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Abstract: In this article, we mainly study the global existence of multiple positive solutions for the
logarithmic Schrodinger equation with a Coulomb type potential

—Au+ V(ex)u = AL, * |ulP)|ul’~" + ulog u® in R?,

where u € H'(R?), € > 0, V is a continuous function with a global minimum, and Coulomb type energies
with 0 < @ <3 and p > 1. We explore the existence of local positive solutions without the functional
having to be a combination of a C' functional and a convex semicontinuous functional, as is required in
the global case.
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1. Introduction

Recently, some studies have focused on the nonlinear Schrédinger equation
€0, ¥ = —*AY + (V(x) + w)¥ — A, = [P1")|P)”! — Plog |¥), (1.1)

where ¥ : [0,00) x RY — C,N > 3, @ € (0O,N), p > 1, A is a physical constant and I, is the Riesz
potential, defined for x € RV \ {0} as

|x|N—a’ @ = F(%)ﬂ.N/zza'

Io(x) =

The problem described in equation (1.1) has various practical applications in fields such as quantum
mechanics, quantum optics, nuclear physics, transport and diffusion phenomena, open quantum systems,
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effective quantum gravity, theory of superfluidity, and Bose-Einstein condensation. Notably, periodic
potentials V can play a significant role in crystals and artificial crystals formed by light beams. While
the logarithmic Schrodinger equation has been excluded as a fundamental quantum wave equation
based on precise neutron diffraction experiments, there is ongoing discussion regarding its suitability
as a simplified model for certain physical phenomena. The existence and uniqueness of solutions for
the associated Cauchy problem have been investigated in an appropriate functional framework [1-3],
and orbital stability of the ground state solution with respect to radial perturbations has also been
studied [4—6]. The results regarding the wave equation can be referred to in [7-10].

In the Schrédinger equation, the convolution term involve the Coulomb interaction between electrons
or interactions between other particles. In Schrodinger equations with convolution terms, this term
typically represents the potential energy arising from interactions between particles. Physically, it
implies that particles are influenced not only by external potential fields but also by the potential fields
created by other particles. These interactions could involve electromagnetic forces, gravitational forces,
or other types of interactions depending on the nature of the system. The introduction of the convolution
term adds complexity to the Schrodinger equation because particle interactions are often non-local,
extending across the entire spatial domain [11]. Overall, Schrodinger equations with convolution terms
provide a more realistic description of interactions in multi-particle systems, enabling a more accurate
understanding and prediction of the behavior of microscopic particles under mutual influences.

Understanding the solutions of the elliptic equation

— Au+ V(ex)u = AL, * [ulP)|ulP~" + ulogu® in RY (1.2)

holds significant significance in the examination of standing wave solutions for equation (1.1). These
standing wave solutions, characterized by the form ®(¢, x) = e™"/<u(x), play a crucial role in various
contexts and provide valuable insights into the behavior and properties of the equation.

In 2018, C. O. Alves and Daniel C. de Morais Filho [12] focus on investigating the existence and
concentration of positive solutions for a logarithmic elliptic equation

—€?Au + V(x)u = ulogu?, in RV,
ue H' (RY),

where € > 0, N > 3 and V is a continuous function with a global minimum. To study the problem,
the authors utilize a variational method developed by Szulkin for functionals that are a sum of a C!
functional with a convex lower semicontinuous functional.
In 2020, Alves and Ji [13] investigated the existence of multiple positive solutions for a logarithmic
Schrodinger equation
—?Au+ V(x)u = ulogu?, inRN,
{ ue H' (RY),

where € > 0, N > 1 and V is a continuous function with a global minimum. By employing the variational
method, the study demonstrates that when the parameter € is sufficiently small, the number of nontrivial
solutions is influenced by the ’shape” of the graph of the function V.

In recent years, many authors have studied the nonlinear Schrodinger equation with the potential V.
In 2022, Guo et al. [14] utilized fractional logarithmic Sobolev techniques and the linking theorem to
elucidate existence theorems for equations with logarithmic nonlinearity. Further, a recent study [15]
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delineates conditions for a singular nonnegative solution in bounded R” domains (n > 2), providing
comprehensive insights into its behavior.

Inspired by the outcomes observed in the aforementioned papers, in this paper we aim to investigate
the existence of multiple positive solutions for the problem (1.2) when N =3, 4> 0and 1 < p <2*. Itis
noteworthy that the introduction of a convolution term presents a notable aspect. The difficulty arises in
analyzing the unique existence of solutions to the energy functional when both the convolution term and the
logarithmic term operate concurrently. Addressing this challenge involves employing specialized analytical
techniques, setting it apart from the methods utilized in [13], marking a novel approach.

