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Abstract: The following chemotaxis system has been considered:

Vi=Av=EV-(0Vw) +xV-(0Vu) + v — v,  xeQ, t>0,

wi, = Awp —wi + W, 0= Aw — w + V2, xeQ, t>0,
0=Awp; —wy + vV, xeQ, >0,
under the boundary conditions of % = % = % = 6(;—”; on 9Q, where Q was a bounded smooth domain

of R*(n > 1), v was the normal vector of dQ, and the parameters were A, u, &, x, k1, k2, k3 > 0, and
k > 1. In this paper, we showed that if either «1x; < max{%,/q,K —1}or ki = max{%,lq,/( — 1} with
the coefficients and initial data satisfying appropriate conditions, then the system possessed a global
classical solution. Furthermore, we also have studied the convergence of solutions to a special case of
the above system with k = + 1,k = 1,k = k3 = ¢ for 6 > 0. It has been proven that if u > 0 is large
enough, then the corresponding classical solutions exponentially converged to (( ﬁ)% , ﬁ, ﬁ, ﬁ), where the

convergence rate could be formally expressed by the parameters of the system.
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1. Introduction

To investigate the movement of microglia in Alzheimer’s disease, the authors in [1] proposed a
chemotaxis system, the so-called attraction-repulsion system, which can be formulated as

Ve =Av=EV-(WVVw) + XV - (0Vwy) + f(v), x€Q, t>0,
T™Wi, = Awy + av — Bwy, xeQ, t>0, (1.1)
TWy, = Awy + yv — dw,, xeQ, t>0,

where Q C R"(n > 1) is a bounded smooth domain and the parameters satisfy @, 8,7y, 9, &, y > 0. Here,
the unknown function v represents the microglia density, and w;, w, represent the concentration of two
different chemical signals secreted by microglia. f(v) is the logistic term to characterize the proliferation
and death of microglia. So far, the numerous studies have been done on dynamical behavior with regard
to model (1.1), such as the global classical solvability, the long-time behavior, and the blow-up analysis
of classical solutions. Let us briefly summarize some of these achievements in this aspect.

On the one hand, assume that model (1.1) does not contain a logistic source term. For 7 = 0, Tao and
Wang [2] gained the global well-posedness of the solution in high-dimensional space provided that the
repulsion mechanism plays a dominant role in the sense that yy > £a; meanwhile, for 7 = 0, the blow-up
analysis of solutions was also explored therein in two dimensions under the conditions that yy < éa
and 8 = 6. Espejo and Suzuki [3] removed the restriction 8 = ¢ in [2] for Q c R? and also showed that
the blow-up result still holds provided that yy < &a. If repulsion mechanism dominates over attraction
mechanism with yy > &a, Jin [4] proved the existence of global classical solutions in two-dimensional
space and the existence of global weak solutions in three-dimensional space, respectively. For 7 = 1,
Lin and Mu [5] obtained the global classical solvability in the two-dimensional setting provided that
initial data satisfy [|vollL1q) < k%a with k£ > 0 depending only on €. It has been proven by Li and
Li [6] that the non-radial solutions of the parabolic-elliptic-elliptic version of system (1.1) will be
unbounded in finite-time for Q C R? in the sense that yy < éa and § — 6 # 0. Later on, Yu-Guo-Zheng
made an extension [7] and further showed that the blow-up can be guaranteed by the condition that
fQ vo > 8m/(Ea — yy) with yy < éa.

On the other hand, assume that the system has a logistic damping. As for f(s) < os(1 — s) for all
s > 0 with o > 0, Zhang and Li [8] showed that the system with 7 = 0 is globally well-posed if one of
the following assumptions holds: (a) éa — x < 0; (b) n < 2; (¢) %.faf — xB < o0,n > 3. Meanwhile, the
global convergence of the solutions was established for the logistic term f(s) = os(1 —s). Moreover, they
also investigated the global weak solvability of the system provided that logistic damping is rather mild.
As for a generalized logistic damping f(s) = A — us® with 4, u > 0 and 6 > 1, Wang-Zhuang-Zheng [9]
demonstrated that if £& = y7y, then the global classical solvability with 7 = 1 can be guaranteed
by the space dimension n and parameter 6. In three-dimensional setting, for f(s) = s — us'*? with
u > 0,6 > 1, then the conclusions in [10] imply that the fully-parabolic system of (1.1) is globally

well-posed provided that 8, 6 > % and u > max { (%fa/ + 9)(7)9 ’ ( 471 Yy + 9§a)6 } Moreover, whenever

vo # 0 and for any 6 € N, the global convergence of solutions was also established. However, it should
be mentioned that the convergence rate was still unknown therein. For the case f(u) = As — us* with
A >0 and u > 0, the higher-dimensional boundedness problem with n > 3 has been shown in [11] in
the sense that if 8 = ¢, there exists 6y > 0 such that £ + yy < u6p.
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The signal production in the above literature discussed is usually linear. Recently, the system
involving nonlinear signal secretion mechanism has been widely studied. For instance, when f(s) <
s(A—us?) and the last two equations of (1.1) were replaced by 0 = Aw;—aw;+6v* and 0 = Aw,—yw,+6V/,
respectively, with 4, u, @, 3, 6,7y, 96, k,l > 0, Hong-Tian-Zheng [12] obtained the global well-posedness
of the system in the sense that kK < max{/, 6, %}. Moreover, when k = max{/, 6} > %, the same statement
still holds provided that if one of the following assumptions is true: (a) k = [ = 6, "";2 (¢ —yx) < s
b k=1>0a-yy <0;(c)k =0 > 1,“2af < p. Zhou-Li-Zhao [13] further obtained the
global boundedness under the corresponding critical cases: (a) k = [ = 6, %(af —vx) = u; (b)
k=1>0,af —yx=0,nk(nk—2)<4,0<k=10<1withn>2;(c)k=06>1["2af = u. Moreover,
the long-time behavior of solutions was also developed therein. As a further exploration of these, some
more generalized models, such as the attraction-repulsion chemotaxis model involving both production
and consumption (see [14, 15]) and the attraction-repulsion chemotaxis model with nonlinear diffusions
(see [16, 17]), have been considered and many colorful dynamical behaviors can be found therein.

