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Abstract: For a spatial twisted central configuration of the Newtonian (2N+1)-body problem where
2N masses are at the vertices of two paralleled regular N-polygons with distance & > 0, and the twist
angle between the two regular N-polygons is 0 < 6 < 2m, we study the sufficient and necessary
conditions for the existence of the spatial twisted central configuration. Additionally, we obtain the
uniqueness of the spatial twisted central configuration.
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1. Introduction

For the spatial Newtonian n-body problem, the equations of motion for the n masses m; > 0 and
positions x; € R? with k € {1, ..., n} can be described by Newton’s second law and Newton’s universal
gravitation law:

m:m
d L2
(1 Z |Xj - xsl)
.. <s<j<n
it = Bxk

Define

Q={x: x=(x, x2, ..., x,) € R},
and let
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be the collision set. As usual, the set Q \ A is called the configuration space. First, we introduce the
definition of central configuration for the Newtonian n-body problem (see [1]).

Definition 1.1. Given n masses my; > 0 with positions g; € R k=1,...,n we say a configuration
q € Q\A is a central configuration at some moment if there exists a constant A € R such that

Y, MU = —dmige - xo)s k=1,2,....n,

D ma (1.1)

qN—l q4 Oones Onia

qN q3 Ozn

qN+3

4 0, Ona Onsz
Figure 1. Planar N-body problem. Figure 2. Planar 2N-body problem.

Central configurations play a very important role in the study of the Newtonian n-body problem,
and especially, central configurations can lead to rigid-motion solutions and homothetically collapsing
solutions [1]. Central configurations of the Newtonian three-body (n = 3) problem with any given
three masses have long been known, and there are always exactly two kinds of central configurations:
Euler collinear central configuration and Lagrange equilateral-triangle central configuration [2, 3]. For
a planar Newtonian N-body problem with n = N > 4, Perko and Walter [4] proved that if N masses are
located at the vertices of a regular N-polygon (see Figure 1), then they can form a regular polygonal
central configuration if and only if all the values of N masses are equal to each other. For more results
of planar central configuration with one regular N-polygon, one can refer to [5-8].

For a planar central configuration with n = 2N and N > 2 such that two regular N-polygons
are concentric and that 2N equal masses are placed at the vertices of the two regular N-polygons
(see Figure 2), Zhang and Zhou [9] proved that the values of masses in each separate regular N-
polygon were equal. We say that p regular N-polygons with p > 2 are nested if they are coplanar
and have the same number of vertices N and the same center, and the positions of the vertices of the
innermost regular N-polygon RE.D and those of the remaining p-1 regular N-polygons RS.k) with any
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k € {2,...,p} satisfy the relation that Ri.p) = isg.”_l) = szRSp_z) = ... = sp_lRi.l) for some scale
factors s, > s,.0 > ... > sy > land forall j = 1,2,...,N. For the central configuration such
that two regular N-polygons are nested, masses on different regular N-polygons may be different, and
Moeckel and Sim¢ [10] proved that for every mass ratio b between the two masses, there were exactly
two planar central configurations. Also, for the case of n = 2N such that N equal masses are placed at
the vertices of one regular N-polygon and the remaining N equal masses are placed at the vertices of
the other regular N-polygon, which is rotated exactly at an angle § = w/N with respect to the former
regular N-polygon, Barrabés and Cors [11] proved the existence of the planar central configuration
with any value of the mass ratio. For the case of n = pN and p > 2, Corbera, Delgado, and Llibre [12]
proved the existence of the nested central configuration such that pN masses were at the vertices of
the p nested regular N-polygon with a common center. Moreover, all the masses on the same regular
N-polygon were equal, but masses on a different regular N-polygon could be different. For the case
of n = pN + gN with p > 1 and g > 1, Zhao and Chen [13] proved the existence of planar central
configurations such that p regular N-polygons were nested, and g regular N-polygons were rotated
exactly at an angle /N with respect to the other ones. For more details in this direction, we refer
to [14-21] and the references therein.

Note that for a planar central configuration with n = N + 1, Chen and Luo [22] proved that if N
masses are located at the vertices of one regular N-polygon and the position of the (N+1)-th mass is
on the plane containing the regular N-polygon (see Figure 3), then all the values of N masses located
at the vertices of the regular N-polygon are equal to each other. For a spatial central configuration
with n = N + 1 and the (N+1)-th mass off the plane containing the regular N-polygon (see Figure
4), Ouyang, Xie, and Zhang [23] showed that the distance between the (N+1)-th mass and the regular
N-polygon was unique.

q N-1 q4
q N+1
q N ° " q3
G, .
Figure 3. Planar (N+1)-body problem. Figure 4. Spatial (N+1)-body problem.
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Figure 5. Spatial (2N+1)-body problem.

