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1. Introduction
In this paper, we are concerned with the following initial-boundary problem:

b, — Apu = Wl Pulnlu], xe€Q, t>0;
u(x,t) =0, x€0Q, t>0; (1.1)
u(x,0) = uo(x), x€Q,

where Q ¢ RY(N > Ng) is a bounded domain with smooth boundary 6Q, Apu = div(|Vul? “2Vu) with

Uy € Wé”’(Q), x = (x1, X%, ...,xy) € RN with |x] = \/x% + x% + -+ -+ x%, and the parameters satisfy

2
1 < 1+—].
}<P—CI<P( N)

2
0<s<2, max N,
N+2
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As is well known, according to the law of conservation, many diffusion processes with reactions can
be described by the following equation (see [1]):

u,—V-(DVu) = f(x,t,u,Vu), (1.2)

where u(x, t) stands for the mass concentration in chemical reaction processes or temperature in heat
conduction, at position x in the diffusion medium and time ¢. The function D is called the diffusion
coeflicient or the thermal diffusivity, the term V - (DVu) represents the rate of change due to diffusion,
and f(x,t,u, Vu) is the rate of change due to reaction.

In the past few years, many researchers had focused on Equation (1.2). For more details, one can
refer to [2—6]. For the source f(x, ¢, u, Vu) = u?, there has already been much discussion. For example,
for D = |x]*, in 2004, Tan [7] considered the existence and asymptotic estimates of global solutions
as well as finite time blow-up of local solutions based on the classical Hardy inequality [8]. Han [9]
considered the blow-up properties of solutions to the following non-Newton filtration equation with
special a medium void:

2

X7 uy — Apu = ul. (1.3)

A new criterion for the solutions to blow up in finite time was established by using the Hardy inequality.
Moreover, the upper and lower bounds for the blow-up time were also estimated. The results solved an
open problem proposed by Liu [10] in 2016.

When the source f(u) is a logarithmic nonlinearity, Deng and Zhou [11] investigated the following
semilinear heat equation with singular potential and logarithmic nonlinearity

|x|”° u, — Au = uln|ul, (1.4)

under an appropriate initial-boundary value condition. They did make full use of the logarithmic Sobolev
inequality in [12, 13] to handle the difficulty caused by the logarithmic nonlinear term u In |u|. Taking the
combination of a family of potential wells, the existence of global solutions and infinite time blow-up
solutions were obtained.

Liu and Fang [14] considered a fourth-order singular parabolic equation involving logarithmic
nonlinearity and p-biharmonic operator

X7 u, + A2 Au) = |ul* ulog |ul, (1.5)

and they established the local solvability by the technique of cut-off combining with the methods of
Faedo-Galerkin approximation and multiplier. Meantime, by virtue of the family of potential wells, they
used the technique of modified differential inequality and the improved logarithmic Sobolev inequality
to obtain the global solvability and the infinite and finite time blow-up phenomena, and derived the
upper bound of blow-up time as well as the estimate of the blow-up rate. Furthermore, the results of
blow-up with arbitrary initial energy and extinction phenomena were presented.

Motivated by these works, in this paper, we consider the Problem (1.1) with the presence of nonlinear
diffusion A,u := div(|Vu|’~? Vu) and logarithmic nonlinearity |u|?"> u In |u|. To the best our knowledge,
this is the first work in the literature that takes into account a singular parabolic p-Laplacian equation
with logarithmic nonlinearity.

The rest of this paper is organized as follows. In Section 2, we introduce some symbols and
definitions. In Section 3, we prove the local existence and uniqueness theorem. In Section 4, we
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prove the global existence and asymptotic behavior theorems of solutions. In Section 5, the blow-up
phenomena of solutions are discussed. Finally, the extinction phenomenon of the solution is given in
Section 6.

2. Preliminaries

In this section, we introduce some notations and lemmas that will be used throughout the paper. In
what follows, we denote by ||-||, ( > 1) the norm in L"(€2) and by (-, -) the L*(Q) inner product. When
p>1, p+2,weuse Wé”’ (Q) to denote the Sobolev space such that both u and Vu belong to L?(Q)
forany u € Wé’p (Q), denote by W=7 (Q) its dual space, and by (-, -) the duality pairing between them.
We will equip Wé”’ () with the norm ”M”W(;,p = |IVull,,, which is equivalent to the full one due to the
Poincarés inequality. We use 4, > 0 to denote the first eigenvalue of —A in € under the homogeneous
Dirichlet boundary condition. We also use notation Xj to denote Wé’p )\ {0}.

Due to the presence of the inverse coefficient x|, it is worth emphasizing the difference between
the two cases when 0 € Q and 0 ¢ Q.

If 0 € Q, then |x|™* develops a singularity. This necessitates the use of the Hardy-Sobolev inequality,
which is valid for N > 3, in the proofs of our main results.

On the other hand, if 0 ¢ Q, then there is no singularity and (1.1) can be regarded as a slight extension.
In this case, our results are valid for all N € {1, 2, 3,...}. To deal with these two cases simultaneously,
we employ the notation

3, if0eq,
NQ‘{ I, if0¢Q.

First, for Problem (1.1), we introduce the potential energy functional

1 1 1
Jw) = —|Vull; — = f |l In [uldx + — [lull? (2.1)
p qJa q
and the Nehari functional
I(u) = ||Vull) - f || In |u|d x. 2.2)
Q
By a direct computation,
1 1 1 1
J(w) = =I(u) + (— - —) IVulll + — lull? - (2.3)
q P 4q q

By I(u) and J(u), we define the potential well:
Wi={ueXy:Ju) <d}), Wo ={ueXy:Ju)=d}, W=W, UW,,
Wi ={ueW,Iu) >0}, Wy ={ue Wy, I(u)>0}, W =W UW,,
Wi ={ueW,I(u) <0}, Wy ={ue Wy, I(u) <0}, W =W, UW,,

and the Nehari manifold
N ={u € Xy, I(u) =0}.