When removing the repulsion mechanism in system (1.1), we get the Keller-Segel [18], which reads

(1.2)

Vvi=Av—=¢V-(Vw)) + f(v), x€Q, t>0,
™wy = Awy + g(v, wy), xeQ, t>0.

If f(v) = 0 and g(v, w;) satisfies —w; < g(v,w;) < Kv* —w; with K, @ > 0, then the global solvability
with 7 = 1 established by Liu and Tao [19] can be ensured by the condition 0 < « < % Moreover,
assuming that f(v) = 0 and the second equation has taken the form of 0 = Aw; — ﬁ fQ Ve + V¢ with
k > 0, Winkler [20] proved that if the number « > %, then the classical solutions would be unbounded in
finite time in radial setting; otherwise, if « < %, the solutions remain bounded in Q X (0, c0). For more
studies on (1.2) and its variants, we refer the reader to [21-24] for more details.

In the attraction-repulsion model and Keller-Segel model mentioned above, the attraction and
repulsion signals are produced by cell itself, directly. In the realistic environment, the secretion of signal
substance may undergo some complicated processes. Attraction or repulsion signals may not come
directly from the cell, but rather be secreted by another signal substance. The phenomenon may be
formulated by the following system:

(1.3)

vi=Av—=V-OVw)) + f(v), xeQ, >0,
W1, = Awp —wy + wa, Twy = Aws —wy + v, xeQ, t>0,

where w, stands for the indirect signal concentration. Suppose that f(s) = o(s — s) for all s > 0 with
0,7y > 0. Zhang-Niu-Liu [25] obtained global well-posedness of the system with 7 = 1 provided that
y>i+ % with n > 2. Later on, the similar statement was also discussed on some more generalized
systems involving nonlinear diffusions in [26]. Ren [27] discussed the global generalized solvability
of system (1.3) when the initial data satisfied some appropriate regularity conditions. In addition, the
convergence of generalized solutions was also discussed therein. For system (1.3) with 7 = 0, Li and
Li [28] explored the global well-posedness for a quasi-linear system and also explored the limit behavior
of the homogeneous steady state.

The existing studies implied that the indirect signal is typically represented by a linear function of
cell density. It is rare to see that attraction or repulsion mechanisms are both indirect and nonlinear
in a chemotaxis model. Based on the complexity of signal production, including nonlinear indirect

Communications in Analysis and Mechanics Volume 16, Issue 4, 813-835.



816

mechanisms of signals in a chemotaxis model may be more realistic. In [29] we have studied the global
well-posedness for a nonlinear indirect parabolic-parabolic-elliptic system. In addition, more recently,
the authors in [30] further extended this work to study the parabolic-parabolic-elliptic-elliptic system

Vi = Av =&V - (Ww)) + xV - (W), xeQ, >0,
w=Aw;—w+w, 0=Aw—-w+v2, xeQ, t>0, (1.4)
0=Aw, —wy + V', xeQ, t>0,

where the parameters satisfy &, y, k1, k2, k3 > 0. The authors explored the global existence of classical
solutions in the sense that k 1k, < max{2, k3} and 1k, = max{2, 3} therein. From the point of reality,
considering the proliferation and death of the cell population is natural. Moreover, the existing results
also imply that a chemotaxis model involving logistic damping may have more diverse dynamic
properties. Thus, in this paper, we continue to consider the system (1.4) with logistic term as follows:

Vi=Av=EV-(0Vw) +xV-(0Vw) + v — v,  xeQ, t>0,
wi = Awp —wi + W, 0= Aw — w + V2, xeQ, t>0, (1.5)

0=Awp; —wy + V4, xeQ, t>0,

with 2 = 91 = 9 = 9% = () on JQ and initial data v(x, 0) = vo(x), w;(x,0) = wi(x), where Q is a
bounded smooth domain of R"(n > 1), v is the normal vector of d€2, and the parameters are A, u, &, x, k1,
K2, k3 > 0, and k > 1. Our purpose is to obtain the effects of random diffusion, attraction, and repulsion
mechanisms as well as logistic damping on the dynamical behavior of solutions.

The first conclusion of the paper is given below.

Theorem 1.1. Assume that A, u, &, x, k1, k2, k3 > 0, and k > 1. Let vy € C’9(5) with 0 < 9 < 1 and
wio € WE(Q) be nonnegative.

(@) If kiky < max{%, K3,k — 1}, then the system (1.5) admits a classical solution (v, wy, w,w,) € (Co(ﬁ X
[0, 00)) N C>1( QX (0, 00)))* x (C*0(Qx (0, oo)))zfulﬁlling IV(, Do) + Wi, Dllwreo) + W, Dllwreq) +
w2 (-, Dllwrs) < C, where C > 0 is a constant independent of t.

(ii) Let M, = max{fQ Vo, (ﬁ)ﬁ|g|}, When kiky = max{%, K3,k — 1}, then there exist my,my, m3 > 0 such
that if one of the following assumptions is satisfied:

(a) kiky = 2

_2

= =3 = k — L with My or § small, or x or u large satisfying mi& < myM," + mzy + y;
_2

(b) kiky = 2 =k — 1 > k3 with & or My small, or u large satisfying m & < moM," + u;

(c) Kikp =Kk3 =Kk—1> % with y or u large, or € small satisfying mi& < mzy + u;

_2
(d) kiky = 2 = k3 > k — | with & or My small, or y large satisfying m;& < myM," + msy;

n_

(e) Kiky = K3 > max{%, k — 1} with € small, or y large satisfying m& < mzy;
(f) kKikp =k—1> max{%, K3} with € small, or u large satisfying m& < u;

