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Abstract: In this paper, we studied the existence of normalized solutions to the following Kirchhoff
equation with a perturbation:

- (a +b f |Vul? dx) Au+ Au = ufP2u+ h(x) || *u, inRY,
RN

f |u|2dx =c, UE HI(RN),
RN

where 1 < N <3,a,b,c>0,1 <g<2,1eR. We treated three cases:
(i)When 2 < p <2+ % h(x) > 0, we obtained the existence of a global constraint minimizer.
(i1))When 2 + % < p <2, h(x) > 0, we proved the existence of a mountain pass solution.

8

(1i)When 2 + & < p < 2%, h(x) < 0, we established the existence of a bound state solution.

Keywords: nonautonomous Kirchhoff equations; normalized solutions; bound state solution; L?-critical
exponent
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1. Introduction

In this paper, we consider the existence of solutions with prescribed L*-norm to the following
Kirchhoff problem with a perturbation

- (a +b f |Vu|2dx) Au+ Au = ulP2u + h(O)|ul?%u, inRY,
RN
(1.1)
f Iulzdx =c, UuUE€ HI(RN),
RN

where 1 <N <3,a,b,c>0,p € (2,2%),q € [1,2), h(x) : R — R is a potential, 2* = 6 if N = 3, and
2" = +00 if N = 1, 2. Based on these observations, we establish the existence of normalized solutions
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under different assumptions on /(x).
The energy functional of Eq.(1.1) is defined by

b S| 1
I(u)=£l f \VulPdx + - f VulPdx| — = f lulPdx — — f h(x)|ulfdx (1.2)
2 Jgw 4 \Jrv P JrN q JrN

constrained on the L2-spheres in H'(RV):
Se={ue H'®RY) : |lul; = c>0)}.
In 1883, Kirchhoft [1] first proposed the following nonlinear wave equation

auzd )8214

dx

=0,

x —
Ox?

0 u P0+E L
Por h 2L J,

which extends the original wave equation by describing the transversal oscillations of a stretched
string and, particularly, by considering the subsequent change in string length caused by oscillations.
Thereafter, there was a boom in the study of the Kirchhoff-type equation. We can refer to [2—4] for the
physical background about Kirchhoff problem.

Mathematically, Eq.(1.1) is not a pointwise identity as a result of the emergence of the term
(b fRN |Vul>’dx)Au. This causes some mathematical difficulties. In the renowned paper [5], J.L. Lions
raised an abstract framework that has received much attention. There are two ways to study the
Kirchhoff-type equation. The first approach is to consider fixing the parameter A € R. In this case, there
are a lot of results, which have been widely studied by using variational methods. We can refer to [6-9]
and the references therein. Another way is to fix the L2-norm. In this case, the desired solutions have a
priori prescribed L2-norm, which are usually referred to as normalized solutions in the literature; that is,
for any fixed ¢ > 0, we take (u., A.) € H'(RV) x R as a normalized solution with ||uC||§ =c A.1s a
Lagrange multiplier. From a physical perspective, the L2-prescribed norm represents the number of
particles of each component in Bose-Einstein condensates or the power supply in a nonlinear optics
framework. In addition, the L>-prescribed norm can provide a better insight on the dynamical
properties, like orbital stability or instability, and can describe attractive Bose-Einstein condensates.

For the local case, 1.e., b = 0, Eq.(1.1) reduces to the general Schrodinger type:

—Au+Adu=f(x,u), inRY,

f lulPdx =c, ue H'®R"Y), (13)
RN

which dates back to the groundbreaking work by Stuart. In [10], Stuart tackled the problem (1.3) for
f(x,u) = lulP2uand p € (2,2+ %) (L*-subcritical case); here, 2+ is called the L?-critical exponent. For
L?-subcritical case, the minimization method is the conventional method to find normalized solutions.
When f is L*-supercritical growth, a groundbreaking work in the L?-supercritical case was accomplished
by Jeanjean [11]. Jeanjean developed a novel argument related to the mountain pass geometry by the
stretched functional. Bartsch and Soave [12, 13] also proposed a new approach by using a minimax
principle based on the homotopy stable family to prove the existence of normalized solutions for the
problem (1.3). Moreover, Soave in [14] studied the combined nonlinearity case f(x,u) = |ul’>u +
pult2u,2 < g <2+ % <p<2andg < p, where2* = 00 if N <2 and 2* = 2L if N > 3. Soave
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showed that nonlinear terms with different power strongly affects the geometry of the functional and the
existence and properties of ground states.

When f(x, u) = a(x) f(u), the solutions to the nonautonomous problem were first studied by Chen and
Tang [15]. Compared with the autonomous problems, the main challenge of the problem is constructing
a (PS) sequence with an additional property to recover the compactness. Very recently, Chen and
Zou [16] studied the following problem with a perturbation

—Au+ Au = ulfP?u+ h(x), inR",
1.4
lulfdx=c, ue H'(RM), (14)
RN
where h(x) > 0. For p € (2,2 + %) and an arbitrarily positive perturbation, Chen and Zou proved that
there exists a global minimizer with negative energy. The existence of a mountain pass solution with
positive energy for p € (2 + %, 2*) was studied. We can refer to [17—-19] for more details.
For the nonlocal case, i.e., b > 0, the more general form of Eq.(1.1) is the following equation

-~ (a +b |Vu|2dx) Au+ du= f(x,u), inR",

&Y (1.5)
ufdx =c, ueH'RY),
RN
which has attracted considerable attention. When f(x, u) = |u|’>u (i.e., the limited problem of Eq.(1.1)),
the problem (1.5) turns to

- (a + bf |Vu|2dx) Au+ Adu = uf>u, inR",
RN (1.6)
luPdx =¢c, ue H'RY),
RN

where a, b, ¢ > 0 are constants, 1 < N < 3, and p € (2,2%). The energy functional of (1.6) is

b 1
I.(u) = gf |Vu|2dx + 4_1 (f IVulzdx) - — |u|Pdx. (1.7)
RV RN P Jry

By the Gagliardo-Nirenberg inequality [20] for any p € (2,27)

lell, < Cov I Vlly el (1.8)

where y, = N(Z:z), we can get L?-critical exponent p = 2 + % of the Kirchhoff problem. It is well known

that Ye [21] obtained the sharp existence of global constraint minimizers for Eq.(1.6) in the case of
pe@,p). Whenp e 2+ %, p), Ye proved a local minimizer, which is a critical point of I,[s . By
considering a global minimization problem

looe 1= iglf I(u), (1.9)

we have

{ looc € (0,01, if pe(2,p), (1.10)

loo,c = —00, lf p € (1_7’ 2*)5
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for any given ¢ > 0. We can see that the minimization method is not feasible for p € (p,2*). Then, Ye
proved the existence of normalized solutions by taking advantage of the Pohozaev constraint method
in the case of p € (p,2*). For the L*-critical case of p = 2 + 8 Ye [22] showed the existence and
mass concentration of critical points. Using some simple energy estimates instead of the concentration-
compactness principles introduced in [21], Zeng studied the existence and uniqueness of normalized
solutions for p € (2,2%) in [23].

