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Abstract: In this article, we study a double phase variable exponents problem with mixed boundary
value conditions of the form

D) + |l 2u + b(x)|u?Y%u = f(x,u) inQ,
u=0 on A4,
(IVuI”(’C)_Zu + b(x)qulq(")_zu) -v=g(x,u) onA,.

First of all, using the mountain pass theorem, we establish that this problem admits at least one nontrivial
weak solution without assuming the Ambrosetti—-Rabinowitz condition. In addition, we give a result
on the existence of an unbounded sequence of nontrivial weak solutions by employing the Fountain
theorem with the Cerami condition.
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1. Introduction

The study of solutions to superlinear problems driven by the double phase operator is a new and
important topic, since it sheds light on a range of applications in the field of mathematical physics such
as elasticity theory, strongly anisotropic materials, Lavrentiev’s phenomenon, etc. (see [1-3]).

In the present paper, we study the existence and multiplicity of solutions for the following double—
phase problems with mixed boundary conditions:

D) + |ulP%u + b(x)|u|"%u = f(x,u) inQ,
u=0 on Ay, (1.1)
(IVal" ™20 + b(x)|Vul"@2u) - v = g(x,u) ~ on Ay,
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where Q ¢ RY(N > 2) is a bounded domain with Lipschitz boundary dQ, A, A, are disjoint open
subsets of Q such that 9Q = A; UA, and A; £ 0, 1 < p(x) < g(x) < N forall x € Qb: Q- [0, +0)
is Lipschitz continuous, v denotes the outer unit normal of Q at the point x € A,, f: QX R — R and
g : A» X R — R are Carathéodory functions, and D is the double phase variable exponents operator
given by

D(u) := div([Vul'P2Vu + b(x)|Vul?92Vu), for u e WH2(Q). (1.2)

Note that the differential operator defined above in (1.2) is called the double phase operator with
variable exponents, which is a natural generalization of the classical double phase operator when p and
q are constant functions

u > div (|VulP 2V + b(x)|Vul'>Vu)

From the physical point of view, while studying the behavior of strongly anisotropic materials, V.V.
Zhikov [2] in 1986 discovered that their hardening properties changed radically point by point, what is
known as the Lavrentiev phenomenon [3]. To describe this phenomenon, he initially introduced the
functional

Vi f‘(|Vv|’7 + b(x)|Vv|?) dx, (1.3)
Q

where the integrand changes its ellipticity and growth properties according to the point in the domain. In
the framework of mathematics, the functional (1.3) has been investigated by many authors with respect
to regularity and nonstandard growth. For instance, we refer to the papers of P. Baroni et al. [4, 5], P.
Baroni et al. [6], G. Cupini [7], and the references therein.

Multiple authors have recently concentrated on the study of double phase problems in the case when
the exponents p and g are constants, and a plethora of results have been obtained; see, for example, W.
Liu and G. Dai [8], M. El Ahmadi et al. [9], L. Gasinski and P. Winkert [10], N. Cui and H.R. Sun [11],
Y. Yang et al. [12], and the references therein. For example, N. Cui and H.R. Sun [11] considered the
following problem in the particular case: p(x) = p, g(x) =g, and 1 =1

D) + [ulPu + b\l u = f(x,u) inQ,
(IVul"u + b(x)|Vul'u) - v = g(x,u)  on dQ,

where D(u) := div (qulp‘ZVu + b(x)qulq‘ZVu) . The authors have proved the existence and multiplicity
of nontrivial weak solutions for the above problem with superlinear nonlinearity. Their approach was
based on critical point theory with Cerami condition.

Very recently, Y. Yang et al. [12] considered the problem (1.1) in the particular case of p(x) = p and
q(x) = g. Based on the maximum principle and homological local linking, they proved the existence of
at least two bounded nontrivial weak solutions.

The main novelty of the current paper is the combination of the double phase variable exponents
operator with mixed boundary conditions, that is, the Dirichlet condition on A; and the Steklov condition
on A,, which is different from [13]. To the best of our knowledge, there are only a few results related to
the study of such problems.

To state our results, we make the subsequent hypotheses on f and g:

(Hyp) There exist C,C, > 0, 51 € C.(L), and s, € C.(A,) such that
Q) If(x, 0] < Ci(1 + 1™ forall (x,1) € QX R,
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(i) |g(x, )] < Co(1 + [f12971) for all (x,1) € Ay X R.

(H) () 1<pt<qt<s;<si<pi(x) forall xeQ,
(i) 1 <p*<q'<s;, <55 <pdx) forall xe€A,,

where

o = [T PO <N,
B if p(x) > N,

(N-1)p(x) .
p.(x) = N——ch) if p(x) <N,
0 if p(x) > N.

