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Abstract: In this paper, we studied the existence of multiple normalized solutions to the following
Kirchhoff type equation:

- (asz + be fR3 |Vu|2dx) Au+V(x)u = uu+ f(u) inR3,
[ luPdx = me®,u € H'(R?),

where a, b, m > 0, £ is a small positive parameter, V is a nonnegative continuous function, f is a
continuous function with L?-subcritical growth and u € R will arise as a Lagrange multiplier. Under the
suitable assumptions on V and f, the existence of multiple normalized solutions was obtained by using
minimization techniques and the Lusternik-Schnirelmann theory. We pointed out that the number of
normalized solutions was related to the topological richness of the set where the potential V attained its
minimum value.
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1. Introduction

In 1883, Kirchhoff [1] first proposed the following time-dependent wave equation:

2 2
Ou dx)au 0 (1.1)
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as an extension of the classical D’ Alembert’s wave equations for the free vibration of elastic strings,
where u is the transverse displacement, p is the mass density, 4 is the cross-sectional area, L is the length,
E is Young’s modulus, and Py is the initial axial tension. The Kirchhoff equation (1.1) has attracted the
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attention of many researchers since Lions proposed an abstract functional analysis framework. Some
interesting results can be referenced, for example, in [2—4].
In the past several years, there have been a lot of interesting results for the following Kirchhoff type
problem:
{— (aa2 + be fR3 |Vu|2dx) Au+V(xu = f(u), xeR3, (1.2)
u € H'(R?).

Li and Ye [5] studied (1.2) with f(u) = |ul""'u, 2 < p < 5 under some suitable assumptions on V.
By employing a monotonicity trick and a new version of the global compactness lemma, they proved
a positive ground state solution. In [6], combining the nondegeneracy result and Lyapunov-Schmidt
reduction method, for £ > 0 sufficiently small, Li et al. [6] obtained the existence of solutions to problem
(1.2) with f(u) = [ulP~'u, p € (1,5). If V(x) and Af () +|ul*u are replaced by M(x) and f(u), respectively,
where A > 0 is a parameter, f is a continuous superlinear and subcritical nonlinearity. Using minimax
theorems and the Ljusternik-Schnirelmann theory, Wang et al. [7] proved that for 4 > 0 enough large
and & > 0 enough small, there exists a positive ground state solution, and they also verified the number
of positive solutions in connection with the topology of the set of the global minima of the potentials.

He and Zou considered the Kirchhoft equation (1.2) in [8] with f(u) satisfying the Ambrosetti-
Rabinowitz condition and V(x) satisfying

(V1) inf s V(x) < liminf)y,o V(x).

Through Ljusternik-Schnirelmann theory and minimax methods, He and Zou [8] first obtained the
abstract framework and some compactness properties of the functional associated to (1.2), then proved
the number of solutions with the topology of the set where V attains its minimum. Under general
conditions of f, the potential function V(x) is nonnegative and has k sets of local minima in R3. By
variational methods, Hu and Shuai [9] bear out the existence of multi-peak solutions to singularly
prturbed Kirchhoff problems (1.2). Besides, readers can find some interesting results about (1.2)
in [10-14] and the references therein.

In the past decade, normalized solutions, that is, solutions with the prescribed L? norm, to several
problems have been received plenty of attention. From the point of view of physics, this approach seems
to be more meaningful since it offers a better insight into the dynamical properties of the stationary
solutions, for example, stability or instability. Recently, the study on the normalized solutions to the
following Kirchhoff type equation involving an L? constraint:

{— (a +b fR3 IVVIde) Av + Av = [uP~%u, x € R?, (13)

fR3 vi’dx = m, ve H'(R?),

has also been the purpose of very active research, where a, b, m > 0 are the given constants, 1 € R
appears as a Lagrange multiplier, and p € (2, 6). It is clear that solutions to (1.3) correspond to critical
points of the functional ® : H'(R?) — R defined by

b 2
D) = = f \Vul*dx + f \Vuldx| - = f |uldx
2 R3 4 R3 P JRr3

constrained to the sphere
Swi={ue H'®) : lul = m}.
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Moreover, it is well-known that the study of (1.3) and the type of results one can expect depend on
p. In particular, the range of p determines whether the functional / is bounded from below on §,, and
impacts on the choice of the approaches to search for constrained critical points. Roughly speaking, in the
[?-subcritical case, i.e., pE (2 14) one may use a minimization on S ,, in order to obtain the existence of

a global minimizer; in the L?-supercritical case, i.e., p € (?, 6), I is unbounded from below on S, for
any m > 0 and more efforts are always needed. We refer the reader to [15-26] and references therein.

A strong motivation to study multiplicity and concentration of normalized solutions to some Kirchhoff
type equations mainly comes from the concentration phenomena for the following constrained singularly
perturbed nonlinear Schrédinger equation:

—&Av+ V(x)v = v+ f(v) in RV, (1.4)
fRN [VPdx = a*eN '
Setting u(x) = v(ex), equation (1.4) will become the following equivalent equation:
—Au+V(ex)u=Au+ f(u) inRY,
5 5 (1.5)
fRN lu|*dx = a*.

n [27], Alves and Thin supposed V satisfies the following conditions:
(V) Ve CRY,R)n L*(RY), V(0) = 0, and

0 = inf V(x) < hm 1nf V(x) =

xRN
and f € C'(R,R) satisfying the following assumptions:
(f1) fis odd and there are g € (2, 2+ 4) and a € (0, +o0) such that hm :flff)ll =a>0.