Additionally, Li, Luo, and Yang [24] proved the existence and asymptotic properties of solutions to
the following equation with combined nonlinearity

- (a + bf IVulzdx) Au+ du = |ulPu + ,ululq_zu, in R,
RN (1.11)
f lul’dx =c, ueH'R"Y),
RN

where a,b,c,u > 0,2 < g < 1—34 <p<6or 13—4 < g < p < 6. They showed a multiplicity result for the
caseof 2 < g < % and % < p < 6 and obtained the existence of ground state normalized solutions for
2<gqg< % <p==6or % < g < p < 6. They also showed some asymptotic results on the obtained
solutions. For the case u < 0, in [25], Carriao, Miyagaki, and Vicente studied the ground states existence
of Eq.(1.11) for2 < g < 2*,p =2"0or2 < g < p < p < 2*. For the nonautonomous problem, when
O u) = ulPu+ Vlul™u, N =3, p=4,g=4and V € LY (R?), Ye [26] considered the existence
of minimizers to the nonautonomous problem. Moreover, V(x) satisfies

V(x) >0, |llim V(x) =0.

By the concentration compactness principle, if b < by, Ye showed that there exists ag, ¢y > 0 such that
the above problem has a minimizer for all a < ay and ¢ < ¢y. Additionally, when f(x, u) = K(x)f(u),
Chen and Tang [27] considered the existence of ground state solutions, where K(x) € C(R*, R*) and
f(u) is L*-supercritical. When 2 + 3 < p < 2 + 3, the geometric structure of the energy functional
is more complex, especially when A(x) > 0, and there are very few works studying this range with
potential. Other results about normalized solutions of Kirchhoff equation in a more general form can be
found in [28-31].

Motivated by the results above, when u of Eq.(1.11) is replaced by a potential function A(x) and
1 < g < 2, there are no results in studying normalized solutions of such nonautonomous Kirchhoff
equations with a small perturbation. In the present paper, we first obtain the normalized solution of this
type of equation, which can be seen as an extension of some known results in the literature.

Let us now outline the main strategy to prove the three results of this paper under different assumptions
on h(x). First, we treat the mass-subcritical case 2 < p < 2 + %: for any ¢ > 0, we set

l. = iglfl(u). (1.12)

It is standard that the minimizers of /. are critical points of I|g . We introduce the following assumptions
on h(x). .
(hy) h e L= (RY) and h(x) > 0 on a set with positive measure.

Now we state the main results of this paper:
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Theorem 1.1. Suppose | < N<3,2<p<2+ % and h(x) > O satisfies (hy). Then, for all ¢ > 0, /.
has a minimizer, hence Eq.(1.1) has a normalized ground state solution.

Remark 1.1. Notice that the minimizer obtained in Theorem 1.1 is a global minimizer rather than a
local minimizer. It is easy to find that the energy functional is coercive on S ., which hints that each
minimizing sequence {u,} is bounded on S .. The main difficulty of proof is to show that the minimizing
sequence {u,} converges strongly to u # 0 in H'(RY). The key step is to establish the inequality
leye, < 1oy + oo, fOr €1, ¢2 > 0 (see Lemma 2.2), which is crucial to recover the compactness.

Next, while addressing the Lz—supercritical case, the functional is unbounded from below on S ., thus
the minimizing approach on S is not valid anymore. Ye [21] proved that [, = —co for all ¢ > O if
pE (2 + %, 2*), and proved the existence of one normalized solution by a suitable submanifold of S..
In this paper, after the appearance of a very small perturbation term, we want to show that the energy
functional 7 has a mountain pass geometry and show the existence of a mountain pass solution with
positive energy level for p € (2 + %, 2*). We require the perturbation /4(x) to have a higher regularity.
We need to assume that:

(hy) he L#(RY) N C'(RY), (Vh,x) e L=(RY) and h(x) > 0.

We have the following result.

Theorem 1.2. Suppose 1 < N < 3,2 + % < p < 2" and h(x) satisfies (hy). Let ¢ > 0 be fixed.

Moreover,
2-qyp

lLe < 24PYr =) ( ap(2 = qy,) )2 e (L13)
= 2C0,Y(p = @) 2vp(p - 9CF,
q(2p — Np +2N)
p-2 "
Then, Eq.(1.1) has a mountain pass solution u at a positive energy level.

cC

[SIE

VAl 2 < (1.14)

Remark 1.2. We are going to use the minimax characterization to find a critical point. Although the
mountain pass geometry of the functional on S, can be obtained easily, unfortunately the boundedness
of the obtained (PS) sequence is not yet clear. In this paper, we adopt a similar idea to [11] and
construct an auxiliary map (¢, u) := I(t % u), which on R X S has the same type of geometric structure
as I on S .. Besides, the (PS') sequence of [ satisfies the additional condition (see Lemma 3.5), which is
the key ingredient to obtain the boundedness of the (PS) sequence.

Finally, we will discuss /(x) < 0, and the problem becomes more delicate and difficult. Although the
mountain pass structure by Jeanjean [11] is destroyed, Bartsch et al. [32] established a new variational
principle exploiting the Pohozaev identity. For convenience, we define a(x) := —h(x) > 0. Next, we
state our basic assumptions on A(x).

(hy) A(x) € LZ(RY) N C'(RY), (VA(x), x) € LZ7(RY) and /i(x) > 0. For some constants ' > 0, /(x)
satisfies

|x - VA(x)| < Th(x).
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Theorem 1.3. Assume 1 <N < 3,2+ £ < p <2° If (h3) holds and h(x) satisfies
2p(1 = vp) } gm,

2p-q+(p-2T

Then Eq.(1.1) has a couple of solutions (z.1) € H'(R¥) x R and A > 0.

0 < lall 2 < min{l (1.15)

q
C2

Remark 1.3. Indeed, when h(x) < 0, the problem is made more difficult by the simultaneous
appearance of a negative potential and nonlocal term. We refer to Bartsch et al. [32] constructing a
suitable linking geometry method to obtain the existence of bound state solutions with high Morse
index. The crucial step is to estimate the minimax level m, < L, . < 2m, (see Lemma 4.3 and Lemma
4.5) to recover the compactness.

Notations: We introduce some notations that will clarify what follows:

H'(RY) is the usual Sobolev space with the norm ||u]| = (fRN Vul?> + |uf? dx)i.

1
LP(RY) with p € [1, o) is the Lebesgue space with the norm ||u||, = (ﬁRN |u|? dx)”.
The arrows ” —’ and  —’ denote the weak convergence and strong convergence, respectively.

C, C; denote positive constants, which may vary from line to line.
(t % u)(x) := t2u(tx) for t € R* and u € H'(RY).

[\°]

. Proof of Theorem 1.1

In this section, for2 < p <2 + % and h(x) > 0 we prove Theorem 1.1. By the Gagliardo-Nirenberg
inequality (1.8), the Holder inequality, and the assumption (h;), we have

a b 1 1
I(w) = <|IVull; + =[IVull; - —leall?) — —f h()ul?dx
2 4 p q Jrv .1

a , b s 1 oy =y, 1
> —||Vull; + ZIIVMIIZ - I—)Cﬁ,pIIVullz ully 7 = 5||h||237||u||q,

thus 7 is bounded from below on §. since 0 < py, < 2.