The depth of the potential well is defined as

d= },relz\f/ J(u).
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The solution u(x, r) to Problem (1.1) is considered in weak sense as follows. Sometimes u(x, t) will
be simply written as u(#) if no confusion arises.

Lemma 2.1. [15] Let u be a positive number. Then we have the following inequalities:
s"Ins < (ew)'sP™,  forall s> 1,

Is”Ins| < (ep)™, forall0<s<1.

Lemma 2.2. [15,16] Assume that g < NN—_pp, ie,g<ooforN<pandr<gq< NN—iforN > p and
r > 1. Then for any u € Wé’p(Q), it holds that

[ 1-6
llull, < Co IVull, llull, ™,

-1
where 6 € (0, 1) is determined by 0 = (% - é) (ﬁ - i + %) and the constant Cg > 0 depends on N, p, g,

and r.
2N

Remark 2.1. From p > 5, we deduce

Then by the Sobolev inequality, we have Wé’p (Q) — L1*Q) for p>1and ¥ a > 0.

Lemma 2.3. Let u(t) € Xy and p, q satisfy max {1%,
statements:

@) IfO0 <|lull, < r, then I(u) = 0;

@) If I(w) < O, then |lul|, > r;

(@ii) If I(u) = O, then |lull, = 0 or [lul|, > r,

where

1} <p<g< p(l + %) We have the following

1

1 \#r
' (BZ*“‘) '

u()l*
(0

Proof. (1) A direct computation yields

In Ju(x)| < ,a.e.x € Q ¥Ya > 0. 2.4)

Then, by the definition of /(u), we have

I () = [Vull) - f [u|? In |u| dx
Q
= IV} = Nl ()

qta

> (1= B Vully™ ) [19ull)

where B, is the imbedding constant for Wé’p (Q) — L7(Q). If 0 < [|[Vul|, < r, this implies that
Va2 < # Therefore, we gain I(u) > 0 by (2.5).
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(i1) From (2.5) and I(#) < 0, we can see that
(1= BT |Vl ) IIVull; < O,

which means that 1

1 \&es
IVull, >(Bq+“) =

*

(i11) If I (u) = 0, then from (2.5) we attain

1 \@es
(IVull, = (W) or ||Vul|, =0.

The prove is complete.

Next, in Lemma 2.4, we describe some basic properties of the fiber mapping J(Au) that can be
verified directly.

Lemma 2.4. [17] Assume that u € Xo, then
(D) lim o+ J(Au) = 0, lim_, ;oo J(Au) = —
(ii) There exists a unique A* = A*(u) > 0 such that aJ (/lu)|
(iii) J(Au) is increasing on 0 < A1 < A%, decreasing on /l <A < +00, and attains the maximum at A = A".
(iv) I(Au) > 0 for 0 < A < A%, I (Au) < O for 3 < A < 400, and [(A*u) =0

Lemma 2.5. [15, 18] (Logarithmic Sobolev Inequality). Let g > 1, 41 > 0, and u € Wy (R¥)\ {0}.
Then we have

q f Iu(x)lqln(M]dx+ ﬂln(ﬂ) f lu (0)|9dx < f Vit ()%,
RN ||I/t||Lq(RN) q Nﬂq RN RN

r(%u))r

F(N% +1

where

[SIE

—1
g(q-1\"" _
ﬂq:ﬁ( o ) T

Remark 2.2. Ifu € Wé’q(Q)\ {0}, then by defining u(x) = 0 for x € R¥N\Q, we derive

flu(X)lq (”Zt”(x()gln) 1 ( )flu(X)l"dx<ﬂf|Vu(X)lqu (2.6)
L4

for any real number u > 0.

Lemma 2.6. [14,19] (Hardy-Sobolev inequality). Let RY = R x RN, 2 <k < Nand x = (y,7) €

RN = RK x RN*. For given n, B satisfying 1 < p <N, 0 < B < p, and B < k, let m(B3, N, p) = ’?NN—;’?

Then there exists a positive constant Cy depending on 8, N, p, and k such that for any u € W(;’p (RY), it

holds that
f u()|" [y|Pdx < Cy (f |Vu|”dx)
RN RN
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Remark 2.3. (i) When m = p = 3, this inequality is the classical Hardy inequality.

(ii) Ifm = 2,8 = s in Lemma 2.4, we have p = Nfﬁz > 2, and then Lemma 2.6 becomes

N—s+2

f|M(x)|2|x|—deS CH(f |VM|N"’S”+zdx)
Q Q

Lemma 2.7. [15,20] Let f : R* — R* be a nonincreasing function and o be a positive constant
such that

f wf " (s)ds < i FEO)f(r), Yt>0.

Then we have
() f(O) < f(O)e'~, for all t > 0, whenever o = 0.
1

@) f(r) < f(O)(liZ‘;t);,for all t > 0, whenever o > 0.

The following is the concavity lemma.

Lemma 2.8. [21-23] Suppose that a positive, twice-differentiable function Y(t) satisfies the inequal-
ity
(1)) - (1 +6)(¥' (1) 2 0,
where 8 > 0. If ¥(0) > 0 and ¥’ (0) > 0, then Y(t) — oo as
)
220

t—>t1, <t

Lemma 2.9. [24] Suppose that O < [ < r < 1 and €, €& > 0 are positive constants. If nonnegative
and absolutely continuous function h(t) satisfies

W@ +eh @) <eh (t),t>0,

h(0) > 0,6k (0) < €,

then we have 1

h) < |- =Dr+n7O)]7.0<t<Ty,
and
h(t) = O’t > TO9

r0)

where €y = € — Ezhr_l (0)and Ty = EYTEN

Definition 2.1. (Weak Solution). A function u := u(x, t) € L0, T; Xo) with |x|"2 u, € L2(0, T; L*(Q))
is called a weak solution of Problem (1.1) on Q X [0, T) if u(x,0) = ug(x) in Xy and

(™ v + (IVul” Vu, Vo) = (ul"ulnful v}, ae.t€(0,T),

foranyv € Wé’p (Q). Moreover,

!
J,
f % e
0
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Definition 2.2. (Maximal Existence Time). Let u(x, t) be a weak solution of Problem (1.1), we define
the maximal existence time T, as follows:

Tiax = sup{T > 0; u(x,1t) exists on [0, T']}.