_2
(g) Kika = % > max{ks, k — 1} with & or My small satisfying mé < myM,",

then t}ie system (1.5) possesses a classical solution (v, wy, w,w;) € (COQX[0, 20))NCH(QAX (0, 00)))? X
(CH(Q % (0, 00)))? satisfying ||v(-, Dllz=@) + w1 ¢, Dllwre@) +IwC, Dllwres@) + w2, Dllwrs) < C, where
C > 0 is a constant independent of t.
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The results in Theorem 1.1 (i) show that apart from attraction mechanism, the remaining terms
including random diffusion and repulsion mechanism as well as logistic source are beneficial to the
global boundedness. Theorem 1.1 (ii) tells us that under the balance case with k1« = max{%, K3, kK — 1},
the global boundedness can be controlled by the sizes of the initial data vy and the coeflicients &, y, u.
Compared to the boundedness results established in [12,31], since we consider the nonlinear and indirect
attraction-signal mechanism in this paper, the boundedness results here seem to be more generalized.
Compared to [30], due to considering the logistic source, the boundedness results achieved here are
more complicated. It should be pointed out that since nonlinear indirect mechanisms involve parabolic
equations in system (1.5), we cannot get the explicit coefficient relationships as in [12], but it also
indirectly reflects the importance of coeflicients in system (1.5). Moreover, compared to the previous
studies in [2,4], our boundedness results remove the restriction on spatial dimension.

In the following, we study the long-time behavior to a specific form of chemotaxis system (1.5)
(namely, k =0 + 1,k; = 1, and k, = k3 = 6 with 6 > 0)

vi=Av—EV - (VW) +xV - (0Vwo) +v(d — w?), x€Q, t>0,
Wi =Aw; —wi +w, 0=Aw —w +1°, xeQ, t>0, (1.6)
0=Aw, —w, +1°, xeQ, t>0.

It is not difficult to check that if 6 > % and the coeflicients and initial data v, satisfy conditions as in
Theorem 1.1 (ii) (a) or (c), then the system (1.6) is globally well-posed. In order to better state the
convergence results to system (1.6), we make the following assumption:

0<v(x,t) <R, (x,1)€Qx]I0,c0), (1.7)

where R > 0 is independent of parameters of (1.6).
Thus, the second result is stated as follows.

Theorem 1.2. Let Q be a bounded smooth domain of R"(n > 1) and the parameters satisfy A, u, &, x, 6 >
0. Assume that vy € C*(Q) with 0 < ¥ < 1 and wiy € W' (Q) are nonnegative. If § > % and p > 0 with

p> A5+ ), 5 €(0,1],

s_1\RO 2 s_1)2 R20 2 2
%(52‘*‘%)‘*\/%(52‘*%)2‘*2)(52‘*%)

l.l> 2 9 56(1’00)’

such that

2 @
61:min{,u—(%+— A ﬂ}>O

2°u 4
Ax? 26— DR’ 3N
6 =min{u— N, — L+X( ) ), 2 >0,
8u 8 4

withn = (ﬁ)é,Nl = ”—gz,Nz = ‘%2 [ﬁ + (6 — l)R‘S] , and R > 0 defined in (1.7), then there exist C > 0
sufficiently large and T > 0 such that

and

Ve, D) =l HIwi(, 1) = p¥lie@) + W, 1) = 7¥l=@)
Ce™™1 0€(0,1], (1.8)

Hwa (-, 1) = 17l z=) <
Ce ™', §e(l,o00),
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forallt>T, where

o
py = 1 (1.9)

- (n+2) max{éin&, %}

and
02

 (n+2)max(L, 2}

o (1.10)

In Theorem 1.2, we have extended the convergence results established in [32, Theorem 3.3] and [13,
Theorem 1.2]. In fact, compared to [32], our model is more generalized and we have to modify the
methods developed in [32] to overcome the difficulties generated by dealing with the nonlinear indirect
mechanism (please see the proof in Lemma 4.2). Compared to [13, Theorem 1.2], we have obtained a
relatively accurate convergence rate, which can be formally expressed by the parameters of the system.

The remaining parts of this paper are carried out as follows. In Sect. 2, we first establish a
result involving the local solvability and then give some basic properties. In Sect. 3, we first prove
L”—boundedness for v and then obtain L*—boundedness of v by the method of Moser iteration. In Sect.
4, we study a special case of the system (1.5) and analyze the convergence of the corresponding classical
solutions.

2. Preliminaries

This section is dedicated to a series of preparatory work. To this end, some basic properties on
solutions are necessary and the related proofs can be referred to corresponding references.

Lemma 2.1. Assume that the conditions in Theorem 1.1 hold. Then, for any nonnegative vy € C?(Q)
with 0 < 9 < 1 and wyy € W'°(Q), there exist Tpay € (0, 0] and nonnegative functions (v, wi, w, w,)

satisfying
(v, w1, W, w2) € (COQ X [0, Tipax)) N C*'(Q X (0, Tinax)))* X (C*(Q X (0, Tna))’
which solve the system (1.5) classically in Q X (0, Tyax). Furthermore, if Tyax < 00, we have

lim supliv(-, )l = oo. 2.1)
t/leﬂX

Proof. The proof is quite standard in the framework of the fixed point argument. The reader can refer
to [33, 34] for more details.

Lemma 2.2. (¢f. [12, Lemma 2.2]) For any n; > 0,7; > 1 with i = 1,2, the following properties of
solutions hold:

fw;‘ <m f Ve + ¢y and fw“ < nzfv’(m + ¢y forallt € (0, Thax), (2.2)
Q Q Q Q

where ky,k3 > 0 is given in system (1.5), and cy,c; > 0 depend only on k3,1,,7; and k3,12, T2,
respectively. Additionally, there holds

fvﬁmax{fvo,(/—l)“ |Q|} = My 1€ (0, Ty 2.3)
Q Q M
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Lemma 2.3. (c¢f. [35, Lemma 2.5]) For k, > 0, assume that w fulfills

wiy = Awp +w —w;, xeQ, t>0,

B =, x€edQ, t>0, (2.4)
wi(x, 0) = wip(x), x€Q.