( fz) There exist constants ¢y, ¢, c3,¢4 > 0, and p € (2, 2+ ﬁ) such that

IF ()| < c1 +calslPt VseR and |f(s)| < c3+calslP?> VseR.

(f5) Thereis ¢, € (2, 2+ %) such that S{ZS_)I i

Alves and Thin [27] demonstrated the existence of multiple normalized solutions to the class of elliptic
problems (1.5) and the relation between the numbers of normalized solutions and the topology of the
set where the potential V attains its minimum value by minimization techniques and the Lusternik-
Schnirelmann category.

After that, Alves and Thin [28] studied the class of elliptic problems (1.4) by assuming the conditions
that V € C(R?,R) N L®(R?) satisfies

(AT) V(x) > 0 for all x € R? and there exists a bounded set A C R? such that

min V(x) < mm V(x),
xeA

and the nonlinearity f is a continuous function with an L2-subcritical growth and satisfies the following
assumptions:
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(f)) fis odd and lim,,o L% = @ > 0 for some g € (2,2 + %);

Isj70="

(f3) there are constants cj,c, > 0, and p € (2, 2+ %) such that
If() < c1 + sl Vs eR;

(f;) thereis g € [qo,2 + 4) such that f € ) is an increasing function of s on (0, +00).

Through minimization techniques, the Lusternik-Schnirelmann category, and the penalization method,
Alves and Thin [28] showed the existence of multiple normalized solutions to problem (1.4). Besides,
they also proved the concentration of solutions. We mention that the geometry (A7) considered in [27]
does imply that potential V has a global minimum. For other research results on (1.4), we refer readers
to [29-35] and the references therein.

To the best of our knowledge, so far few results on the existence and multiplicity of normalized
solutions are known to the singularly perturbed Kirchhoff problems involving an L? constraint. Inspired
by Alves and Thin [27], we are interested in investigating the multiplicity and concentration of solutions
to the following Kirchhoff type equation with L2-constraint:

— ((182 + be fR3 Ilezdx) Aw + V(X)w = uw + f(w) inR3, (L.6)
fR3 w|?dx = me3,w € H'(R?), '

where a,b,m,e > 0, u is an unknown parameter that appears as a Lagrange multiplier, and
V € CR3*R) N L*(R?) satisfies (V) and V(x) = V(|x|). In the following, we will suppose that
the nonlinearity f satisfies the L?>-subcritical growth assumptions. More precisely, we introduce the
following assumptions:

(f) f € C(R,R), lim,_o L2 = 0;

(f) limsupy ., L% = 0;

(f3) there exists g“ qt 0 such that F({) > 0;
(fy) lim 1nfs_>0 ” l,o/g = 400;

Fi
(f;) limsup,_, " lfgg < 400,

We would like to point out that in [36], under the so-called Berestycki-Lions type mass subcritical
growth conditions assumptions: (f3) and

(HS1) f € C(R,R), lim,_,g &2 = 0, and lim sup,,.,, L2 < oo;

I
(HS,) limsup, lt%? <0,

which are weaker than (f)) and (f>), if f satisfies (f4) or (f;), for given mass m > 0, Hu and Sun studied
the existence and nonexistence of constrained minimizers of the energy functional

2
Iu) =2 f Vulde+ D f VulP dx| — f Fu)dx
2 R3 4 R3 R3

onsS,, {u e H'RY) : ||u||2 = m} where a, b > 0. They also established the relationship between the
normalized ground state solutions and the ground state to the action functional /(u) — %llull%.
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To illustrate our results, we provide some notations. Define
M={xeR: V(x)=0}

and
M; = {x e R? : dist(x, M) < 6},

where ¢ > 0 and dist(x, M) denotes the usual distance in R? between x and M.
Now we state our main result.

Theorem 1.1. Suppose that f is odd and satisfies the conditions (f,) — (f3) and V € C(R3,R) N L*(R?)
satisfies (V) and V(x) = V(|x]). If (f3) holds, we set m > 0. If (f;) holds, we assume m > m* for some
m* > 0. Then, for each 6 > 0 small enough, the following properties holds:

(1) There exist &y > 0 and ©,, > 0 such that for 0 < € < gy and ||Vl < O,,, (1.6) admits at least
caty,(M) couples (uj,it;) € H!(R?) X R of weak solutions with fR3 lu;l*dx = me* and u; < 0.
(2) Let u, denote one of these solutions and &, is the global maximum of |u,|, then

lim V(&) = 0.

Remark 1.1. (i) As in [37], if Y is a closed subset of a topological space X, the Lusternik-Schnirelmann
category catx(Y) is the least number of closed and contractible sets in X which cover Y. If X =Y, we
use the notation cat(X).