(D) If Tinax = +00, we say that the solution u(t) is global;
(i0) If Tyax < +00, we say that the solution u(t) blows up in finite time and T,.x is the blow-up time.

Definition 2.3. (Finite Time Blow-Up). Let u(x, t) be a weak solution of Problem (1.1), then u(x, t)
is called the finite time blow-up if the maximal existence time T,,,, < +oco and

lim f[ |||x|_% u(r)”zd?’ = +o00.
0

= Tmax

Definition 2.4. (Infinite Time Blow-Up). Let u(x, t) be a weak solution of Problem (1.1), then u(x, t)
is called the infinite blow-up if

. _s 2
tim ¢ ) = +eo.
3. Local existence

In this section, we state the local existence and uniqueness of weak solutions to Problem (1.1).

Theorem 3.1. Let uy € X, and p, q satisfy max{l%, 1} <p<g< p(l + ]%,) Then there exist a

T > 0 and a unique weak solution u(x,t) € L*(0, T; Xo) of Problem (1.1) with le_% u, € L*(0,T; LX(Q))
satisfying u(0) = uy. Moreover, u(x, t) satisfies the energy equality

f
f |||x|_% ”t||§dt +J(w) = J(ug), 0<tr<T.
0

Proof. We divide the proof of Theorem 3.1 into 5 steps.
Step 1. Approximate problem
In order to deal with the singular potential, we introduce the cut-off function

on(x) = min{|x|™*,n},YneN".
We denote the solutions corresponding to p,, of Problem (1.1) as u,,

Pn (X) Upt — Apun = |un|q_2 u, ll’l |un|, X € Q,t > O»
u, (x,1) = 0, x€86Q,t>0, 3.1)
U, (x,0) = upy, x € Q.

We noticed that u, € C;(€2), and then u,y — uy(x) in Wé’p (Q). Let {w j};:l be a system of basis in

Wé’p () which is normalized orthogonal in L*(Q) and construct the approximate solution

k
Up(x,0) =y ay(Dwi(x)  fork=1,2,--,j=12,-- k.
=1

J
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We solve the problem

<pn(x)uﬁ,, a)j> + <|Vu]; p_ZVu';, Va)j> + = < ut q_zuﬁ In [u|, a)j> , (3.2)
and
k
i (6,0) = ) b (x) = uly — g (x) in Wy (Q) (3.3)
=1
as k — +oo,n — +o00. Hence {afl j}l;zl is determined by the following Cauchy problem:

k
ZXfm@mwwﬂﬁMﬁm=ﬁgm
=1 \We

k — K
a,/0) = by,

where

q-2 k

Z & (Nw;(x) In

k

D d w0
j=1

k
Z aﬁ j(t)Va) i(x)

=1

k

D d w0

=1

G]:,j(t) :f
Q
-J,

Therefore, the standard theory of ordinary differential equations yields that there exists a 7 > 0 such
that a’r‘lj(t) € C!([0,T]). As a consequence, ut € C'([0, T], Wé’p(Q)).
Step 2: Priori estimates
We discuss the following two cases:
Case 1: max{%, 1} <p<gand2<gqg< p(l + %)
Multiply (3.2) by a* (O, sum for j = 1,--- ,k, and recall uk(x, ) to find

wjdx

J
p—2

1

k
Z d (HVw(x)Vw,dx.
=1

J

k

u

q-2 i
LU

L, In

k
u,

(oot ul) + <|Vuﬁ "2, Vuf,> = < : uf,> . (3.4)

Integrating over (0, ¢) on both sides of (3.4), we get,

Lok 2 ' k p !
it ol + [ v olfas= [
2 0 p o Ja

1 i !
st = 3 et ol + [ vl as (35)

ui(s)|" In

o] duds + 3 a0

1

Set

Combining the above equalities, and we have

ﬁms%@+fj‘
0 Q
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From Lemma 2.1, we get

I

ut (1)) In

ut ()] In

ul (1) dx = f ul ()| dx
Q]:{xGQ;luﬁ(x)lzl}
ul ()] In |udl (1)] dx

.
Q={xequk(v)|<1} (3.7

-1 k q+u
< (ep) b (" dx
Q]:{er;luﬁ(x)lzl}

uk (t)”qw

< (ew)”! g

Then, by Lemma 2.2 and Young’s inequality, (3.7) becomes

I

uﬁ (t)|q In

uﬁ (t)| dx < (e,u)_1

k qtu
Uy (t)||q+;1
0(g+)
)4

uﬁ (t)”(l—ﬁ)(qﬂt) (3.8)

< (ew)™" Cq ||Vuif @) 2

< ()™ Coe ||V, 0|7 + (er)™' C6C (&)

p(1-0)(g+p)
| p=0(g+p)
2

u; (1)

]

where € € (0,1), and 6 = (%—ﬁ)(l—é+

p(1+2)—q,0(q+p) < pholds. Let

)_1 — (g+u-2)Np

GCr2N+Np) We note that since 0 < u <

_pd-0@+w _pN+qg+u)-Ng+p

2[p—-6g +w)] P(N +2)—N(q+ )

}<p<g,2<qg< p(l + %) Besides, since Q is a bounded domain in R”,

1.2

then @ > 1 since max{l, 35

it leads to

(on()) Pt (t)Hz : (3.9)