(Hy)) (i) hm 1nf Flt(lf; D = tco uniformly a.e. x € Q,

G(x,t) _
Il

(i1) hlrln inf = +oo0 uniformly a.e. x € A,,

where F(x,1) = fol f(x,s)ds and G(x,t) = fol g(x, s)ds.

(H;) (i) There exist ¢;,7; > 0 and [, € L®(Q) with [;(x) > g such as

IF(x, )" < eyt F (x, 1),

for all (x,1) € QX R, |1l = ry and F(x,1) := = f(x, t)t - F(x,1) > 0.

(i1) There exist ¢5, 7, = 0 and [, € L*(A,) with [,(x) > T such as

IG(x, )" < ot ™7 G(x, 1),

for all (x,1) € Ay XR, [t| > r, and G(x, 1) := q%g(x, Nt—G(x,t) > 0.

(Hy) () f(x, 1) =o(tf’" ") as t — 0 uniformly for a.e. x € Q,
(1) g(x, 1) = ot "Hast— 0 uniformly for a.e. x € A,.
(Hs) (1) f(x,—1t) = —f(x,0) forall (x,7) € QXR,
(i) g(x,—1) = —g(x, 1) for all (x,1) € Ay X R.

Let us consider ¢ : X, — R the Euler functional corresponding to problem (1.1), which is defined as

follows:
du) = I(u) — p(u),
where )
1 b(x) (x)
I(u) = —|VulP® Vul? | dx f ( CoN
0 L(p(x)' o+ ) AP
and

o(u) = fF(x, u)dx+f G(x,u)do,
Q Ay
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with X, will be defined in preliminaries and do is the measure on the boundary.
Then, it follows from the hypothesis (H,) that the functional ¢ € C'(X,,R), and its Fréchet derivative is

<¢XMLV>:\j‘UVuVu*Z+leNVuW“*a‘hLVvdx
Q

+ f (Iul"’(")_2 + b(x)Iulq(x)_z) u.vdx — ff(x, u)vdx — f g(x,uyvdo,
Q Q A

for any u, v € Xj. It is clear that any critical point of ¢ is a weak solution to the problem (1.1).
Now, we present the main results of this paper.

Theorem 1. Suppose that (Hy), (H,),(H,),(H3) and (H4) hold. Then problem (1.1) has at least one
nontrivial weak solution.

Theorem 2. Suppose that (H,), (H,), (H;), (H3) and (Hs) hold. Then problem (1.1) possesses a sequence
of weak solutions (u,) such that ¢(u,) — +o00 as n — +oo.

2. Preliminaries

To study double phase problems, we need some definitions and basic properties of W'?(Q), which
are called Musielak—Orlicz—Sobolev spaces. For more details, see [14—-19] and referglces therein. .
First, we recall the definition of variable exponent Lebesgue space. For p € C.(Q) :={p € C(Q)) :

p~ = infp(x) > 1}, we designate the variable exponent Lebesgue space by
xeQ

LPI(Q) = {u : QO — R is measurable and f lu(x)[PPdx < +oo},
Q

equipped with the Luxemburg norm

mmﬁ:mqu>oxf

Q

p(x)

utx) dx < 1},

u

Proposition 1. [20]

1. The Sobolev space (LP“)(Q), |.|,) is defined as the dual space L™ (Q), where g(x) is conjugate to
p(x),ie., —= + - = 1. For any u € L’™(Q) and v € L1¥(Q), we have

p(x) g%
f uv dx
Q

2. If p1, pr € Co(Q), p1(x) < pa(x), for all x € Q, then LP2(Q) < LP'®(Q) and the embedding is
continuous.

1 1
< (; + q—_) |l po) VIgery < 2Mutl pioy VIgca)-

Let p e C.(0QQ) :={p e COQ):p = irg2 p(x) > 1} and denote by do the Lebesgue measure on
the boundary. We define

LPM6Q) = {u : 0Q — R is measurable and f [ulPPdo < +oo},
o0
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with the norm
q(x)

ux) do < 1}.

a

|u|p(x),6§2 = inf {(X >0: f

o0
Now, we give the main properties of the Musielak—Orlicz—Sobolev functional space that we will use
in the rest of this paper. Denote by N(Q) the set of all generalized N-functions. Let us denote by

D :QX[0,+00) — [0, +00)
the function defined as
D(x, 1) = 'Y + b(x)r1™,  forall (x,1) € Qx [0, +00),

where the weight function b(.) and the variable exponents p(.), g(.) € C+(ﬁ) satisfies the following
hypothesis:

Ng(x)

p(x) < g(x) < N, —————— < p(x) forall x e Q and 0 < b(.) € L*(Q). 2.1
N+qg(x)—1
Note that the role of assuming the inequality Nivq‘i%)_l < p(x) is to ensure that g(x) < p.(x) and
g(x) < p*(x) for all x € Q, where p*(x) = A],V_ pp(g) and p.(x) = %.