(ii) It is worth mentioning that our assumptions are much weaker than [27] and we do not need the
monotonicity condition (]7;), which plays a crucial role in verifying the compactness of the Palais-Smale
sequences. However, due to the existence of nonlocal term, the arguments to prove the compactness
of certain bounded Palais-Smale sequences in [27] cannot be used directly even if the monotonicity
condition holds. To overcome this difficulty, in the present paper, we work in the radial subspace of
H'(R?) and more subtle analyses are required. It is an open question whether problem (1.6) admits
a solution without the radially symmetric assumption on V. Moreover, it is interesting to study the
existence and concentration phenomena of solutions under the local assumption (AT).

(iii) Due to the existence of the nonlocal term, in contrast to the mass constrained nonlinear
Schrodinger equations in [27], the behavior of f near 0 for the Kirchhoff type equation depends heavily
on the growth rate % and not the mass critical exponent 13—4. Thus, in the present paper, we discuss the
two different cases (f4) and (f;) separately.

To begin with, in order to prove our Theorem 1.1, we set u(x) = w(ex), and equation (1.6) is
equivalent to the following equation:

{_ (a4 6 fo IVuldc) du + Viexu = e+ fG0) in B, (1.7)

fos lulPdx = m.

We also show the energy functional:

b Pl
L) == f \VulPdx + - f Vul*dx) + f V(ex)luldx - f F(x)dx,
2 R3 4 R3 2 R3 R3
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where F(f) = fot f(s)ds. In addition, we denote by Iy, I, : H'(R?) — R the following functionals

b 2
Iw == | VuPdx+= f Vuldx) - f F(u)dx,
2 R3 4 R3 R3

b S|
Io(u) = g f 3 |Vu|2dx+z( f |Vu|2dx) *+3 f 3 VoolulPdx — f 3 F(u)dx.
R R3 R R

It is clear that we need to prove at least that caty,, (M) couples (u;, u;) € Hr1 (R?) x R solutions to (1.7)
correspond to critical points of the energy functional / constrained to the sphere

and

Sw={ueH®): ul =m}. (1.8)

The paper is organized as follows. In Section 2, we study some technique results. In Section 3, we
prove the energy functional I, on the sphere §,, satisfies the Palais-Smale condition at some negative
level, and then prove Theorem 1.1 via the Lusternik-Schnirelmann category theory.

Notation. Throughout this paper, we denote by c,c;,C,C;,C;,C’,i = 1,2,--- for various positive
constants whose exact value may change from lines to lines but are not essential to the analysis

of the problem. ||ull, = (ng |u|qu)a denotes the usual norm of L4R?) for g € [2,), and |lul| =

1
( Jos (1Vul? + Iulz)dx)2 denotes the usual norm in the Sobolev space H'(R*). H!(R?®) denotes the radial
subspace of H'(R?). We use ”—” and ”— " to denote the strong and weak convergence in the related
function space, respectively. We will write o(1) to denote quantity that tends to 0 as n — oo.

2. Some technical results

In this section, inspired by [27,30], we will give some technical results which are useful to study our
problem. First of all, we consider the existence of the normalized solution for the autonomous problem:

{— (a+b [, [VuPdx) Au+ Vu = pu+ f(u), in R, @n

fos lulPdx = m,

where a,b,m > 0,V > 0, and u € R is represented as a Lagrange multiplier, f is a continuous function
satisfying (f;) — (f3), and either (f4) or (f;) holds. As is known to all, solutions to (2.1) correspond to
critical points of the functional I, : H!(R*) — R defined by

b 2
Iy(u) = g f |Vu|2dx+Z( f 3 |Vu|2dx) +(EV f lu|?dx — f 3 F(u)dx
R3 R R3 R

::1(u)+z f |u|*dx
2 R3

restricted to the sphere S, which is defined in (1.8). Set

Ew, = inf Iy(u), E, := inf I(u). (2.2)
ues ues
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We will summarize some properties of E,, under our assumptions. Before the proof, we introduce the
well-known Gagliardo-Nirenberg inequality [38], which is very useful in the subsequent proof, for some
positive constant C(/),

lell; < CQOIlly ™" NIVulf’, (2:3)

where 8 = 2 — 2 and [ € [2,6].
As in [36, Lemma 2.2], we have the following result.

Lemma 2.1. Assume that (f,) — (f3) are satisfied. Then, the following conclusions hold.

(i) For any m > 0, I is coercive and bounded from below on S, and, thus, E, is well-defined.
Moreover, E,, < 0.
(i1) There exists my > 0 such that E,, < 0 for any m > m,.
(i) If (fy) holds, then one has E,, < 0 for any m > 0.
(iv) If (f;) holds, then one has E,, = 0 for m > 0 small enough.
(v) The function m — E,, is continuous and nonincreasing.