Then, for all wiy € W>'(Q) with %L’jg =0andw € L'((0,T); L"(Q)) with r € (1, ), the equation (2.4)
admits a unique solution satisfying

wy € W0, T); L'(Q)) N L"((0, T); W' (Q)). (2.5)

Furthermore, we can find C, > 0 and sy € [0, T) with T € (0, o] such that if wi(-, so) € W>"(Q) with

Burlso))e, = 0, there holds

T T
[ [emmrse [ [ewnscemime ol < lame ol 26
S0 Q S0 Q

3. Global existence and uniform boundedness

In this section, we shall illustrate the L*—boundedness of v by employing the maximum Sobolev
regularity argument and the Moser iteration. For this purpose, we give some local properties of solutions.
Let 5o € (0, Tmax) With 5o < 1. Due to Lemma 2.1, we know that v(-, s¢), w1 (-, so) € C*(Q) with

aw]a(”s‘)) = %s0)| — (), Hence, we can find M; > 0 such that
% o0Q v

0Q

{ SUPg< <y, IVCS o) < M1, supgc ey W1 M=) < M, a.1)

AW, (-, so)llzo() < M.

Lemma 3.1. Let Q be a bounded smooth domain of R'(n > 1) and the parameters fulfill

LU, E X, K K2, k3 > 0,k > 1. Assume that the conditions in Theorem 1.1 hold. Then, for any
p > max{l, k; — k1K, }, there exists C > 0 such that

fvp <C, t€(0, Thax)- (3.2)
Q

Proof. Multiplying v*~! on both sides of (1.5) for any p > 1, we infer that

1d 4p-1 P
v vp:_Lz)f|v\;z|2+g(p—1)fv”‘1Vv-Vw1
p Q Q

pdt Jo
—/\((p—1)fv\/”_1Vv-sz+/lfvv‘”—,usv"’”_1 (3.3)
Q Q Q

for all ¢ € (0, Tax). For some ¢, > 0, in light of the Gagliardo-Nirenberg inequality, we conclude

2Aptd) L2(Q)

5 , 20+d) , 2R 2R _) , 2D
f v =V, <l R T ey (3.4)
Q L @) LP(Q) LP(
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.17 14

for all 7 € (0, Tinay), where 6 = 1=
(2.3) that

:\I\)

€ (0, 1). Clearly, we see that 2= . 9 = 1. Thus, we infer from

N\—‘

1_
n

N

2
f W< MV + ML, 1€ (0, Ty (3.5)
Q

A simple calculation can yield

E&p-1)
P

fp—1) f W1V Vi, < f VAW, 1€ (0, Tos). (3.6)
Q Q

Similarly, for the equation of w; in system (1.5), we know

—)((p—l)fvp 1Yy . Vi X(p_l)f x(p—l)fv,,m’ 1€, Tow).  (37)
Q

For any £, > 0, it is not difficult to deduce from Young’s inequality that

PHK1KD

1 - 1 K1K; D+K
&(p - )f V|Aw,| < & fvp+K1K2 te " (f(P )) 1" f|AW1|[W2 , 1€ (0, Tom)- (3.8)
p

For any &, > 0, we conclude that by invoking Young’s inequality again,

p+k3
-1 % -\ s i
MIVPWQS ﬂfvp‘“@_l_(g) 3 (M) } fwzks , lE(O, Tmax)- (39)
p Q 2 Jo 2 p Q

Recalling Lemma 2.2, there holds

PtK3

K _ l p+K3
( > ) ’ (X(p )) fW2K3 < {;2 f\/p+K3 +cp, T E (0 Tmax) (310)
p Q
1+2 | _Pbtk3
where n; = (‘”) “ (’%) “ . Collecting (3.3) and (3.5)—(3.10), one may get
ldi v < — —4(p — 12) vp+% + & fvl’ﬂqkz + £ ~%a (f(p - 1)) v f|AW1|p:ﬂ2K2
pat Jo p2e,M] Q p Q
-1
+ (.92 - M) f PP afvp —u f W b es 1€ (0, Tha)s  (3.11)
p Q Q Q
where ¢3 = ¢ (822) 5 (X(p 1)) %M{)’ . We first add % fg v? and then multiply e on the

both sides of (3.11) to derive

d Pk | 4 -1 K| Ky 5 PHK| Ky
d_[e k1K) [_ vl’:l S _ (p—z) . e Kk 4 vp+ﬁ + g -e KK ! VP+K1K2
! P Ja preM; Q Q

_L — 1 K1 K p+K1K2 p+KlK2
+ & e (é:(p ) B K1 f |Awq|
p
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- 1 PHK1K2 DKk
+ (82 — M G ! Vp+K3 —U-e K1k ! Vp+K_1
p Q Q

+ Kl KZ PHK k) pHK{K)
+ (/1 + p—) T ’fvf’ teyoe ) 1€ (0, Tow). (3.12)
Q

PKiK2

Integrating (3.12) from s to ¢, we infer that

lfvp <- 4(]9— 1) 1’:;1;2(1 c)fvari + e fte 1}2;2;2(1 v)fvp+K1K2
P Ja p2c; M” Q Q
e .(€<Pp— 1>) f el e
4&4ﬁ:2)[6ﬁwofwm_ﬂfemﬂwfwwl
p 50 o)
+ (/l + %)[ TG S)f +cay 1€ (50, Tonax)s (3.13)
kY Q

where ¢, = 2 1—17 fQ VP (-, 5p). Setting r = 222 > ] in Lemma 2.3, one may get from (2.6) that

t '
_ Ptk PHK1 KD _ PtKiK DPHK KD
f e T 07 S)f|AW1| 152 Scrf ax (7 S)fw )
50 Q 50 Q

l p+K1K2
—_—= 50) K1 K:
+Cre im0 w1 soll 20 s 1 € (505 Tinax)- (3.14)
W' K1k2
Based on Lemma 2.2 with 7, = 225122 +K‘ 2 > 1, we derive that
PHKIKY ok
w2 < Ve 4 ¢, L€ (S(), Tmax)- (315)
Q Q

Substituting (3.14) and (3.15) into (3.13), we see

lfvf’s 4(p—1) p:fgz(t S)fvp+ﬁ+f(81)f e S)fv’”’""z
P Jao Q 50 Q

p C Mn
D+ KK ' IR () x(p—1) ”*"1“2@ 5)
+A+ e “ix v+ leg ———= K163 prres
PKiK2 S0 Q p 50 Q
!
p+KlK2
_ﬂf g (79 f v 4 oes 1€ (50, Tonax)s (3.16)
k) Q
where
Ep—D\wn 2
fle) =& + Cﬂh( ) £ s
p
and
-1 ”Zfif - K1K» -1 p:fif i p:K;KZ
es = ¢ (SED) T g () ) g +
p p + K]K2 p Wz' K1 K)

Communications in Analysis and Mechanics Volume 16, Issue 4, 813-835.