It is clear that D is a generalized N-function, locally integrable, and
D(x,2t) <27 D(x,1), forall (x,1) € Qx [0,+00),

which is called condition (A,).
We designate the Musielak—Orlicz space by

LP(Q) = {u : Q — R is measurable and fi)(x, lu))dx < +oo},
o

equipped with the so-called Luxemburg norm
: u
lulp = inf {u >0 : fl)(x, I=Ddx < 1},
Q H
The Musielak—Orlicz—Sobolev space W'?(Q) is defined as

W'2(Q) = fu € L2(Q) : IVul € L),

endowed with the norm
Il ulli,0=lulp + [Vulp.

With such norms, L?(€) and W!?(Q) are separable, uniformly convex, and reflexive Banach spaces.
On L?(Q), we consider the function p : L?(Q) — R defined by

o(u) = f (lul”(x) + b(x)lulq(x)) dx.
Q
The relationship between p and |.|p is established by the next result.
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Proposition 2. (see [16]) For u € L2(Q), (u,) ¢ L?(Q), and u > 0, we have

1. Foru #0, |ulp = u <:>p(/%) =1;

\S]

Lulp<1(=1,>1) = pu)<1(=1,>1);

W

ulp > 1= ul?) < p(u) < |ul?;
4 lulp < 1= [l < pQu) < |ul’) ;

5. lim |u,lp =0 & lim p(u,) = 0 and lim |u,|lp = +o0 & lim p(u,) = +oo.
n—+co n—+co n—+oo n—+oco

On W!'?(Q), we introduce the equivalent norm by

[l :=inf{#>0ifg[

Similar to Proposition (2), we have

q(x)
+

p(x)
+ b(x)

p(x)

vu + b(x)

a

u

A

u

Vu
u

A

q(x)
]dx < 1} . 2.2)

Proposition 3. (see [16]) Let
p(u) = f (IVMIP(X) + b(x)qulq(x)) dx + f (|u|l’(x) + b(x)|u|‘1(x)) dx.
Q Q

For u € W'2(Q), (u,) ¢ WP(Q), and i > 0, we have

[E—

. Foru #0, ||ul| = u <=>/3(/%) =1;
2. ull<1(=1,>1) = pu) <1(=1,>1);
3. lull > 1= JlullP” < p(u) < |lullt";
4 llull < 1= [l < plu) < flull”;

5. lim |ju,]l = 0 & lim p(u,) = 0 and lim |lu,|| = +c0 & lim p(u,) = +co.
n—+oo n—+oo n—+oo

n—-+0o

We recall that problem (1.1) has a mixed boundary condition. For this, our Banach space workspace
is given by
Xo:={ue W?2(Q):u=0 on Ay,

endowed with the equivalent norm (2.2). Obviously, since X, is a closed subspace of W!'?(Q), then
(Xo, II.]) 1s a reflexive Banach space.

Proposition 4. (see [16]) Let hypothesis (2.1) be satisfied. Then the following embeddings hold:

1. There is a continuous embedding L?(Q) < L™(Q) for r € C(Q) with 1 < r(x) < p(x) for all
x e Q.

2. There is a compact embedding W*(Q) — L"™(Q) for r € C(Q) with 1 < r(x) < p*(x) for all
x e
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3. If p € C.(Q) N W(Q) for some y > N. Then, there is a continuous embedding W'2(Q) —
L™(0Q) for r € C(6Q) with 1 < r(x) < p.(x) for all x € 6Q.

4. There is a compact embedding W!'?(Q) — L'(9Q) for r € C(0Q) with 1 < r(x) < p.(x) for all
x € 0Q.

It is important to note that when we replace W' (Q) by X, in Proposition 4, the embeddings 2 and 4
remain valid.

LetA: WH(Q) — (WLD(Q))* be defined by
(Au),v) = f (IVul" @™ + b(x)|Vul?®~?) Vu.Vvdx + f (Il + bOO|" ) w.vdx,
Q Q

for all u,v € W'2(Q), where (WI’D(Q))* denotes the dual space of W'2(Q) and (., .) stands for the
duality pairing between W?(Q) and (WI’D (Q))*.

Proposition 5. (see [16, Proposition 3.4]) Let hypothesis (2.1) be satisfied.
1. A: W2(Q) - (W"D(Q))* is a continuous, bounded, and strictly monotone operator.