Proof. The proof can be found in [36, Lemma 2.2]. For the reader’s convenience, we state their proofs.
(i) Note that (f;) and (f>) imply that for any € > 0, there exists C, > 0 such that

lf(0) < elt] + C8|t|% and |F()| < glt)? + Cgltl%, for all t € R. 2.4)
Then, for any u € H!(R?), from (2.4) and (2.3), we deduce that

2
f F(u)dx < cgf lul? dx + sf | dx < C, llull3 + &C s IVull3 [lull; -
R3 R3 R3 3

b

1
8C 14m3

3

Then, choosing € =

,foru € S§,,, we have

a b
Iy(u) > 3 IVull5 + 3 IVully — Com, (2.5)

which implies /-y is coercive and bounded from below on S ,,, and, thus, E,, is well-defined.
For any u € H!(R*) and s € R, we define (s * u)(x) := €*’?u(e’x) for a.e. x € R, Fixing
ues, NL°RY),itisclear that s u € S,, and

IV(s*wll» >0 and |[s*ullc =0, ass— —oo.

Then, by (f), we derive that

§——00

b
lim I(s*u) = lim (g (s % il + 2 19 * ;- f F(s+ u)dx) = 0.
§——00 R3
Thus, E,, <0 for any m > 0.
(i1) In view of (f3) and arguing as in [39, Theorem 2], we can find a function u € H!(R?) such that
fR3 F(u)dx > 0. For any m > 0, we set u,,(x) :=u ((%)3 x). Clearly, u,, € S,,. Then, it follows that
ams

bm% m
1) = — IVull; + —— [IVull; - — f F(u)dx,
2ljul] Al ey Jrs
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which implies that E,, < I(u,,) < 0 for m > 0 large enough.

a u 2 .
(iii) For any m > 0, we choose u € S,, N L°(R?). By (f3), for M := IIVLIOIZ > 0, there exists 0 > 0

3
lll 3
3

such that F(t) > Mltlﬁ for any |f| < 6. Then, for any s < 0 small enough such that ||s * u||l, < ¢ and
e||Vull? < 3, we have

2s 4s

E, <I(s*xu) < 2y ||Vu||3 - Mezsf Iul%odx
R3

4s ans
= — IIVully = = IVull; <0,

as required.
(iv) Fix p € (1, 1. By (f2) and (f}), there exists C > 0 such that

F(r) < C(|t|? A5+ |z|P), for all 1 € R.

For any u € H!'(R?), from (2.3), we have

f F(u)dx < C f (|u|? +lul o+ |u|P)dx
R3 R3

(2.6)
3(p-2)
< C(Clo IIVullzllullz +Cu IIVu||2||u||2 +CpIVull, * ||u||2 )
Taking m small enough such that
b
CCum? < j—: and CCym* < . @.7)
for any u € S ,,, by (2.6), we conclude that
a b
I(u) = 5 [[Vull3 + + [Vull3 —f F(u)dx
2 4 R3
2fa b 2
> [Vull |5 + 7 IVulb
) 3p-10 (28)
= C VUl (Cogm® + Coum IVl + Cyon¥ [V, ™ )
2 a 3[) 10
> |[Vull; (4_1 + 3 IVull; = CCym & IVull, > )
By Young’s inequality and (2.8), one has
317 10
CCpm ca IVull, >
3p-10 3;’ " 2(3 10 3p-10 )
p—10)777 op
e P e
[2(3p _ 10)] Ve, = b r 00
b 14 - 3 < [2@p = 10)]1F oy '
e i e = A
8 b
b
< S lIVulf + 7.
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and if we choose m > 0, it satisfies

3p—-10

a [ b ]Msp
14 -3pl2(3p - 10)

m5 < (CC,)7T (2.10)
Therefore, from (2.8) and (2.9), we deduce I(u) > O for any u € S, if we choose m > 0 small enough
such that (2.7) and (2.10) hold. Therefore, from (i), we infer that E,, = O for m > 0 small enough.

(v) To show the continuity, it is equivalent to prove that for a given m > 0, and any positive sequence
my, such that m; — m as k — oo, one has

%irn E,, =E,. (2.11)
In view of the definition of E,,, for every k € N, let ;. € S, such that
I(I/tk) < Emk +

<-. (2.12)

1 —
| —

From (2.5), it follows that {«} is bounded in H!(R?). Noting that /n%uk €S, fromm, — mask — oo,
(2.4), and (2.12), similar to the proof of [40, Lemma 2.4], we obtain that

E, < 1( , /ﬂuk) = I() + 0(1) < Ep, + 0(1),. 2.13)
my

On the other hand, choosing a minimization sequence {v,} € S, for I, we can follow the same line as in
(2.13) to obtain that E,,, < E,, + o(1). Therefore, we obtain (2.11).
To show that E,, is nonincreasing in m > 0, we first claim that for any m > 0,

E,, <tE,, foranyt> 1. (2.14)

Indeed, for any u € S,, and ¢t > 1, set v(x) := u(t‘%x). Then, v € §,,, and we deduce that

1 2
at3 bt3
Ep < 1(v) = — [IVull; + — [Vull; — 1 f F(u)dx
:Z ‘1 R3

bt3(1 — 5) (2.15)

1 2
at3(1 —13)
T IVuli

= tl(u) + — \Vull5 +
< tl(u).

Since u € S, is arbitrary, we obtain the inequality (2.14). As a consequence, from (i) and (2.14), it
follows that E,, is nonincreasing.

