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1. Introduction

The focus of this work is a general nonlinear doubly dispersive wave equation:
Uy — Ly, = B(h(U)) xs (x,1) e Rx(0,7T) (1.1)
associated with the following initial profile:
u(x,0) = ug, u(x,0)=u;, xeR. (1.2)
Hereafter the nonlinearity /(u) indicates the following:
(H) h(u) = +alul’ or — alul”'u, @ >0and 6> 1.
Both £ and 8 are linear pseudo-differential operators that can be respectively written as follows:

F (L) = (OHF Q) (1.3)

and

F(B)(&) = bOF (D), (1.4)
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whose symbols are /({) and b({) respectively satisfying
A+ <UD <A+ 2.p20 (1.5)

and
0<b)<A1+D)7,r=0 (1.6)

for all £ € R. Henceforth ¥ denotes the Fourier transform and #~! denotes the inverse Fourier
transform.

We note that Equation (1.1) arose from an integral-type non-locality of elastic materials (see [1,2] and
the references therein for more information about its physical background), and some Boussinesq-type
equations can be covered by Equation (1.1). For example, with the substitutions £ = —ad> + 1, B =1
and h(u) = au?, (1.1) becomes the classical Boussinesq equation:

2
Uy = —QUxxxx + Uyy T Cl(l/l )xx’ (17)

for shallow water (see [3]). Liu in [4] demonstrated that the traveling wave for the corresponding (1.7)
may be stable or unstable and established sharp conditions to support this. Using the potential well
method, the qualitative behavior for (1.7) with h(u) = u* was derived in [5]. Also Equation (1.1) can be
reduced to the improved fourth-order Boussinesq equation:

Uyp — Uxx — Uxxne = (uz)xx’ (18)

with the selections 8 = (1 — %), £ = (1 — 6*)~" and h(u) = u* in Equation (1.1). Physically, Equation
(1.8) can be used to describe the role of inertia in the one-dimensional lateral dynamics of the elastic
rod 9. Besides that, a class of fourth-order double-dispersion Boussinesq-type equations with terms
Uxxxx and Uxxrt giVen by

Uy — Uy — Uxxyr T Usxxx = (h(u))xx (19)

can also be derived by setting 8 = (1 - 6)2()‘1 and £ = I in Equation (1.1). It is well known that Equation
(1.9) can yield longitudinal strain waves in a nonlinearly elastic rod ! and has many interesting results
involving the initial data. For example, Liu and Xu in [7] demonstrated the influence of the nonlinearity
as h(u) = |ul|” along with the initial data on dynamical behavior for Equation (1.9) with sub-critical and
critical initial energy. Further, a high-order Boussinesq equation written as

Upp — Uxy — Uxxpr T Usxxx T Ugxonr = (h(u))xx (110)

can also be included by setting B = (1 — 8> + M7, L= (1 -8+ 0H7'(1 — %) and h(u) = |ul? in (1.1),
which can be applied to simulate the surface tension of water waves and the long-time behavior of small
initial data. And the nonlinear scattering for Equation (1.10) when h(u) = u” (p > 1) as u — 0 was
established in [8].

From the above statements, we see that the general form, i.e., (1.1), can represent many important
interesting mathematical physics models reflecting the meaningful phenomenon from the real world, and
that the results on such models will deepen our knowledge regarding these physical problems. Hence,
the main goal of our work is to deal with how the structure of the wave Equation (1.1), especially the
dispersive effect induced by its pseudo-differential operator 8 and £, along with the initial condition
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(1.2), affects the dynamical characteristics of the corresponding solution. In fact, because the pseudo-
differential operators 8 and L in Equation (1.1) are identical and become a convolution integral operator
of the form

B9 = ) = [ =y (1.11)
the considered Equation (1.1) reduces to

Uy — (B * u)xx = (B * h(u))xx,

which was first considered in [2] with 8(x) = F ~1(b({)) and b(?) satisfying (1.6). And the existence of
the local solution and global positive-definite energy solution as well as negative initial energy finite
time blowup were constructed in [2]. After that, some attention is paid to the case of 8 # L in Equation
(1.1) given that B behaves like case (1.11) with S(x) = F'(b(¢)) and b({) satisfies (1.6) or B = I,
whereas the symbol /({) of L is subject to (1.5).

For the case that the symbol /() of L satisfies (1.5) and 8 = I, the considered Equation (1.1)
becomes

Uy — Lty = (1)) xx.