In this paper, we shall prove the existence of solution for (1.2) in H'(R?). The associated energy
functional of (1.2) will be defined as J, : H'(R?) — (o0, +0),

k@):%V[QWﬁ+{V@m+lm%dv—£:[ Egﬂ@ﬁ@fdﬂy—j‘HmMn (1.3)
R3 R3 JR3 R3

2p lx — yPe
where ) 5 )
1
f Hw)dx = f —u—dx+ wosu dx, YueR’,
R3 R3 2 2
with ) ) )
" 1

Hu) = I) slog s*ds = —% + #,

and

L) = f PO | gy,
R3 JR3

lx = yPe

Given the infinite character and lack of C!' smoothness of the functional J,, a new approach is
required to find weak solutions since traditional methods are not effective here. In this scenario, the
fundamental element of our approach lies in harnessing the groundbreaking minimax method introduced
by Szulkin [16]. Furthermore, we will employ the Gagliardo-Nirenberg inequality [17, 18], the Brezis-
Lieb lemma [19], and other specifically techniques for handling the nonlinear Coulomb potential,
culminating in a robust result of strong convergence.

In our research, the potential V is based on the following assumptions [13]:

1°. V : R* — R is a continuous function such that

Iim V(x) = V.
|x|>+00
with 0 < V(x) < V,, for any x € R3.
2°. There are [ points z;,- - - ,z; in R* with z; = 0 such that

1=V(z)=minV(x), forl<i<lIl
xeR3

By employing the variational method, we can establish the existence of non-trivial solutions for the
logarithmic Schrodinger equation with a Coulomb-type potential when € is sufficiently small (e > 0).
This outcome is contingent upon the distinctive characteristics of the graph of the function V.

A positive solution of problem (1.2) means that there exists a positive function u € H'(R?)\{0} satisfy
u?log u? < +oo and

f Vu-Vv+ V(iex)u-vdx = /lf (L, * |ulP)|ulP ' vdx + f uvlog u?, forall ve Cy (R%)

R R R3
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The main result is as follows.

Suppose that V satisfies 1° and 2°. There exists € > 0 such that problem (1.2) has [ positive soutions

in H'(R?) for & € (0, &%).

The paper is organized as follows. In Section 2. we present several preliminary results that will be
employed in the proofs of our main theorems. In Section 3. we prove the main result which are in the

local case. In Section 4. we generalize the local results to the global space.

Notation: Henceforth, in this paper, unless otherwise specified, we adopt the following notations:

e Br(u) denotes an open ball centered at u with a radius of R > 0.
e If g is a measurable function, the integral fRN g(x)dx will be denoted by f g(x)dx.

e C, Cy, C; etc. will denote positive constants of negligible importance with respect to their exact

values.

Lz(u) denotes the function L(x) within the ball Bz(0).

|| - |, denotes the usual norm of the Lebesgue space LP(RY), for p € [1, +00).
0,(1) denotes a real sequence with 0,(1) —» 0 as n — +co.

The expression f f - dxdy denotes &N fRN - dxdy.
2 — 2N
N-2

2. Preliminaries

In this section, we give some results and technical tools used for the main results.
First, we define the effective domain of J,

D(J) = {ue H' R : J(u) < +0c0}.
Considering the problem
—Au+ VO = AL, * [u)|ul™" + ulogu®> inR?,

the corresponding energy functional associated to (2.1) is

Jo(u) = % f (IVul* + (V(0) + Du*)dx — A f dedy 1 f u? log u*dx.

2p lx — yPe 2
And define the Nehari manifold
2o ={u € D(Jp)\(0) : J\(w)u = 0},

where
D (Jo) = {u € H'(R®) : Jo(u) < +co}.

The problem (2.1) has a positive solution attained at the infimum,
Cpo = inf Jo(u),
UEX)
which will be proved in the Lemma 3. We shall additionally utilize the energy level

Coo = Inf Jo(u),
UEX

2.1
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through replacing V(0) by V.., and
Yo = (€ D(J)\O) : T (wu = 0},

it is clear that
Co < Co-

Regarding to the values of ¢( and ¢, it should be noted that they correspond to the critical levels of
the functionals Jy and J,, commonly referred to as the Mountain Pass levels.

Based on the approach discussed in previous studies [12,20,21], we address the issue of Jy and J,
lacking smoothness by decomposing them into a sum of a differentiable C! functional and a convex
lower semicontinuous functional, respectively. Following by [13], to facilitate this decomposition, for
0 > 0, we define the following functions:

0, s =0,
Fi(s) =4 —3s7log s, 0<|s| <6,
—152(log 6% + 3) + 26|s| — 16%,  |s| =6,
2 g 2
and
Fos) 0, |s| <6,
S =
? 152 log (s2/6%) + 261s| - 35 = 8%, Is| 2 6.
Therefore |
Fy(s) = Fi(s) = 5s2 logs®*, VYseR. (2.2)
The functionals Jy, Jo, : H'(R?) — (—o0, +00] can be reformulated as an alternative form denoted by
Jo(u) = Oo(u) + Y(u) and Jo(u) = Ooo(u) + P(u), ue H'RY (2.3)
where . 1
Oo(u) = 3 f (Vul? + (V(0) + DluP)dx — 2—L(u) - f Fy(u)dx (2.4)
1%
Do (1) = 3 (Vul® + (Voo + Du*)dx - 2—L(u) — | Fy(u)dx (2.5)
1%
and
Y(u) = f Fi(u)dx. (2.6)

The properties of F; and F,, as demonstrated in [20] and [21], can be summarized as follows:

F,F, € C'(R,R). (2.7)
For 6 > 0 small enough, F is convex, even, F(s) > 0 for all s € R and

Fi(s)s >0, seR. (2.8)
For each fixed g € (2,2%), there is C > 0 such that

|Fy(s)| < Clsl*™!, ¥seR. (2.9)
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Utilizing the information provided earlier, it can be deduced that the functional ¥ possesses the
properties of convexity and lower semicontinuity. Additionally, we can observe that the function ®
belongs to the class of C! functions.

