things simple. and
Q = R¥\ (Q° x Q°).
Specifically for U # R”, we have

u=0ae. in U° =TI, U@ONTL), forall u € X;*(U). 2.1)
In order to verify equation (2.1), suppose U is bounded, then we can see as
X'2(0) = C30) " = fu e H'®R™) : wly € H(U), w = 0 a.e. in U°}.

The Sobolev inequality allows us to deduce the existence of constant C = S(I1,) > 0. Given
by the classical Sobolev inequality, we infer the existence of a constant, independent by O, such that

SAL)IWIZ g, < IVWIEs, < W) Y u e CF(U). (2.2)

In particular, when O = R”, we have
X 2(R") = fwe X (R") : Vwe L’(R")and [w]; < oo}.

We now describe a few essential properties of X HIZ(U ) space. The proof of the following proposition
can be found in the appendix.
Proposition 2.1. The space (X 111’12(U ), {.,.)) is a Hilbert space under the following inner product defined
by
w,v) = wa -Vvdx + f W) = wONM) = v)) dxdy.
o 0

|x _ y|n+2s
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Proposition 2.2. If s € (0, 1), then for every w,v € X*(U), it holds

fv?'w dx = wa -Vvdx + f wx) = w)x) = vy)) dxdy
o o o

|X _ y|n+2s

—f V(?_w dO'—f vNw dx.
3001_Tz 6V I,

Proof. By directly using the integrate by parts formula and w,v = 0 a.e. in IT; U (80 N 1I,) = U°, we
can follow Lemma 3.3 of [33] to obtain the conclusion.

Definition 2.3. We say that w € X h’?(U ) is a weak solution to the problem (P,) if

wa -Vodx + ff (W) = w)(e) - ('O(y))dxdy = ‘f(wzk_1 + AW dx, (2.3)
o 0 o

|)C _ y|n+23

Voe XII.I’]Z(U ) as a test function.

We can see the definition 2.3 is well defined. Indeed, if w,v € X }[’f(U ), then

[owuare [[[ B0 0D
o 0

|X _ y|n+2s

< [ tax s [[ OO 100
o Q

|.X _ y|n+2s

< [IVwllr20) - IVVIIr20) + W15 - [V]s £ 20w (v) < 0.

Moreover, since X 111’12(0) < L?(0) and p < 2* — 1, using Holder’s inequality. We also have

fl(wz*_1 + AwP )| dx
o

< Clwllizton - VIl 25 con + 1AW 240y - IIVI] 2 < 00,
Wl o) * IVl o) + 1AWl 22 0y - I ||Lm(0)

Now, we introduce the functional J, associated to (P,) i.e.

I XI]T’IZ(U) — R, such that

1 1 : A
Jaw) = §§(W)2 - EIOIWI2 dx — ImLIWI”“dx, 2.4)

we can see that functional 7, is C'. If w is a critical point of J, then we conclude that w is a weak
solution to (P,). Due to non-compactness, we can not use the standard minimization technique to
prove the existence of the solution to (P,) since functional 7, does not satisfy the Palais-Smale (PS'),
condition.

Remark 2.4. We can see this by the density argument to Cy(U) in X }[’lz(U ), we may extend inequality
(2.2) to every function w € Xll.l’]z(U ), then we obtain

SALIWIE: o) < L) = VWl + W]
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3. Mixed Sobolev type inequality

The mixed Sobolev inequality (2.2) is the subject of further investigation in this section, that is,

SUL)IWIE, ) < LR, Y we ).

to proving Theorems 1.1 and 1.2. Because of this, our main aim is to figure out the sharp constant in
(2.2), namely,
S,.+(0, 1) = inf {{(w)* 1 w € C3°(U) N M)}, (3.1

where

M(O) = {w e L*(©O) : Wl = 1}

Since, Cj’(U) is dense in Xllilz(U ) corresponding to the norm (), using embedding Xllq’lz(U ) — L*(0),
we have

S,5(0.10}) = inf {{(W)* : w € X[(U) N M(O)).