(0] dx < C@)]

f ik () dx = f (0 (0) ' pu(x)
Q

Q
where C(Q) is related to Q.
Thus, from (3.5), (3.6), (3.8), and (3.9), we get

$, (1) <850 + f (eu)”' Ce ||Vuy (t)“Z ds + f (e)™' C6C (&) ||uy (t)||§a ds
0 0

< S5(0) + (ew) ' CoeSk (1) + (ep)™' C6C () C(Q) f (Sﬁ(z))“ds,
0

and
Sk ceCe)CQ) (! a
sty —n O @) €l @) (5% @) ds.
1 —(ew) Cge 1 —(ew) Cge 0
Therefore,
!
HOESS +czf (k@) ds, (3.10)
0
where 1 — (e,u)_lCGs >0,C) = %, and C, = % From the Gronwall-Bellman-Bihari

inequality, we obtain
Sk < Cs,
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and

|
2
where Cj is a constant which is dependent on 7.

Multiplying (3.2) by [a’; j(t)]z’ summing on j = 1,2,--- ,k, and then integrating on (0, #), we know
that

(pu(x)) 1tk (;)Hz ¥ ft Vit (9|0 ds < Cs, ¥ ke N, (3.11)
0

(), (s)Hids +I(uh ) = I (uy), 0<r<T. (3.12)

By the continuity of the functional J and (3.3), there exists a constant C > 0 satisfying
J(u¥,) < C, for any positive integer n and k. (3.13)

Applying (2.1, (3.5), (3.8), (3.11), (3.12), and (3.13), we obtain

!
l
where C, = w(cg)“, forall n,k € N*.
1 o f<p<qg<2

> N+2
Combining In |u (x)| < '”(x)l a.e. x € Q,Va>0and (3.5), and taking a = 2 — g, we obtain

I 1 C
(mmmﬁwﬁm+&—ifﬂV(mp

,—CisI(upm)<c. (14

Case 2: max{

1
Sk < S5(0) + 5. i (9)|[, ds.

Together with (3.9), it can become

D) i
Sk <S5 (0) + PEPYe) fo Sk (s)ds.
Then by means of Gronwall’s inequality, we have
Sk (1) < Cs,
and

1 1 !
EH(pn(x))fuﬁ (r)Hj+fO Vi, )|/ ds < Cs. (3.15)

where Cs = SX(0)emacm .
From (2.1), (3.12), (3.13), and (3.15), we have

(pn(x)) uk, (s)” ds+—||Vu (t)||”

<C+ lf L0 In (u,,
9 (3.16)
ouConts o

Ty q) CQ '
2C;s

cr—26
=Ct e oc@
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forall k,n € N*.
Therefore, we can derive

u',‘l(t)” L0717 @) < C, for any positive integer n and &, (3.17)

u’,‘l(t)” LoO.T:L9E) < C, for any positive integer n and &, (3.18)

[FRENEEAG
Combining (3.9) and (3.16), we have

< o . .
Plorr@) S C, for any positive integer n and k (3.19)

ut, (t)|| 2(0r:2@) < C, for any positive integer n and k. (3.20)

Step 3: Pass to the limit
By (3.17), (3.19), and the Aubin-Lions-Simon Lemma (see [25], Corollary 4), we get

Uk — u in C0,T; LA(Q)), (3.21)

as k,n — +oo. Thus, uﬁ(x, 0) — u(x,0) in L*(Q). Combining (3.3) with u,y — ug (x) in Wé’p(Q), we
observe that u(x,0) = u, in Wé”’ Q).
From (3.21), we have uf — ua.e.(x,1) € Q x (0, T). This implies

k|9~

uy,

2db Inlut| > W2 ulnlul ae.(x,t) € Qx(0,T).

It follows from (3.14) and the Holder inequality that

f |Vuf,(r)|”‘2vu§(t) - gdx
Q

-2
vl v, ., = s =
eWy P (V\(0) Pllwy 7@

1 1
( f (\ZAOTRAO ”'dx) ( f I<P|”dx)
< Q Q

”()D”Wg*fp(g)
koa|P~!
<[V <.
That means
-2
Vb )| Vbt < C, for any positive integer n and k. 3.22
(ZCT G H yp g (3.22)
On the other hand, there is
-2 = -2 7
f uflq ub In |ub]|” dx:f u],‘,q Wb In |ub||” dx
Q Q={xe;|ub(0)]|>1}
q-2 Ll
k|9- k||
+ f w,|” u,Inlu|l” dx.
O ={xeQ;|uf ()| <1}
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From Lemma 2.1 and Lemma 2.2, we have

f kO ik In [ub ()| dx

Q

- f O ub @ In ik (]| dx + f O ub ) n il (0] dx
Ql QZ

< f k)| il ] - [ | dx + f @' n |uk ]| dx
Ql QZ

. 21(g-140) "
< (e 7 s )], 1y + Le (@ = DI 7T 1Y

< (ep) 1By [V 0]+ [e (g - DI FTIQI < €,

where B is the best constant of the Sobolev embedding Wé’p Q) — L%(q_““)(ﬁ). Here we choose

0<,u§p(1+f];_lp)—q,q<p(l+f,—:;),andweknowthat

By (3.17)—(3.19), (3.22), (3.23), there exist functions u, y and a subsequence of {u,’j}
denote by {uﬁ}:ok:l such that

k(0" k(1) In

u,’j(t)| ) <C, for any positive integer n and k. (3.23)

L
L= (O,T;LP‘l Q)

which we still

o
nk=

uﬁ—>u weakly star in L*(0,T; Wé’p Q) (3.24)
(on()) 21, > |x["3u, weakly in L0, T; L} () (3.25)