For 1 <N <3and2 < p <2+ 2, the existence and uniqueness of positive normalized solutions of
the limited problem (1.6) have been studied in [21]. In order to find the minimizer of / on S, first we
state some fundamental properties of /.., which will be crucial to recover the compactness later on.
The proof of the next lemma can be found in [28, Theorem 1.1 and Lemma 2.5].

Lemma 2.1. Suppose ] < N<3and2<p<2+ 1%. Then, for all ¢ > 0, we have
(1) the strict sub-additivity for /., i.e.,

loo,c1+cz < loo,cl + loo,CZ for Cl,Cz > O;
(ii) the limited problem (1.6) has a couple of ground state solutions (¢, A.) € H'(RY) X R, i.e.,

looe = iglfloo(u) = Io(Us) < 0.
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Next, we introduce the inequality /. .., < I, + lw.,, Which plays a crucial role in proving the
convergence of the minimizing sequence.

Lemma 2.2. Suppose2 < p <2+ % and h(x) satisfies (hy), then the following holds
(i)—o0 <. < Iy, <0forc>0;
(ii)lcﬁ_Cz < lcl + loo,cz for C1,Cy > 0.

Proof. (i) It is obvious that /. > —co by (2.1). Moreover, by Lemma 2.1, we have

lo < (us)

a .. b , V1 1
= - Vue| dx + — Vue|"dx| — — lueo|Pdx — — hlus||'dx
2 Jry 4 \Jrn P Jrv q JrN

< Io(Uoo)

=lw,. <0,

since U, > 0 and A(x) satisfies (hy).
(i1) Forany € > 0, ¢ = ¢ + ¢,, we can find ¢, ¥, € Cg"(RN) such that

QDSESL‘]’ I(¢8)<lc‘1+§a
&
Ve €S0y ToWe) <looe, + 5

Let u,,(x) := @g(x) + ¥.(x — ne,), where e, is the unit vector (1,0,---) in R¥. Since ¢, and ¥, have
compact support, we see that u., € S, and

[l < I(ua,n) = 1(308) + I(ws(x - nel)),

for large n. Moreover, thanks to 1 € L7 (RY), we have that fRN h(x)Wi(x—ne;)dx — 0 asn — oo, hence
I(Y.(- —ney)) = I,(Y.) as n — oo. It follows that

I, < limsup I(u,.,)

n—oo

= lim sup(I(¢.) + [(Y-(- — ney)))

n—oo

= I(‘:Ds) + Iw(ws)
<l +loe, +e

Passing to the limit, thus /. < [, + [, since € > 0 is arbitrary. O

Let {u,} C S, be a minimizing sequence for /.. By (2.1), we know that /(u) is coercive on S, and
deduce that {u,} is bounded in H'(R"). Thus, there exists a subsequence such that u, — u, and

Iuo) < liminf Iu,) = Ly ¢y 5= lluoll3 < llual3 = .

We need to prove I(uy) = [, and ||u0||§ = ¢. Now we argue by contradiction to prove this.
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Lemma 2.3. Suppose2 < p <2+ % and A(x) satisfies (hy). Then, every minimizing sequence for /.
has a strong convergent subsequence in L>(RV).

Proof. We argue by contradiction and assume that ¢; < ¢. We divide the proof into four steps.

Step 1: There exists {y,} € R and uo € H'(RY)\{0} such that

Val = 00, wy(- +y,) = po  in H'(RY). 2.2)

First, we show by contradiction that

8o := liminf sup f |, — uo|*dx > 0, (2.3)
Bi(y)

n—e | pN

where B;(y) = {x € R : |x — y| < 1}. Suppose, on the contrary, that §; = 0. Then, u, — u, strongly
in LP(RY). Since u, — uy in H'(RY), h € L1 (RY), we see that [, hlu,%dx — [, hluol?dx. Combined
with Lemma 2.1 (ii), for ¢ — ¢; > 0, we have that

l. = I(u,) +o(1)
=1 (uo) + I (up — up) + o(1)

2
= I (up) + gf IV (u, — uo)|* dx + g (f IV (u, — uo)| dx) +o(1)
RN RN

> ey + looe—cys

which is a contradiction with Lemma 2.2 (ii). Therefore, (2.3) holds. From (2.3) and u,, — ug in LIZOC(RN ),
we can find {y,} € R such that B16m) |1, — uol2 dx — ¢o > 0and |y,| = oo. Let u, (- +y,) — po weakly
in H'(RM). Note that o # 0 since ¢y > 0. Therefore, {y,} and y satisfy (2.2). Thus, the proof of Step 1
is complete.

Step 2: We show that {y,} and (uo, (o) satisty

lim [, = g = o (- = y) 13 = 0. 24)
Since [y,| — oo, we have that

lltn = o = po(- = yu)ll5 =llttall3 + lltoll5 + llptolly
= 2, o) 2 = 2t (- + ) s o) 2 + 0(1) (2.5)

2 2 2
=llunll; = lluoll; = lloll; + o(1).

According to (2.5), we could let 61 := lim,, e |1, — up — po(- — yn)llg. Then, we have 61 = ¢ — ¢; — ¢,
where ¢, := ||uoll;. We want to show that 6; = 0. Suppose on the contrary that §; > 0, by direct
calculations we have

IVl = IVutoll; = Vo = Yl = 11Vt = 1t = pto(- = y))ll3
= =2|[Vuoll3 = 2IVioll3 + 2 (Vit, Vitg)y2 + 2 (Vity (- + y4) , Vito) 2 (2.6)

= o(1).

Communications in Analysis and Mechanics Volume 16, Issue 3, 457-486.



465

From the Brezis-Lieb Lemma, we have

f Iunlpdx=f Iuolde+f o - = yu)I” dx
RN RN RN

2.7
+ f |, — uo — po (- = yu)I” dx + o(1).
RN
Similarly,
[ ptt ax= [ nuattae [ no-yopax
RN RN RV (2.8)
+ f R\, — uo — po (- = y ) dx + o(1).
RN
Combining (2.6)—(2.8), we have
I (un) — 1 (uo) — 1 (o (- = yu)) — I (uy — g — 1o (- = yu)) = o(1). (2.9)
Since u, — ug in H'(RN), [y, — coand h € L7 (RN), we have
f hlu, = uo = pto (- = y,)I*dx — 0. (2.10)
RN
Recalling that /. is continuous with respect to ¢ > 0 (see [33], Theorem 2.1), we have that
liminf, . I (u, — g — pto (- = y))
= liminf,, e Lo (tty — uo — pto (- — yn)) (2.11)
> 100,61 )
and
liminf 7 (1o (- = yu)) = leoc,- (2.12)
Hence by (2.9)—(2.12), we have
Ie 21 + o, + log,- (2.13)

However, using Lemma 2.1 (i), for any c;, 6, > 0, there exists [ c,+5, < loe, + lws,.- Hence, we also

have
lc Z lcl + lOO,Cz + 100,51

> lC] + loo,cz+51

(2.14)
2 lC]+C2+51
= 1.
This gives a contradiction and thus we have that 6; = 0.
Step 3: Moreover, the following holds
I(UO) = lq’ Ioo (/vl()) = loo,cz, (2.15)
and
le=1 + log,. (2.16)
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By (2.9)—(2.12) and 6; = 0, we have that
l. = lim I (u,)

n—oo

= liminf (I (uo) + I (o (- + y,)))

> I (ug) + I (uo)
2o +log,.