Furthermore, we know the constant S, (O, I1,) is translation invariant.
Let us recall some useful properties of S(I1,). For a detail study of these properties, see in [23].

Remark 3.1. We define

S(Iy) = inf {|Vwll}., : w € C&(U) N MO)}, (3.2)

We observe that the constant S(Il,), defined by (3.2), depends on some part of the boundary of
O, under some suitable hypotheses, is achieved. Lions et al. in [24], establish adequate geometric
conditions for the domains O and 11, that guarantee the achieving of the optimal constant S(I1,),
utilizing symmetrization arguments derived from the classical isoperimetric inequality. We follow
from [Theorem 2.1 in [34]] to get the following result and also for more study about the best Sobolev
constant which depends on the domain O, see in [23]. We recall the following result (in our notations)

that represents the relations between S(I1y) and S,, = n(n12)7r (5((’,3)))'1, is the classical Sobolev constant
2
see [26].

Theorem 3.2. Let O C R" be a bounded regular domain, then
S(ly) <2718,

moreover, if I1, is smooth and S (I1,) < 2‘58,1, then the constant S (I1,) is achieved, where S,, is the
classical best Sobolev constant.

Properties of S(I1;) and S, :
1. The best constant S(I1,) is dependent on domain O. We have the following explicit expression

n(5)

) s
2n

2

SL,) =

(3.3)

where, I'(:) is the Euler Gamma function.
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2. For any open set O , we have

S(Iy) = inf {[Vwll}0, : w € Dy*(U) N MO)},

where, Z)(l)’Z(U ) is the clousre of the space Cy(U) under the gradient norm ||[Vw||120).
3. Suppose O is a bounded set, then S, is never achieved.
4. In particular, when U = R", then S, and S(I1,) are attained by the family of functions

A= {H . (x) = 17 F((x = x0)/1) : >0, x9 € R"},
where
2-n
F@)=c(+]7)7, ¢>0suchthat 1Fll 2 ey = 1.
So, we can show the following Theorem 1.1.

Proof of Theorem 1.1. Since, {(w)* > IIVWIIiQ(O), VY w e Cy(U) and also S, 4(O,I1)) is translation-
invariance. So, we have

S,.5(0,11)) > inf{llelliz(O) :we Cy(U)n M)} = S(I).

Now, to prove the reverse inequality, without loss of generality, we may suppose that xo = 0 € O, and
r > 0 such that B,(0) € O. We see for any w € C5’(U) N M(O), there exists ny = no(w) € N such that
supp(w) € B,(0) VY « = ny,
now set w,(x) = KT w(kx), for k > ng, we see that
supp(w) € B.(0) CO and  |wllz o) = 1.
By the definition of S, (O, I1;), we can see

Sn,s(OaHI) < {(WK)Z = ||VWK||2 + [WK]? = ”VW”

252y, 12
120 K7 wls, Y n 2> no.

2
ro*
Then, we have
2
Sﬂ,s(O’ Hl) S ||VW||L2(0)’
as k — oo, since 0 < s < 1. Asw € Cy(U) N M(O) is arbitrary, then using Remark 3.1, we obtain

S50, 11)) < S,
and we proved the required inequality: S, (O, I1;) = SIL).
We are now able to show Theorem 1.2.
Proof of Theorem 1.2. By contrary argument, if we suppose there exists a nonzero function wy € X 111’12(U )

such that [l o) = 1 and Z(wo)* = [[Vwoll2, ) + ol = S(T). We have X;*(U) € Dy*(U) by

straightforwardness of the fact that {(wg) > ||Vw0||i2 0y S€€ above properties (2), we have

S(HZ) < ||VW0”22(0) < ”VWOH%Z(O) + [WO]i = g(WO)Z = S(HZ)v
that implies [wy]; = 0. Hence, wy must be constant in R". We have a contradiction with the fact
Iwollz2 ) = 1.
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Remark 3.3. Our Theorem 1.2 says that constant S, ;(O,11;) = S(I1,) is never achieved in the space
Xllq’lz(U ) but if (U = R") we show S(I1,) achieve in a limiting sense. More precisely, if A = {Hy_,} which
is defined in (4), we have

{(Hy)? — S(L,) as 6 — .