2. A: WHP(Q) — (WLD(Q))* satisfies the (S, )-property, i.e., if u, — uin W?(Q) and lim (A(u,)—
n—s+o0o0
A(u), u, —u) <0, then u,, — uin WH2(Q).

Definition 1. Let u € X,. We say that u is a weak solution to the problem (1.1) if

f (qulp(x)_z + b(x)qulq(x)_z) YVu.Vv dx + f (|u|l’<x>—2 + b(x)|u|‘f<x>-2) uv dx
Q

Q
— ff(x, u)vdx — f g(x,u)vdo, =0,
Q Aa

forall v € X,.
Now, we give the definition of the Cerami condition that was first introduced by G. Cerami in [21].

Definition 2. Let (X, ||.||) be a real Banach space and ¢ € C'(X,R). We say that ¢ satisfies the Cerami
condition (we denote (C)—condition) in X, if any sequence (u,) C X such that (¢(u,)) is bounded and
ll@" (e )II(1 + [lun]]) = O as n — +oo has a strong convergent subsequence in X.

Remark 1. 1. It is clear from the above definition that if ¢ satisfies the (PS)-condition, then it
satisfies the (C)-condition. However, there are functionals that satisfy the (C)-condition but do not
satisfy the (PS)-condition (see [21]). Consequently, the (PS )-condition implies the (C)-condition.

2. The (C)-condition and the (PS )-condition are equivalent if ¢ is bounded below (see [22]).

Next, we present the following theorems, which will play a fundamental role in the proof of the main
theorems.
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Theorem 3. (see [23]) Let (X, ||.||) be a real Banach space; ¢ € C!(X,R) satisfies the (C)-condition;
#(0) = 0, and the following conditions hold:

1. There exist positive constants p and @ such that ¢(u) > a for any u € X with ||ul]| = p.
2. There exists a function e € X such that |le|| > p and ¢(e) < 0.

Then, the functional ¢ has a critical value ¢ > «, that is, there exists u € X such that ¢(u) = ¢ and
¢'(u) =01in X*.

Let X be areal, reflexive, and separable Banach space. Then there exist {e;} e C X and {ej} jen C X7
such that

X =spanle;: j=1,2,..}, X' = span{e; j=1,2,..},
and (ef,e;) = 1ifi = j, (e},e;) = 0if i # j.
We denote X; = spanfe;},Y; = @1;:1 X;, and Z; = @:; X;.

Theorem 4. (see [24]) Assume that X is a Banach space, and let ¢ : X — R be an even functional of
class C!(X, R) that satisfies the (C)—condition . For every k € N, there exists y; > 1; > 0 such that
(Ay) by = inf{p(u) : u € Zi, ||ul]| = ni} — +o0 as k — +oo;

(A2) ¢ := max{d(u) : u € Y, |lull = i} < 0.

Then, ¢ has a sequence of critical values tending to +oco.

3. Proofs of Theorems 1-2

First of all, we are going to show that the functional ¢ fulfills the (C)-condition.

Lemma 3.1. If assumptions (Hy), (H;), (H,) and (H3) hold, then the functional ¢ satisfies the (C)-
condition.

Proof. Let (u,) C X, be a Cerami sequence for ¢, namely,

(¢(u,)) is bounded and  [l¢"(u,)llx; (1 + [lunll) — O, (3.1
which implies that
sup |p(u,)l < M and (¢ (), un) = 0,(1), (3.2)
where lim o, (1) =0and M > 0.

n—+oo

We need to prove the boundedness of the sequence (u,) in X,. To this end, assume to the contrary, that
the sequence (u,) is unbounded in X,. Without loss of generality, we can assume that ||u,|| > 1. By
virtue of (H3), for n large enough, we have

1
M+1 = ¢(un) - E((bl(un)? Lln>

1 b(x) 1 b(x)
= —— |V, P + ==V, |1 | d f(_ P = nq(x))d
L(p(x) T Y ) SR A P L e L R

1 1
— fF(x, u,)dx — f G(x,u,)do + — f fx, u)u,dx + — f g(x, uy)u,do
Q As q° Ja g Ja,
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1 1
- — f (|Vun|p(x) + b(x)qun|q(x)) dx — — f (|un|p(x) + b(x)lunlq(x)) dx
1 Ja q Ja
: @ ) 1 () (x)
> — | (VP + bV ") dx + — | (1l + b)) dx
q Q q Q
1 1
— q_+ f (|Vun|p(x) + b(x)quan(x)) dx — q_+ f (|un|p(x) + b(x)lunlq(x)) dx
Q Q

h

F(x, un)dx+f G(x,u,)do,

where ¥ (x, u,) := q%f (x, u)u, — F(x,u,) > 0 and G(x, u,) = q%g(x, Uty — G(x,u,) = 0.
Then, we obtain