(2.17)

Combined with Lemma 2.2 (i1), we see that [, = [, + I« ,. I (up) = I, and I (4o) = lw,. Thus, Step 3
is proved.

Step 4: Now, we prove the precompactness of minimizing sequence, i.e., u, — ug in L*(R").
We can suppose that {u,} are nonnegative. Using the strong maximum principle, we have ug, o > 0 and
h(x) > 0 on a set with positive measure, we have that

q
fh w/ué+,u% dx>f hlugl? dx.
RV RV

Combine with the two following inequalities:
2
dx < f (IVuol* + |Viol*)dx, (2.18)
RN

LN V,[u%+,u%
> o
Uy + 1y

RN

le< (i + 1)

a
:E‘fRNV uo+,uO

1
-5 J ]

< 1 (uo) + Lo (ko)
= lcl + lOO,C—C]
= I,

which is a contradiction. Thus the proof of Lemma 2.3 is completed. O

dx > f (Juol” + luol”) dx. (2.19)
RN

So we have

\Y u0+,u0

1/uo+,uo

d)2

dx (2.20)

]

dx — — h
q

Proof of Theorem 1.1. From Lemma 2.3, the minimizing sequence {u,} satisfies u, — uo in L>(R")
and I, = I(up), ¢ = c,. Since {u,} C S, is the minimizing sequence of /., we have dl|s_(u,) — 0 and
there exists a sequence of real numbers {4,} such that

I'(u,)[e] + /lnf updx —» 0, as n— oo, (2.21)
RN

for every ¢ € H'(RV). Hence, by (2.21), we have that

- (a +b |Vu0|2dx) Aug + Aug = |uol”uo + h(x)uo|">uy  in RV,
RN

f luo|*dx = c.
RN

Communications in Analysis and Mechanics Volume 16, Issue 3, 457-486.
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Notice that 4(x) > 0, then by the maximum principle, u, > 0, and we finish the proof of Theorem 1.1.
O

3. Proof of Theorem 1.2

In this section, we study the mass-supercritical and Sobolev-subcritical case: 2 + % < p <2,
1 < N < 3, and h(x) satisfies the assumption (h,). First, we show that the energy functional I possesses
a mountain pass geometry, which implies the existence of the (PS) sequence. Next, we prove that the
limit of the sequence of the Lagrange multipliers related to the (PS') sequence is positive. Then, by
applying the splitting lemma, we recover the compactness for this sequence, which yields the existence
of solutions for Eq.(1.1).

In order to study the behavior of (PS) sequence, we introduce the splitting lemma, which plays a
crucial role in overcoming the lack of compactness. For 4 > 0, we set

b S| 1 1
L(u) = 4 VulPdx + - \VulPdx| + = f Aldx — — lulPdx — — f hlul?dx
2 RN 4 RN 2 RN p RN q RN

b S| 1
Ioo,l(u):g f |Vu|2dx+z( f |Vu|2dx) 3 f Aldx — — f lulPdx.
RN RN RN P Jrv

Lemma 3.1. Let {u,} ¢ H'(RY) be a (PS) sequence for I; such that u, — u in H'(R") and
lim, o |[Vu,|3 = A%. Then, there exists an integer k > 0, k nontrivial solutions w', - - - , w* € H'(R") to
the following problem

and

—(a+ bAHAw + Aw = || w, 3.1)

and k sequences {y,j;} Cc RM,1 < j <k, such that as n — oo,|y{;| — 00, |y£l - yf;2| — oo for each
1 < ji,j2 <k, ji # jo,and

k
Uy — U — Z W' —yh| - 0, (3.2)

j=1

k .
A% = |Vul + ) VeI, (3.3)
j=1
k .
laall3 = llll3 + > 113 + o(1), (3:4)
j=1
and
k .

L) = Jna) + D e a(@), (3.5)

=1

a bA? ) A 5
Jh,,l(u) —(E + T) fRN |Vul“dx + 5 jR:N u-dx

1 1
——f |u|”dx——f hlu|?dx
P JrN q Jrv

Communications in Analysis and Mechanics Volume 16, Issue 3, 457-486.

as n — oo where



468

and

bA’ A 1
Jooal) =5+ 22 f VuPdx + = f Wdx — — f jul”dx.
’ 2 4 RN 2 RN P JrN

Proof. The proof is similar to [34, Proposition 2.1] and [28, Lemma 1.6]; therefore, we omit it. O

Lemma 3.2. Let X be a Hilbert manifold and let F € C'(X,R) be a given functional. Let K C X be
compact and consider a subset.

EC{ECX: Eiscompact, K C E},
which is invariant with respect to deformations leaving K fixed. Assume that
max F(u) < ¢ := inf max F(u) € R.
uek EcE ueE

Let o, € R be such that o, — 0 and E, € & be a sequence such that

c <maXF(u) <c+ 0oy,
uck,

Then, there exists a sequence v, € X such that
l.c<F(,)<c+o,,
2. IVxFp)ll < € ~fory,
3. dist(v,, E,) < C+Jo,,
for some constant ¢ > 0.
We shall prove that 7 on S . possesses a kind of mountain pass geometrical structure. To this aim, we
establish two preliminary lemmas.

Lemma 3.3. Assume that & € LP%(RN ) and let u € S . be arbitrary but fixed. Then, we have:
1) I(t *xu) > 0ast — 0;
(i1) I(t * u) > —oc0 as t — +oo.

Proof. (i) By the Gagliardo-Nirenberg inequality (1.8), the Holder inequality, and the assumption
(hy) , then we have that

2
[I(t % u)| < ‘2’ f IV(t % u)|*dx + i ( f IV(t % u)lzdx)
RN

f [t % ulPdx + — f hlt * u|?dx

P P 1 q
o 2 P PYp qyp 4
< 9l + ||Vu||2 G T+ e

(17/7

-0

ast — 07, since py,,qy, > 0.
(i1) Similarly, we have that

2 bt* 1 1
I(t % u) < a—IIVu||2 + —||vu||4 - — |t % ulPdx + — hit % ul?dx
2 2 2
D JrN q Jry

tPYr

2
at 1 q(
2 2 7 N.p

”Vu”qyl)

— —00
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ast — +oo, since py, > 4. O

Again, using the Gagliardo-Nirenberg inequality and the Holder inequality,

q(1-yp)

qy
2 Al I Vully™

a b 1 =Dy, 1
1) = IVl + 2Vl = —CL e IVull” = =CF, e
(3.6)

a 1 P=PYp 1 q(1-yp)
> —|[Vull? = =C% ¢ = ||[Vu|l}"" = =C% ¢ Vul| 2.
> 2|| ully pCN,,,c IVull, qCN,,,c Al _e_{[Vull,

To understand the geometry of the functional 7 on S, it is useful to consider the function ¢ : R* - R
defined by

P=pYp

1 1 al=yp)
P - —Ci,pc z P — —C;vac
p q

L] 3 (3.7

a
2

Since 0 < qy, <2 < py,, we have that ¢(0%) = 0~ and ¢(+00) = —co. The role of assumption (1.13) is
clarified by the following lemma.

o(t) =

Lemma 3.4. Under the assumption (h;), if (1.13) holds, then the function ¢ has a local strict
minimum at negative level and a global strict maximum at positive level. Moreover, there exists
0 < R; < R, both depending on ¢, such that ¢(R;) = 0 = ¢(R,) and ¢(¢) > 0 if and only if t € (R}, R>).