Indeed,
|F(0)] < D min{1, 6>} and IVF(0)| < D min{lg], |6]'™"},

for some D > 0. Therefore ( constant D varies in the following calculations)

IF(x +y) — F(x)?
[F(G)]g = ff yn+2s dXdy
R7XR" Iyl
1 2 dxdy
ff f VF(x+0y)-yd6‘ -
R"*xB; |y|n *
dxd
2 ff (IF(x + )P+ F(0)P) x+2y
Rix(R"\B)) =
dxdydo
fff min{lx + Oy, |x + 6yP0 ) S22
R"xB1x%(0,1) | |n ”
,dtd
v f f F(oP-=
RIX(R™\B)) |yl
dtdy deo
fff min{|7, 7>~} 3;
R"xB1%(0,1) | |n .

did
+D f f min{1, |22 =2
RIx(R"\By) |ypre=s

So, [F(H)]f < +4o00. Hence, F € Xllilz(R”) and consequently Hy,, € X%I’IZ(R”), Y8 >0andxy € R.
Moreover, recalling that

IA

IA

IA

X — Xo

2-n
Hoo(0) = 07 F(*—"2) and | Hosolliz@ny = IF 2y = 1,

follows same idea of the proof of Theorem 1.1 we have
{(Hor)* = L(Hoo)* = IVFIl 2, + 67 LFLS.
From this, since F = H, . We obtain

f(wa,xo)z - ”VF”iz(Rn) = S(Hz), as 9 — oo,

In the following section, we discussed the critical problems involving mixed operator settings with
mixed boundary conditions.
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4. Study to critical problems with mixed type operator 7 critical

We now develop our study for the existence and non-existence of solutions to the problem (P,).
Suppose O is a bounded set with smooth boundary, A is a real parameter, and 1 < p < 2* — 1.
Moreover, we adopt all the definitions and notation of Section s 2, 3. Finally, we introduce nonnegative
space
XPA(U) = {we X (U): w=Oae.in U}

We are defining the definition of solution to (P,).
Definition 4.1. We say thatau € X }r’z(U ) is a weak solution to (P,) if it satisfies the following properties

1. {x€e U :u(x) >0} >0,
2. For every test function ¢ € X*(U) we have

[[vu-Tetre [[ OOV 00,
o 0

|x _ y|n+2x
_ 21
_j(;(u +/lu1’)<pdx.

To study the existence of solutions to (P,), first we prove the solution is non-negative and bounded
by the following theorem.

Theorem 4.2. Let wy € X(U) be the solution to (P,) and A € R, 1 < p < 2* — 1. Then, the following
facts hold:

1. Wy € LOO(O),
2. ifA1>0, thenwy > 0a.e.in U.

Proof. We can easily prove w, € L*(O) by using [Theorem 4.1] [28] and also easily it can be followed
from well know result Moser’s iteration method; see [Theorem 1.1 in [35]]. By the fact that just using
the definition of function space, wy = 0 a.e.in U¢, implies that wy € L*(R"). Suppose 4 > 0 and recall

that wy 1s a solution of (P,) (in the sense of Definition (4.1)), and since wy > 0 a.e.in U, for every
@ € X\2(U), we find

wa -Vodx + ff W) = wi))e) ~ ¢0)) dxdy = j‘(wz*_l + ) dx > 0, “.1)
0 0 0

|X _ y|n+2S

for each ¢ € X} *(U). By using the Strong Maximum Principle, refer to [29], we have wy > 0 a.e. in
U.

Thanks to Theorem 4.2, we are able to prove Theorem 1.3.

Next, for 4 > 0, we can start our study separately for the linear case p = 1 and the superlinear case
1 < p < 2" —1 of the solvability of (P,).
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4.1. Case: (ifp=1)

Let us start studying to solve the following problem (P,)

Tw=w"1+aw, w>0 inO,
w=0 in U¢,

N;(w) =0 in I,

2 =0 in 40 NTL,.