In this paper, we consider the spatial central configuration of a Newtonian (2N+1)-body problem
in R? formed by 2N masses placed at the vertices of two paralleled regular N-polygons with distance
h > 0. It is assumed that the lower layer regular N-polygon lies in a horizontal plane, and the upper
regular N-polygon parallels the lower one in R*® with distance h, and the z-axis passes through both
centers of the two regular N-polygons (see Figure 5). For convenience, when choosing the coordinates,
we treat R? as the direct product of the complex plane and real axis. For the positions of the 2N+1
masses g = (41,92, - --»qan, Gan+1) € Q\A, we have

{ g = (o, 0), k=1,...,N,
(1.2)

qr = (apie®®, h), 0<@<2n, I=N+1,...,2N, a>0, h>0,

where a is the ratio of the sizes of the two regular N-polygons, p, is the d(mod N)-th complex root of
unity, i.e., px = €% withk = 1,2,...,N, and p; = ¢ withl = N+ 1,N +2,...,2N and 6, = 2dr/N
with d € Z. Here, we define 6 as the twist angle between the two paralleled regular N-polygons with
distance & > 0. Moreover, for the position of the (2N+1)-th mass and the barycenter xy = (co, ho), we
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define
Gon+1 = (@€', honyy), a1 20, 0 <a <2m, —00 < hyyyy < +00,
i0 i
E nypr + Z amjpie” + ajmynyi€
_ 1<k<N N+1<I<2N
Co = P
MoN+1+ Z mk+ Z m[ (1‘3)
1<k<N N+1<I<2N
E mih + myni1hon

N+1<I<2N
ho = .

myN+1+ Z mk + Z m[

1<k<N N+1<I<2N

Then, for the spatial twisted configuration with n = 2N + 1 and the notations (1.2)—(1.3), we have the
following results.
For the existence, we have the following:

Theorem 1.1. Suppose the values of N masses with N > 2 located at the vertices of one regular N-
polygon are equal to each other, and all of the sides in the two regular N-polygons have the same size.
Define the position of qany+1 as (1.3). Then, the 2N+1 masses form a central configuration if and only if
all the values of the 2N masses located at the vertices of the two regular N-polygons are equal to each
other, ay = 0 and hyn,1 = h/2, and the twist angle is 6 = st/N with s € {0,1,...,2N — 1}.

Z\ ZM
) /\qN+2 //qNA
qN+3 ~ - o= —\‘_.\ qN+l qN+2 — T // |
/I / ht” :
J/% 7 / Zli 4
qZN // Pl
- /| q///// '
_ - y | A o
o -~ o7 o =" o 7
i S 7=0 A G g
q Y G Y
\ | \ |
\ \
) | p |
qN I qN I
X X

Figure 6. Spatial 2N-body problem with 8 = 0. Figure 7. Spatial 2N-body problem with § = 7/N.

Remark 1.1. For the spatial twisted central configuration of the Newtonian 2N-body problem, under
the assumption that the values of masses in each separate regular N-polygon were equal, Yu and
Zhang [24] proved that the twist angle must be 0 = 0 or 8 = /N (see Figures 6 and 7). Meanwhile,
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in Theorem 1.1, we consider the spatial twisted central configuration of the Newtonian (2N+1)-body
problem. Under the assumptions that the values of the N masses located at the vertices of one regular
N-polygon are equal and that all of the sides in the two regular N-polygons have the same size, we not
only obtain the values of the twist angle; but also prove that all 2N masses must be equal. Moreover,
we know the position of the (2N+1)-th mass is (0,0, h/2).

For the uniqueness, we have the following:

Theorem 1.2. For the spatial twisted central configuration, if the values of the N masses located at
the vertices of one regular N-polygon are equal to each other and all of the sides in the two regular N-
polygons have the same size, then for any N > 2, both the distance between the two regular N-polygons
and the position of the (2N+1)-th mass are unique.

2. Preliminaries

Lemma 2.1. [24, Lemma 2.9] For any a > 0, any y € (—o0, +00), any h > 0, and any N > 2, let

fn=> : asin®®; +7) @2.1)

1+ a2 —2acos(0; +y) + h2]3

1<j<N

Then,

2
f(%) =0, f(=y)=~-f(y) and f(y+ Nn) =f.

Remark 2.1. In Lemma 2.1, if we choose a = 1 and y = n/N where N > 2, then

sin(@; — = sin(@; + £
Z i 3:2 i+ y) - =0, where h>0.
[2 - 2cos(0; - §) + h?]> [2—2cos(; + %) + h?]2

1<j<N 1<j<N

Lemma 2.2. [24, Lemma 2.10] If y € (0,n/N) with N > 2, then for any a > 0 and any h > 0, we have
f») >0.

Lemma 2.3. If 6 = sn/N with s € {0,1,...,2N — 1} and N > 2, then for any k' € {1,2,...,N}, any
Il'e{N+1,N+2,...,2N}, and any h > 0, we have

Oy =0 _1 _ PO +0) | _ 00 _q

O 3 = : 3 = 0:+0 3

[lel(gkil/ 9)_1|2+h2]2 N+1<I<2N [|et(H,,k/+9)_1|2+hz]2 1<j<N [lel( A )_1|2+h2]2
h h h

- 3 - 3 0 3.

[le -1 =0 -112+42]2 [l i-w+O—12442]2 (1" —12+h2)2

1<ksN

(2.2)

1<k<N N+1<I<2N 1<j<N

Proof. Let g € {1,2,...,N}, i € {0,1,...,N =1}, @ € (=2,2n), and k € {0,1}. We define a
mapping o by
(kN + L,kN +2,...,kN + N} = {@, & + @, ..., 217 + @),
(2.3)
o) = |(u-p+amdN)|ZE +& VuelkN+1kN+2,....kN +N).