It is noted that for some sufficiently smooth nonlinearities /#(u), Babaoglu et al., in [1], established the
local existence of the solution, the existence of the global positive-definite energy solution, and the
global non-existence of the sufficiently negative initial energy solution. Then, some improvements
of [1] were established in [9] and [10] by considering the non-positive-definite energy case due to the

nonlinearities. For the nonlinearity /() = —|u|’~'u as one case of (H), the dynamical behavior for low
initial energy was dealt with in [10] with the symbol H({) of B as follows
A+7 <bQ) <A1 +)7, c3,¢0>0, 720, (1.12)

which also satisfies (1.6) considered in our work. In fact we can see that some special cases such as
b(() = c%(l + {2)_77 with 7 > r > 0 for all £ € R can be included in (1.6) but not (1.12). The above
analysis means that some results obtained in [9] and [10] are special cases of our work. In fact, although
we carefully introduced these established related results above, it is still not easy to distinguish the
differences between them from the results of the present paper. Hence we use Table 1 to make it clear.

Table 1. A comparison among the results in References [1, 3, 5, 6] and our paper.

Ref. L B Nonlinearity Results
(1.3) and I(0) A p— globz%l existence for positive-
[1] s i =1 : ; definite energy, blowup for
satisfying (1.5) inear function : ;
sufficiently negative energy
3] (1.3) and /() _ 7 (H) global existence for 0 < &(0) < d,
satisfying (1.5) B blowup for E(0) < d and E(0) > 0
5] L = B satisfying (1.11), and a smooth nonl-  global existence for positive definite
[(&) = b({) satisfying (1.6) inear function  energy, blowup for negative energy

(6] (1.3) and I({) (1.4), 7 P global existence for 0 < &(0) < d,
satisfying (1.5)  b() ~ X (1 + 57 blowup for E(0) < d

Our (1.3) and I(¢) (1.4), H) global existence for 0 < &(0) < d,

paper satistfying (1.5) b({) satisfying (1.6) blowup for E(0) < d and E0) > 0
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Hence our work considers the generalized case that the pseudo-differential operators B and L satisfy
Equations (1.5) and (1.6), respectively. Some typical nonlinear terms like |a(u)| = a|u|’ with @ > 0
shown in (H) are considered, and the qualitative behavior for non-positive-definite energy (sub-critical,
critical and super-critical levels) is derived. Our work also improves some corresponding results for
those special cases.

The organization of this paper is as follows. Section 2 gives some preliminaries. The global existence
and finite time blowup for &(0) < d and E(0) = d are proved in Section 3 and Section 4, respectively.
Section 5 proves the finite time blowup for &(0) > 0.

2. Setup and notations

Throughout this paper,
Il = [ 1+ iRz
R

||lu|| and (u, v) respectively represent the norm of H* := H*(R), the L? norm and the inner product in L.
Further, we define K = £ with k() = I(¢) and A™w = F|7*F w].

Some preliminaries are first introduced to help us consider the well-posedness for the considered
problem.

Definition 2.1 (Weak solution). A function u(f) € C'(0,T; H§+5) with u, € C(0,T; H:™") is called a
weak solution to (1.1) and (1.2) if u, € H§+5, u; € H>"" and

B PNy, BN ) + (B8P KU, B K w) + (h(u), w) = 0, @D

where w € C1(0,T; H7*%).

Lemma 2.2 ( [9]). Let (H), ug € H%*% and u; € H> hold and Hu) = fou h(s)ds hereafter; then, the
following conditions hold:

(i) luh(w)l = alul™", |Hw)| = z5lul™! for all u € R;

(ii) (60 + 1)H(u) = uh(u) for all u € R.

Lemma 2.3 (Local existence [1]). Ler 5 +r > 1, s > 3, up € H', uy € H*'"% and h(u) € CW*(R).

Then there exist some functions T (uy, u;) € [0, T),qx] sSuch that the problem (1.1)-(1.2) have a unique
solution u € C([0, Tyax], H*) N C ([0, Tpar], H™'7%). If the maximum time Ty < o0, then

lim sup (Jlu(@)ll; + lul, ¢ ) = +oo.