(Pa)

In this context, we study for any 4 > 0, solutions to problem (P,) correlates the first eigenvalues 4, g
and A’ of (—A)® and of 7 with mixed boundary conditions respectively.

Definition 4.3. For O is the bounded open set, we define
(1) [see [36]], the first eigenvalue of (—A)* with mixed boundary conditions as
Ay = inf{[w]? : ue Cy(U) and w2 = 1}; 4.2)
(2) [see [29]] the first eigenvalue of T~ with mixed boundary conditions as
X =inf {¢(w)* 1 w e CYU) and W20, = 1}. 4.3)
We subsequently provide a brief overview of the main properties of 4, 5, and A’ in the following
remark.

Remark 4.4. ( Some Properties of 4, and A’ ). As regards A, we observe that, since the map
u = [uly= N(u) is a norm for C3(U) that is equivalent to the full ||.||gs®n, we refer to [32, Theorem 6.5]
and recalling U is bounded since O U I1, is bounded, one has

s = inf{[w]2 : w € DF*U) and [wll 20, = 1},

where DS’Z(U ) C L*(O) is the completion of Cy(U) under the norm N(u). Furthermore, we can easily
see that A, is truly achieved in this bigger space Z)S’Z(U ) since the embedding Z)S’Z(U ) — L*(0) is
compact. So,

3 ¢y € DY*(WU) - llgollio) = 1 and [l = A15 > 0.

Indeed, it is possible to choose the function ¢, to be strictly positive a.e. in U.
In addition, see in [36] or [Proposition 9 in [37]], since ¢y is a constrained minimizer of the
functional w — [w]? and using the Lagrange Multiplier method,

f f (@o(x) = po(¥)(v(x) = v(y))
0

dxdy = A4 f povdx Yve DS’Z(U),
0

|X _ y|n+2s
and it shows that ¢ is a weak solution to the following eigenvalue problem
“A)'w=4,ww>0in0O
w=0 in US,
N;w) =0 in I,
‘;—VVV =0 in J0NTL.
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Similarly, we can see, since {(-) defines a norm on Cy’(U) that is equivalent to the full H'-norm in R",
and

A =inf {{(w)* : w e X;7(0) and |l = 1).
Furthermore, it is easy to see that A’ is truly achieved in the larger space Xllilz(U) and we know

embedding X}I’IZ(U ) < L*(O) is compact, that is,

Ay € XU : Wollzo) = 1 and L(@y)* = A’ > 0.

Indeed, it is possible to choose the function Yy > 0 a.e. in U.
Moreover, see in [29], since Yy is a constrained minimizer of the functional {(-)* and using the
Lagrange Multiplier method,

[0 wvax+ [ SOOI 2000
o Q

|X _ y|n+25

= /l’fwovdx VYve Xﬁlz(U),
0
and it shows that Y is a solution to the following eigenvalue problem

Tw=Aw, w>0in0O,
w=0 in US,

N;(w) =0 in Il,,

2 =0 in 40 NI,.

We are approaching the proof of Theorem 1.4. Several independent results will help us to get this.
Initially, we establish a lemma that connects the existence of solutions for (P,) with the existence of
constrained minimizers for an appropriate functional R,;. We define

Raw) = Lw)* = AWl o), for any w € X*(U), (4.4)
constrained to the manifold V(O) = X II{IZ(U ) N M(O).
We identify some useful properties of S(I1;)(1) = inf,cq0) Ra(w) in the following remark.
Remark 4.5. By using the definition of S(I1,)(1) and Holder’s inequality, for every w € V(O), we have

2. SAL)) < S(IL)(AY), YO < A* < A

Additionally, keep in mind take note of Remark 4.4) and the definition of A’ in (4.3), A’ is attained in the
space X IIT’IZ(U ), easy to check
SAL)A) >0 < 0<aA< .

Using properties of S(I1,)(1), we prove the next result.
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Lemma 4.6. We consider
SIL)(A) = inf Ry(w), Y A>0. 4.5)
weV(0)

Suppose that S(I1,)(1) > 0 and S(I1,)(A) is achieved; that is, there exists some function u € V(O) such
that Ry(u) = S(I1,)(A). Then, there exists a solution of (P)).