IVil|"* Vit — x  weakly star in L™(0,T; W7 (Q) (3.26)

ufl q_zuﬁln ul,‘l — [u"*uln|u| weakly star in Lw(O,T;LP%l(Q)). (3.27)

Next, by the method of Browder and Minty in the theory of monotone operators, we obtain y =
IVulP2Vu.
By (3.24)—(3.27), passing to the limit in (3.2) as n,k — +oo, it follows that u satisfies the initial
condition u(0) = uy,
(" w, ) + (|l Vu, Vo) = (julPulnu] , w), (3.28)

forall w € WS’”(Q), and for a.e. t € [0, T].
Step 4. Uniqueness
Suppose there are two solutions u#; and u, to Problem (1.1), and we have

(w1, vy + (Ve ">V, Vv) = ([0 In g, v) (3.29)

and
(11, v) + (V] Vaag, Vv) = (ol a3 In fua], v . (3.30)

Let w = u; — u, and w(0) = 0, then by subtracting (3.29) and (3.30), we can derive

f x|~ wvdx + f (IVe11 >ty = Vol Vuy ) Vvdx = f (a1 4722y I Juy | = 1420ty In o) vdx.
Q Q

Q
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Let v = w, and we recall the following elementary vector inequalities that are used frequently: for all
a,b € RY, wehave 0 < (p— 1) ('—b' < (lal"a = [bI"b) - (a = b). if 1 < p < 2. So, we obtain

lal+[bl)>P =
, q-2 _ q-2
L il < flull w In | = ol Py In ]
Zdt 2 Q w
< f fu)=f) o,
Q w

Integrating it on [0, ¢], we obtain
[ —
|||x|—5w||§s2f wazdxdt, (3.31)
0 JQ w

where F(s) = |s]9"% sIn|s|. Combining with (3.9), we get

t
Iwl2 < 2M7 f lIwll3 d.
0

By the locally Lipschitz continuity of F : RY — R, the uniqueness follows from Gronwall’s inequality.
Step 5: Energy equality
We multiply (1.1) with u, and integrate over X (0, ) to obtain the equality

t
f 2w, ()|[ods + T (@) = T wo), 0<t<T. (3.32)
0
The proof of Theorem 3.1 is complete.
4. Global existence and decay rate

4.1. Global existence

In this section, we are concerned with the existence of a global weak solution to Problem (1.1).

Theorem 4.1. Assume that uy € W+, max{%, 1} <p<gq<pl+ %), and then Problem (1.1)

admits a global solution u € L>(0, co; Xy) with le_% u; € L*(0, 00; L2(Q)) and u(t) € W+ for 0 < t < oo.

Proof. Now, we prove Theorem 4.1. In order to prove the existence of global weak solutions, we
consider the following two steps:
Step 1. The initial data uy € Wy

From (3.32), we know that

f
f [l s (s)||jds + T @) =J ) <d, 0<1<Thaxs (4.1)
0
where T, 1s the maximal existence time of solution u(#). We shall prove that 7,,,, = +co. Next, we
will show that

u(t)y e Wi forall 0<t< Ty 4.2)
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Indeed, assume that (4.2) does not hold and let #, be the smallest time for which u(z,) ¢ W;. Then, by
the continuity of u(t), one has u(t,) € 9W; . Hence, it follows that

J(w(t)) =d, (4.3)

or
I(u(t,)) =0. (4.4)

Nevertheless, it is clear that (4.3) could not occur by (4.1) while if (4.4) holds then, by the definition of
d, we have
J(u(t)) > in£ J(u)=d,
ue

which also contradicts with (4.1). Hence, (4.2) is valid.
Next, it 1s discussed in two cases.
Casel: p<g
As a consequence, it follows from this fact and the definition of functional J(u()) that

! s 1 1 1 1
f = e ()| [ods + =T @) + (— - —) IVuOIF + = lu O < d, 4.5)
0 q P 4 q

and . - |
_s 2
f (1672 u, ()| ds + (— - —) IVuOI% + = llu D¢ < d. (4.6)
0 2} q

This estimate allows us to take 7,,,, = +c0. So, we can conclude that there is a unique global weak
solution u(¢) € W of Problem (1.1) which satisfies that

f 2w, (9)|[ods + @) = T (o), 0 <1< +oo.
0

Case2: p=gq
Similar to Case 1, we can derive

!
S 1
fo =% w, ()|l + Il <d

By Lemma 2.5, we have

fQ |u(t)|‘11n|u(t)|dx§[ln||u(t)||Lq(Q)—%ln(;\]]Lé)] fg |u(t)|qu+g fg Vu (1)|dx.

From (2.2), (4.2), and the above inequality, we know that
IVu Il =1 (u(®) + f | (DI In | (1)| dx
Q
=21 (u() + 2[ |l (O In |u (D] dx = [[Vu @I
Q

2
1n||u<r>||m<g>—I%ln(p“e)] fg |u<t>|ﬂdx+(?“—1)||vu(f)||g 4.7)

<21 (u(t)+2 NG,

<2pJ (u(®) +2

1 n pue
? +In||u (l)HLp(Q) = ? In (Nﬁp )] [|ze (I)HZ

<C,.
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Combining the two cases above, we know that the estimate allows us to take 7,,, = +co. It means that
there is a unique global weak solution u(t) € W|" of Problem (1.1).
Step 2. The initial data uy € W

First, we choose a sequence {6,,},_, C (0, 1) such that lim 6,, = 1. Then we consider the following

problem e
™ u,— Apu = luPulnlul,  (x,0) € QX R,
u=0, (x,1) € 0Q X R*, 4.8)
u(x,0) = ugu(x), x e,

where ug,, = 6,,up. First of all, we claim that ug,, € W}, and then J(uy,,) < d and I(ug,) > 0. In fact,
from uy € Wy, lim 6,, = 1 and I(up) > 0, and we can see

L(uom) = ), [IVuolly — 67, 1n16,] lluolly — 67, f luol* In [utoldx
Q

> 60 (lquollﬁ -grr f |uo|? In |u0|dx)
Q

> 607 I(ug) > 0.