Communications in Analysis and Mechanics Volume 16, Issue 2, 388—415.



394

Notice that both {«kN+1,kN+2,...,kN+ N} and {&@, 27n)/N+@,...,2(N—1)rn/N + &} are finite sets;
the mapping o is a surjection. Let us show o is an injective mapping. The proof for k = 0 is similar to
k = 1; we only check fork = 1. Let yt; # pp and a1, 1 € {(N+ 1, N +2,...,2N}. If o(u;) = o-(u»), then
there exist s;, s, € Z such that

(1 =g+ @)+ siN = (o — 1+ f1) + 52N. (2.4)

Hence, u; — pu, = (s, — s1)N. By the facts that —-N < gy —up, < N and s, — 51 € Z, 55 = 51, and thus
U1 = o, which is a contradiction. Therefore, o is injective, which implies that o is a bijection.
Similarly, for/l e {N+1,N+2,...,2N},§€{0,1,...,N — 1}, and 6 € [0, 2nx), if we define another
mapping o by
{(1,2,...,N} =5 (0,2 +g,... 2000 4 gy
(2.5
oK) = [ -k + H(mod N)|Z +06, VK €{1,2,....N},

then o is a bijection as well. Together with the fact that 8 = sx/N with s € {0,1,...,2N — 1} is
equivalent to 6 = 2357/N or 6 = 25n/N + n/N with § € {0,1,...,N — 1}, let us show (2.2) holds by
considering the following two cases.

Case 1.0 =257/N with§€{0,1,...,N —1}.
Observing that §; = 2 jr/N with j € {1,2,...,N},

Z sin @ B Z sin 27r— Z sin @
[2 - 2cos6; + h2]3 ‘12— 2cos2an+h2]z [2-2cos6; + 2]}

I<jsN I<jsN

which implies that

sin 6,
> - =0. (2.6)
[2 —2cos6; + h?]:

1<j<N

Letk’ € {1,2,...,N}and 5§ € {0, 1,...,N — 1}. In (2.3),if wechoose u =, i =k', i = §,k =1, and
@ = 0, then the mapping

(N+1,N+2,...,2N} 5 (0,2, 200ry
{ o) = [ -K +5)(mod N)|Z, VIe(N+1,N+2,...,2N)
is a bijection. Combining (2.6), and 6,; = 2nd /N with d € Z and
cos(B)- + £3) = cos (Z[(I - K + §)(mod N)]),
sin(0_ + 25) = sin (Z[( - k¥ + 5)(mod N)])
for any k" € {1,2,...,N}and any § € {0, 1,..., N — 1}, we have

sin(0;_y +2W”§) _ sin)_;7 .5 Z sin6; =0
3 — I - )
o 3
NA1<ION [2-2 cos(@)_p +FF §)+h?]2 Nalsicay [2=2c080, s th? ]2 1<jen [2-2cos 6; +h2]2
cos(el,kr+3v—”§)—1 cos(O)_yr5)—1 cos ;-1
2o 1213 - = 2] - Z 2 (27)
Nat<icoy 122080+ §)+h%]2 Netgican 1272c08(Or 5)+h?] 1< v [2=2cos6;+h ]2
Z h _ h _ h
T = = _—
Norzrcay 272 cos(B)_g + 2 5)+h?]2 Narzrcay 1272086 ,{/H)+h2 1<jey 1272086 +h2]2
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On the other hand, in (2.3), forany /" e {(N + I, N+ 2,...,2N}and any § € {0, 1,...,N — 1}, if we
letu=k,g=0g=N-35,«=0,and @ = 0, then we know that the mapping

{1,2,...,N} > {0, %, 2Dry
O'(k):[(k—l’+(N—§))(modN)]2”—[(k—l’—s)(modN)] . Vke(l,2,....N}

is a bijection as well. Thus, similar to the procedure of obtaining (2.7), for any I’ € {N + 1,N +
2,...,2N},any § € {0,1,...,N — 1}, and any & > 0, we have

sin(Gy_y — 57 s) sin 6);

3 )
Leken 2720080y —ES)HZZ]2 1<j<N [2-2 cos 0;+h2]2
Z oS (O —*5) 1 _ Z cosf;—1 (2 8)
= —_— ‘
1ekey [272c08(0) p=2 v)+h2]z ooy [2-2cos 0;+h2]2 ’
h h

_—
[2-2 cos(By_p — 2 5)+h?] 3 [2-2cos 6;+h2]2

V\

k<N 1<jsN

Employing (2.7), (2.8), and 6, = 2rnd/N with d € Z, we have

D e N D [cos(@r + 2Z5) — 1]+ isin(@ + 25)
N+1<I2N [|ei(01_k/+%§) - 1|2 + hz]% N+1<I2N [2 - 2COS(01—/</ + Zﬁnf) + hz]%
_ Z (cos®; — 1) +isin6; Z cosf; — 1
~ [2-2cos; + )3 [2 - 2cos6; + h2]3
<j<