Proof. By assumption, we know that there exists u € V(0)) as a constrained minimizer for R, that
is, Ry(u) = S(I1)(1). We can easily see R,(Ju]) < R,(u), then we may suppose that u > 0 a.e.in O.
Furthermore, by the Lagrange multiplier method, 4 i € R, and we have

f Vi Vo + f f (u(x) = uON@) = ¢0) _ f e+ awedr, Ve XPU).  (46)
o 0 0]

|X _ y|n+2s

Now, take ¢ = u as a test function in (4.6), we obtain

p = pllullFy gy = L@ = Al o gy = Ra(w) = SAL)(A) > 0. (4.7)

As a consequence, setting w = S(Hz)(/l)%u, we see that w > 0 a.e. in O and for every ¢ € Xllilz(U )
using (4.6) and (4.7), we have

2%—1
1 _ (fVW'WJrff (W(x)—W(Y))(so(zx)—so(y))):fﬂ( w ”) o dx
SIL)()F \Jo 0 |x =yl o \SIL))F

wedx, ¥V ¢ € Xllilz(U),

Lsma=
+ n=2
o SIL)() '+

then we obtain that

f o Vo s ff (W) = W) = 9() _ f F 1+ dpds, Vg € XIAU),
o o o

|X _ y|n+2s

Hence, we obtain w as a solution to (P,). In this manner, we have completed the proof of this lemma.

On account of Lemma 4.6, the sign of the real number S(I1,)() plays a crucial role to study the
solvability of (P,). In this perspective, we have already identified by Remark 4.5 that

SIL)(1) >0 — 0<a< .

We are provided with additional information as a result of the following outcome together with
Remark 4.5.

Lemma 4.7. We have
S(I1)(A) =SL) >0 VA€ (0,4,].

Proof. Suppose A € (0, ;] and using Remark 4.5, we have S(I1,)(1) < S(I1,). On the other hand, to
prove the reverse part of it, using the definition of 4, , that is defined by (4.2). For any w € C5’(U)NM(O),
we have

2 2 2 2 2 2
Raw) = VW20, + (WIE = AW 0)) 2 VW22 ) + (A1 = D) W2 ) = 199220,
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But we know, C°(U) is dense in Xllilz(U), Wwe can see

SIL)(A) = inf {Ry(w) : w € C5'(U) N M(O)} = inf{||Vw||iz(O) tweCyU)N M(O)} = S(IL).
Thus we get the desired result S(I1)(1) = S(I1,).

Lemma 4.8. The function A — S(I1,)(A) is continuous on (0, o).

Proof. First, we shall show the left continuity. Suppose 1y > 0, € > 0. So, using the definition of
SI1,) (4p) there exists v = ve 4, € V(O) such that

S(I) (1) < Ry () < S (Ao) + g

using the monotonicity of S(Il;)(-) and V¥ A < Ay , deduce that

0 < S(I,) (D) = S() (Ag) < Ru(v) = S() (A) = (Ray(v) = SU2) (A0)) + (Ao = ) M7,

€ 2
< E + (/10 - /l) ”v”LZ(O)'

2

As a consequence, setting . = €/ (2||v||L2(0)

), we conclude that
0 < 8(I1,) (1) — S(I1,) (1g) < € for every 4y — 6. < A < A.

Hence, S(I1,)(+) is left continuous at Aj.
We find some other properties of S(I1,)(4) in the following remark.
Remark 4.9. By combining Remark 4.5 and Lemma 4.7, we conclude the following estimates:
(i) SUL)(A) = S(IL), Y0 <A< Ay,

(ii) SII)(1) =0, VO <A< A,
(iii) S(I1)(1) <0, VA > A'.

Proof of Theorem 1.4: First, we define
u=sup{d>0: SIL)A") = SII,) forall0 < A" < A}. (4.8)

Based on Lemma 4.7, it is evident that A; ; < u < co. Furthermore, from Lemma 4.8 that S(I1,)(-) is
continuous, we can establish S(IT,)(u) = S(I1,).