As we’ve discussed earlier, solutions to equation (1.2) within a localized context can be addressed
through conventional techniques. However, the situation undergoes a transformation when we expand
our scope to encompass the entire space. Within this broader perspective, it becomes apparent that the
functional ¥ lacks the characteristic of continuous differentiability (C'). This particular case necessitates
the application of a novel and separate critical point theorem. In the subsequent section, dedicated to
the global case, it becomes essential to introduce definitions that were originally presented in the work
referenced as [16].

Let J be a C! functional defined on Banach space X, we say that {u,} is a Palais-Smale sequence of
J at ¢ ((PS). sequence, for short) if

J(w,) > c,and J (u,) >0, asn— +oo (2.10)

Let E be a Banach space, E’ be the dual space of E and (-, -) be the duality paring between E’ and E.
Let J : E — R be a functional of the form J(u) = ®(u) + ¥P(u), where ® € C'(E,R) and ¥ is convex
and lower semicontinuous. Let us list some definitions:

1. The sub-differential 8J(u) of the functional J at a point u € H! (RN ) is the following set
(weE (D' (u),v—u)+¥W) —¥u) > {w,v—u),¥veE)} 2.11)
2. A critical point of J is a point u € E such that J(u#) < +oco and 0 € dJ(u), i.e.,
(D' (u),v—-—u)y+¥YWv)—Yu) >0,YveE (2.12)

3. A PS sequence at level d for J is a sequence (u,) C E such that J (u,) — d and there is a numerical
sequence 7, — 0 with

(D (u,),v—u,)y +¥YO) =Y, >-1,llv-u,l, VYveE (2.13)

4. The functional J satisfies the PS condition at level d ((PS), condition, for short) if all PS sequences
at level d has a convergent subsequence.

As [21] Lemma 2.2, J is of class C' in H'(Q) with Q is a bounded domian. Hence we can
construct the mountain pass structure and find the boundedness of the (PS) sequence without using the
decomposition method in the local case, which is different from [12, 13,20, 21].

In order to make the subsequent theorem proof involving the whole space situation clearer, we explain
some necessary concepts here. Henceforward, for every w € D(Jp), the functional Jy(w) : H} (R3) - R
given by

(Jiw), z) = (D, (w), 2) + fFi(W)Z’ VzeH, (R3)

and
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If |
viewed as an element of (H 1(R3))l.

If {u,} € D(J)\{0} is a (PS) sequence for J, then J (u,) u, = 0,(1)||u,lly. If {u,} is bounded, we
have

J(’)(a))” is finite, then Jj(w) can be extended to a bounded operator in H 1(R?) and can be therefore be

1,
Je (un) =Je (un) - E-Ie (un) U, + On(l) ”un”V

1 A 1
=5 flun|2 dx + = (1 = —)L(uy) + 0,(D) |lunlly ,  Yn € N.
2 2 p

3. The local case

In this section, we provide the proof of the existence of / nontrivial critical points for J i to equation
(1.2) on a local case, which constitutes the preliminary step necessary for our main result. This serves
as the foundational work leading up to our primary outcome.

Fix Ry > O such that z; € Bg,(0) foralli € {1,--- ,/}. Soforall R > Ryand u € H' (Br(0)),

1 A 1
Jer() = = f (Vul® + (V(ex) + Du)dx — =—Lg(u) — = f u? log u*dx.
2 Jsro) 2p 2 JBw0)

For any u,v € H'(Bg(0)), it is easy to verify that J 5z € C! (Hl(BR(O)), R) and

(L * Yl v f uvlog ildx.
Br(0)

J_ g(uy = f Vu - Vvdx + V(ex)uvdx — ﬂf
Br(0)

Br(0)

The local space H'(Bx(0)) is endow with the norm

lully = (f (IVul® + (V(ex) + l)uz)d)C)2
By(0)

which is also a norm in H'(R?).
According to the definition of V-norm and H'-norm, we have the following inequality

Cillullgr < (f(qul2 + (V(ex) + Du?)dx - /lL(u)i) < lully < Callullg1-

One can see that V-norm is equivalent to H'-norm.
In the subsequent analysis, we denote X, g as the Nehari manifold correspond to J g, which can be
defined as follows:

Ser={ue H'B\{0), T pwu=0|
A

1
2(1 - ;)LR(M)} -

- {u € H'(B)\(0}, J.r(u) = % f u? +
Br(0)

For all € > 0, R > Ry, J.x has the Mountain Pass geometry.

Communications in Analysis and Mechanics Volume 16, Issue 3, 487-508.