On the other hand, by direct calculations, we obtain

d 1 .
46 Ontto) = 5= (92 Vol — 6% 1 |6, lluolf — 62, fg o lnluoldx) = g 1w > 0.

which implies that J(6,,u,) is strictly increasing with respect to 6,, and
J(uom) = J(Onuo) < J(up) = d.

Since ug,, — uy as m — +oo, our result can be derived by the same processes as the proof of Step 1.
Theorem 4.1 is complete.

4.2. Decay estimates

Theorem 4.2. Let u(t) be the solution of Problem (1.1) and p, q satisfy
2<p<g<p|l+ 2
p<g<p(l+5).

If ug € WY, then there exist positive constants c, such that

_1 p-2
VuIP < IVuol? [ —2=——| . ¢>0.
IVu@I < | uonp(ch(p_z)t) >

Especially, if p = 2, then there exist positive constants c4 such that

1
IVu 0l < [Vugllp €277, 1> 0.
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Proof. We are now in a position to prove the algebraic decay results. Thanks to uy € W, we get

u(t) € W;. From (2.3), we have

11 1
(;_gywmg+gﬂwgsJWM)SK%)<d

By (4.9), through a direct calculation, we arrive at
1 1 » 1 g .
(= = = IVl + S llulld b = T (u @) = d,
2 q

where 1y = max{(4*)”, (1*)?}. Combining with (4.9), we get

/l>max( d );( d ); > 1
0= T (o)) "\ T (uo) ’

1
which means that A* > 1, A* > ( J(io))” )
From (2.2), we have

0= I(A"u) = () |IVully - (ﬂ*)qf Jul In fue] dox — (A7) In(A”) |luel|g
Q

= (AU (W) = ()" = () IVu@Il; = ()7 In(2") |lullf -

Namely, |
T @) = lullgIn A"+ [1 = Q[ IVull) > ey IVu@Il,

4\ s
where c; = 1 — (j(uo)) ,P<q.

According to Lemma 2.6, and (2.2), we obtain

T T
f I(w)ds = f (IIVuIII’; — f || In |u| dx) ds
t t Q

1 ("dy s
-5 [ St as

1 s 1 _3
ZEMﬂzMMﬁ—EWMZMUNE

1, _s 2
< 2l o)
1
< ECH”V”(Z)”]%-
By (4.12) and (4.13), we get
T
Vu®|Pds < ——=||Vu @5, = — |[Vu @)|| .
f, IVl ds < =2 IVu @I, = — IVu O

Let T — +o0 in (4.14), and by the virtue of Lemma 2.7, it follows that

1
-1 [
VuOIE < Vuol? [—E2——| ", >0
IVu 2 < uonp(l v z)t)

Theorem 4.2 is complete.

4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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5. Blow-up phenomena of weak solutions

In this section, we present the blow-up phenomena of the solutions to (1.1) including infinite and finite

1 ;
time blow-up, and give some bounders of the blow-up. For simplicity, we shall write L(¢) = 3 |||x|_§ u(t)”j

in the sequel.

5.1. Infinite blow-up

This subsection is devoted to infinite blow-up for Problem (1.1).

Theorem 5.1. (Infinite Blow-Up). Let uy € W~ and p, g satisfy 1 < p < q < 2. Then u(t) blows up
in infinite time.

Proof. We divide the proof into 2 steps.
Step 1: up € W,

We claim that u(z) € W for all ¢ € [0, T},,,,) provided that uy € W[ . Let u(z) be the weak solution of
Problem (1.1) with uy € W', which means that ug # 0 and J(uo) < d, I(ug) < 0.

If J(up) < 0. By the energy equality, we arrive at

1 I 1 1
—I(u) + (— - —) IVully + — Nlull] = J((@®) < J(up) <0 < d. 5.1
q P q q

It means that u(z) # 0, J(u(?)) < d, and I(u(t)) < 0, which implies that u(r) € W/ .
If 0 < J(up) < d. From the energy equality, we obtain

0< fo 3w, ()|[ods + T (1)) = T (o) < d, (5.2)

which means that u(x, r) # 0. Next, we will show that I(u(¢)) < 0 for all ¢ € [0, Th,x). Otherwise, by the
continuity of /(u), there would exist a t, € (0, Tph,) such that I(u(z)) < 0, t € [0,¢,) and I(u(t.)) = 0. It
means that u(¢z,) € N. Then, from the definition of d, it holds that J(u(z.)) > d which contradicts (5.2).
Then u(r) € W for all 1 € [0, Tyax)-

From Lemma 2.4(iv), as I(u(?)) < 0, there is a A* < 1 such that I(1*u) = 0. Then

%)
A e
q (5.3)

1 11
d<JXu) =-1Aw+QY (— - —) IVully +
R b
< (1_7 - 5) IVully + e eellg -

Then, by taking the derivative of L(¢), we obtain

|

d U; _
EL(t) :Lu-—dX— I(u)

_ q 1 (5.4)
= —qJ (u) + (1—9 - 1) IVl +

> g(d - J(u®)) = g(d - J (up)) = Co >0, €0, Tl
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Combining (5.4) and L(¢) — L(0) = fot L'(t)dt, we can derive

™2 @I, = [l S uo|fs + Cor > 0, 1€ [0, Ty (5.5)

Now, we prove that u(#) cannot blow up in finite time. Arguing by contradiction, we assume that u(z)
blows up in finite time, which implies that

R BRY O|[; = +oo. (5.6)
Meantime, by (5.4), we have
Ly s Ly s
LOWLE L @) = 5 [l u®],n (E [ (r)||§) + (). (5.7)

Next, combining In |u (x)| < @ a.e. x € Q,V 6 > 0and (2.2), and taking 6 = 2 — g, we obtain

1

I @) 2 IVu Ol = 5= 7

llu (DIl5 - (5.8)

On the other hand, from (5.4) and (5.6), we can see that there exists a #; € (0, T,,,,) such that

1 _s 2 1 _s 2 2L°
S @], > S [ u @, :exp{m}, (5.9)

where |x| < L. Then by combining (5.7), (5.8), and (5.9) we can derive

L®InL(t)-L (1)

Ly - 1
2 = |lx 2u<t>||jln(5|||x| 2u<t>||§)+||w<t)||§— 5 =g IOl (5.10)

1 1 s 1
> (EL_Sln (E |||x|_2u(t)||§) - E) llu (0I5 > 0,

which means that
L@®OInL@)—-L (@) > 0.