Proof. For ¢ > 0, we see that ¢(¢) > 0 if and only if

q(1-yp)
> |IAll 2,
p=q

1
lp(l’) > 56?1,176

where |
w(t) = EIZ—W,; _ _Cz CW Y=
2 P

Observe that py, — gy, > 2 — gy, > 0, then ¢ has a unique critical point 7 on (0, +o0), which is a global
maximum point at positive level. In fact, the expression of 7 is

1

- [ ap2 - qy,) ]

P=pYp

2y,(p = Cy ¢ >

and the maximum value of ¢ is

2-qyp

_ _ -2 o(1=y)(2—
a(py, 2)[ ap(2 fmz J = 3.8)
2yp(p =)\ 2v,(p — 9)Cy,

w(0) =

q(1-yp)

Therefore, if (1.13) holds, then (7)) > éCZLPC 7 ||A| 2 thus the equation ¢ = 0 has two roots R;, R,
and ¢ is positive on (R;, R,). Moreover, ¢ has a global maximum point #, at positive level. According to
the expression of ¢, we can deduce that ¢ also has a local minimum point #; at negative level in (0, Ry).
O

Set
A i={ueS.: ||Vull, <,

I":={ueS,:Iu) <k).
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By Lemmas 3.3 and 3.4, there exists a ¢; > 0 small enough, such that
1
I(u) < Ego(tg), foranyu € A,,.

Moreover, 19 C {||Vull, > R,} since I(u) > ¢(||Vull,). Now we can get a mountain pass structure of /
on manifold S ..

I:={yeC(0,1],5.) : y(0) € A, ¥(1) € IV}, (3.9)
and the mountain pass value is
my,. := inf max I(y(%)). (3.10)
yeT t€]0,1]

Remark 3.1.

Io(ve) =m, = ly%f max L (y(1))

where v, satisfies

- (a +b f |ch|2dx) Av.+ v, = v"2v. inRY,
RN

f vlPdx =¢, ueH'RY),
RN

i.e., the solution v, of the problem (1.6) is a mountain pass critical point of /., constrained on S ..
(see [35]). It is immediately seen that
My < M. 3.11)

Lemma 3.5. Under the assumption (h;), suppose that 4 satisfies (1.14), then there exists a (PS)
sequence {u,} of I|g_, which satisfies

I(un) — My, (312)
I' s, (u,) = 0, (3.13)
P(u,) — 0, (3.14)

as n — oo, where

1
P(u) = al|Vull; + bl[Vull; =y, f lulPdx -, f hlul?dx + — f (Vh, x)|u|?dx,
RN RN q JrN
and
lim ||(,)7]] = 0. (3.15)

We remark that (3.13) means that there exists {4,},>1, such that for any ¢ € Cy’ (RY), there holds

I'(u,)[e] + /lnf u,pdx —» 0, as n— oo, (3.16)
RN
Moreover, {u,} is bounded in H!(R") and the related Lagrange multipliers {1,} in (3.16) are also
bounded, up to a subsequence, 4, — A, with 1 > 0.
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Proof. We divide the proof into three steps.

Step 1: Existence of the Palais-Smale sequence. The existence of the (PS) sequence that verifies
(3.14) and (3.15) closely follows the arguments in [32], where the authors adapt some ideas from [11].
We recall the main strategy, referring to [32] for the details. A key tool is to set

I(t,u) :=I(t xu) forall (t,u) € R x H'(RY).
The corresponding minimax structure of / on R x S, as follows
[:={y=(y1,72) € C(I0,11,R X S,) : ¥(0) € (0,A,),¥(1) € (0, *")}, (3.17)
and its minimax value is

iy = inf max I(y(¢)). (3.18)
yef 1€[0,1]

It turns out that 71, . = m,,. and that, if (#,,v,), is a (PS). sequence for T with t, > 0,thenu, =t, x v,
is a (PS). sequence for I. Now, let us consider a sequence &, € I' such that

1
my. < max [(£,(1) < my + —.
t€[0,1] n

We observe that, since I(u) = I(|u|) for every u € H'(R"), we can take &,(tf) > 0 in RY, for every
t € [0, 1] and n € N. We are in a position to apply Lemma 3.2 to [ with

X:=RxS, K:={0,4,),0,I¢"), &=T, E,:={0,&®):1€[0,1]}.

As a consequence, there exists a sequence (,,v,) € R X S, and ¢ > 0 such that

1 . 1
mh,c - =< I(tna Vn) < mh,c + -,
n n

) ¢
tfer[lol’fll] (20, vi) = (0, &R mYy < ﬁ, (3.19)
~ ¢
Vixs I, vl < —.
Vs L, vl N7

Now, we can define
U, =t, *xv,.

We observe that, by differentiating 7 with respect to ¢, we get the “almost” Pohozaev identity (3.14),
differentiating with respect to the second variable on the tangent space to S ., and by (3.19) and &,(¢) > 0
we get (3.15).

Step 2: Boundedness of the (PS') sequence.

By (3.12), for the (PS') sequence {u,} C S, there holds

e = L) + o(1)

b 1 1
= g||Vun||§ + — Va3 — — f || dx — — f hlu,|’dx + o(1).
2 4 P JRrN q JrN

(3.20)
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Combining with (3.14),

a(N(p—2) - 4) ,  b(N(p—2)-8) 4 p—q‘f
o= IV, |I? + IV, I} - Rlu|?dx
! 2N(p-2) 27 4N(p-2) 27 4 =2) Jan
- (Vh, x)|u,|%dx + o(1)
qgN(p - 2) Jrv
a(N(p-2) - 4) ., p-q
> IV, || - hlu,|9dx
2N(p - 2) > q(p-2) Jar

2
N3 fR (Vh, D)l ldx + (1)

a(N(p—-2)—4) 2 p—q 41-vp) qy,
> Vi3 - CL ¢ 7 |IAll o ||Vu ||
2N(p —2) > oqp-2) N = 2
2 q
————||IVh-x|| 2c2 + o(1).
gN(p - 2) =

Thus {u,} is bounded in H'(R") since i € L7(R") and ||V} - xll 2 < oo
Step3: Positivity of the Lagrange multiplier.
By taking u, as a test function for (3.16), we obtain that

2 4
o(Dllunllgr = allVuull; + blIVuyll; — llugll, - f hluy|” + Ayc.
RN

So
1
|/ln| = -
C

2 4
o(Dllullm — allVuull; = blIVully + [luall) + f hlu,|?
N

R

< +o00.