494

Proof. (i) Recall that

1 A 1
Jer() = = f (IVul® + (V(ex) + Du)dx — =—Lg(u) — = f u? log u*dx. (3.1
2 I 2p 2 I

Following by the Hardy-Littlewood-Sobolev inequality and Sobolev imbedding, we obtain

P P L\
Lotw < [ [ vy < ( | |u|i”+adx) < Cllul?, (3:2)
x—ynNe
where % <p< % And for ¢ > 2 small and u > 0, we have
2 2 q q
fu logudx < qulul < [lull5, 3.3)

Hence, by (3.1),(3.2) and (3.3), it follows that
1
Jer(u) = illull%/ — AC|ull?} = Collull!, > € > 0,

for a constant C > 0, and ||u|ly > O small enough.
(if) Fix u € D(J)\{0} with supp u C Bg(0), and for s > 0, A > 0, we have

1 A 1
Jer(su) == f ($*|Vul? + s*(V(ex) + Du?)dx — =—s* Lg(u) — = s> log s° f u’dx
’ 2 I 2p 2 Br(0)
1 2

- =S f u? log u’dx
2 Ipo

1 1
<s? (— f (IVul* + (V(ex) + Du?)dx — log sf udx — = f u” log uzdx) .
2 J ) Br(0) 2 Uk

Because of the boundness of J, g, there exist three bounded terms in the right side of the above inequality,
except for the third term. Therefore, we obtain that J z(#) — —o0 as s — +oc0. So there exists sy > 0
independent of € > 0 small enough and R > R, such that J, g (sou) < 0.

All (PS) sequence of J, ; are bounded in H'(Bg(0)).

Proof. Let {u,} c H'(Bg(0)) be a (PS), sequaence. Then,

1 ’
|un|1242(BR(0)) + /1(1 - ;)LR (un) < ZJE,R (I/tn) - Jg,R (un) Uy

= 2d + 0,(1) + 0,(1) sy GH
< C+ oD [lunlly -
for some C > 0. And we ultilize the following logarithmic Sobolev inequality [11],
2 ,_ @ 2 2 2
f i logi < TIVUl 0 + (logllulle(RN) _N(1 +log a)) el 3.5)
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for all @ > 0. By taking é = 5, & € (0, 1) and combining (3.4) and(3.5) we get

1
f u logu, < —[[Vull; + C (1 + [luylly)"*. (3.6)
Br(0) 4
Above all, for some ¢ € (0, 1),

1 1 A
d+0,(1) = Jog (u,) = —f \Vu,|* + —f (V(ex) + D uZ — —Lg (u,)
2 Bgr(0) 2p

Bx(0) 2
1 f 2 2
- = u, log u,
2 U0
A
> Cllualy = (1 + )+ = 2_LR (un) .
14

By (3.4) we have ﬁLR (u,) < %(1 - ]%)LR () < C + 0,(1) |lunlly, @ € (X,N); p € (2, %) therefore it
implies that
Cllunll} < C (1 + [l + C + 0,(1) llt]ly »

which means ||u,||y < C, i.e. (u,) is bounded in H'(Bz(0)).

Fix ug # 0, uy € H'(Bg(0)) and [ u2loguldx > —c0. According to

Cer = Inf sup Jr(y(1)) < sup Jer (tug) = Dy.
¥el 4ef0,1] >0

where the definition of the path set y is given in the lemma 3 and D, is a uniform constant. Hence we
obtain {u,} is also bounded in H'(R?).
Now, for a fixed u € D(Jy)\{0}, and ¢ > 0. Define the function

t = ¢(t) := J(tu).

Via computation, we have
P (t) = z( f (IVul* + V(ex)u*)dx — At*P*L(u) — 2log t f uldx — f u*log uzdx).

Setting f(¢) = dat*’~' + 2blogt, for a,b > 0 and p > 1. In the following, we prove that there exists an
unique critical point 7, with 7 > 0, at which the function ¢ attains its maximum positive value.

1°. According to Mountain Pass Geometry, there exists 7 > 0 such that f(7) = 0, i.e. ¢’ (¥) = 0.

2°. Since f'(t) = 2p — 1)Aar*’ ™% + % > 0, we know that the function f is a monotonically increasing
function, and furthermore, this means that ¢ reaches a positive maximum at the unique critical point 7.
Hence, for any u € D(J)\{0}, the intersection of every path {fu; ¢ > 0} forms a set

T = {u € D(J)\{0}; J.(u) = % f wldx + %(1 - %)L(u)}

exactly at the unique point fu. Moreover, ¢ = 1 if and only if

uel (=1 < ¢ = J(twu = J(wu =0).
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Based on the energy levels shown above, the following results are obtained. For € > 0,

= inf J.(u). (3.7)

UET,

Proof. Let
[ :={y € C([0,1], H'(R*)) : %(0) = 0, J(y(1)) < 0}

we can define the mountain pass energy level

= inf sup J(n(?)).
€T 4ef0,1]

Let u € X, we consider J, (fou) < O for some ¢, > 0. Then for the continuous path y.(¢) =t - tou, we

have

inf sup Je (ye(?)) = ce < max Je (ve(t) < maxJ (tu) = J(u).
¥el ref0,1] r€l0,

Hence
ce < inzf J(u). (3.8)
UET,

On the other hand, we will prove that ¢, > inf,cs, J.(u). Take a (PS) sequence {u,} ¢ H'(R?) for J..
By Lemma 3, (u,) is bounded in H'(R?). We claim ||u,||, - 0. By contradiction, if ||u,||, — 0, using
interpolation, [|u,|l, — 0, for any g € [2,2"). Because Fé(s)| < C|s|77!, then

fFé (un) ty — 0,

and using Hardy-Littlewood-Sobolev inequality again, we obtain L (1,) — 0. Recall that

|3 + f F (u,) uydx = J. (u,) u, + AL () + f widx + f F (u,) u,dx

= 0,(1) ltylly + AL () + f W2dx + f F, (u,) tndx (3.9)
= 0a(1),

from where it follows that ||u,||y — O and f Fi (u,) u, — 0.