M+1> f?‘-(x, u,)dx + f G(x,u,)do,
Q Az
which implies
M+1> fT(x, u,)dx, (3.3)
Q

and

M+1> G(x,u,)do. (3.4)
As

On the other hand, by Proposition 3, we have

M = ¢(un)

= f (lennlmu 2 9 I"(’“))d + f (Llunlf’“) + X9y, nl‘“))dx
a\p(x) q(x) a \p(x) q(x)
—fF(x,un)dx—f G(x,u,)do
0 Az

1
> — ( f (VU + ()| Vit |"D)dx + f (1utaP™ + b(x)lun|q<"))dx)
q Q o

- fF(x, un)dx—f G(x,u,)do
Q Ay

1
> —p(uy) - f F(x,u,)dx — f G(x,u,)do.
q Q Ao

Because ||u,|| > 1, we can obtain

1 _
M > —+||un||’7 - f F(x, u,,)dx—f G(x,u,)do. 3.5
q Q Ar

Since ||u,|| = +o0 as n — +oo0, we deduce that
1 -
fF(x, u,)dx +f G(x,u,)do > —+||u,1||p - M — 400 asn — +oo. 3.6)
o) Az q

Furthermore, using Proposition 3, we have

X () X f(l X () X
L) = Vnp() an()d np() 1q()
Patn) f(()' | ()'”')“ ol G
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- | F(x,u,)dx— f G(x,u,)do
Ao

Q
1 .

< —|luall? —fF(x,un)dx—f G(x,u,)do.
p Q As

Then, we obtain

o(u,) + fF(x, u,)dx + f G(x,uy)do < l%llunll‘f. 3.7
Q

Ao
In view of condition (H,), there exist T, T, > 0 such that

F(x,t)> ]9 forall xe Q and |f| > Ty,

G(x,/) > |f|”  forall xe A, and |f| > T>.

Since F(x,.) and G(x,.) are continuous functions on [-7, T] and [-T>, T»], respectively, there exist
Co, Cj; > 0 such that

|[F(x,0)] < Cy forall (x,1) e Qx[-T,,Ti],
IG(x, 1) < Cy forall (x,1) € Ay X [T, T].

Then, there exist two real numbers K and K’, such that

F(x,t) > K forall (x,7) € QXR,
G(x,t) > K’ forall (x,t) € Ay XxR.

Hence,
F(x,u,) - K >0

Ll [l 58
G(x,u,) - K’ '
Glow) — K
L a4
for all (x,n) € Q x N.
Putg, = ”Z—"”, so ||8.]| = 1. Up to subsequences, for some 5 € X,, we have

B.— B in Xy,
Bn— B in L*9(Q),
Bn— B in L"(A,), (3.9)
B.(x) = B(x) ae.,inQ,
Bu(x) = B(x) ae. inA,,
for s(x) < p*(x) and r(x) < p.(x).

Define the sets Q) = {x € Q: B(x) # 0} and I' = {x € A, : B(x) # 0}.
Obviously, since ||u,|| = 400 as n — +oco0, we have

|ty ()| = [Ba(Ol[ttn]| — o0,
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forany x € Qo UT.
Therefore, due to (H,), for all x € Q, UT", we deduce

F(x,u,)  _F(x,uy)
Lllulle 7 a0l
Gx,u) _ _G(x,uy)
T~

Bu(x)F — +oo,

(3.10)
B.()[1 — +oo.

Thus, [Qp| = 0 and |I'| = 0. In fact, suppose by contradiction that |Qy| # O or |['| # 0. Using (3.6), (3.7),
(3.10), and Fatou’s lemma, we get

o R FGudx+ [ GOnw)do
I = liminf
= g(uy) + [ Fw)dx + [, G(x,wy)dor

fQ F(x,u,)dx + fAz G(x,u,)do

> liminf - -
e Ll

o F(x,u G(x,u ) K
thmf[f 1( , "2dx+f 1( . nzdo-]—hmsupf 1 —dx

n—+eo Qo FHun”q r F”uan n—+0o Qo F”un”q

. K’
—llmsupf : —do

L \u, ||

no+oo  Jr p,llu,,ll

o o G(x,u ) K
thmff : +dx+hm1nff 1( - "zdd—hmsupf ; —dx

=t Joo o=l noreo Jr = lug|l? no+oo Joy o=l

. K’
— lim supf ; —do
n—+oo T ;”I/thq

F _K _K
= liminf f Fhw) =K o fiminf f glxu) — K\
Qp T

0 1
norkeo =l norkeo =Mo"
.. Fxu,) - K .. .Gx,u,) - K
Zf l1m1nf(]’—")+dx+fhm1nf(l’+)+da'
Q "t |l romore |l