Z [cos(B—r — 2Z5) — 1] + isin(@k )
2 - 2cos(9k r—Z5)+ n2)>

=

1<j<N

1<k<N

e Or- =39 _ 1

Z - €R
[lel(ﬁk_y—ﬁs) _ 1|2 + h2]§

1<k<N

and

3 ) :
[JeiCre+ XD — 1|2 h*]2 [2 - 2cos(Bp + Z5) + h2]3

1<I<2N N+1<I<2N

- Z - Z - Z -
[2 —2cos¥6; + 2] [2 2cos6; +h2); - [2 - ZCOS(@kZ— 25 4 h2)3

1<j<N

= h
- [|eiCr=39 _ 1|2 +h2]%

I<ksN

where §€{0,1,...,.N—-1},k €{1,2,...,N},and " e {N+1,N+2,...,2N}. Thus, (2.2) holds for the
case of 0 = 25n/N with § € {0,1,2,...,N — 1}.

Case 2. 0 = 25n/N + n/N with § € {0,1,2,...,N — 1}.
Forany /' e {(N+1,N+2,...,2N}and any § € {0, 1,...,N—1},in (2.3),if we choose u = k, i = I',
f=N-3§«=0,and & = —n/N, then the mapping

{{1,2,...,N}i>{—ﬂ Z_z Azl

N’ N N ’ N N
o(k) = (k=1 + (N = 5)(mod N)|Z - £ = [(k— I - H(mod N)|Z - Z, Vk € (1,2,....N)
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is a bijection. Then, we have

2n

Sin(B_y —F 5— %) sin(Or_y s~ %) sin(6,— %)

3
[2-2cos(B_y_5— &) +h2] 3 [2-2cos(@;— &) +h2]2 ’

3
[2-2cos(6y_y — Z5-T)+h2]2

I<k<N I<ksN 1<j<N

(2.9)

cos(y_y —Z5-%)-1 cos(0;—%)-1

3
[2-2cos(8;— Z)+h2] 2

cos(fh—r -5 §)-1

3
[2-2cos(by_y_s—F)+h?*]2

3
[2—2 cos(6;_ l/—ﬁs—N)+h2]2

1<k<N 1<k<N 1<jsN

where § € {0,1,....N—=-1},, ' e{N+1,N+2,...,2N},and i > 0.
By the first equation of (2.9) and Remark 2.1, for any § € {0,1,...,N -1}, any '’ € {(N+ I,N +
2,...,2N}, and any & > 0, we see that

SOy ~ §5 - §) sinc®; - §)

Lo 2= 20080y + 35 = F) + 2T ZN [2 - 2cos(d; — £) + 1]}
sin(0; + %
[2—2cos(; + %) + h?]2

1<j<N
Moreover, in (2.5), forany [ € {N + 1,N + 2,...,2N} and any § € {0,1,...,N — 1}, if we choose
6 = n/N, then the mapping

g1 n 2r 2(N-Dr pis
{1’2""’N}_){N’_+_ ""T+N}’

o1(K) = [(1= K + H(mod N)|2 VK €{1,2,...,N}

%+ h
is a bijection. Hence, combining (2.10), this leads to

. 2 ~ o .
sin(6_y + 5 5+ %) sin(6_y 15+ %) _ sin(6;+ %)

= = = O,
Lk’ <N [2—2 cos(6;_ k,+i’,’§+N)+h2]% (<N [2—2c0s(6,_k/+5,+%)+h2]% 12N [2—2cos(9j+%)+h2]% 511
cos(6;_ k""NS"'N) 1 _ cos(O)_gr 5+ 7)1 _ cos(6+ 7)1 ( : )
. [2-2 cos(O_y + 2 5+ 5)+h2]3 1y 2720056005+ 2y152)3 . [2-2 cos(0;+ 5 )+h2]3
Furthermore, one can verify that
Z cos(d; + %) — 1 Z cos(f;, — &) — 1
= [2-2cos(0; + ”)+h2 2 ! [2-2cos(6; - £)+h2]z
<_I<
Z cos(f; — Z cos(d; — 1) —
ot [2—2cos(9~—”)+h2]2 / [2-2cos(9; - )+h2]%
<j<N+
Z cos(6 Z cos(0; — %) — 1
“ [2-2cos(0; - ”)+h2]z ! [2-2cos(0; - &)+ 1*]2
<j<
and this implies that
Z cos(d; + %) — 1 _ Z cos(d; — 3)— 1 2.12)
_ Lz 213 _ _=x 273" '
o [2—2cos(0; + %) + h*]> o [2-2cos(0; — ) + h*]>

Communications in Analysis and Mechanics Volume 16, Issue 2, 388—415.



Employing (2.9), (2.10), (2.11), and (2.12), forany [, " € {N + 1,N +2,...,2N} and any § €
{0,1,...,N — 1}, we have
cos(@p_p—E5-X)-1
1<k<N

397
[2-2cos Oy~ 25

cos(G,,k/+2W”
I 2 37
-5 X )+h2)2
> sin(@_p—2Z5-1)

S+y)-1

2n
| ke [2-2cos Oy_p + 57 5+

1<k<N

s
[2-2 cos(Oy_p — 25—

cos(f;— 7)1
3
212
5y sin(@,_ +2Z 5+ %)
3
25— Z)+h2]2 [2-2cos(d)_+E5+%

Siﬂ(@_,‘—%)
zyem)3 >
Thus, (2.2) holds for the case of 8 = 25x7/N + n/N, where § € {0,1,2,...,N — 1}.