Through a direct calculation, we have

L' (1)
L(1)

%ln (L) = <In(L(®)), telt;,Tmul (5.11)

Then by virtue of Gronwall’s inequality, we get
In(L (1) <exp{r—n}In(L(t)), 1€t Tmaxl,

which implies that
2 expit—t1}

2 b

3 @[5 < x|

That contradicts with (5.6). Therefore, T,,,, = +oo and u(t) blows up in infinite time.

re [tl’ Tmax] .
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Step 2: ug € W5

First of all, uy € W, means that I(u(r)) < 0, J(u(t)) = d, ¥t € [0, T},.x]. We claim that u(t) € W5
for all 7 € [0, T),,,) provided that uy € W3 . Otherwise, by continuity, there would exist a #; € [0, T'qy)
such that I(u(¢)) < 0 for ¢t € [0,#;) and I(u(t;)) = 0. Recalling the definition of d, it is clear that

J@(11)) > d. On the other hand, from [\ Ju- ]dx = 1 (1)) > 0, 1 € [11, Tyas] , we know that u, # 0

[l

and fotl |||x|_%u7 (T)||§ dr > 0,1 € [0, T,..]. Meanwhile, it follows from the energy equality that

Jwam=wa—j‘MW%xﬂﬁw<wa=¢
0

which contradicts with J(u(t;)) > d. Therefore, there exists a t, € [0, T},.,] such that I(u(t,)) < 0 and
J(u(tp)) < d. If we take ¢, as the initial time, then similar to Step 1, we can obtain that the weak solution
u(t) of Problem (1.1) blows up in infinite time.

5.2. Finite time blow-up

Theorem 5.2. (Finite Blow-Up). Let ug € W™ and p,q satisfy2 < p < g < p (% + 1). Then u(t)
blows up in finite time. Moreover,

(RO S
<—
(p—2)pJ (uo)

Proof. We shall apply the first-order differential inequality technique to show the finite time blow-up
result for Problem (1.1) with negative initial energy. For this, set K(¢) = —J(u(t)). Then L(0) > 0, K(0) >
0. From Problem (1.1), it follows that

d d ol
K0 = =T @) = |l uo)], 2 0.

which means that K (1) > K (0) = —J (up) > 0 for all # € [0, T*). Recalling (2.2) and (2.3), we obtain,
for any ¢ € [0, T™), that

d u; _
EL(I) :Lu-—dX— I(u)

|x*

1
:ﬂﬂww(g—Qmwm+?Mg (5.12)
> —qJ (u) = gK (t) > 0.
Making use of the Holder inequality and Cauchy-Schwarz inequality, we arrive at
1 _Ss 2 _s 2
LOK O =5 ([l uo]}) (I uoff) 513
1 .
> L o)’=Irmkoe,
2 2
which then implies
|[K@L (z)]' =L (L K’ (1) — gL’ (t) K(t)) > 0. (5.14)
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Therefore,

0<k=KO)L*O)<K®L}0)< ;IL’ 0L @)= [Lzzq (z)]’. (5.15)

2-9p

Integrating (5.15) over [0, 7] for any ¢ € (0, T*) and noticing that ¢ > 2, one has

Kt < L5 (@) - L (o>] ,

2-9q
or equivalently

2—q 2—q
0<L?(®)<L?(0)-

4 _zz)qkt, te(0,T]. (5.16)

It is obvious that (5.16) cannot hold for all # > 0. Therefore, T* < +oc0. Moreover, it can be inferred
from (5.16) that

2L(0) 2w
T (q-2)gK(©0) (q-2)qJ ()

*

The proof is complete.

For the case of J(uyp) > 0, we obtain blow-up results when the initial energy is ‘subcritical’ and
when the initial Nehari functional is negative which means that u, € W~. More precisely, we have the
following theorem.

Theorem 5.3. Assume that2 < p<q<p (% + 1), uy € W=. Then the weak solution u(t) to Problem
(1.1) blows up in finite time. Furthermore, if ug € Wy, then T, can be estimated from above as follows:

< ﬁbz
" (g-2pb - ||x o))

Tmax

where 3, b are constants that will be determined in the proof.

Proof. We will divide the proof into two cases.
Case 1: up € W,

We claim that u(r) € W for all t € [0, T},,,,) provided that uy € W;. Otherwise, by continuity, there
would exist a 7y € [0, T,,4,) such that I(u(z)) > 0 for ¢ € [0, #y) and I(u(ty)) = 0. Recalling the definition
of d, it is clear that J(u(ty)) > d, which contradicts with J(u(?)) < J(ugy) < d.