Since F is convex, even and F(¢) > F;(0) = 0, for all 1 € R, we derive that 0 < F(r) < F/{ (1)t for
all # € R. Hence F(u,) — 0in L'(R?). Then J.(u,) — J.(0) = 0, which contradicts to ¢, > 0. Our
claim is proved. Hence, there are constants b, and b, such that

0 < by < |lull, < by. (3.10)

Next, let #, € (0, 1), t,u, € X, and recalling that
1 A 1
JE (tnun) == f|tnun|2 dx + _(l - _)L(tnun)
A
= _z f \Vu,|* dx + (V(ex) + Duldx — —1PL(u,) — —z log 2 f uldx (3.11)
2p

1
- Etﬁ fufl log i dx.
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and
J(uy)u, = f(qunl2 + V(ex)uﬁ)dx — AL (u,) — fuﬁ log uﬁdx.

Then we get
A(6r? = 1) Lw,) +logt, f w2dx = J2(up)uy = 0n(Dllially-

According to (3.10) and L(u) > 0, this equation implies #, — 1. In addition, by (3.11) and Remark 2 we
have

1 A 1
inf Jo(u) < J (tau,) = = f wrdx + =(1 — =)*’L(u,)
UEL, 2 2 p
1 A1
< tﬁ (E fuﬁdx + 5(1 — ;)L (Lln)

= 17 (Je () + 0(1) lnly) -
Therefore, taking the limit we get

inf J.(u) < ce.

UET,

The functional Jx satisfies the (PS) condition.

Proof. Take a (PS) sequence {u,} C H'(B(0)), it means that
JE,R (un) - da

Jeg (n) un = 05(1) llutylly -

By Lemma 3, we know there exists {u,} € H'(Bg(0)), and a subsequence of u,, which still denoted by

itself such that ||u,||y, i.€.
u, = u in H' (Bg(0)),

u, —» u in L?(Bg(0)),Yq € [1,27),
u, — u a.e. in Bg(0).

From [13], we set f(¢) = tlogt*, F(t) = fot f(s)ds = %(tz log* — t2) for all € R and for p € (2,2%),
there is C > 0 such that
FOI<C(1+117"), Ve eR

and
[F(O < CA +|t), Yt eR.

In addition, by definition of the norm in H'(Bz(0)), we get

= ully, = fIV (= W)’ dx + (V(ex) + 1) |, — uf* dx,

Jo g ) (U, —u) = fVunV (u, —uw)ydx + V(ex)u, (u, — u) dx — /lf(la * |u,l|2) |, — u| u,dx
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- f(un —u)u, log uidx
= f IV (u, — w) dx + V(ex) |u, — ul dx — A f (1(1 % |u, — u|2) lu, — uf* dx
- ff(un) lu, — uldx = 0,(1).

Hence, it is easy to see that

f IV (u, — w) dx + V(ex) |u, — ul* dx =1 f (Ia * |u, — u|2) lu, — ul* dx

+ ff(un) (uy — u)dx + 0,(1)
=0,(1).

It implies that
llun = ully =0,

which means the sequence {u,} satisfies (PS') condition.

In fact, Theorem 3 concerns the existence of multiple solutions for equation (1.2) on a ball, which is
crucial for the study of the existence of multiple solutions on the entire space as we desire. In order to
prove this crucial result, we first present several lemmas. Next, we use the tricks in [13], by constructing
/ small balls and finding the center of mass, it plays a key role in the proof of the following theorem.

Fix po > 0 so that it satisfies By, (z)N By, (z;) = ¢ fori # jii.j € (1,--- I} and UL, By, (z:) C B, (0).
Denote Ky = UL, Bry (z;), and define the functional Q, : H' (R3) \{0} — R? by

[ x(ex)g(ex)luldx
Qs(u) =
fg(ax)lulzdx
X, |X| < RO

where y : R — R3 is given by y(x) = “and g : R® — R3 is a radial positive continuous
Roﬁ, |X| > Ry.
function with

gz)=1, ief{l,---,I} and g(x) —> 0, as |x| = +oo.

The next lemma provides a useful way to generate (PS ). sequence associated with J,. There exist
ap > 0, € > 0, and Ry > 0 such that €, € (0, &) small enough and R, > R, large enough, if u € X, ¢ and
Jer(u) < co + @y, then Q.(u) € K% for any € € (0,&;) and R > R;.