822

K1%2

It is not hard to see that f(e;) gets the minimum value at g = (%)WIK2 422D hamely,
_K1%2
}" D+K1 K- + — 1
1K2

K2
where m; = ( K’l'fzp )mm % Hence, letting £ = ( K’I”KZZP )P*Kl“z S(p D in (3.16), one can arrive at

1 4p-1 e e
1 W< — (p ) Klizz(t s) vp+% n ml‘f Kllzz( —s) PPk
p Q p czM"‘ Q S0 Q
+ KKy _PHK1K -1 _PtKik
+ (/l + p—)f e “1x (t=9) f Vp + (82 _ /M)f e tk (t=s) f vP+K3
PKiK> 50 Q p 50 Q

! _ PRk
—uf = S)f"m_l +cs, 1€ (50, Tmax)- (3.18)
50 Q

In the following, the proof of inequality (3.2) is divided into two different cases.
Case (i) k1, < max{Z, k3, k — 1}.
Let k1k; < k3. From Young’s inequality, there holds

_ PHKiK) — 1 _ PRIk
mlff e S)fv””l"z < M\[ a7 S)fv“"3 + 6, 1€ (50, Trmax)s (3.19)
S0 Q 2p S0 Q

_ )c(p

where ¢ > 0. Setting &, = ) in (3.18), one may obtain

1 + KK N als Lo _PHKIK
1 f vps(ﬂ po lz)f et f v - f = V)f Wl be (320)
P Ja PK1K2 s Q

for all ¢ € (59, Tmax) and ¢7 = ¢5 + ¢ > 0. Combining Young’s inequality and (3.1), for « > 1, (3.2) can
be inferred.
Let k1x; < % Invoking Young’s inequality, we can find cg > 0 such that

I ALT) 4p-1 _PKiK 2
mlgf e S>f prar  HP =D ) oaG S)fvp+n+08, £ € (50, Tonas)- (3.21)
S0 Q p C Mn Q

Combining (3.21) and (3.18), and setting &, = X(” D in (3.18), we see

1 + KK _pas _pHak
_fvp S(/l u)f w07 s)fvp f a9 f VPl g e, (3.22)
P Ja PK1K2 s Q

where ¢g = ¢5 + cg > 0. Due to (3.1), we can infer (3.2) from Young’s inequality.
Let k1k; < k — 1. Invoking Young’s inequality, one may deduce

[)-H(ll(z( — ) /1 ! _ PRIk (l‘— ) 1
ml'f K1K2 pPrake < L e fik pPrel 4 C1o (323)
S0 Q 2 S0 Q
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for all £ € (o, Tmax) and c19 > 0. Collecting (3.18) and (3.23), and setting &, = X&) i

1 + K1Kp _PHKiK _ Pk _
— | <fas BEEE2 i (1) R m (=) Raeat (3.24)
P Ja PKiK> 50

for all ¢ € (59, Tmax)> €11 = €5 + c19 > 0,k > 1. Thus, by applying Young’s inequality and (3.1), it is not
hard to obtain (3.2).

Case (ii) k1k = max{%,/g,K — 1.

Set m, = pp 21)

1 ]7+K1 Kk ]7+;<1 KD oo
Vp < - sz K1k (t=s) vp+n + mlé‘: X152 (=3) vp+/<1/<2
p
+ K1K ]7+Klk2 [)+K1K2
+(/l+ pTh 2)[ ¢ A 07 )fv”+(82—m3)()f e 0~ 5)fvp+xa
pKlK2 S0 Q 50 Q

!
p+K1K2
_ﬂf " - f Vp+K_1 t+cs, TE (S(), Tmax)- (325)
S0 Q

in (3.18), we get

and mz = 2! Thus, we rewrite the inequality (3.18) as

(a) Let kjxp = % = k3 = k — 1. Then, the inequality (3.25) turns into

1 -2 2990 [ e
— | V' (=maM," —msy +mié + & — p) EE) pPHes
P Ja 50 Q

S ST AN ALC
+ (/l + P ! z)f e Kl'iZZ(t )fvp +cs5, T€ (SO’ Tmax)- (326)
PK1K2 50 Q

) _2
If m& < myM," +mszx +u, we may take &, > 0 sufficiently small such that —m, M, " —may+mE+e,—p <
0. Thus, applying Young’s inequality to (3.26), one can obtain the desired result (3.2).

(b) Let kikr = % =k — 1 > k3. Setting &, = =% in (3.25), we can get

1 _2 D+K1 K _
! f V< (—maMy " + g — o) f B2 - f W e 1€ (s Tan)y  (327)
P Ja S0 Q

_2
with ¢y > 0. Thus, if m & < moM," + u, we can obtain (3.2), directly.
(¢c)Letkikp =k3=k—1> % Thanks to Young’s inequality, we conclude from (3.25) that

1 +K1 K _
- f V< (&) — may + M€ — 1) f ) f VP 4 eis 1€ (50, Tonan)s (3.28)
P Ja 50 Q

with cj3 > 0. If m&é < msy + u, we may choose &, small enough such that &, — msy + m;é —u < 0.
Thus, the result (3.2) is concluded.
(d) Let k10 = k3 = % > k — 1. The Young inequality enables us to deduce from (3.25) that

_PHKIK)

1 -2 _
- f vp < (_mZMO "+ mlé: + &) — m3)()f 12 (= fvp+l(3 + Cl4, re (SO’ Tmax)7 (329)
P Ja 50 Q
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_2 _2
with ¢4 > 0. If mi& < myM)" + m3y, we may take &, small enough such that —m, M) " +mE+ey—mzy <
0. Hence, we can deduce the desired result (3.2).