An observation worth noting is that S(I1,)(-) > 0 on (0, 4’] and S(I1,)(-) < 0 on (4’, c0), again
by the continuity of S(IT,)(-) we deduce that S(I1,)(1") = 0, consequently recalling that S(IL,)(-) is
nonincreasing on (0, o), we have u € [4; 4, 4"). Now, we aim to show that the assertion of Theorem 1.4
satisfies with choice of 4*. Specifically, we treat the following three cases separately:

Case I: (If 0 < 4 < 4, ), by the contrary statement, let us assume that 4 w € B that is the soluton to
problem (P,). Then, setting

u=w/|wll @), and B={weL*(O): [l < STL)" M.
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Based on the characteristics of w and using the definition of weak solution (2.3) (take ¢ = w and p = 1),
we have

Ru(u) = ——Ry(w) =
S ||L2 o 0w ||L2 o

1 .
fw2 dx
||W||

< S(I1y) (since u € B),

(@) = Awls)

||W||L2 (O)

Consequently, from Lemma 4.7, we obtain
Ra(u) = S(I1p) = SI)(A). (4.9)

Hence, we conclude that S(I1,)(4) is achieved at u. Now, recalling (3.2), and since w € X II{IZ(U ) C
Z)(l)’z(U ), from (4.9), we obtain

S < VW79, = Raw) = (W15 = Awll;2))
< Raw) = S(I1),

which shows that S(I1,) is achieved. using the fact that 4 < A, ;and w € Xﬁlz(U ) C DS’Z(U ).

Thus, we conclude that v € Z)(l)’z(U ) achieves the optimal Sobolev constant S(I1,). We get a contradiction
since O is bounded and from Remark 3.1 that S(I,) is never achieved in Xll.l’lz(U ).

CaseII: (If u < A < A'), from Lemma 4.8, we know S(I1,)(-) is continuous and 0 < S(IT;)(1) <
S(I1,). (Using the definition of w), i.e., (4.8), we have from this, following the same ideas of [Lemma
1.2, [26]], the best constant S(I1,)(A) is achieved, i.e., v € V(O) such that

Rav) = SAL)(A).

Since, we have 4 < A’ and v # 0, then we deduce that

2
O )
|| ||L2(0)

= ”VllLZ(O)(/l, - /l) > 0.

S = il o

Thus, S(IT,)(4) > 0 and it is achieved. Using Lemma 4.7, a solution to (P,), does exist.

Case III: (If 4 > A") arguing by contradiction, we may assume that there exists a solution to (P,)
ie., that 0 # ¢y € Xﬁlz(U) such that ¢y > 0 a.e.in U. We can see that

[[Veo-vuaxs [[ GO 40D 4,
0 Q

|X _ y|n+2s

(4.10)
= f(poudx Yuce Xllilz(U),
o

that is, ¢y is an eigenfunction for mixed operator 7 corresponding to the eigenvalue A’.
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In particular, choosing w = u € X}*(U), more specifically, using the above-mentioned identity (4.10)
and recalling that u is a solution to problem (P,), using the definition (2.3) (for p = 1),
we obtain

Y f cowdx = f Vo - Vwdx + f (@o(x) = LoMWX) = wl)) dy
0 0 0

|)C _ y|n+2s

= ‘[(wz*1 + Aw)py dx
0

>/lfwg00dx,
o)

since by using Theorem 4.2, we have w, ¢y > 0 a.e.in O, which is contradiction with A > A’.

4.2. Superlinear case (1 < p <2*—1):

In this section, we examine the proof of Theorem 1.5. We use the Mountain Pass Theorem to
establish the existence of a solution for (P,) if 1 < p < 2* — 1 (superlinear case). The key obstacle when
utilizing the Mountain Pass Theorem is confirming the fulfillment of a (PS), condition at a specified
level ¢, much like the scenario observed in the purely local case, see [26]. In particular, it is essential to
demonstrate that the Palais-Smale condition holds for every c that is strictly less than the first critical
level as defined by the Mountain Pass Theorem. Keeping with the methodology in [26], we examine a
slightly improved following energy functional about (2.4), namely