(3.21)

Thus the Lagrange multipliers {4,} are also bounded. Next, we show that {4,} has a positive lower

bound. In fact, according to (3.14) and (3.16),
A,c= /lnf |u,|>dx
RN
= —a|Vu,|l3 = blIVull3 + lluall? + f hlu,|?dx + o(1)
RN
1
= (L =yp)llually + (1 =yy) | hlu,'dx + = f (Vh, u,"dx + o(1).
RN q Jrv

We also have that

a b 1 1
mie = S1IVul5 + ZIVaally = =l — —f hlu,|"dx + o(1)
27 AT pTE g e
b s+ Np-2)-4
= —Z||Vun||2 + T”%HZ
N(g-2)-4
L N@-2)

1
f hlu,|%dx — — f (Vh, x)|u,|%dx + o(1).
4q RN 2q RN

(3.22)

(3.23)
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Then, combined with the assumption (1.14), we have that

A,c+o(1)
_ 4P(1 _Yp) bp(l —yp) . 2p_4 f
“Np-2) - a" T Ny -4l lh t oN Ty Ty [V luldx
2g—N(g-2) @2p—-N(p-2)4-N(g-2)
" 2q 24N —2) — &) ) j,; hlu[*dix + o(1)
S 4p(1 —1y,) 2p—4

LAt/ Vh- et +o(l
SN -2 -4 T g -y e ol

since

€

g2p — Np +2N)
m
p—2

[SIEY

IV xil 2. <

(3.24)

Now we prove the convergence of the (PS) sequence {u,} and hence we complete the proof of Theorem

1.2.

Proof of Theorem 1.2. Next, we prove the existence of solutions of (1.1) with a positive energy
level when 2 + % < p < 2*. We consider the bounded (PS) sequence {u,} given by Lemma 3.5. Then,
there exists u € H'(R") such that u, — u due to the boundedness of {u,}. We claim that u,, — u strongly

in H'(RM).
For any ¢ € H'(RY), {u,} satisfies

a f Vunwdx+b( f |Vun|2dx) f Vu, Viydx
RN RN RN

P f B2
RN RN
-, f unpdx + oDl
RN

Using the boundedness of {41,} again, we obtain that

a f Vunledx+b( |Vun|2dx) f Vu, Vigdx
R¥ RV RN

— | |l P unipdx — f ROl il x
RN RN

_ 1 f updx + (1= A,) f updx + o(D)l.
RV RY

a f vunwdx+b( f |Vu,,|2dx) f Vu, Vipdx
RN RN RN

- |un|p_2unlr//dx_f ROl i x
RN RN

=-1 f urdx,
RN

And hence
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which implies that {u,} is a (PS) sequence for I, at level my, . + %c, so that we can apply the Splitting
Lemma 3.1, getting
U, = u+ le‘.:]a)j(- - yj;) + o(1).

Assume by contradiction that k > 1, or, equivalently, that ||u||§ < ¢. In addition, if 0 < @ < g, then
my > mg and Jo o(w’) > m,, (see [28]). Therefore,

A A A
My + 50 = Jpo) + 2B + 2 Jeo(w) + Ezf;:la i (3.25)

where 3 := |lull3, @; := |lw/|l5. By (3.4), we have
c=p+ Zﬁzlaj.
Thus, combined with (3.25), we obtain
Mye = Jno() + Z5_ T o(@). (3.26)

Since J;,0(u), Jooo(w’) > m., we have my, . > m,, which is a contradiction of (3.11). Thus k = 0. That is
u, — u strongly in H'(R") and u is a solution of Eq.(1.1). O

4. Proof of Theorem 1.3

In this section, we assume that 2 + % <p<2,1<N <3,h(x)=—h(x) >0, and h(x) £ 0. By using
a min-max argument, we can find the existence of normalized solutions of Eq.(1.1). First, we show that
the energy functional corresponding to Eq.(1.1) has a linking geometry. For s € R and u € H'(RV), we
introduce the scaling
s * u(x) := egsu(esx),
which preserves the L>-norm: ||s * ul|, = |jul|, for all s € R. For R > 0 and s; < 0 < s,, which will be

determined later, we set
Q= Bg X [s1,5] cRY xR

where Bg = {x € RY : |x| < R} is the closed ball of radius R around 0 in R". For ¢ > 0, define

Loi={y:0—S.1yeCRY),y(y,5) = s % v.(- —y) forall (y,5) € 0},
where v, satisfies

- (a +b f |ch|2dx) Av.+ v, = v">v,  inRY,
RN

f vlPdx =¢, ueH'®RM).
RN

We define

Ly, := inf max [ ,S)).
ne := Inf max I(y(y, s))

To prove that the energy functional / has a linking geometry, it is necessary to find the suitable R > 0,
s1 < 0 < s, such that
1 <L,
Sup max, (v, 5)) < Ly,

vel. />S
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at least for some suitable choice of Q. Now, we recall the notion of barycenter of a function u €
H'(RM)\{0}, which has been introduced in [36] and in [37]. Setting

1
M) = oo fB i,

we observe that v(u) is bounded and continuous, so the function
1 +
iu(x) = [v(u)(x) ~3 max v(u)]

is well defined, continuous, and has compact support. Therefore, we can define 8 : H'(R¥)\{0} —» RV

as .
Bu) = — f n(x)xdx.
lely Jpw

The map S is well defined, because # has compact support, and it is not difficult to verify that it enjoys
the following properties:

(i) B is continuous in H'(RY)\{0};

(i1) if u 1s a radial function, then S(u) = 0;

(iii) B(tu) = B(u) for all ¢ # 0 and for all u € H'(R)\{0};

(iv) setting u,(x) = u(x — z) for z € RY and u € H'(RV)\{0} there holds B(u.) = B(u) + z.

Now, we define

D :={D c S.: D is compact, connected, s; * v, 55 *x v, € D},
Dy :={D € D : B(u) =0 for all u € D},
D, :=DNHLRY),

and
wl = inf max I (u),
DeD, ueD
0 .
w, := inf max I.(u),

DeDy ueD

inf max I, (u).
DeD ueD

S
I

It has been proved in [28] that

m. = inf max I.(o (1))
oeX, te[0,1]

where
2. =Ho € C(0,1],5,) : 0(0) = 51 * v, 0(1) = 55 % v.}.

— 0 = =
Lemmad4.1l. w. =w  =w, = m,.