F " .. s Up
Zf lim inf 1(|x,u )dx+ 11m1nfG(x “ )dO'
Q

T s Dl

_f lim sup— +dx—j‘hmsup : —dx
L q q
Q) n—+w p,llunll I novoo —||uyl

P
which is a contradiction. Therefore, B(x) = O for a.e. x € Q and for a.e. x € A,.
From (3.5) and (3.9), respectively, we can deduce that

B, =0 inLWQ), B, —0 inLW(A,),

. ) 3.11)
Bu(x) >0 ae. inQ, B,(x) =0 ae. inA,,
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for s(x) < p*(x), r(x) < p.(x), and

1 F s Un G s “*n
0<— Slimsup[fwdx+f Mda]
q" i Lo luall? Al

(3.12)
: |F(x, u,)l : |G(x, uy)|
<limsup | —————dx + limsup ——do
notoo Jao o ugll? noteo Ja,  uall?
Using (Hy) and (H,), we obtain
1 s(x)
F X, U |Ml’l|+A_|Mn|
f [F( ?)I dxsclf 5 dx
O<luyolry) 1Unll? (0<lun(0l<r) [lug, |17
u C _ _
<C | "ll, +—_1f || 7718, dx
Nall?™ 57 Jiosiunisr)
lu | Cry” - (3.13)
<C,C — P
™+ 5 Ol

CCs Ci1Cyry™”
< - -
179 5]

— 0, as n— +oo,

where C3, C4 > 0, s is either s7 or s7 and r; comes from (H3).

Put [;(x) = 2. Since Iy € L*(Q) with [(x) > 2. it follows that I} (x)p~ < p*(x).

On the other hand, by virtue of hypothesis (H3)(i), (3.3), and (3.11), we deduce

1

L(x) o ;
F(x,u F(x,u hw I T
f IF( i’)ldx ) z[f (| ( ,,)I) dx] B dx
lnizr) Ul lizr) \ - al? e

- g o ]
< 2C11(X)[f F(x, un)dx] [f 18,1 P dx]
{lun(0)12r1} {lun(0)1=r1}

1

1 n® B P
SZCT”)[ f F (x, un)dxl [ f 1B, 1P a’x]
o Q

1

e _ 7 (x)
Q

— 0 as n— +oo.

Combining this with (3.13), we obtain

F Py n F 9 n F 9 n
|F(x u_)ldx:f |F(x u_)ldx+f |F(x u_)ldx
o lluall? (0<luyoizr) all? lunCoizryy 6]l (3.14)

— 0, as n — +oo.

Similarly, let Z,(x) = 722 Since I, € L¥(Q) with L(x) > 2=L it follows that Z(x)p~ < p.(x). Then,

L)1 1’
by (H3)(ii), (3.4), and 33.1 1), we can prove in a similar way that
G(x, u,
GOl 450, as n— +oo. (3.15)
A uall?
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Consequently, combining (3.14) with (3.15), we obtain
F n b n
l(x—’u_)ldx + Mda’ — 0, as n— +oo,

o P A uall?
which is a contradiction to (3.12). Thus, (u,) is bounded in Xj.

Finally, we need to prove that any (C)-sequence has a convergent subsequence. Let (1,) C X, be a
(C)-sequence. Then, (u,) is bounded in Xj. Passing to the limit, if necessary, to a subsequence, from
Proposition 4, we have

u, = u in Xy, u, = u in L"9YQ), u, — u in L29(A,),

(3.16)
u,(x) = u(x) ae. x€Q, u,(x) - u(x) a.e. x € Ay,

for 1 < 51(x) < p*(x)and 1 < s5(x) < p.(x). Itis easy to check from (Hy), (3.16) and Holder’s inequality
that

-1
‘ ff(xa ) (U, — u)dx' <Gl + |un|SI(X) |s’,(x)|un - u|51(x)
Q

(3.17)
— 0 as n—> +oo,
and
80, )ty = wdor| < Coll + O |yl =
‘fAQ L) 2(%) (3.18)
— 0 as n— +oo,
1 1 _ o, 1
where o T = 1 and so o® 1.
Next, since u, — u, from (3.1), we have
(¢ (), u, —uy — 0, as n — +oo, (3.19)

Then

(' (), ty — u) = (Aup), uy — u) = f J O )y — uydx — f 8(x, uy)(uy — wydor
Q

A

— 0 as n—> +oo,

where A is given in Proposition 5.
Finally, the combination of (3.17), (3.18), and (3.19) implies

(A(up),u, —uy — 0 as n — +oo.