1<j<N
I<ksN

3
[2-2cos(8,— 5)+h?]2
O

1<j<N

3 = 0.
[2-2cos(0;—F)+h?]2

By Cases 1-2, we arrive at the conclusion that (2.2) holds for 6 = sx/N with s € {0, 1,...,2N — 1}.

Remark 2.2. Similar to dealing with the mappings o and o, for any k' € {1,2,
l'e{N+1,N+2,...,2N}with N > 2, if one defines o, and o3 by

{ (1,2, N)\ {k'} 5 {2z, 4=

., N} and any
15
oa(k) = [(k = K)(mod N)| %, Vke{l,2,....N\KY,
and
{ (N+1,N+2,... 2N}\{I'} =5 {Z, &

N

]

o3() = [ = I)(mod N)|Z,  VIe(N+1,N+2,.. . 2N\({),
then o, and o5 are bijections.

Lemma 2.4. Forany0 e R, N >2,a >0, h >0, and m > 0, we have

—hm
2

1<k<N

et — qei@r o2 4 hz]%

= constant, YI'e {N+1,N+2,...,2N}
Proof. In fact, (2.13) is equivalent to

Z —h

(2.13)
[leiCr=0 — g2 + hz]%

1<k<N

= constant, YI' e {N+1,N+2,...,2N}

Itis easy to see that k—1I" € Z. Moreover, in (2.3), forany I’ € {N+1,N+2,...,2N}and any 6 € [0, 2x),
ifweletu=k,g=0—-N,i=0,k=0,and a = 6, then the mapping
{ (1,2,...,N} —> {6, Z +g,..., 2000 4 g

N ),
(k) = |(k = (' = N))(mod N)|% + 6 = |k - I')(mod N) |2 + 6, Vke{l,2,...,N)
is a bijection, which implies that

Z —h

1<k<N

=2 -
[lei®r=0 — af? + h2]3 [le’®=0) —
Thus, Lemma 2.4 is true. O

—, VI €{N+1,N+2,....2N}
1<j<N a|2 +h2]§

Communications in Analysis and Mechanics
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Lemma 2.5. [4, Page 304] Forany N >2, Y (1-¢€%)/|1 =P =[ Y csc(jr/N)l/4.

1<j<N-1 1<j<N-1

Lemma 2.6. [20, Pages 1431 and 1437] For any N > 2, the inequality

1 +cos(0; + %) l—e
Z [2 —2cos(8; + %)]2 Z

etOJ | 5
1<j<N 1<j<N-1

holds.
Now, we introduce the definition of circulant matrix and state its properties.

Definition 2.1. [25, Pages 65-66] A matrix C = (Cxj)nxn is circulant ifE,;,j = Ci1 -1 where 1 <
k,j,k,j<Nand N > 2.

In Definition 2.1, we take the circulant matrix C as the following:

1—pp—;j .

~ =5, k# ],
C=:C=(c;), where ¢ ;={ ot ’ / (2.14)

0, k=]

We have some properties for the special circulant matrix C.

Lemma 2.7. [4, Page 303] The circulant matrix C has the same forms of the eigenvalues A;,(C) and
the corresponding eigenvectors &;; more precisely,

ﬂj(c) = Z cl,kpﬁ:i» é:] = (pj—l9p§_]9 .. 9p§'v_])Ta ] = 1’ 29 oo aN’
1<k=N
where N > 2 and pj— = €"i-t = ¢2=DmilN,

Lemma 2.8. [4, Corollary and Lemma 12] For the eigenvalues of C with j # N and N > 4, 1; # 0
except that An+1y2 = 0 for odd N.

Lemma 2.9. [22, Proposition 2.2] The eigenvectors &; (j = 1,2,...,N and N > 3) of circulant matrix
C form a basis of CV.

Lemma 2.10. /25, Page 65] Denote the conjugate transpose of vy by (v)!. Then,

N, k=]

O, k ?& j, (p719p72’ e ’pr)(é_:N)T = N

E)'¢E = {
3. Proof of Theorem 1.1

3.1. To prove the necessity

Letk" € {1,2,...,N}and ' € {N + 1,N + 2,...,2N}. By Definition 1.1, it suffices to study the
following system:

(g2N-+1—Gpr JmaN- 111y (gi—gy )mumys (Gk—qy Iy
_— + _— + LA = —m — X
lg2n+1-qi P % lai—qu P % lax—aw P k(g = Xo),
( ) N+1<l<(2N ) lskik’sN( )
GIN+1—qp )MN+ 1My qk qyr mkm,/ qi—qy )mymy
S S— + LA = —Am — X
lgon+1—ar P + 2 lae—qr P ) lgi—qr P r(gr = Xo), (3.1)
( ) 1<k<N ( 1;/+1g[¢l’32N
Gk —G2N+1)MMoN + 1 GI—GoN+D)MIMIN+]
_— + ALl = —Am — Xo).
Z lgx—qon+1P Z lgi—qan+1P 2N+1 (CIZNH 0)
1<k<N N+1<I<2N
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Thanks to (1.2), (1.3), and (3.1), the 2N+1 masses form a central configuration if and only if