Proof. Clearly O, c D, C D, so that w/. > wg > w,.. It remains to prove that w, > m, and m, > w’.
Arguing by contradiction, we assume that m. > w,.. Then, max,cp I.(#) < m. for some D € D,
hence sup,c.p) I(u) < m, for some 6 > 0, here Us(D) is the §-neighborhood of D. Observe that
Us(D) is open and connected, so it is path-connected. Therefore, there exists a path o € Z. such that

max;eo.1] I (0 (2)) < m,, a contradiction.
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The inequality m. > w’. follows from the fact that the set D := {s % v. : s € [s}, 52]} € D, satisfies

max I.(u) = max I.(s*v.)=m,. O
ueD s€[s1,52]

Lemma 4.2. L, := infpep, max,ep (1) > m,.
Proof. Using A(x) > 0 and Lemma 4.1, we have

max I(u) > max I,(u) > w’ = m,, forall D € D. 4.1)
ueD ueD

Now, we argue by contradiction and assume that there exists a sequence D, € D such that

ruréaDi( I(u) —» m,.
In view of (4.1), we also have

max I,(u) — m..
ueD,

Adapting an argument from [11, Lemma 2.4], we consider the functional
Io :H'RV)XR >R, Io(u,s) = Lo(s * u)
constrained to M := §. X R. We apply Lemma 3.2 with
K :={(s1 * v, 0), (52 % v, 0)}

and
C :={C c M : Ccompact, connected, K c C}.

Observe that

W, = inf max I.(u,s) = w.=m
€ CeC (ws)eC (14, 5) ¢ ¢

because D x {0} C C, hence w. > W, and for any C € C we have D := {s x u : (u,s) € C} € O and

max I(u, s) = max Io(s * u) = max Io(v),
(u,5)eC (u,s)eC veD

hence w. < w.. Hence, Lemma 3.2 yields a sequence (u,, s,) € S. X R such that

(D) [Io(uy, 5,) — m.| = 0 asn — oo;

(2) IV x@ oo (ttns )l > 0 as n — co;

(3) dist((u,, 5,), D, X {0}) > 0as n — oo.

Then v, := s, *x u, € S.1s a (PS) sequence for I, on S, at m,, and there exists Lagrange multipliers

A, € R such that

I(v,) = m,,

N(p-2)

allVvallz + bIVv,ll; —
2 2 2p

iz = 0,

I, (va) + /lnG’(vn)”(Hl(RN))* — 0, where G(u) =

| =

uldx,
RN
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as n — oo. So, combining those properties, we can infer that

N(p-2)-4 N(p-2)-8
mallvvn”% + mbIIV\/”ll;‘ - m, > O, as n — oo,
and ) A
=Auc = allV,ll; + BlIVvall; = [vall}
N(p-2)-2p Nip-2)-2p 2 4
= T”Vnﬂﬁ = W(allwnllz + b|[V,lly).

Therefore, {v,} is bounded in H'(R") and {A,} is bounded in R. We may assume that v, — v in H'(RV),
IVv,ll3 - A?, and 4, — 1 > 0. In fact, {v,} is a (PS) sequence for I, at level m. + c. As a
consequence of Lemma 3.1, v, can be rewritten as

k
va= v+ > Wit = yl) +o(l)
=1

in H'(R"), where k > 0 and w’/ # 0, v are solutions to
—(a + bAH)Aw + Aw = [wPw

and |y;| — co. Moreover, we get

k
¢ =W+ ) Wl + (1), (4.2)
j=1
k
A = WV + ) 9w, (4.3)
j=1

k
Lo an) = Joo ) + D Jeoa),
j=1
and hence,

k k
1 1 2 .
me+ S = Jooo(V) + E||v||§ + § Jooo(W') + 2 ;:1 w15 + o(1).

J=1

By (4.2), we have
k
Me = Jeo®) + > Juoo() + o(1).
=1

Ifv#0and k> 1, we get A> > |[VV][3 from (4.3), we have

bA? 1
Joop(V) = (g + T) |Vv|Pdx — I_?f [v|Pdx.
RV RN

b 2 1
>4 f Vvf2dx + = f Vvl2dx| dx— = f WPdx
2 RN 4 RN p RN

= I.(v)
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Similarly, we have Jo, o(w/) > m,. Thus,
m. +o(1) > (k+ Dm. + o(1),

we get a contradiction. Therefore, k = 1 andv = 0,ork =0andv # 0. If k = 1 and v = 0, then
V(- + y1) + o(1) = w'. On the other hand, due to point (3) that dist((u,, s,,), D, X {0}) — 0, we obtain

BW") = B,(- + ) + o(1) =y} + o(1),

which contradicts the fact that 8 is continuous and [y!| — oo.
If k=0andv # 0, then v, — vin H'(R"). Using again point (3), we also have S(v) = 0. Hence, by
the uniqueness, v, — +v. in H'(R"). This implies

1 - 1 _
I(v,) = 1(v,) + — f h(X)v,|?dx — m. + — f h(x)v|'dx > m,,
q Jrv q Jrv

which is a contradiction. O

Lemma 4.3. For any ¢ > 0, then L, . > L, holds.
Proof. Similar to [32, Proposition 3.5], so we omit it. O

Lemma 4.4. For any ¢ > 0 and for any & > 0, there exists R > 0 and 5; < 0 < 5, such that for
Q = Bg X [s1, 5] with R > R, s; < 5y, 5, > §, the following holds:

max I(s x v.(- —y)) < m, + €.
(r.8)€0Q

Proof. We have
gsN

I(s % ve(- = y)) = I(s % ve) + % f h(xpv(e’(x = y)?dx
RN

e ot 2 e%(ﬂ—2)s
(s % v,) = 7f Vv |*dx + T (f |ch|2dx) - f [velPdx
RV RV p RV

O(—e2PD%) 5 00 as 5 — oo,
0(e*) = 0 as § — —oo.

and

Moreover, there holds

e% T s e% T 5 L;q 2/ s %
—_— h(x)vi(e*(x —y))dx < — h>adx vi(e'(x —y))dx
q JrN q RN RN
1 -
= —[lall o c*
q —-q

because A(x) satisfies (1.15), thus for all s € R, we have

z f h(x)vi(e* (x — y))dx < m,.

q Jr
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As a consequence, we deduce

max  I(s *x v.(- —y)) < m. + +o(1)
YEBR,s€{s1,52}

provided s; < 0 is small enough and s, > 0 is large enough. Moreover, for |y| = R large enough and
s € [s1, 52], we choose a € (0, 1) such that (1 + ¢™*') < 1, so that we have

asN
e 2

—_— f i_z(x)vg(es(x—y))dx
q Jry N

< e’ l_z(x)vZ(es(x —y)dx + ¢ B(x)VZ(e“‘(x —y)dx.

q [x|>aR q [x=y|>aRe™s
The first integral is bounded by

gsN

e f h(x)vi(e*(x — y))dx < et ( f hrid )
q |x|>aR q |x[>aR

1 LT
—( h=id ) (f‘zda -0
q |x|>aR RN

gsN 2-q

[ ey s l( f i )( [ V?(f)dé)z
qd  Jix—yl>aRes q \J|x—y|>aRes |&l>aR

1

q

R
|é]>aR

By Lemma 4.3 and 4.4, we may choose R > 0 and s; < 0 < s; such that

24
2

( vie'(x — y))a’x)z
|x|>aR

as R — oo and

IA

as R — oo, which concludes the proof. O

Jnax I(s x ve(- = y)) < L.

Therefore, I has a linking geometry and there exists a (PS) sequence at the level L, .. In order to
estimate L, ., we have the following Lemma.

Lemma 4.5. If |s|, 5, are large enough, then
Lh,c < 2mc.