Since the operator A satisfies the (S ) property in view of Proposition 5, we can obtain that u, — u in
Xy. The proof is complete.

Proof of Theorem 1
Let us check that the functional ¢ satisfies the geometric conditions of the mountain pass in Theorem
3. By Lemma 3.1, ¢ satisfies the (C)—condition. According to the definition of ¢, we have ¢(0) = 0.

Then, to apply Theorem 3, it remains to prove that
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(i) There exist positive constants p and @ such that ¢(u) > « for any u € X, with ||u|| = p.
(i1) There exists a function e € X, such that ||e|]| > p and ¢(e) < O.

For (i), let ||u|]| < 1. Then, by Proposition 3, we have

o(u) > %ﬁ(u) - f F(x,u)dx — f G(x,u)do
P QO Ao
1

(3.20)
> —|lul”" - f F(x, u)dx — f G(x, u)do.
p Q Ar
Using (Hy) and (H,), for € > 0 be small enough, there exist C;(g), C,(g) > 0 such that
F(x,t) < gl + C,e)|f|"™®, V(x,1) e QxR,
(x, 1) < el 1@l (x, 1) (3.21)

G(x, 1) < el + Co(e)|f|?™, V(x,1) € Ay X R.

Since p* < s1(x) < p*(x) and p* < s2(x) < p.(x) for all x € Q and for all x € A, in view of condition
(H;), we have from Proposition 4 that

Xo = L7 (Q), Xy = L"(Q),
Xo > LY (Ay), Xo < L?YW(A,).

So, there exist ¢; > 0(i = 3, ...6) such that

|ul )+ < c3llull, uls, 0 < callull, Yu € Xy

ul e ny < collull,  luls < crllull, Yu € Xo.

Therefore, by (3.20) and (3.21), for ||u|| < 1 sufficiently small, we obtain

|- . )
$w) > " - f jul” dx = C1(#) f juf"Vdx — & f ul”" dor ~ Ca(e) f jul*“der
q Q Q Ay Ao

1 + - _ + - _
> —[lull” = &c} P = Ci(e)cy lull't — et lull” — Ca(e)c |lull™.
q
Since s7 > p* in view of condition (H;) and |jul| < 1, then ||u|*1 < llu|l”". Thus, we obtain

1 . - N —
d(u) > —|lull” = &ci ull”" = Cr(@)e, ullP™ = &ck lull” = Ca(e)eg lull™

1 + + ST + + s _
> il = (el + Ci(e)e] +ect |l = Catedeg .
q

Since s; > g* > p™, then by the standard argument, there exist positive constants p and @ such that
¢(u) > a for any u € X, with ||u|| = p.
Next, we affirm that there exists e € X, with ||u|| > p such that

¢(e) < 0. (3.22)
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In fact, from (H>), it follows that for every k > 0, there exist constants T} and 7}’ such that
F(x,t) > ki forall xe Q and |f| > Ty,
G(x,t) > klf}”"  forall x € A, and |f| > T}.

Since F(x,.) and G(x,.) are continuous functions on [—T%, T;] and [—T,j, T,j], respectively, there exist
constants Co, C; > 0 such that

|F(x,)| < Cy forall (x,1) € QX [T, Ty],
IG(x,0)| < C; forall (x,1) € Ay x [-T;,T(].
Thus,
F(x,1) > k|t|‘1: ~Cy, forall (x,f) e QxR, (3.23)
G(x,t) > klt|” —C,, forall (x,7) € Ay xR.
Let w € Xy \ {0} such that ||w|| = 1 and / > 1 be large enough. Using the above inequality, we obtain
b(x)

¢(1W)=f(LIVlwlp(x)+—IVlwlq(x))dx+I(Lﬂwpﬂ(x)+@”Wri(x) dx
o \p(x) q(x) a\p(x) q(x)

- f F(x, Iw)dx — f G(x, lw)do
Q A

lq+ + + + +
< ;ﬁ(w) — kI f w|? dx — kI f Wl do + Co|Q| + CylAz]
Q

As

lq+ + + + +
< — — kI f w|? dx — kl? f Wl do + Col|Q| + CylAzl
p Q Ay

+ 1 + +
— (—_ —~ kf w|? dx — kf lw|? dff) + ColQ + ColAal.
p Q A

1 N .
—_—kflwlqu—kf wl? do < 0,
p Q Az

for k large enough, we deduce
d(lw) - —oco, as [ — +oo.