=T

Lemma 2.4 (Law of conservation of energy [1]). Let (H), ug € H**%, u; € Hi™', 872Ny, e 12,
B 12K uy € L? and H(uy) € L'. Then, over t € [0, Tyax), we have

1 |
&) = E||B—1/2A-1u,||2 + 5||B-1/27(u||2 + f H(u)dx = &(0). (2.2)
R
Now some auxiliary functionals and sets for the problem (1.1)-(1.2) are introduced

NIOE %IIB‘”ZWL{||2+ f H(u)dx, (2.3)
R
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I(w) = ||I87"*Kull* + f h(u)udx,
R

W ={ue H|T(u)> 0} U {0)

and

V={ueH"™ | I(u) <0}

(2.4)

(2.5)

The following lemmas provide some properties of the functionals J («) and 7 (u) defined above to

consider the depth of the potential well.

Lemma 2.5. Let (H), uy € H2*3, uy; € Hz™', ||B~2Ku|| £ 0 and fRuh(u)dx < 0 hold. Then, we have

the following:

(ii) Over (0, +0), there is a unique ¢* = ¢*(u) assuring that

d
—J(u) >0, as 0 <g<g",
d¢

d
d—j(gu) =0, as ¢=¢",
S

d
—J(u) <0, as ¢ <¢g <+
dg

and

max )J (su) = J(s"u);

¢€(0,+00

(iii) I (su) is positive as ¢ € (0, "), arrives at zero when ¢ = §¢* and becomes negative as ¢ € (¢*, +00).

Proof.
(1) From the fact that & > 1 and ¢ — 0, one knows that

6+1

2
_S @12 > S
T(su) =118 Kull* + o fR uh(u)dx — 0.

For ¢ — +o0 and fg uh(u)dx < 0, we know that

o-1
I (su) =¢* (%HB_I/ZWMH2 . fuh(u)dx) — —00.
R

0+1

(ii) The conclusion follows from
d
—J (su) = ¢l|B~*Kul* + f uh(u)dx.
d¢ R

(i11) The fact that

d
I(su) = *IB87*Kul* + ¢! f uh(u)dx = gd—gj (su)

R

directly gives the conclusion.

(2.6)
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With a similar argument as in Lemma 2.5, one can infer the following lemma.

Lemma 2.6. Let (H), uy € H2*3, uy; € Hz ™', ||B~2Ku|| £ 0 and fRuh(u)dx > 0 hold. Then, we have

the following:
(l) lim§—>0 j(gu) = 09 1img—>+oo j(g‘u) = +OO,'

(ii) “d#g“) > 0 over (0, +0);

(iii) I(su) is positive over (0, +o0).

Now, with the above estimates in hand, the depth of the potential well can be estimated in the

following lemma.

Lemma 2.7. Let (H), ug € H2*% and u; € H>™" hold. The depth of the potential well d = inf,en (1)

with
N = {u e HT2\{O)| T (u) = 0}

for the problem (1.1)-(1.2) can be formulated as follows:

2(0+1)
_ 01 e\ ke
20+ 1) \c3

with
c lullos1

0l s
ueH2*2\{0} H2"2

Proof. Given that u € N, we can infer that

-1/2 2 6+1 6+1, 116+1
I8~ 2 Kul> = — | hwudx = allullgy < aCZlull™
R H2"2

which together with

O, = [ 1+ 24 0Pa
R
2
<5 [ roreoner
Cl R
C2
=18~ 2 Kul?
¢

yields
4
Cl 6-1 2 _2(9;1)
(2] e

2
el

DI~

C3
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Now, from (2.3), (2.4), u € N, (2.7) and (2.8), we have

18712 K ull* + 1 el

Tw = 307
60— g2
2(9+ 1)” Ku H
O=L e
2(9+1) HE*3
2( +1)
0-1 ()™ o
220+ D\

which completes the proof of this lemma.

3. Low initial energy case

The following lemma shows that both the sets ‘W and V are invariant for £&(0) < d.

r

Lemma 3.1. Let (H), ug € H2*5, u; € H ™', |87 2Kul| # 0 and EO) < d. Then, we have the following:
(i) ue Wifuye W;

(ii) u € Vifuy eV,
where u(t) denotes a local solution to the problem (1.1)-(1.2).

Proof. Because the proofs of (i) and (ii) are similar, we only prove one. From the contradiction
arguments, it is supposed that there exists a first time #; € (0, T},,,) such that 7(u(t;)) < 0, which
together with Lemma 2.3, indicates that 7 (u(t,)) = O for certain #, € (0, ¢;). Together with Lemma 2.7
we can conclude the following contradiction

d < J(ut)) < Eu(r)) = &0) < d.