In view of Lemma 2.1,
m" := inf{m € (0, +0) : E,, < 0} (2.16)

is well-defined and it is easy to obtain the following property of m*.
Lemma 2.2. Assume that (f) — (f3). Then, the following statements are true.

(1) If (fy) holds, then m* = 0.
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(i) If (f}) holds, then m* > O, in addition, E,, = 0 for m € (0,m"] and E,, < 0 for m € (m", +00).

Noting that E,, < 0 for any m > m, and E,, = E,, + %, an immediate consequence of Lemma 2.2
is the following corollary.

Corollary 2.3. Assume that f satisfies the conditions (f,) — (f3). Then, the following conclusions hold.

(1) For any m > 0, Iy is coercive and bounded from below on S ,,, and, thus, E« ,, is well-defined.
(1) If (fa) or (f;) holds, then, for any m > m", there exists ®,, > 0 such that Ev,, < 0 for any
0<V<O,

Lemma 2.4. Assume that f satisfies the conditions (f,) — (f3), and either (f4) or (f;) holds. Then, for
any m > m*, fix V € [0,0,,], where ®,, is defined in Corollary 2.3, we have %Eq/’m < Eq for all
k € (0,m).

Proof. If (f;) holds, from Lemma 2.2 (ii), we conclude that Eq; = %" > 0 for all k € (0, m*], which
implies %Eq/’m < 0 < Eyy for all k € (0,m"]. Therefore, either (f4) or (f;) holds, and we assume
k € (m*, m).

Letr = % and {u,} C S such that I/(u,) — Ev ;. We claim that there exists C > 0 such that

liminf ||Vu,|j3 > C. (2.17)

Indeed, if (2.17) is not true, then passing to a subsequence, ||Vu,1||§ — 0. Then, by (2.4) and (2.3), we
obtain

lim F(u,)dx = 0.
3

—00
n R

Then, recalling k > m*, by Corollary 2.3, we deduce that for V € [0, ®,,],

b Vk
0> Eqy = lim Iy(u,) = lim 9||Vun||§ + ||Vl + — — f F(u,)dx
’ n—o0 n—oo 2 4 2 R3
Vk
= — > O,
5 2

a contradiction.
Since ¢ > 1, noting that v,(x) =: u,,(t‘%x) € S, from (2.17), we deduce that

1 2
ats bt3 tVk
Eym < Iy(,) = — IVull + — IV lls + — —t | F(u,)dx
2 4 2 R3

1 2 2 1
at3(1 —13) bti(1 - 13)
= tly(u,) + —— ||V, |l + ——
2 4
ats(1 — 13)C N bt3(1 — 13)C?
2 4

4
IVusll;

StEyi+

+0o(1),

which implies

Eyn < %EW. (2.18)

The proof is complete.
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In the following, we always assume that f satisfies the conditions (f1) — (f3) and either (f3) or (f;)
holds. Now, we give the following compactness result for /4, on S ,,, which will play a crucial role in
our proof.

Lemma 2.5. Fixm > m"*. Let V € [0,0,,], and {u,} C S ,, be a minimizing sequence with respect to I,.
Then, {u,} has a strongly convergent subsequence.

Proof. Since E« is coercive on S, the sequence {u,} is bounded. Then, up to a subsequence, there
exists u € H!(R?) such that u, — u. Moreover, since H!(R*) — LY(R?®) (2 < ¢ < 6) is compact, one has
u, — uin LY(R*) (2 < g < 6).

To begin, we suppose u # 0 and ||u||§ =m < m. Set

Vo =ty —u and ||} =d, — d.
By the Brezis-Lieb Lemma (see [37]),
4l 3 = 11vall3 + lluell3 + 0, (1),

we infer that m = m + d and m, d,, € (0, m) for n large enough. Furthermore, it follows from (2.4) and
u, — uin LY(R?) (2 < g < 6) that

fF(vn)dx:f F(un)dx—f F(u)dx = o,(1). (2.19)
R3 R3 R3

Hence, from Lemma 2.4, we deduce that

E(V,m + On(l) = I(V(un) 2 I(V(vn) + I(V(u) + On(l)
> E(V,d,, + Ery’,;l + On(l)

d,
> —Ery,m + E(V’ﬁl + On(l)
m

Letting n — +oc0 and using Lemma 2.4 again, we derive that

d d m d m
Evy>—Ey,+Eyn>—FEy,+—Ey,,=|—+ —|Ey,y=Eqy,,
m m m m m

a contradiction. Thus, we get ||u||§ = m. Consequently,
u, —» u in L*(R?). (2.20)

Noticing E,, = lim Iq(u,), ||u||§ = m and (2.19), we conclude that
n—+oo

Ey, < Iy(u)

b 2
=2 | VuPdx+- f VuPdx| + 2 f Fu)dx
2 R3 4 R3 2 R3

a b > Ym
< lim {— f |Vu,,|2dx+—( f IVunlzdx) +— - f F(u,,)dx}
n—oo 2 R3 4 R3 2 R3

= lim Iy(u,) = Ey -

n—oo
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As a consequence,
liminf Iy,(u,) = Iy (u).
n—+0o

Therefore, from (2.20) and (2.19), we deduce that
ot * = [lul,

which ensures u, — u in H'(R?).
Now, we assume u = 0. Clearly, by (2.4) and u,, — 0 in LY(R?) (2 < g < 6), we get

lim F(u)dx =0

n—oo R3
which implies
0> E(V,m = lim ly(u,) > — lim f F(un)dx =0
n—o0 n—o0 R3
a contradiction. This proves the lemma.