Proof. We prove this lemma by contradiction. If there is @, — 0, &, - 0Oand R, — oo, u, € X, g,
satisfies
Je, k(1) < o+ @y,

but
Qs(un) ¢ K’? .
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By definition of ¢y and Lemma 3, ¢y < ¢, g,, it is easy to see that
Co < Ce,.R, < Js,,,Rn(un) < Co +ay

which means J, g, (1,) = ¢, g, + 0,(1). Denote the functional ¥, g, : H ! (Bg,(0)) = R by

1 A 1
Ve, r, (W) = Jg (1) — = f lul> = Z(1 = =)Lg(w).
2 Bg,,(0) 2 p

It implies that
Ze.x, = {u € H' (Br(0)) \{0} : We, g, () = 0}.

Via computation, we obtain

Ve, &, (WU = — f|u|2 - A(p - DL(w) < -B, VneN,

where § > 0 to guarantee c,, g, > 0. Without loss of generality, we have the above conditions. We can
then proceed to apply the Ekeland Variational Principle from Theorem 8.5 in [22], assuming that

3 o @ Il dx + 5(1 = D)Ly, (u,) = co > 0, we have liminf, R, > 0. And
according to Section 6 in [12] , there are two cases:

SHR (up)|| > o0, as n — oo.

Now, from J, g, (u,) =

1. u, > u+0in L? (RN), and u € H' (RN).
2. There exists (y,) € R such that v, = u, (- +y,) — v # 0in L? (RN), andv € H! (RN).

For case (1), recall that our assumption € — 0, y(0) = 0 and g(0) = 1

[x @0 gEx il dx [0 ul dx

Cen ) = [ g (&) lu,* dx (O lu,Pdx :

This contradicts to Q;, ¢ K.
For case (2), there are two different situations. If |g,y,| = +oo, then J/ (v)v < 0. Thus, for s € (0, 1]
such that sv € 2,

200 < 2J0(sv) = 205 (sv) = J. (sv)sv

fISVI Al - )ff 2 MPOWP) | dxdy
lx — y[V=e
4 4
flvl Al - _)ff vl (X)l‘(zlv iy)
Sliminfflvnl +/1(1——)ff Wal"CIVFD) ;g
n—+oo |x— |N a

_11m1nff|un| +a(1 - _) ff |un|P(X)|Mn|P(y)d dy
|x_ |N a

= lim 2J,, &, (u,) = 2co,
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which contradicts ¢y < ce. If £,y, — y for some y € RY, and some subsequence. In this case, the

functional Jy : H'(RY ) — R is given by

Tyu) = % f (Vul + (V) + Didydx — f '””lz(x)ylbl‘;li(y) dxdy — ; f i log i2dx,

and cy is the moutain pass level of Jy. Similar as before,
Cy = inf Jv(l/l),
UEXy

where

1 A 1 4 P
Xy = {u e D(Jy)\{0}: Jy(u) = 3 fuz + 5(1 — E) dedy}.

fVvy)>1=min;V(x;),i€{l,---,1l}, then

Cy > Cp,
but according to the previous arguments
cy < ¢p,
which is a contradiction. So V(y) = landy = z; fori € {1,--- ,l}.

Jx @) g @0l dx [ x (e (x+ya)) g (8, (x4 y,)) vl dx
(g luPdx [ g (&0 (x +y)) val* dx
[ x(@DgivPdx
T [ eGhPdx

Qan (un) =

=27 € K.

This is contrary to our initial hypothesis, and the proof is done.

In the following, for simplicity, we indicate the following notations.

Qg2 {u€Zop:10:w) -zl < po},

O 2 {u € Zor 1 10.(w) — 2l = pol,
ai;,R é lgf Js,R(u)a
ue ;R

~i A e
d p = inf J,r(u).
ueoQd, o

Fory € (‘“’ 0 Lo CO) there exists &, € (0, ;) small enough such that
dLp<co+y and alp <&,

forall € € (0,&,), and R > R () > Ry.
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Proof. Letu € H' (R3) be a ground state solution of J, that is for u € X,

Jo(u) = inzf Jo(w) = co, and Jj(u) = 0.
ueL(

Forany i€ {1,---,1l}, there exists & > 0 such that

o f-2)-+

Fix R > Ry = Ri(&) and t, > 0 such that u} x(x) = t,.rep(x)u (x = 2) € Zop,

<p, Vee(0,&).

0.(ix)-u|<p. Vee(©.e) and R>R,,

and
Jor (ulg) < co + % Vee (0,e1), R>Ri, (3.12)

where @p(x) = ¢ (%) with ¢ € CF* (R*), 0 < (x) < 1 forall x € R?, (x) = 1 for x € B, (0) and ¢(x) = 0
for x € B{(0). So
u,p € QLp VYee(0,6,) and R>Ry.

Take the infimum for (3.12), thanks to ap < =52, Jor < ¢o + @ < %, we get

i @0
g p < Co+ 7 <co+Y. (3.13)

Now let % <y< "“’2_ <0 then the first inequality is done. Next, if u € 69"; > then there is

wel,x and |Qg(u>—z,-|=po>’§,

hence Q.(u) ¢ K%o . By Lemma 3, we have
J&R(u) > Co + Qg (314)
foru € ‘9923 and € € (0, &,), R > R,. Take the infimum for (3.14) we obtain

Ae\r = (jiglef JorW) 2 co +ap, Ve€(0,&), R=R,. (3.15)

£,R

Above all, from (3.13) and (3.15)
aLg <d.p for s€(0,8), and R>R,
where &, € (0, &1).