1 1 : A
Taw) = 5Ly = fo (W) dx - S fo W) dx ¥ we XU, (4.11)

where w, = max{w, 0} denotes the positive part of w. Now, it is simple to see that any nonzero critical
point of J, is a solution to (P,). In particular, since we are assuming A > 0, we have 7w > 01in O (in
a weak sense) since we can see it by using the definition of the weak solution 2.3 and in the proof of
Theorem 4.2. Note that w = 0 a.e. in U¢, allows us to apply the Weak Maximum Principle with mixed
boundary conditions, which follow from [38, Theorem 1.2]. We have w > 0 a.e. in R" then we deduce
that w, = w. Hence w > 0 a.e. in U is a solution to problem (P,). In the following lemma, our aim is

to establish that the functional 7, satisfies a local (PS) condition at level ¢ € R, which is related to the
best Sobolev constant S(I15).

1
Lemma 4.10. The functional [, satisfies the (PS), for every ¢ < —(S(I1,))"/?.
n

Proof. Itis a well-known result. So, we can easily prove this lemma by following Lemma 4.10 in [25].

The final step required to show Theorem 1.5 is demonstrating a path with energy below the S(I1,)/n
critical obstacle. To do this, we first provide an auxiliary function similar to the one employed in [26].

Now, we define a non-increasing cut-off function by

(1, ifo<r<i,
‘/’0(’)‘{0, ifr>1. (+12)
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Then, we consider a function ,(x) : R" — R by

|x]
Yp(x) = o (—) (4.13)
p
for given p > 0 such that B,(0) C O. Finally, for all € > 0, let
(n=2)/2 x)Uq(x
U= —"  and g = Y ey
(Ix]? + 2)" lp Uell 20 !

Lemma 4.11. Suppose n > 3 and p € (1,2 — 1). Furthermore, constants a,, T,, are given in (1.7).
Then, the following statements hold true.

(1) If s, > 7,5, then there exists € > 0 such that
sup Taltoe) < %(S(HZ))”/Z, Va>0.
>
(2) If, instead, a;, < T,,, then there exist € > 0, Ay > 0 such that
sup J(1e:) < %(S(Hz))”/ 5, YAz .
>
Proof. We have

r r los(x) — 0:(V)?
t0)) = — | Vo, dx + — Lol 7 8oV ixd
Jalige) 2L| o x+2fQ oy Y

2 s 1
- (0P dx;
2 p+1f09 (™ dx

(4.14)

we then turn to estimate the integrals of (4.14). We use the [Lemma 5.1 and Lemma 5.3 in [39]] and
obtain the following integrals:

f IVo.|* dx = S(ITy) + O(g"?) ase — 0" and,
0

_ 2
[ 2= iy = 0, where as, = min(2(1 = 5.0~ 2)
0 X—y n+2s

and also for more ideas, we refer to [Proposition 21 in [27]].
Next, it is easy to see that LP* -norm of 0. and

st(X)p+‘dx=C1f Us(x)"*! dx
" B,(0)

0

n=2 (¥ o1
0 (p+1)=~
(a'2 + 1) 2

n=2 /e tn—l
> C, P73 f e
1

n-2 n
-G 1),
n P
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where the constant C; > 0 is adjusted line to line. Now, combining the above integrals and using (4.14)

we deduce that

I 2 . a2
Ja(10:) < (SU) + O(e"2) + O(e™)) — = — CA——¢"""*2
2 2r p+1
fz Z.Z* fp+1
= —(S(IL) + O(g¥")) — — - CA Tpn
2( (IL,) + O(g™")) > o s
< — H + C Psn) _ __ __ C/l Tp.n’
<3 (8(1) + Ce™) > . s
where € > 0 and C > 0, suitable constants. Let us set
tz t2* l_p+1
£ t = — S H + C Xsn\ _ CA T],Ln,
Jea(®) 2( (Ily) + C&™") > e

such that f; ,(0) = 0 and f; ,(f) = —oo as t — oo. So, there exists 7., > 0 such that

sup foa(t) = fealts ).