Theorem 2.6. Fix m > m*. Then, for any V € [0,0,,], problem (2.1) has a couple (u, u) solutions,
where u is positive, radial, and u < 0.

Proof. We divide our proof into two steps.
Step 1. By Lemma 2.3 and Lemma 2.5, there exists a bounded minimizing sequence {u,} C S,
with respect to E,, and u € S, such that u, — u in H'(R®) and Iy/(u,) — E,, = Iy/(u). We define

v H'(R%) > R by
v = fR P,

From the Lagrange multiplier, there exists u € R such that
Iy(u) =y’ () in (H{(R)), (2.21)
where (H!(R?))* denotes the dual space of H!(R*). Hence,

—(a+bf IVulzdx)Au+(Vu:,uu+f(u) in R
R3

Therefore,

b Py
£ f julPdx = = f VuPdx + ~ f VuPdx) +— f Juldx - f F(u)dx
2 4' R3 2 R3 R3

=Ily(u) = Ey,, <0,

that is, u < 0.
Step 2. By the fact Iy/(u) = E,, and the definition of the functional /4, and S ,,, clearly, Iy(Ju|) =
Iy(u) = Ev,, and |u| € S,,. So, we can replace u by |u].
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Now we prove u is positive. Arguing indirectly, we assume that there exists x, € R? such that
u(xg) = 0. Since u # 0, there exists x; € R? such that u(x;) > 0. Fix R; > 0 large enough such that
X0, X1 € Bg,(0). By the Harnack inequality [41, Theorem 8.20], there exists Cs > 0 such that

sup u(y) < Cs inf u(y).
YyEBg, (0) YEBR, (0)

Combining this, u(x;) > 0, and u(xy) = 0, we get the contradiction from

0<u(x)) < sup u(y) <Cs inf u(y) < Csu(xp) =0.
yEBRl 0) yeBRl 0)

The proof is complete.

From the result of Theorem 2.6, we can get the following corollary:
Corollary 2.7. Fixm > m* and let 0 <V, <V, <0,,. Then, Ey, ,, < Eq,,, <0.
Proof. Letu € S ,, satisty Iy,(u) = E«, »,. Then, Ey, ,, < Iy, (u) < Iy,(u) = Ey,,, < 0.
Remark 2.1. We denote E,,, and E,,, by the following real numbers:

Eo, = inf Iy(u) and E, = inf I(u).

uesS UES

An immediate result of Corollary 2.7 and condition (V) is

Eom < Ecxom <O.
3. Proof of Theorem 1.1

In this section, we will prove our main result. From now on, we always assume that f is odd and
satisfies the conditions (f;) — (f3). Moreover, we assume that either (f) or (f;) holds, m > m*, and
IVl < ©,,, where m* and ©®,, are given in (2.16) and Corollary 2.3, respectively.

To start, we manage to study the convergence of the Palais-Smale sequence for /. at some negative
level. Denote

E., = inf I.(u).
UeS 1y

From Remark 2.1, we fix 0 < p = %(Eoom — Ey,»). We need following result which describes the
relation between the levels E,,, and E,,, playing an important role in our proof.
Lemma 3.1. There is gy > 0 such that E,,, < Ew , for all € € (0, &).

Proof. Let ug € S, with Iy(up) = Ey . Then, by the definition of E,,,
Es,m < Is(u())

b 21
-2 f VuoPdx + ~ f VuoPdx| += f V(ex)luoPdx f F(ug)dx.
2 R3 4 R3 2 R3 R3

limsup E¢, < lir(gg I (uo) = Io(uo) = Eo -

e—0*

From this and Remark 2.1, the estimate E,,, < E, 1s established for & small enough.

Therefore,
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From now on, fix € € (0, &), where & is given in Lemma 3.1.
Lemma 3.2. If {u,} C S, satisfies I.(u,) = c withc < Ey,, + p < 0and u,, = u in H}(R3), then, u # 0.

Proof. Assume by contradiction that u = 0. By (V), for any given « > 0, there is R > 0 such that for
any |x| > R,
V(x) > Ve —a.

Based on assumptions and the boundedness of {u,} in H!(R*) and u, — 0 in L? (R3), we deduce that

loc
for some C > 0,

EO,m +,0 + On(l) > Is(un)

= Lo(u,) + 1 f (V(ex) - Voo)lun|2dx
2 R3

1
> Loo(uy) + = f (V(ex) = Vo)lup2dx — = f Ju|*dx
By 0) 2 Iy 0

2
> Io(u,) — aC
> Eom—aC.

Due to the arbitrariness of @, we have Ey,, + p > E,,,, Which is absurd. The proof is complete.