For ¢, € (0, &) small enough and R; = R (g) > R, large enough, there exist at least / nontrival
critical points of J ¢ for € € (0, &) and R > R,. Moreover, all of the solutions are positive.
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Proof. From Lemma 3, for &, € (0, &) small enough and R, > R large enough, there is
a.p<d.p for e€(0,&) for R>R,.

As stated Theorem 2.1 in [23], the inequalities mentioned above enable us to employ Ekeland’s
variational principle to establish the (PS), sequence (u;l) C Q. , for J.x. Following by Lemma 3,

since @, , < ¢o + 7, there is u' such that u;, — u' in H' (B(0)). Then

i i i\ _ i v (i) —
u' €Qpr Jor (u) =p, Jor (u) =0.

Recall that
Bpo(zi) N Bpo(zj) * ¢’ I # j’
and
I
0. (W) eBuG) |0 eky=|JBs@)|-

i=1
We have u' # u/,i # j,i, j€{l,---,I}. If we decrease y and increase R, when necessary, we can assume
that

2c.r < cCo+y.

for £ € (0,&"),R > R;. So all of the solutions do not charge sign, and because the function f(u) =
ulog u? is odd, we make them nonnegative. The maximum principle implies that any solution to a given
equation or system of equations within the open ball Bg(0) will necessarily be positive throughout the
entire ball, provided that it is positive on the boundary.

4. Existence of solution for the original equation

In this section, we prove the existence of solution for the original equation (1.2).
For v € H' (Bg,(0)), uj, = u , be a solution obtained in Theorem 3.

; 2
1 1
u, u,| vdx,

f Vu;Vv + V(sx)uflv =A (I, *
Bg,

Bg,

M)k [P~ vdx + f u' log
Bg

Jer, (u;) = a/fg’Rn, Vn € N.
There exists u' € H' (R?) satisfies u}, — u’ in H'(R%) and u’ # 0,7 € {1,--- I},
Proof. From Lemma 3, we know that {a; Rn} is a bounded sequence,
Jer, (u;) = a/fg’Rn <co+y

which implies that {1/} is a bounded sequence. So we can assume that u’, — u' for some u’ € H' (R3).
Next, we prove u' # 0. In the following, we use {u,} and {e,} to denote {u,} and {a’, x,} for convenience.
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To continue, let us utilize the Concentration Compactness Principle, originally introduced by Lions [13],
applied to the following sequence.

P

pn(X) = —, VxeR’
et 13

This principle guarantees that one and only one of the following statements is true for a subsequence for
{0.}, which we will still refer to as {p,}:
(Vanishing) For all K > 0, one has:

lim sup f ondx = 0; 4.1)
n—+oo yERN BK()’)

(Compactness) There exists a sequence {y,} in R? with the property that for all & > 0, there exists K > 0

such that for all n € N, one has:

f pndx > 1-n; 4.2)
Bk (yn)

(Dichotomy) There exists {y,} ¢ RY, a € (0,1), K; > 0, K, — +00 such that the functions p; ,(x) =
X Bi, ) (X0)Pn(X) and p(x) = xBe. (5, (X)pn(x) satisty:

fpl,ndx — a and fpg,ndx - 1-a. 4.3)

Our goal is to demonstrate that the sequence {p,} satisfies the Compactness condition, and to achieve
this, we will exclude the other two possibilities. By doing so, we will arrive at a contradiction, thus
proving the proposition.

The vanishing case (4.1) can not occur, otherwise we deduce that |lu,||, — 0, and consequently
f F’ (u,) u, < co. By employing the same reasoning as in the previous section, it can be proven that
u, — 0in H'(R?). However, this contradicts the fact that ,, > ¢, for all n € N, as stated in Lemma 3.

The Dichotomy case (4.3) can not occur. Let us assume that the dichotomy case holds, under this
assumption, we claim that the sequence {y,} is unbounded. If this were not the case and {y,} were
bounded, then in that situation,utilizing the fact that ||u,|| 2(r) P 0, the first convergence in (4.3) would

lead to
f Juy | dox = |“n|§f Pradx =6,
Bl(l ()’n) R3

for some 6 > 0 and n large enough. Therefore, taking R > 0 such that Bk, (y,) C Bg/(0) for all

n € N, it follows that fB © lu,|*dx > 6, forall n sufficiently large.Becauseu, — 0 in L? (Bg/(0)), the
Rl

inequality above is impossible. As a result, {y,} is an unbounded sequence. In the following, denote:

va(x) = u,(x+y,), xE€ R3.

Since the boundness of the sequence (v,) ¢ H 1(R3) and up to subsequence, we may assume that v, — v.
By the first part of (4.3), v # 0 holds.
Claim4.1. F;(v)v € L' (R*) and J,,(v)v < 0. Forp € CY(R*),0< < 1,7 = 1in B;(0) and p = O in

B>(0), we define ng := 17 (E) and v = ng (- —y,) u,, we get

va,,V (mrv)dx+ (V(e(x+y,)) + 1) vﬁanx + fFi (V) vanrdx

Communications in Analysis and Mechanics Volume 16, Issue 3, 487-508.