-
(a1€“—e"K , hany1)moN+ 1y

(ae O+ g0y hymymy (€% —ek’ , 0ymymy i0,r
+ + — 2tk = _Am Ko -h
llaeio—e 2412, 13 [lae@r 0 _ei% P +12]3 2z le?%k -k’ Amye (e c0, ~ho),
] ) 2N+1 N+1<I<2N ) ) 1<k#k! <N ] )
(a1 ¥—ae" 0 hyy o —Wmoye1my " (€ —ae®r 0 _pymemy n Z (ae" @+ — a0 0ymmy
”ale,‘a_aez(ﬁll +9)|2+(h2N+1 —h)?]2 . [|e’9k —aer +9)|2+h2]? N |aez(91+0)_aez(9p +€)|3 (3 2)
SK= +1< <
= —Amy(ae"*? — ¢y, h — hy),
(% —a1e™™, —hoy 1 )mgman 1 (ae 9 a1 e h—hyn ) )mymonet _ i
e — T = —Amayy(are™ — co, hony1 — ho).
ey emare i, 12 Netceay a0 —are P+ (ihoya P12

By the assumption that the values of N masses located at the vertices of one regular N-polygon are
equal to each other, without loss of generality, we suppose that m; = m, = ... = my := m > 0, and we
divide the proof of the necessity into four steps.

Step 1. We prove that a; = 0.
Employing my = m, = ... = my = m > 0 and the second equation of (3.2), we have

(hans1 — Wmay 4 + Z —hm
[lajei® — ael@+OP2 + (hyy,; — h)2]% ~ [lei% — ael@+O2 + hz]%

= —A(h - hy), (3.3)

where ' € {N+ 1,N +2,...,2N}. Combining Lemma 2.4, (3.3),

Z mih + moni1hon

N+1<I<2N
h() = )
Myn+1 + E my + E m
1<k<N N+1<I<2N

and that A is independent of the choice of /', we deduce that

(hans+1 — h)moy sy
llare®® — ael® DR + (o ~ h)*]3

= constant, YI' e {N+1,N+2,...,2N}.

Thus, forany ' € {N + 1,N +2,...,2N}, we have |a,e’ — ae’®*?|> = constant, i.e.,
lla, cos @ — acos(9y + 0)] + i[a; sine — asin(@y + 0)]|> = constant, VI € {N+ 1,N +2,...,2N)}.
Then, one computes that
ajacos(@y + 0 —a) = constant, Y/ 'e {(N+1,N+2,...,2N}.
Since a represents the ratio of the sizes of the two regular N-polygons, a > 0. Hence, if a; # 0, then
cos(0y + 0 —a) = constant, YI' e {N+1,N+2,...,2N}. (3.4)

In what follows, we assume that a; # 0, and we divide the proof of impossibility of a; # 0 into two
cases: N =2and N > 3.
1) N =2:
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In this case, I’ € {3,4}, and a; # 0. Then, by (3.4), we have cos(37 + 60 — @) = cos(4n + 6 — @), which
implies that cos(6 — @) = 0.
Under the assumption that m; = m, = m, we convert (1.2) and (1.3) into

QI = (_1, 0)’ q2 = (17 0),
qs = (apze®?, h) = (—ae”, h), g, = (apse®, h) = (ae”, h), 0<0<2n, a>0, h>0,

_ 104
qs = (a1€'*, hs), a >0, 0 <a <2nr, —o0o < hs < +0o0, (3.5)
Co = ae®(my—m3)+aimse'® __ ae(my—m3)+amse’®
0 = T tmatmztmatms  2mtmztmatms
ho = (m3+ma)h+mshs  __ (mz+ma)h+mshs
0 = i tmatmztmatms . 2mtmz+ma+tms

First, in (2.3), forany 8 € [0, 2r) and any I’ e (N + I, N +2,...,2N} with N > 2, if we let u = k,
p=0I-N,ji=0,k=0,and & = -0 € (—2r, 0], then the mapping

(1,2,...,N} 5 (=6, —,..., X00n _g)

(k) = [(k= (' = N))(mod N)|% - 0 = [ (k - I')(mod N)|% -9, Vke{l,2,....N)

is a bijection. Then, by the second equation of (3.2) and m; = m, = ... = my = m > 0, we have

O =0)

(1 - ey, (1- <y
+
2.