Lemma 3.3. For each € € (0, &), the functional I, satisfies the (PS). condition restricted to S ,, for
¢ < Ey + p, namely, if any sequence {u,} C S, such that

Llg (uy)

I(u,) > ¢ as n— +o0 and -0 as n— +oo,
then {u,} has a convergent subsequence.

Proof. Similar to Corollary 2.3 (i), we can verify that I, is coercive on S ,,. Thus, {u,} is bounded in
H!(R?). Up to a subsequence, we assume that u, — u, in H'(R*) and u,, — u, in L1(R?) (2 < ¢ < 6).
From Lemma 3.2, u, # 0.

We define ¢ : H!(R*) — R by

1
v = 5 f juPdx.
2 R3
Then, by Willem [37, Prosition 5.12], there exists {i,,} C R such that

I;(un) - ,unw/(un)

From ¢’ (u,)u, = m, the boundedness of {u,} in H'(R?), (f1), (f»), and (2.3), it follows that

|

HEy 0 as n — +oo.

I (u,)uy,

2
b ( f |Vun|2dx)
R3

+ 0,(1)

+ 0,(1)

o 1
|,un| = - |,unl// (un)unl = -
m m

1
< —[a f \Vu,|2dx
m R3

+l f Sup)u,dx
m [ Jr3

2 4 u
< Co (letalI* + llata1* + lloaal1 = + 1)

< (Cy,

+ +

f V(ex)uldx
R3

(3.1)
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where C,, C, are positive constants independent of € and n. This implies that {u,} is a bounded sequence.
As a consequence, we assume, up to a subsequence, i, — U as n — +co, and, thereby,

I;;(un) - ,Usl,//, (un)

ey 0 as n — +oo. 3.2)
Meanwhile,
—(a + bA,) Au, + V(ex)u, = p.u, + f(u,), (3.3)
where A, = lim, o, [, [Vu,[dx > 0.
Now, we verify that there exists p,. < 0 independent of & such that

He < <0, Vee(0,s). (3.4

Noting that u,, — u, in H!(R?), one has u, — u, in LY/(R*¥) (2 < ¢ < 6). Then, by (2.4), we conclude that

n—oo

lim F(u,)dx = f F(ug)dx.
R3 R3

Therefore, from (3.3), we deduce that

. bA, 1
'u_f u.|>dx = Lf |Vu€|2dx+—f V(sx)uﬁdx—f F(u.)dx
2 R3 2 R3 2 R3 R3

< h_mla(un) < EO,m t+tp+ On(l) < 0,

n—oo

which implies u, < 0. In addition, we also have

0>Eyn+p2 He |ug|*dx > e Jim f |u,|*dx = He .
’ 2 100 JR3 2

R3 n—oo
Therefore,

2(Eom +
lim sup p, < M < 0.
£—0 m

(3.5)

Hence, (3.4) holds.
Now we prove that u, — u, in H'(R®). Set v, := u, — u,. From (3.2) and (3.3), we infer that

(a + bA,) f Vv, 2dx + f V(ex)v,ldx — s f v,l*dx
R3 R3 R3
= f fvudx + 0,(1).
R3
Then, using (3.4), (2.4), and the fact that v, — 0 in LY(R?) (2 < ¢ < 6), we conclude that

C( f Vv, |dx + f |v,,|2dx)S0n(1), (3.6)
R3 R3

where positive constant C does not rely on €. Thus, v, — 0 in H! (R, ie., u, — u, in H! (R3).
Therefore, |lu,|l5 = m and

- (a + bf IVuglzdx) Aug + V(ex)u, = peue + f(ug), in R3.
R3

The proof is finished.
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Fix 6 > 0 and define 1 as a smooth nonincreasing cutoff function in [0, +0) by

1, 05ss§,
n(s) =1[0,1], ¢<s<5§,
0, s> 0.

Recall that M = {x € R® : V(x) = 0}. For any y € M, let us define

Bes(0) = e = swo (Z2),
where wy is a positive radial solution of the problem
{— (a+b [, 1VuPdx) Au = pu+ f(u), in R,
fR3 lul*dx = m,
with Iy(wy) = Ey,,. Then, let

Vmgey(x)
||¢8,y||2 ’

and denote @, : M — S, by ®(y) = ¢..,. Obviously, it has compact support for any y € M. In addition,
let R = R(6) > 0 be such that Ms C Bg(0). Define y : R* — R3 as

x, |x| <R,
x(x) = {

&e,y(x) =

Bx ' |x| > R.
|x|

Finally, let us consider w, : S,, — R? given by

fos x(ex)luldx

m

we(u) =

Lemma 3.4. The function ®. has the following two limits:
(D) lir% I, (®.(y)) = Eous uniformlyin 'y € M,
(2) lir% Wws (D)) =y, uniformlyin ye M.
£
Proof. (1) Assume that {y,} ¢ M. From Lebesgue’s dominated convergence theorem, it follows that

lim D, (v)*dx = lim f In(lenxwo(x)dx
n—+c0 Jp3 n—-+e0 Jp3

. 2 2
= lim f [wo(x)| dx+f (e, x)wo(x)|“dx

2ep
= f lwo(x)*dx.
R3
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Likewise, we also have