From Lemma 2.4(iv), as I(u(t)) < 0, there is a A* < 1 such that /(1*u) = 0. Then

1 1 1 A1)
d<JXu) =-I1Q%)+ ) (— - —) ||Vu||§ + % ||u||g
P rA 1 (5.17)
< (— - —) IVl + = Nl
P 4q q
We show that 7,,, < +c0. For any T € [0, T,,,,), define the positive function
' B

F@) = f L(t)dt+(T—t)L(O)+E(t+b)2, (5.18)

0
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where 8 > 0,5 > 0. By direct computations,

F'(t) =L@®)-LO)+B@E+Db)= ftiL(t)dt+,8(t+b)
0

(5.19)
f fu —dxdt+,3(t+b
F'(t) =L ®)+B=-1u)+p
__ q_ py Ly
=—qJ () + ) 1) IVulll + p llull] + B (5.20)
1 ! _s 2
:(i—lywwz+—ww+ﬁ—qfuwrifHm2mmmm}
p q 0
Applying the Cauchy-Schwarz inequality, Young inequality, and Holder’s inequality to yields
fo [fﬁmﬂzuUMgh+B0+b) []ﬁmﬂzuamz+ﬂ
(5.21)

[ffu —dxdt+,8(t+b)

Therefore, by recalling (5.19) and (5.20), and noticing the nonnegativity of f(¢), we arrive at

FOF" (1) - (1+0)[F 0]
=FWOF" @)+ +0)|f(@)—[2F () - 2(T —t) L(0)] UO |||x|-%u,(z)||§dt +ﬁ”

>FOF (t)-2(1+0)F () [ f 3w 0)|[ ot + B 622
> F (1) {F” ®»-201 +9)f 2w (0)|[2de - 2.1 +9)ﬁ}
Choosing 6 = 9-2 and recalling (5.17) lets us obtain
FOF" @)= 3[F OF = F©)qd=J @) - = DA]. (5.23)

In view of (5.18) and (5.23), we get, for any ¢ € (0, T,,,,) and 8 € (O, W], that

F(OF" (1) - (1 + 1= 2) [F' 0] >

Therefore, Lemma 2.8 guarantees that F(0) > Oand F'(0) = 8b > 0,andthen 47, : 0 < T; < (q_zgf,)(o) ,
such that F(f) - oo, t > T}

< ,8[72
" (g-2Bb - ||x O}

- oo
where b > max {0, ("
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Case 2: uy € W
By similar arguments as those in the proof of case 1, when uy € W, by continuity, we see that there

exists a t, > 0 such that I(u(t,)) < 0 and |||x|_% ut”; > ( for all 7 € [0, 1,). From the energy equality, we
get

5]
_s 2
J (u(t2) = J(uo) - f (|12 ()| LdT < T(uo) = d.
0
The remainder of the proof is the same as in Case 1.
In the following, we shall derive a lower bound for the blow-up time 7.

Theorem 5.4. Assume?2 < p<qg<p (% + 1). Let u(t) be a weak solution to Problem (1.1) that

blows up at T,. Then
1-a
T, > L—(O)’
Cila—1)

where C; > 0,a > 1 are two constants that will be determined in the proof.

Proof. Combining (2.2) and (3.8), we have

d U,
—L(t) = —dx =-1(u) = —||Vull” + 1n |u|d
o (1) fgu IXIS x (u) IVull;, j;lul n |u|dx (5.24)

< ((epy™ Coe = 1) IVulls + (ep)™' CCle) Il
where @ > 1. As (eu)_lC(;g — 1 < 0, recalling the definition of L(f), we get
%L(r) < (ew) ' CoCECE) |Ix7H ur)||2" < CLL (1), (5.25)
where C; = (epn) ' CsC(e)C(Q). Integrating (5.25) over [0, 1), we get

ﬁ L) - L' (0)] < Cut.

Since @ > 1, letting t — T, in the above inequality and recalling that lim,_,7, L(#) = +c0, we obtain

rs O
Cila—1)

The proof is complete.
6. Extinction phenomenon

In this section, we present the result of extinction for Problem (1.1).

Theorem 6.1. (Extinction). Assuming =% < p < q < 2 and

P 2

s 2 a+o=p 1 q+0 q+é q+6-p

o< iarfulf <2( 2] por-Fec |
P
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then the weak solution of Problem (1.1) becomes extinct in finite time. Furthermore, we have the
following estimates

2
1-£ 2
_s 2 1 _s 2 2
2 u ] < 2[(5 = 2u0||2) ~a(1- g)t} L 0<t<T,
and ,
K 2u@|, =0, t>T..

The extinction time is )

s 112) 2

2 2 ”lxl ”0”2
" 2-p ' € ’
where €, 6, C, are given in the following.
Proof. Multiplying (1.1) by u(¢) and integrating over €2, we have
L0+ [[Vu@lly) = flulq In |u| dx. 6.1
Q

Meanwhile, by % <p<2 wehave 0 < s <2< (N+2)- %N, which implies that 1 < NEISV+2 < pin

Lemma 2.6, and we can see that there exists a constant C,, > 0 such that

2
ulx
WO e < CplVUlP s < C, Va2 6.2)
O |x| N-s+2 p

Combining (2.4), (3.9), (6.1), (6.2), and Holder’s inequality, we deduce that there existsa0 <0 <2 —¢
such that

p

v+ (2] Lo < L g
C, =5 v
1 +0
< SIQI iy (6.3)
L e ax0  qrs
< 5|Q| T 2C Q)T L7 (1).

Then by Lemma 2.9, we know that

+0
<r:q—S1.

2 g 1 q+o q+6
€ = (—) , &= EIQII‘T(ZC(Q))T, 0<l= >

Cp

(SIS

We assume that

2 4 -2

Y €\ 2\F [ 1 g o |77
0 < |flx 2uo||2<2(6—2) =2(C—p) [5|Q| Yec@y®|

and then we can see that
2
2=

L@ < [—eo(l - g)t+L1§(0)] "0<i<T.,
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and
Lt=0,t>T,,
where ,
I 2 \? 1 -2 g+ _s q+6—p
o=ea-al™0) =] - |57 C@) |[IM T,
p
and

The proof is complete.
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