Thus, there exist #p > 1 and e = tyw € X, \ B,(0) such that ¢(e) < 0.

As

Proof of Theorem 2

To prove Theorem 2, we need the following auxiliary lemmas:

Lemma 3.2. (see [25,26]) For s € C.(Q) and r € C,(Ay) such that s(x) < p(x) for all x € Q and
r(x) < p.(x) for all x € A,. Let

Or = supflulsy : llull = 1,u € Z;},
8, = supflulswma, : llull = 1,u € Z).

Then, klim 0 = lim ¢; = 0.

—+00 k—+o0
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Lemma 3.3. (see [27]) For all s € C.(Q) (r € C.(Ay)) and u € L’(Q) (v € L'™(A,)), there exists

y € Q (z € Ay) such that
v = iy,
o :

r(x) _ 7(z)
R lu|"Vdo = |u|r(x),/\2'
2

(3.24)

Now, we return to the proof of Theorem 2. To this end, based on Fountain Theorem 4, we will show
that the problem (1.1) possesses infinitely many weak solutions with unbounded energy. Evidently,
according to (Hs), ¢ is an even functional. By Lemma 3.1, we know that ¢ satisfies the (C)-condition.
Then, to prove Theorem 2, it only remains to verify the following assertions:

(Ay) by = inf{d(u) : u € Z;, ||ul| = i} — +o0 as k — +oo,
(A2) ¢ := max{d(u) : u € Y, |lull = i} < 0.

(A)) For any u € Z; such that ||u|| = i, > 1. It follows from (H,), Proposition 3, and Lemma 3.3 that

(x) b(x)
= VulP® + Vul?® | dx f ( P 4 q(x))
P f(()' | ()'”') = Jo L e
—fF(x, u)dx—f G(x,u)ydo
Q AY)
|u|31(x)

! R 52(x)
_+||U||p -C f luldx — C, dx—C, f |uldo — sz |u dor
q Q QO Sl(x) Ay Ay s2(x)

1 _ C, ! C,
q—+||u||P — Cycyllull - —_|u|“<” — Cacallul] - S—_|u|”<z)
2

\%

%

51(x) 52(x),A2

1 Cy Cy,
> q—nuuf’ = eslull = —lu R 17 e

5] 51(x) 52(x),42°
where c; = max{C;c;, Cyc,}.
Then, it follows that
- c C .
q%llull" — c3lfull = r: - rj if ulg, 0 < 1, Julg,n < 1
— C + C + .
o00) > illull" — c3lfull = —‘((SkIIMII)S1 - —2(5,’CIIMII)S2 if uly, 0 > 1, lulg, > 1
u
-— C .
1 IIMII” —csllull - 2 - —(5’|Iull)s2 if uly, 0 < 1, |ulgy > 1
l IIMII” — c3lfull = (<5k||u||)s1 - —5 if July, 0 > 1, |ulg < 1
2 2C, 2C, (3.25)
> —IIMII” — c3lfull = —(5k||u||)“ - —(5k|| ul)? - — - =
51 ) Sy Sy
1 _ 1 2C _ | . .
> llel” + | = lluell” — —5 || I ) ( - —_(5;)S2IIMIIS2)
q* 4q* 4q* S5
2C, 2C,
-ac3llul| = — - —.
Sy )
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Let us consider the following equations:

1 .- 2C st o+
- =0, (3.26)
4q* s
and 1 2C
— Ly = 0. 327
4q* 55 () (3.27)

Let a; and d; be the two non-zero solutions of (3.26) and (3.27), respectively. Then, we obtain

4g12C, o\t 44°2C, , N\
ak:( d 16“) ' = +oo and dk:( 4 2((5,’()“2) " 400 ask — +oo.
2

m—
51

We fix 7, as follows
Mk = min{ay, di}.

Then, by Lemma 3.2, (3.25) and s{, s; > ¢g* > p~, we obtain

¢u) 2 7 1, — 3 — Cg — +00 a3 k — +oo,
q

where Cg¢ > 0. Hence, (A;) holds.

(A,) In view of Proposition 3 and (3.23), for u € Y, with |lu| > 1, we have

Pu) < i_llullf - fF(X, u)dx — f G(x,u)do
p Q As

IA

1 + + +
—|u||? - kf lu|? dx — k lul? do + Co|Q| + CylAzl
P Q As

IA
“B|,_‘

+ + +
llle” = ke (jul?, + 1ul?. ) + Col2l + Gyl

Since dimY) < oo, then all norms are equivalent in Y. Therefore, as !% < 1, for k large enough, we

obtain
¢(u) = —oo as ||lul| = +oo.

Finally, the assertion (A,) is also valid.
This completes the proof.
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