504

= f F (v,) vanrdx + A f o * Val?) Vil nrdx + 0,(1).

If we fix R and go to the limit in the above equation when n — oo, we get

fle|277Rdx +vVng - Vvdx + (Vo + 1) vandx + fF{(v)vanx

< f Fyv)vnedx + A f (I * MP) WP rdx

where [Vig| < 2

< %, using that F{()f > O for all 7 € R, and Fatou’s lemma as R — +o0, we obtain

f IVvPPdx + (Voo + 1) Vidx — A f (I = vP) VP dx + f Fi(v)vdx
- fF;(v)vdx <0,

that is J/ ,(v)v < 0.
On this account, there exists #,, € (0, 1] such that 7,v € X, then

2

t A 1
Coo S Joo (tov) = = fIVIde + 5 (1 = )P L(v)
2 2 p

n—+oo

< liminf 1f|vn|2dx+ é(1 —l)L(vn)
2 2 p

1 Pl 1
< 1imsup[§f|un|2dx+ E(l - —)L(un)]
p

n—+oo

= limsup J,, &, (4,)

n—+oo
= limsupa, < ¢y +v.

But we have y < ¢, — ¢y, it is absurd. Hence, there is no dichotomy, and in fact compactness must hold.
We make the last requirement to achieve our aim.
Claim4.2. The sequence of points {y,} € R? in (4.2) is bounded.
To establish this claim, we employ a proof by contradiction by assuming that the sequence of {y,} is
bounded. However, by considering a subsequence, we observe that [y,| — +co. Following a similar
approach as in the case of the Dichotomy, where {y,} was unbounded, we eventually arrive at the
inequality ¢y + ¥ > Coo-

For a given n > 0, there is R > 0 such that

f pndx <m, VneN,
By(0)

that is

2 2 2
f lun|” dx < nlu,ly < psuplu,l; = bn.
B5(0) neN
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Therefore, for R; > max {R, R’}, since u, — 0 in L? (Bg,(0)), there is ny € N large enough such that

f lu,|? dx < n, VYn > ny.
Bg, (0)

Thereby, we conslude

f|”n|2dxﬁ77+f |u,|* dx < 5+ by < Cn,
B (0)

where C + 7. Due to the arbitrary nature of 77, we can deduce that u,, — 0 in L? (R3). By interpolation
on the Lebesgue spaces and {u,} is bounded in H'(R?), it follows that

u, —» 0 in LP(R3), 2<p<?2.

Using the trick that for some p > 1 small, tlog? < C#”, it implies that

fui log u?> — 0.

For p € (“T“, 3 + a), the sequence {||u,||,},en converges to |lul|, in the sense of measures, {u,}nen
converges to u almost everywhere, the sequence {1, * |u,|,},enis bounded in L*(R*) and u # 0.
From Proposition 4.8 in [24], since u, € D(J)\{0} then we have

lim | Ty o funuan” = (Lo 5l — ul®) |y — ul” = f(la # |ual”)|ual”. (4.4)
3

n—oo R
Above all, J. g, (u,) = @, — 0, which contradicts @, > ¢, > 0, for all n € N.

Proposition 4 yields a direct corollary as follows. For € € (0, £*) small, considering each sequence
{ul} c H! (R3) as stated in Proposition 4, we have u' # 0 and J, (ui) v=0forallveCy (R3), ie. J,
has a nontrival weak solution «’. Moreover, fori € {1,---,1},

Q. (1)) — 0. (). 4.5)
And since
Q8 (u;) € Bpo (Zi)’ vn € N’

we have

0 (') € By, ). (4.6)

Proof. By Proposition 4, u’ #0,i € {1,--- ,[} and ', - ' in L! (RS) for p € [2,2%), we obtain that

loc
fuil log

Besides, as in Proposition 4 and (4.4), we have

2vdx - fui log |ui|2 vdx, VYveCy (R3)

i
u,

lim | (L, | PPy = (L = il — )P, — d' Py = | (I * [l PPy,
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for all v € C(R?). And since
f (Vadl - Vv + (V(ex) + Duv) dx — f (Vi - Vv + V(ex) + Du'v)dx,

forallv e CY (R3). We conclude that J! (u’) v=0forallveCy (R3). By definition of g we have
g(x) — 0 as |x] = +oo, it is clear that

u; ? dx — f)((sx)g(sx) |u’.|2 dx

f X(£x)g(£x)

fg(ex) 2dx—>fg(sx) |ui|2dx.

Under the condition that these two limits hold, (4.5) and (4.6) are guaranteed.

and

i
uy,

Next, we give a proof of Theorem 1, that is, there exist / solutions ' € H' (R3) \{0}.
Proof of Theorem 1.
According to Corollary 4, fori € {1,--- ,I} and & € (0, &,), there exists a solution u' € H' (R3) \{O} for
problem (1.2) such that
Q. () € By, (zy).

Because we have

Bpo (Zi) N Bpo(zj) = ¢7 i # .]
Then it implies that u’ # u/ fori # .
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