[la — a1e @001 + (hyy,y — h)?]2 la — eiCr=0| + h2]2

N Z (1- et-r m
a3|1 _ eigl—l' |3

N+1<I#l' <2N

1<k<N

00

(1 - t;_.ei(a—e—el/) YMon 1 (I- ym
= +
2

lla = a1 =000 + (hayy — h)*]3 la = @O + 2]

N Z (1- elo-r m
a3|1 _ eiel,]/ |3

1<ksN

N+1<I#I' <2N
A .
= A—=coe @9 where ' e {N+1,N+2,...,2N}. (3.6)
a

Note that all of the sides in the two regular N-polygons have the same size, and a represents the ratio of
the sizes of the two regular N-polygons, so a = 1. Choosing 6y = 4r with I’ = 4, and then employing
(3.6) witha = 1 and N = 2, we have

(1 = a e ms (1 — e @%m (1 — e"1)m,
+ + —_—
2. >

(11 — ayef@ O + (hs — h)2]3 — 6] + 2] 1= efrP

1<k<2 3<i#l <4

= A-Acpe™, where ' €{3,4}. (3.7)
Combining N = 2, (3.7) and the definition of circulant matrix C in (2.14),
CM = b - bd,,
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where

(1 - a e yms — @ Nm

- 1
bl = /l - - 3 Z ( - 3
(11 = e 0P + (hs = h)*]3 (11 - el@-0] + B2]3

1<k<2

i0 i
by = de ¢y = /le_igae (my —m3) + ajmoys €

my; +myp +msz + my + ms ’

M = (m3,ms)", & = (1, D7, and & = (p1,02)" = (=1, 1)T. Thus, we have

(1:71—1:?2/01): 0 |11__,.%1'|3 (m3)
by — byp, Ill__ﬁ 0 my |’

Then, by p_; = p_142 = p1 = —1, one computes that by = (my — m3)/8.
On the other hand, by (3.5), we have

(@)

= - a(my — m3) + aymyy e’ @

— 2 =hy=decy=2 i eR.
8 2m + ms + my + ms

In addition, according to lines 1-8 of page 109 of [7], we have 4 > 0 for Definition 1.1. Combining
a € R and a; # 0, one computes that Im(e®?) = 0, i.e., sin(a — 6) = 0, which contradicts with
cos(f — @) = 0. Thus, cos(f — @) = 0 is impossible, which implies that for the spatial twisted central
configuration with N = 2, we deduce the conclusion that a; = 0.

(1) N > 3:

For (3.4),if welet =60 — a and choose ' = N + 1,N + 2, and N + 3, then

cos(%” + ) - cos(zﬁ’r +B) =0,

{ cos(%” + ) - cos(zﬁ’r +p) =0,

and this is equivalent to

{ sin % sin(B + %”) =0, (3.8)

sin %n sin(B + %”) =0.
Observing that N > 3, sin(n/N) # 0, and sin(27/N) # 0. Combining with (3.8), we have

B=kn-3%, k eZ,
B=lknr—-%, k€Z,

which implies that kyr — 3n1/N = kym — 4n/N. So, (k, — ki)m = /N where positive integer N > 3, and
this is impossible. Therefore, (3.4) does not hold. Then, for the spatial twisted central configuration
with N > 3, we arrive at the conclusion that a; = 0, too.

Step 2. We prove that § = sx/N with s € {0,1,...,2N — 1}, and we divide the proof into two
sub-steps.
Step 2.1. We show that my,; = my4 = ... = moy.
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In fact, inserting @ = 1 and a; = 0 into (3.6), we have

_ oilO—0) _ iy
MaN+1 - Z (1 . € )m - Z (I-e . )’;11
[1+ (ot = B2 [I1 = @O + )3 1= effr]

1<k<N N+1<l#I' <2N
= A-Acoe ) where I' € (N+1,N+2,...,2N}. (3.9)
Combining N > 2, m; = my = ... = my = m, (3.9), pg = €% with §; = 2dn/N and d € Z, along with
the definition of circulant matrix C in (2.14),
CM = blgl - bsz, (310)
where
1 — o=
blz/l_ m2N+] 3_2 ( .e )m -
[+ (hawet = hP21E - A 11 = eO0)] 4 2]
Z nypi + Z mzpzeig
b2 — /le_if)co — /1@_1.6 1<k<N N+1<I<2N
Mmyny + Z my + Z my
1<k<N N+1<I<2N
A Z mp
_ N+1<I<2N ’ 3.11)
mon+1 + Z my + Z m
1<k<N N+1<I<2N
M = (mN+l,mN+2a ‘e amZN)Ta ‘fl = (1’ 17 ceey I)T and é:N = (pN—l’pjz\/_l, .. ,p%_l)T'
In the following, we divide the proof of my,; = my,, = ... = myy into three cases: N = 2, N = 3,
and N > 4.
G N=2:

By (3.10) with N = 2,

( by — bypy ) _ 0 |11__£_711|3 ( ms3 )
by = by ﬁ 0 my |

Moreover, when N = 2, it is easy to see that p; + p, = 0 and p_; = p; = —1. Thus,

1-p 1 —p _1=p

2b, = my — nms =
2T P =p P =piP

(my — m3),
which implies that b, = (m4 —mj3)/8. Thus, when N = 2, then inserting p; = —1, and p, = 1 into (3.11)
and combining with b, = (m4 — m3)/8, we have

_ Alma —m3) _ (my —m3)

S8

1<k<5

by

(3.12)
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In what follows, we prove that for the spatial twisted central configuration with N = 2, m3 = my,
and we prove it by contradiction. We assume m3 # my.
In fact, on the one hand, by m3 # my4, m; = m, = m, and (3.12), we have

(2m+m3 + my +m5)