(e) Let k1kp = k3 > max{%, k — 1}. Using the same method, it can be deduced from (3.25) that

1 +K1 K s
—jxwﬁ(m£+82—muﬁj\ Rt 1[V““+Cw,t€UmeQ, (3.30)
P Ja 50 Q

where c¢;5 > 0. If m & < m3y, we may choose &, small enough such that m & + &, — m3y < 0. Thus, it is
not difficult to obtain (3.2) from (3.30).
) Letkiko =x—1> max{ k3}. Taking &, = m3y in (3.25), we see that

fW<m@;qf W?”IWWHﬂ@zammm, (3.31)

with some ¢ > 0. If m;& < u, we can obtain (3.2).
(g) Let k1k = % > max{kz, k — 1}. Setting &, = mzy in (3.25), we can derive that

1 -2 - 1) 2
— | VS (=mM;" + mé&) B VPt ci7, t € (80, Tmax), (3.32)
P Jo 50 Q

_2
with some cy7; > 0. If m;& < myM, ", we can conclude that 117 fQ vP < ¢17. Thus, combining with (3.1),
we can get the desired result (3.2).

Now, we are in a position to prove Theorem 1.1.

The proof of Theorem 1.1 Let the parameters fulfill A, u, &, x, k1, k2, k3 > 0, and « > 1. For any
p > max{l, nky, nk3, k» — K1k}, using Lemma 3.1 and the elliptic L”—estimate, it can be concluded
form the equations of w and w, in system (1.5) that ||w(-, t)”Wl%(g) < c1g and |[wo (-, )| wE @ < ci9
for all ¢ € (0, Tihax), With some cyg, 19 > 0. Invoking the Sobolev imbedding argument, it is sufficient
to find ¢y9 > 0 such that [|[w(-, D)|lwreq), W2 (-, Dllwre) < 20 for all £ € (0, Thay). With an application
of the parabolic regularity, it is not difficult to deduce from the second equation in system (1.5) that
[wi(:, Dllwro) < ¢21 for all £ € (0, Thax), With ¢ > 0. By applying Moser iteration [22] and recalling
Lemma 3.1, we can find ¢, > 0 such that

”V(" t)”L"" < Cp, L€ (O’ Tmax)-

Hence, we can obtain T}, = oo from Lemma 2.1. Thus, the proof of the Theorem 1.1 is finished.
4. Global asymptotic stability for a special model of system (1.5)

For this part, we are going to study the global convergence of solutions to the following system:

Ve = Av = EV - (WVw) + XV - 0Vwy) +v(A — ), x€Q, t>0,
wi=Aw; —wi+w, 0=Aw —w +1°, xeQ, >0,
0=Aw, —w, +1°, xeQ, t>0, “.1)
oo Buo o dn ), X€0Q, >0,
v(x,0) = vo(x), wi(x,0) = wip(x), xeQ, t>0.
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The system (4.1) can be seen as a special case of system (1.5) withk =6 + 1,k = 1,k = k3 = 9 for
0>0.If6 > % and the coefficients and initial data v, satisfy the conditions in Theorem 1.1 (ii) (a) or (c),
then the system (4.1) possesses a global classical solution. In addition, the solution is bounded, namely,
we can find a constant R > 0 satisfying

0<v(x,)) <R, (x,1)€Qx]I0,c0), (4.2)

where R is independent of the parameters of the system (4.1).
We recall an important lemma established in [36].

Lemma 4.1. (¢f. [36, Lemma 3.1]) Let f(t) > 0 be a uniformly continuous function satisfying
ft:o f(Hdt < co with some ty > 0. Thus, we infer that

f(t) >0 ast— oo. 4.3)

To develop the long-time behavior of solutions, the following L?>—convergence of solutions seems to
be necessary.

Lemma 4.2. Let A, u,&,x,0 > 0.1f6 > % and the coefficients and initial value v satisfy conditions as
in Theorem 1.1 (ii) (a) or (c), then there holds

A
f(v—n)2 + f(wl -°) + f(w— ) + f(w2 -1°)? >0 ast— oo, withn = (=)s.  (4.4)
Q Q Q Q H
Proof. Letting 6 € (0, 1], we establish the energy functional as below
&n

\% N /7. 1
A(t):fv—n—nln(—)+—1(wl—n‘5)2, n=(-), Ni=>, t>0. 4.5)
o no2 H 2

In fact, (v,wy) = (1,7") is a global minimum value point of A(#). We thus infer that A(r) > O for all
t > 0. We take derivative to deduce

d V-
d_A(t) :f an + N, f(Wl - UK)Wlt
t Q V Q

= f Y ; n[Av —&V-(vVw) + XV - (vVWwy) +v(A - llvé)] + N f(Wl =) (Aw; = wy +w)
o Q

[Vv|? Vv-Vw Vv-Vw
=—77f > +n§f—l—n)(f—2—uf(v—n)(vé—n‘s)
o V Q 1% Q v Q
Y f Vil = N, f (wy — 1) + N, f (w1 = 1) — 1)
Q Q Q
2 3N
SnifIszlz—ﬂf(V—n)(Vé—Ué)——lf(w1—775)2+N1 f(w—né)z- (4.6)
2 Q Q 4 Q Q

Testing the equation of w in (4.1) with w — n°, we get

f VwP* = - f(w -’ + f(w =)0 = 1), 4.7
Q Q Q
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By direct calculation, it can be concluded that

2N, f IVw]> < =N, f w—-1°)?+ N, f o° —1°). (4.8)
Q Q Q

Combining (4.8) and (4.6), there holds

—A<r><— f IVws|* — f -0’ —n5>—— f (w; = 1°)* + N f 0 =) (4.9)
Q

Testing the equation of w5 in (4.1) with w, — 77°, one may deduce

f Vwal? = - f (wy = 1) + f (w2 = )0 = 1. (4.10)
Q Q Q
Substituting (4.10) into (4.9), we can infer that
A(t)<——f( n°)? +—f(Wz—né)(vd—nd)—ufg(v—n)(vd—né)
3N1f(wl P2+ N, f(v
3N
< —+N1)f(v ﬂf(v—n)(vé—n‘s)—Tlf(wl—77‘5)2- (4.11)
Q Q