The following theorem presents the global existence for E(0) < d.

Theorem 3.2. If (H), uy € HT2, uy € H ), E(0) < d and uy € W, then the problem (1.1)-(1.2) admits
a global weak solution

u(t) € C'(0, +o00; HT %), u,(f) € C(0, +o0; HZ ™).

Proof. Let
up(x,1) = Z Gi(Owi(x), n=1,2,---
j=1

be the corresponding approximate solution that satisfies

(B_I/ZA_lunn, B—I/ZA—IWS) + (B—l/Zq(un’ B—l/Zq{‘WS) 4 (h(un)’ WS) = 0, (31)
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n

1,(x,0) = >~ 1juw;(x) > uo(x) in HT*, (3.2)
j=1
e (6,0) = Y Tw () = i (x) in H57, (3.3)

=

B'2Ku,(x,0) € L?
and
B 2N u,(x,0) € L?
with a system of base functions denoted by {w;(x)} in H7: N H'. From (3.2) and (3.3), we get
1B 2 A" (O + 1B™ 2 Kun O — 187 2A™ g |P + 1872 Kuo I

as n — +oo. Now we claim that

fH(un(()))dx - fH(u(O))dx, n — +oo,
R

R

Indeed

' f H(u,,(0))dx — f H(u(O))dx'
R R

< fR (@u)llun(0) — uoldx
<11 lllze, (0) = woll,

where ¢, = ug + HNu,(0) — uy) € H%" and O € (0,1). For 8 > 1 and N = 1, it follows that
IR(eI* = lleallsy < Cla, p, Olleall®®,,, < C” with C,C’ > 0. Thus the claim is proved and
H2"2

En(0) — &E(0) as n — +oo. (3.4)

Recalling uy € ‘W, and the fact that (3.2) and (3.3) imply that «,(0) € W as n — +oco, combining
the arguments of Lemma 3.1 and (3.4), one can see that u,(t) € W as n — +oo for ¢t € [0, +c0).
Consequently, multiplying (3.1) by ¢’,,(¢) and summing for s we have

| e

1d i, ] d
57 B2 A P + 187 2K ) + a( fR H(un)dx) =0,

o

t
which gives

E,(0) =&,(1)
:%||B‘1/2A‘1um||2+%IIB‘”ZV(u,,||2+ f H(u,)dx

R
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1 -1 1

—— B 2A! . 2, B129¢ ; 24 — I (u,
L Unil 2(9+1)|I nl[” + o L ()

0-1
> B129¢u, |,
220+ )" bl
Incorporating (3.4) we get
20+ 1
1872, < 20 g

6-1
and
18> A", |I* < 2d

for t € [0, +00) as n — +co. Thus, by (1.5) and (1.6), we have

2
lun I 5,
H?2

I~

:La+ﬁ*mMW@
2

s%l&l@#@MMW@

o

2
3 1@-1/2 2

=18 PHCu|
€

and
nwﬁwszwwﬂ%@mg
R

1+7%):
sfﬁiélmﬁﬁa
e ¢

-1
Y O g
R

2n@=1/2 A-1,, |12
=187 A w1,

Sc%

which gives the following:

uy is bounded in C'(0, +o0; H?*2);
i, is bounded in C(0, +oco0; H2 "),

By an argument similar to that for /(g,), one can infer that
h(u,) is bounded in C'(0, +o0; L?).
Integrating (3.1) over (0, 7) yields

!
(B_I/ZA_IMM,B_l/zA_IWs) + f (B—l/Zfl(un’B—l/Zq(ws)ds
0

!
=872 A 1, (0), 87PN wy) - f (h(un), ws)ds.
0

(3.5)
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In (3.5), fix s and let n — +oo, then, we get
!
B VA, B1PAIwy) + f (h(u), wy)ds
0
!
=— f (B2 Ku, B> Kw,)ds.
0

From (3.2) and (3.3) it follows that u(x, 0) = uy(x) is bounded in H 7*1 and u;(x,0) = u;(x) is bounded
in Hz~!, Thus, Theorem 3.2 is proved.

The following lemma is used to prove the finite time blowup for (0) < d.