\/ﬁn(lsnXI)Wo(x)) J
x

lim F(®;,(y,))dx = lim f F(
R3 n—+eo Jr3 ||¢sn,y,l”2

n—+0o
= f F(wy)dx,
R3

lim f VO, (y,)Pdx = lim m
n—+o0o R3

n—+0o Jr3 ||¢a,l,y,, ”%

IV (n(lenxwo(x)) Pdx

= [Vwol*dx,
R3

and
lim f V(£,%)|®,, (y,)I*dx = 0.
R3

n—+oo

Consequently,
M L, (@, 0n) = Io(wo) = Eon,

and this proves the first limit.
(2) Suppose by contradiction that there is 9y > 0, {y,} € M withy, — y € M and € — 0 such that

|we, (e, () =

Using the definitions of @, (y,) and w,,, combined with {y,} € M C Bg(0) and Lebesgue’s dominated
convergence theorem, we deduce that

>0p, VneN. (3.7

s Geenx + 3) = ) In(lenxhwo ()P dx .
m

Wg, ((Ds,,(yn)) — Yn

2

which contradicts (3.7), and this proves the desired result.

Lety : [0, 4+00) — [0, +00) be a positive function such that y(¢) — 0 as € — 0, then define S, as
Sm={uesS, : L(u) < Eg, +y(E)}. (3.8)

Thanks to (1) of Lemma 3.4, the function

(&) = sup [I( D)) — Eol
yeM

satisfies y(g) — 0 as € — 0. Hence, ®.(y) € S,, forall y € M.

Proposition 3.5. Let &, — 0 and {u,} C S,, with I, (u,) — Eon. Then, {u,} has a convergent
subsequence in Hr1 (RY).

Proof. Since {u,} C §,,, from (V), we deduce that
Ian(un) = IO(un) = EO,m,
which implies Iy(u,) — Ey,, as n — +oco. From Lemma 2.5, {,} has a convergent subsequence in

HI(RY).
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Lemma 3.6.

lim sup inf |w.(u) — z| = 0.
620 .5 €M

Proof. Lete, — 0and u, € S,, such that

inf |w,, (u,) — 2| = sup inf |w,, (u,) — 2| + 0,(1).
ZEMs ues,, 7€M

Since u, € §,,, by the definition of §,,, we deduce that u, € S,,, and as &, — 0,
EO,m < IO(”n) < Isn(un) < EO,m + ’)/(8,[), Vn e Na

from which it follows that I, (u,) — Ey . From Proposition 3.5, {u,} is strongly convergent to some
U e Hr1 (R?). Then, due to the definition of w,, and u, € § ,,, using the Lebesgue’s dominated convergence
theorem, we obtain that

2
Jos (&) lua* dx
We, (un) = -0 as n— +00,
m

that is, w,, (u,) = 0,(1). Noting that 0 € M, we conclude that

lim inf |w, (u,) —z| = 0.
n—>+ooz€M| ea(i4n) Z|

The proof is complete.

Proof of Theorem 1.1. We will divide the proof into two parts:

Step 1: Multiplicity of solutions.

Set € € (0,&9) and fix 6 > 0. By Lemmas 3.4 and 3.6, we can obtain that the diagram M %
Sm & M; is well-defined. For & small enough, we denote w.(D.(y)) := y + ¢(y) for y € M and
Q(t,y):=y+ (1 -1t)(y). By Lemma 3.7, |[s(y)|| < % uniformly for y € M. Obviously, the continuous
function Q : [0, 1] X M — M satisfies Q(0,y) = w:(DP.(y)) and Q(1,y) = y for any y € M. Therefore,
w, o O, is homotopic to the inclusion map id : M — M;. In view of [42], we arrive at

cat(S ) > caty,(M).

Recall that I, is bounded from below on S,,. Moreover, from Lemma 3.3, I, satisfies the (PS),
condition for ¢ € (Ey,, Eom + y(€)). Then, due to the Lusternik-Schnirelmann category of critical
points (see [37,43]), we infer that /, admits at least caty;,(M) critical points on S .

Step 2: Concentration phenomena of the solutions.

Let u, be a solution of (1.7) with I.(u.) < Ey,, + y(g), where y was given in (3.8). From Proposition
3.5, for any &, — 0, there exists u € H'(R?) \ {0} such that u,, — u in H'(R*). Clearly, as in (3.5),
u, := u,, satisfies

- (a +b f |Vun|2dx) Au, + V(€,X)U, = oty + f(u,), in R3,
R3
with 5 E
+ Eom
lim sup 1, < 22 Eon)

&—0 m
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Since u, — u in H'(R?), similar to [8, Lemma 4.5], we obtain

lim u,(x) =0, uniformlyinn e N.

[x| >+

As a consequence, given 6 > 0, there exist R > 0 and ny € N such that
|, (X)] < 6,

for [x| > R and n > ny. We claim that ||u,|l, - 0; otherwise we will have u, — 0in H!(R?), contrary to
u # 0. Now, we fix # > 0 small such that ||u,||, > 26 and choose &, € R? such that |u,(£,)| = |||« for
all n € N. It follows that |£,| < R for all n € N. Therefore,

lim V(g,&,) = V() =0,
n—+oo
as required.
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