Since 6§ € (0, 1], we thus deduce that

0 =) <"l v =m0’ = 1). (4.12)

f( -mO° =n’) - f( =)
3N
= Ju- &+ 52 (-t - - 2 f 01 -

_ s, f(v—n)(v —n)+f<wl—n> , .13)
Q Q

Thus, from (4.12), we can rewrite (4.11) as

d
SAw < [u (—+N)rf1

where §; = min {,u - ()‘ )ﬂ %N‘} and N; = % is defined in (4.5). For any t, > 0, we can get by
integrating (4.13) from ¢, to t that

A1) — A1) < —&[f f(v -0’ =)+ f f(W1 - 776)2]' (4.14)
fh JQ fh JQ

The nonnegativity of d; can be guaranteed by u > \/(%2 + ‘%)/l Since A(?) > 0, we thus have

ff(v—n)(v —77)+ff(w Y < A(t‘)) < 0. (4.15)

Communications in Analysis and Mechanics Volume 16, Issue 4, 813-835.



827

Owing to Theorem 1.1, it is not difficult to obtain the boundedness of the solution (v, w;, w, w;). Due to

the parabolic regularity argument [34], we can find € € (0, 1) and C > 0 such that

”(V Wi, W, WZ)” 2+51+2(Q><[tt+1]) S C t> 0

Thanks to (4.16), the uniform continuity and global boundedness of fQ(v -0’ — 1) + fQ(wl

are obvious. Recalling Lemma 4.1, thus there holds

f(V_U)(V(S_U(S)"‘f(Wl—775)2—>0 ast — oo.
Q Q

Using (4.12) again, we have

—_lf(vé—né)zsf(v—n)(v5—n5)—>o ast — co.
Q Q

From (4.7) and (4.10), we invoke Young’s inequality to deduce that

2 1 s 1 562
L|VW| S_EL(W_]]) +§L(V -1°)
1
f|VW2|<——f(W2—77)+ f(v n°)%.
Q

So, in light of (4.18), we conclude from (4.19) and (4.20) that

f(w—n‘s)zsf(v‘s—n‘s)Z—)O as t — oo

Q Q

f(Wz—U6)2 j‘(vé—n‘s)2 — 0 ast — oo.
Q

Define h(s) = 55, By means of the mean value theorem and (4.2), we find

and

and

1 1-6
v—n=h0’)—h@n’) = 5¢ 00 =),

with £ between R° and 1°. Therefore,

f(v—n)z SR 6)f(v5—n5)2 — 0 ast — oo,
Q

Thus, we can get (4.4) for 6 € (0, 1] by collecting (4.17), (4.21), (4.22), and (4.24).

For the case ¢ € (1, 00), we redefine the energy functional W(¢) as follows:

(5
W(t)zéﬂvé—f—fu—)] sz(wl—f)z, £>0
Q M Q M

(4.16)

_ n(s)z

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)
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where N, = "% [— + (60— 1)R5] . From the integrand of W(z), it is not difficult to see that W(¢) > 0O for all
t > 0. In light of (4.2), we conclude from Young’s inequality that

iW(t) f ! V; + N, f(Wl - g)wlt

(5-1)[ V2 Wy — f'vvl2+g(5—1) VI - Vi,

+ ffw—)((a 1>f WYy vwz_ﬁvav Vs

—,uf(v ——) _N2f|VW1| —sz(wl——) +sz(wl——)(w——)
’fszwﬂ +ﬂzif|sz| —(5—1)f V2V 4+ £ — 1)[ 1Yy . Y,

—X(é—l)f VIVY - Vwy — f(v——) —N2f|VW1| —%f( 1——)

+N2f(w——), 120, (4.26)
Q H

5_4

where N, = ‘% [ +(0— l)Ré] . Thus, there holds

d /1)(2 ) 0—1 sy 5 2 0—1 s F 2
EW(I) SZLWWﬂ —TL[W Vv—fszwl] -5 Q[vz VV+)(V2VW2]

2 _ )
+Mf|vmf—uf(v5—42 3f2f<wl—4> +sz(w—4)2
7 [
A (5—1R‘s 3N
(2)‘ X( ) f|Vw2| —,uf(v——) 2f(wl——)
u Q

+N2f(w——) (>0, (4.27)
Q H

where N, = ‘% [ + (6 — 1)R5] . Testing the equation of w in (4.1) with w — ﬁ, one may obtain

f IVw]?> = — f (w— 3)2 + f (w— 3)@5 - 3). (4.28)
Q Q M Q M 0
2 /1 2 ) /l 2
2N2f|Vw| < —sz(w— 9 +N2f(v - D)2 (4.29)
Q Q M Q M

Combining (4.29) and (4.27), there holds

d Ax? X (6— 1)R‘5
A0 <(2 Ylo— b f Vsl — f o —;)

3N2f( 1——> +Nf<v _Ayp
U
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Ay? 26— DR? A 3N A
(55 + S [ Wwaf -t [0 == 2 [omm R @30
2u 2 o o H 4 Jo M

Similarly, one may deduce

A A A
f [Vw,[* = — f (wy — =)* + f (wy = =) = ). (4.31)
Q Q M Q M H

Substituting (4.31) into (4.30), we can obtain from Young’s inequality

d A 25—1R5 A /l 2(6 = )RS A A
LW < - (X LA DR f(wZ——) A +X—( ) )f(wZ——><v5——)
dt 2 H 2 Q U H

3N
~(u~ Nz)f(v— )——zf(l——>
A (5—1R6 A 3N
(g( LAC-DR f( )—(u Nz)f i zf(l——>
11 4

_ B B /li )(((5—1)R6 2 3N2 _/_l
- (8# f( f(lﬂ>

A A
= [@=22= [on-2y] (4.32)
Q H Q H

)(((5 l)R ) 3N2

where 6, = min{u — N, — (% . Since

_ 5 2 _ 2 2
CDR (24 ) 4 (JELR (2 2y g 4 1)
2 b

u >

we have 9, > 0. We integrate (4.32) to get

W(t) — W(ty) < —6, [ f f (0 — 4)2+ f f (wy — ﬂ)2]. (4.33)
fh JQ M o JQ M

Due to W(r) > 0 and 6, > 0, we thus deduce from (4.33) that

fw f(vé— 2 fw f(wl e W) (4.34)
o JQ M tn JQ M 07

Using (4.16), we gain the uniform continuity and global boundedness of fQ(v‘s - ﬁ)z + fQ(wl - ﬁ 2 with
respect to t. Thus, it may be concluded from Lemma 4.1 that