Lemma 3.3. Let (H), ug € H**% and u, € H:™! hold. If uy € V and E(0) < d, then

0-1
d -2 2, .
< 26+ 1)||Z§ Kull (3.6)
Proof. Lemma 2.7 implies that
5 2c§(9 +1)
al?, ., > S (3.7)
H2"2 ci(@—1)

Note that Lemma 3.1 (ii) ensures that u € V, which together with (2.7) and (3.7) gives (3.6). So this
lemma is proved.

The next theorem states the finite time blowup for &(0) < d.

Theorem 3.4. If (H), uy € HE%, oy € HY, &(0) < d and uy € V, then the problem (1.1)-(1.2) admits
a finite time blowup result.

Proof. Arguing by contradiction, we suppose that there exists a global solution u. Define

n(0) = 18""2A7 P, te[0,T)] (3.8)
for any T; > 0. So,
n) >o >0, te|0,T]. 3.9
Then,
() = 287 PA u, BN ). (3.10)

Applying the definition of J () and taking w = u in (2.1), we get

i) =218 PA P + 2(B7VPA T w, BTV A wy,)
=28 AA | -2 ((B_I/ZWM,B_I/ZWM) + (h(u), u)) (3.11)
=2IB72 A | = 21 (u).

A substitution of both (2.2) and (2.4) into (3.11) gives

i) = 0+ DB V2A | + (0 — DB Kull* - 2(8 + HE(0).
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Then by Lemma 3.3, we see that
i) = 0+ 3B~ A | = x(0) > u > 0, (3.12)
where we use the following relation:

¥ = (0= DIB>Kul* - 2(6 + 1)E(0)
=@ - DIB>Ku|> = 20 + 1)d + 20 + 1)d — 2(6 + 1)E(0).

At this point, (3.12) and (3.9) with the estimation

(1) < HIB~ AT ulPIB™ A |
= 4nOIB™ A |

and
n(0)ij(t) — 91—3(77(0)2
>n(n)(#(1) — 0+ 3B A u|) (3.13)
=n(x (1),
imply that
i)~ 260 2 o> 0.
Hence

- -1 +
HT () < —Taun‘% t€[0,T].

Sett — T* < Ty; then,
lirp n(t) = +oo.
t—T*

Thus we complete the proof.
4. Critical initial energy case

In this section, we aim to adapt the method used in [11-13] to the critical initial energy case E(0) = d.

Theorem 4.1. If (H), uy € H*5 uy € H', 8(0) = d and uy € W, then the problem (1.1)-(1.2) has a
global solution u(t) € C'(0, +00; Hi*%), u,(t) € C(0, +oo0; H:™).

Proof. The proof is established by considering the following two cases.
Case L ||B~'2Kuy|* # 0.
(D) fR uh(u)dx < 0. Letg, =1 — i and uy, = g,up, n = 2,3 ---. Consider Equation (1.1) with

u(x,0) = up,(x), u;(x,0) = u;(x). “4.1)

From uy € ‘W and (2.5), it follows that ¢* = ¢*(1y) > 1 and hence 1 — % < 1 < ¢*, which implies that
I (uon) > 0, J(uo,) < J(up), and

1 1
0<&,(0) = 5””1”2 +J (uon) < Ellulll2 +J (1) = E(0) = d.
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(2) [, uh(u)dx > 0. From uy € ‘W and Lemma 2.6, it follows that 7(suo) |¢=1 = ¢ =T (suo) ;=1 > 0, and
I(cup) >0forg e (¢’,¢”")with 1 € (¢/,¢”). Lemma 2.6 yields that ij' (sup) > 0 over (¢’,¢”), which
yields a sequence ¢, € (¢’,1),n =1,2,3,--- and g, = 1 asn — +oo. Let up, = g,up, n = 1,2,3,---.
Consider Equation (1.1) with

u(x, 0) = uon(x), u(x,0) = uy(x).
At this point
1 (uon) = Z(sntto) > 0
and Lemma 2.6 implies that
T (uon) = J (Suto) < J (uo)
and { 1
0<&,(0) = 5””1”2 + T (uon) < 5””1”2 +J (uo) = &(0) = d.
Case IL. ||B~'2Kull> = 0.
Letg, =1 — %, up,(x) = Guui(x), n=2,3---. Consider (1.1) with
u(x,0) = up(x), u;(x,0) = up,(x). 4.2)
From [|B™"2Kuy|* = 0, it follows that J (uo) = 0 and 1|lu;|1*> = E0) = d. As a result,

1 1
0<&,0) = Ellulnllz +J(uo) = Ellgnmll2 <&(0) =d.