>0

(4.16)

4.17)

We can see that for 7, ; = 0, we have f, ,(¢) < 0 for all # > 0, and the lemma is trivially established as a

consequence of (4.16). On the other hand, if 7, , > 0, we obtain
0 = fl (o) = 1s4(S(L) + Ce®) — 1271 = CaALl g7
from which we may easily conclude that
toa < (S(IL) + Ce™n)N/E =2,
We now distinguish two cases, according to the assumptions.
Case (1): (If ay, > 7,.,), for € > 0 small enough, using equation (4.18), we have
fea = py >0,

and using the fact that the following map

12 t2*
t - =(S() + Ce¥n) — —
— 2(S( 2) + Ce™n) T

is increasing in the closed interval [0, S(IT,) + C&®+)!/?'~2] containing ,.;, we have

sup fea(t) = fea(ts )

120
 (SD) + Cem)2E2 (S(ID) + Com)? /272

3 > - Cg'r

1
= —(S(IL) + C&*)"* = Ce™"
n

1
< —(8(I1,))"?, for & > 0 sufficiently small.
n

(4.18)
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Case (2): (for a,, < 7,,), let us start by claiming that

lim 7, = 0. (4.19)

A—o0

By contrary, we assume that e = limsup,_, , 7.1 > 0, then choosing a sequence {A;};> diverging to oo,
as k — oo and from (4.18) we obtain

n o 252 p=1 _1p,
SIL) + Ce™" = o T C/lkts’ Aks’ﬂl — 0

which is a contradiction. Hence, we have lim, . ., = 0.
So, using (4.16) and (4.19), we have

2 i
0 < sup Ja(t0s) < foulten) < %(S(Hg + Csr) — 2—” -0 asl— oo,

>0

which implies the existence of 4y = Ao(p, s,n, ) > 0 such that

1
sup Ja(to.) < —(S(y))*"  forall A > Ay,
n

>0

for fix £ > 0 is small enough. Thus, our work is done.

In the next lemma, we verify the functional J, satisfies Mountain Pass geometry. We follow the
same arguments of [Proposition 3.1 in [31]].

Lemma 4.12. There exist positive constants a, cy, ¢, > 0 such that

(1) Foranyw € XII{IZ(U) with {(w) = a, it holds that J(w) > ¢,
(2) There exists a t, > 0 large enough so that {(o.t.) > ¢, and J(t.0:) < c3.

Proof. By the Sobolev embedding and Remark (3.1), we have
1 , C 2 2t ol
Taw) = 67— dw)” - ASITL) 71 (w)™,

for any w € Xllilz(U). Since 1 < p < 2* — 1, we can easily obtain the part (1) assuming {(w) is small
enough. On the other hand, we have

lim J, (tv,) = —oo,
>0

from which we easily complete our proof.

Proof of Theorem 1.5. Hence, by using the Mountain Pass theorem and thanks to Lemmas 4.12, 4.10,
and 4.11, we complete the proof of Theorem 1.5.
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5. Conclusions

In this paper, firstly we identify the optimal constant in the mixed Sobolev inequality under mixed
boundary conditions. We prove optimal constant S, (O, I1;) = S(I1,), which is our Theorem 1.1, and
Theorem (1.2) says that constant S(I1,) is never achieved in the space Xllq’lz(U ), but if U = R” then it
is achieved in the limiting sense. In addition, the aim of this manuscript is to prove the existence and
non-existence of a positive solution for (P,) using the variational methods. Moreover, we note that
the case p = 1 in Theorem 1.4 is different compared to the case 1 < p < 2* — 1 in Theorem 1.5 in a
structural aspect. However, Theorem 1.5 ensures the existence of solutions for all A large enough, while
Theorem 1.4 only recognizes solutions for A in a certain interval, demonstrating that no solutions exist
when A is too large. Therefore, the case p = 1 cannot be considered as the limit case of the setting
Il<p<2r-1.

Lastly, we will come back to the study of (P,)for sublinear perturbations (0 < p < 1) and with some
singular type nonlinearity with critical exponent under the mixed boundary conditions in future work.
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