A A
‘f(v‘S S f(wl - )Y 50 ast — oo. (4.35)
Q H Q H
Invoking Young’s inequality, we gain from (4.28) and (4.31) that
1 A 1 A
[t <=3 =504 50725 (436)
Q 2 Ja H 2 H
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and
1 Pl 1 P
f [V, > < —= f (wy — =)+ =(° = =) (4.37)
Q 2 Ja H 2 H
Thus, we get from (4.35) that
A Pl P
f(w——)2sf(w1——)2+(v5——)2—>0 ast — oo (4.38)
Q M Q M M
and
Pl A P
f(w2 -S)Y < f(w1 —SP 40 =52 50 ast - oo, (4.39)
Q H Q H M
Due to 6 > 1, we can find N; > 0 such that
(s = (H)7)’
N3 = sup ——— < 0. (4.40)

" 5 _ )2
s0e) (8% = £)

Hence, we can derive from (4.35) and (4.40) that

f(v ~ i< f o - <n, f<v5 BELC f(wl EELEIN (4.41)
Q M Q M Q M Q M

as t — oo. This clearly gets the desired result of Lemma 4.2.
Proof of Theorem 1.2 The Gagliardo-Nirenberg inequality [37] enables us to infer from (4.4),
(4.16), (4.24), and (4.41) that

A 1 A 1 % n+
llv(-, 1) — (l—l)ﬁlle(Q) < Conliv(, 1) - (—)5||3Vf,m(9)||v(',f) ( ) ||szQ)

< Cillv(, 1) - ( ol

L2(Q)

< CIV(, 1) - —||£§§Q) — 0 ast — oo, (4.42)

where C; > 0. For ¢ € (0, 1], with an aid of the L'Hospital rule, there holds

. —n1n(;) 1
v (V= n)(v5 - 775) 26m
We thus can find #; > 0 such that

A1
- =), (4.43)
u

1
4o 5(\/ =m0’ —1°) < a) < sl no’ =), 121, (4.44)
on’

where a(v) =v—-n—n ln(,—:). We get from the definition of A(¢) that

. 1 Nl o o 0\2
mm{w,j}[fg(v—n)(v _77)+L(W1 —n)]sA(t), 121, (4.45)
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and

A(t)smax{%,&}[f(v—n)(v‘s—17‘5)+f(w1 —né)z], t>1.
(57] 2 Q Q

According to (4.13) and (4.46), there holds

d 0
ZA() < - ! A, t>1,
di max {555, 5}
thus
—@(’_11)
A(t) < A(t)e o2 , 121,

where &, = min i — (% + £)2, 21} Due to (4.12), (4.42), (4.45), and (4.48), we get

200 4

_ 1
n+2
V(. 1) = 7llo@) < Ci f(V‘S - 776)2]
| JQ
_ 1

<c f 7 = P - n6)]
| JQ

1

n+2
7!
< C A(t)
min {L &}
45m0 2
s e W )
<C A(t)) (e ﬁYT} , 12>1.
mln{ 1 M }
IomP° 2
Similarly, for v, we can choose C, > 0 such that
o 41 _
o) o-1 ’ (n+2)max{% %}(t tl)
wi(, 1) = 7°ll=@) < Ca — 7 A o , 12t
min {W’ 7}
According to (4.38), (4.42), and (4.49), there exists C3 > 0 such that
L P
5—1 n+2 _71([_”)
) (n+2) max: L&%}
w(, 1) = °llz=@) < C3 _—IMA(II) o , 121
min {W’ 7}

-1 2 (1)
) (n+2)max{6%,71}

w2, ) = 1llei@) < Ca | ——— A(t) v L 1>,

min W, > }

|=

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)
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where C, > 0. If § € (1, ), it can be seen from the L"Hospital rule that

li i i ln(%) ! (4.53)
im = —. .
wa—n’ (wa —1°)? 2

We can find 7, > 0 such that

1 N
min{-—, —} f(vﬁ—n5)2+f(wl - | S W@, t> 1, (4.54)
4" 2 Q Q
and
l & 5 6\2 N
W(r) < max{ = } 0=+ | wi =1, t=>t. (4.55)
2 Q Q
Combining (4.32) and (4.55), there holds
—W(t)<—LW(t) t>t (4.56)
d - max{n—ld,%} e '
thus
—ﬁ(f—lz)
W) < W(ty)e " 772 , >0, 4.57)

where 6, = min{u — Ny — (4 + £E0E) 3} We can infer from (4.40), (4.54), and (4.57) that

[ n+2
VG, ) = nlle@ < Cs| | 0° =1° 2]

s
p—— G
(n+ )max{UT,T}

[ 2 -
< C5 —Nz}W(tZ)] e , > t, (458)

where Cs > 0. We can also get the same result for v :

1 n max J
1 (n+2) ("(5.2) L t> b, (459)

1 )
s n+2 —%(I—Q)
[wi(, 1) = 7°lle@) < Co

Ny
min{z5, ER

where C¢ > 0. Furthermore, for w and w,, we can deduce from (4.38), (4.39), (4.42), and (4.58) that

; 1 il i)
WG, D) =7l € C7 | ——F—F7W)| e r s 120 (4.60)
mln{m, =1
and
1
1 il e
b n+2) max{ =<, —=~
w2, ) = 7°lli) < Cs | — o Nz}W(lz) PR, 2, (4.61)
a2

where C7, Cg > 0. Finally, plugging ¢, and ¢, into (4.49)—(4.52) and (4.58)—(4.61), respectively, then
we can conclude the desired results in Theorem 1.2 by choosing C > 0 sufficiently large.
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