Proof. This follows from

L. < &D?X {I (s % ve(- —y) + ; f h(x)(s % v.)7(x - y)dx}

RN

[SIEY

1_
<m.,+—|hl2c

q
< 2m,
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provided |s4[, s, are large enough. O

By the Lemma 4.3 and Lemma 4.5, we can get
me < L. <2m,.

Next, we construct a bounded (PS) sequence of I at L, . by adopting the approach from [11] and
Lemma 3.2. We define a auxiliary C' functional

I(u, s) := I(s % u) for all (u, s) € H'(RY) x R,

Foi=1(7:0 - Sc 157 € CRY), (v, ) = s % vel- — y) forall (y, 5) € HQ},

and

L. := inf max I(¥(y, s)).
ne i= Inf max, ¥y, 5))

Lemma 4.6. (1) L, = L.
(2) If (uy, s,) is a (PS) sequence for I at level L. and s, — O, then (s, * u,), is a (PS) sequence for [
at level L, .

Proof. The proof is similar to that of [11] and is omitted. O

Lemma 4.7. Let g, € I be a sequence such that

- 1
max [(2,(y. 5)) < Ly + —.
»,9)€Q n

Then, there exists a sequence (u,, s,) € S, X R and ¢ > 0 such that
1 . 1
Lh,c - == I(un, Sn) < Lh,c + =
n n

min_||(uy, $,) = 8V, e @rvyxe < —=

¢

- ¢
”VSCXRI(un’ Sn)” < %

The last inequality means:

DIy, 5[0 5)]| < %(Ilzllm(m +1s])

for all
(z,5) € {(z, s)e HH®RM) xR : f u,dx = 0}
RN

Proof. Apply Lemma 3.2 to I with
X:=8.xXR, K:={(s*v(-=».,0):(n,9)€dQ}, &=I,, E,:={g,,5:(,s €0}
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Lemma 4.8. Under the assumption (h3), then there exists a bounded (PS) sequence {v,} of I|s_,
which satisfies

I(vn) - Lh,c- (44)
I'ls, (v,) = 0, 4.5)
P(v,) = 0, (4.6)

as n — oo, where

_ 1 _
Pu) = aIIVull% + bIIVullg - f |u|Pdx + yqf hlul?dx — — f (Vh, x)|ul?dx,
RN RN q JrN

lim flv,)"1l = 0. “4.7)

Moreover, the sequence of Lagrange multipliers satisfies, up to subsequence 4, = 4 > 0.

Proof. First, the existence of the (PS) sequence that verifies (4.6) and (4.7) closely follows the
arguments in Lemma 3.5. The proof is omitted.

Next, we prove {v,} is bounded in H'(R"). By (4.4), for the (PS) sequence {v,} C S, there holds

Lh,c = I(Vn) + 0(1)

b 1 1 - 4.8
= 6—l||an||§ + —IIanIIEl - —f v, [Pdx + —f hv,|?%dx + o(1). (4.8)
2 4 p RN q RN
Combining with (4.6),
N(p-2)-4 b(N(p-2)-8 - —
Ly, 2202 = yg, o PN@ =D =8) g e P4 f v lidx
2N(p-12) 4N(p —-2) q(p—2) Jgn
+ — (Vh, x)|v,|%dx + o(1)
alN(p-2)—4) 2 _ '
> IVl + ——— | (VA, )lval?dx + o(1)
2N(p -2) 27 gN(p=2) Jpv
N(p-2) -4 _ .
SINP =D =D g 02k of +o(D).
2N(p-12) gN(p —-2) >4

Thus {v,} is bounded in H'(R"), since ||V - Al 2 < oo
Then, we prove the positivity of the Lagrange multiplier in the same way as lemma 3.5. By (4.5), we
obtain that

1 -
Ml =~ o(DlValler = allVvall5 = BIVVII3 + [vallh fN hlva|?| < +oco.

R
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Thus, the Lagrange multipliers {4,} are also bounded. In fact, according to (4.5) and (4.6), we have that

A,c +o0(1)

_ % e %nmn;‘ - N‘(‘;” __2‘)])_ 5 fR vidx

_ q(N(ip__;)l vy fR N(W’z, xyvidx + o(1) (4.10)
* Mo T e g

- 20p—-q) - g p—2._. .- q
- N(p _ 2) —4 (2p(1 - /}/p)mc - ||h||2T2qC2 - TT”h”ﬁCZ
thus A > 0 provided
2(p-q) 7 -2
Mllhllzzch + P Tllhl%c% <2p(1 = y,)m,.
So - |
7 pUl =y me
Il 2. < A
= 2p-@+(p-2)T 3

which is given in (1.15). O

Proof of Theorem 1.3. Since {v,} is bounded, after passing to a subsequence it converges weakly in
H'(RY) tov e H'(RY). By (4.7) and weak convergence, v is a nonnegative weak solution of

—(a + bAHAV + v + ()T 2y = P2y (4.11)

such that 8 := ||v||§ < ¢, where A? := lim,_,« ||an||§. We note that {v,} is a bounded (PS) sequence
of 1, atlevel L. + %c, therefore, by Lemma 3.1, there exists an integer k > 0, k non-trivial solutions
wh,w?, ..., wk to the equation

—(a + bAHAW + Aw = WP 2w

and k sequences {yﬁ} € H'(RV), 1 < j <k, such that |y£| — oo asn — oo,
Moreover, we have

k
va= > Wit =y > v in H'®Y),

J=1

. . (4.12)
Wally = VI3 + > IWIB, A% = IV + > IIVwl3,
j=1 j=1
and
k
L) = Jna®) + D Jeoa(w)) (4.13)
j=1

as n — oo. It remains to show k = 0, so that v, — v strongly in H'(R") and we are done. Thus, by
contradiction, we can assume that k > 1, or equivalently 8 < c.
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First, we exclude the case v = 0. In fact, if v = 0 and k = 1, we have w' > 0 and [w'|j3 = ¢ and

IVw!|I3 = A so that (4.13) would give L. = m,, which is not possible due to Lemma 5.3. On the other
hand, if k > 2, we get Jo,o(W/) > myg, (cy = w/ ||§) and m,, > m,, thus L, > 2m,., which contradicts
with Lemma 4.5.

Therefore, from now on, we will assume v # 0 and k > 1. From (4.13) and /(v,) — L., we deduce

A Pl k ko
= - J -
Lh,c + 2C = Jh,O(V) + 2,8 + ]E:l Joo,()(W )+ jil 20,’1.

Using (4.12), we have

k
Lne = Jio®) + D Jeog(w)).

=

Then, from A% > |[Vv||? and A(x) > 0, we have

bA? 1 _ 1
Jno(v) = (g + T)f IVvPdx + —f hv|?dx — —f [v[Pdx.
RW q Jr¥ P Jr¥

b ? 1
> a IVvPdx + — (f |Vv|2dx) dx — — [v[Pdx
2 Jrn 4\ Jrv P Jrv

=1.(v)

Similarly, we have J,o(w/) > m,. Thus,
m. +o(1) > (k+ D)m. + o(1),

we get a contradiction. Thus k = 0 and {v,} converges strongly to vin H'(RY). O
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