Combining Case I and Case II, again by the argument of Theorem 3.2, we can conclude the result of
Theorem 4.1.

The next lemma is used to consider the finite time blowup for E(0) = d.

Lemma4.2. Let (H), ug € H2*% and u; € H2™" hold. Assume that E0) = d, (B~V2A " uy, B~'2Auy) >
0 and uy € V; then, u € V.

Proof. Arguing by contradiction, we suppose that 7 (u(fy)) = 0 and Z(u(¢)) < 0 for 0 < ¢ < 7, and
fo € (0,T,4). So Lemma 2.7 implies that J (u(f)) > d. By &) = d and Lemma 2.4, we have that
J () = d and ||B-2A ()] = 0. As aresult, (3.8), (3.10) and (3.11) yield

7(0) = 2872 Ay, B712A T uy) > 0
and
ii(t) > 0, t € [0, ),
also
(1) = 2B A u@0), B PN u(1) > 0, 1 € (0, ),
which implies that 7() is increasing on [0, 7y]. It contradicts that ||B~'2A~'u,(#)|| = 0. So, we complete
the proof.

Theorem 4.3. If (H), ug € H2*%, u; € H2™', (B72A " ug, B7'2A"uy) > 0, 80) = d and uy € V hold,
then the problem (1.1)-(1.2) has a finite time blowup result.

Proof. It is not necessary to write down the completed proof as we can use the proof of Theorem 3.4
to make it. First, Equation (3.8) and the proof of Theorem 3.4 imply Equation (3.11). Then applying
Lemma 4.2, we obtain Equation (3.13). The reminder proof is similar to Theorem 3.4.
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5. Finite time blowup when E(0) > 0

2, uy € H2™

Q r r
2

Theorem 5.1. Assume that (H), uy € H>*
(i) Z(uo) <0;
(ii) (B7V2A uy, B12Auy) > 0;

(iii) B2 A ul? > 2ELE(0) > 0 withy > 0.
Then, the problem given by Equations (1.1)-(1.2) has an arbitrarily positive initial energy finite time
blowup solution.

U and the following three conditions all hold

Proof. Step 1. We claim over [0, T),,,,) that

T(u) <0, |B2A Ul > wg(m

Arguing by contradiction, suppose that 7(u(ty)) = 0 for certain fy € [0, T)..) and 7 (u(r)) < O for
0 <1<t So, (3.11) implies that
U(t) > 0’ re [0720)

where 7(0) > 0, which yields that 77(z) > 0 over [0, 7y) and

n(0) > n0) = 18~ A uglP > %S(m € 0, 7).
Consequently,
_ +1
n(to) > %8«» 5.1)
Further (2.2), 7(u(ty)) = 0 and Lemma 2.2 imply that
_ 20+ 1
1B~ 2 Ku(ty)|? < (9 *Deo. (5.2)

By the multiplier theorem in [14], the definitions of operators B, A and (1.5), we infer that

”B—l/zA—lu”z — IIA_IB_1/2u||2
< C|187"2u))?
< ¢,C|IB87 25K ul?
= Y182 Kull,

(5.3)

where
y:=c:C, C:=sup{M|llL”'I < M, { € CR)}.

Now, both (5.2) and (5.3) imply that

n(to) =18~ A (@)
AN~ Ku(wo)|
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which contradicts (5.1) and then confirms that 7 (u(¢)) < 0 over [0, T,,..)-
Combining (3.11) and 7 (u(¢)) < 0 on [0, T},..), one has

i) = 2187 2N wy|)* = 27 () > 0,
then 7(¢) > 0 on [0, T},,,) due to the condition (ii) as follows
7(0) = (B2A ug, B712Auy) > 0,
which implies that
n(®) >n(0), 1 € [0, Tna)-

By the definition of 7n(7) in (3.8) and the condition (iii), we get

2y(0 + 1
1B 2A Ul > %8(0).

Step II. By using the claim in Step 1, i.e., [|B~'2A~ u|* > %8(0) over [0, T,nqr), We can infer
(3.13) with y(¢) = (8- D||B~>*Kul|]> =20+ 1)E0) > & > 0 over [0, Tuy), where (3.8) has been recalled.
The proof is similar to Theorem 3.4.
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