A= 3.13
3 (3.13)
Moreover, thanks to N = 2, a = 1, a; = 0, and the fourth equation of (3.5), one computes that
co = ae®(my — mz) + aymse™® _ e(my — m3) ' (3.14)
2m + my + my + ms 2m + my + my + ms

Summing the equations of the first part of (3.2) overk’ = land k' =2, by N =2, a; = 0, m; = mp = m,
(3.13), and (3.14), we have

Z lHk/ Z Z (aei(é)ﬁé}) 101(, )ml . Z (eié’k _ eié)k/ )mk
[1+ hz]z [laei®+0) — it |2 + h2]3 lei®h — el |3
1<k’<2 1<k’<2 3<i<4 1<k’<2 1<k#k’<2
. e (my — m3)
~ A Y e 20 = ST,
1<k’ <2
Then, combining ¢! = ¢! = —1 (N = 2), we have
0+ Z " Z (aei(el,k/+9) _ 1)ml . Z (ein _ eiek/ )m
: 3 16, 6, |3
[laei@-w+0 — 112 + h2]3 |e’% — et |
1<k’ <2 3<i<4 I<k/<2 1<k#k’<2
_ Z i Z (aei(01+6)) - Dmy . Z i (eiek—kl - Dm
[lae@+0) — 112 + h2]3 letv — 13
1<k’ <2 1<k’ <2 1<k#k’ <2
i0 i0
(el.‘ - l)m Z o 0 = e"(my —m3),
|6191 — ]|3 4

1<k’ <2

i.e., my = my, and this contradicts with the assumption that m3 # my. Hence, for the spatial twisted
central configuration with N = 2, we deduce that m; = my.

(1) N = 3:
By (3.10),
1—p_ 1—p_
by — byp, 1? |1—pp711|3 |11—£>p722|3 my
bl - b2p1 = ﬁ 0 |1—p';2|3 ms |. (315)
b] - b2p3 1= 1=p1 0 me

1-pa*  [1-piP

From N = 3, we have p_; = p; and p_, = py; thus, p; + p; + p3 = 0. Together with (3.15) and
Re(2%) = Re(j2%5),

[1—-p1 P [1-paf?
— —P
Im(u ) =~ m(ll —pr)>
there is
1 -p 1 -po 1 —p; 1—/02

3b; =3b;—b + 0, +
1 1 2(01 + P2 + 03) 1—p_ P 5 |1_p_2|3m6 |1_p1|3m4 |1—p2|3
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1-p; + 1 —p

+ m m
L—paf  L=pf
1 -p 1-p> 1-p 1-p>
= ( Yy + ( m
H—pif  [L=pof  l=pi [T =poP
1- 1-
+ P1 P2 ymg € R,

IL=piP 1 -paf

which implies that b; € R.
On the other hand, for N = 3, Lemma 2.9 gives us information that there exist constants cy, ¢,, and
c3 such that M = ¢ &) + &, + c3&3 where M = (my4, ms, mg)” . Thus, combining (3.10), we obtain

1 Ai(C)ér + c22(C)é + c3A3(C)é3 = biéy — brés. (3.16)

Then, it follows from (3.16) and Lemma 2.9 that ¢, 4,(C)é; = b1 &1 and c343(C)éz = —byés.
Employing Lemma 2.5, Lemma 2.7, p3 = 1, p4 = p1, 01 + p» = —1,and |1 — p;| = |1 — p|, we have

_ 1-p 1-pp 1—e
A](C) o * 1-po — Z [1-€"i3 € R’
ey (3.17)
A3(C) = (-p)p2 |, (A=p2)p1 _ p2—p3+p1—p3 _ _ -3 cR.

+ = =
[1=p1 3 [1—pof [1-pi P [1-pi

Then, thanks to b; € R, & = (1,1,..., 1), and ¢, 4,(C)é, = b;&;, one computes that ¢; € R. In what
follows, we will prove that ¢, € R and ¢; € R.

By &1 = (po, po,p0), &2 = (1, 02,03), &3 = (02,p1,p3), and M = ¢1&) + &, + 363 with N = 3, we
have

Im(c1po + c2p1 + c3p2) = 0,
Im(cipo + 202 + ¢301) = 0, (3.18)
Im(cipo + c2p3 + c3p3) = 0.

Based upon py = p3 = 1, ¢; € R, and the third equation of (3.18), we have ¢, + c3 € R.
Employing py = 1, ¢; € R, and the first equation of (3.18), we see that c,p; + c30, € R. Note that

T . . 2r T . . 4n
cp1 +c3pr = (cpcos 3 + ic, sin ?) + (c3cos 3 + ic3 sin ?)

2 2
= (cp + ¢3)cos ?ﬂ + (¢y — ¢3)isin ?ﬂ

and then ¢, = c¢3. Therefore, with the help of ¢, + ¢3 € R, we have c3 € R.

In virtue of (3.17), 43(C) € R. Moreover, combining c; € R and ¢343(C)&; = —by&3 where &3 =
(02, P4, ps)! = (02,p1,p3)", one computes that b, € R.

By now, for (3.15), by the accumulated facts by € R, b, € R, |1 — p1| = |1 — pal, p=1 = p2, p—2 = p1,
and Im(p;) = —Im(p,), we have my = ms = mg.

(i) N > 4:
Lemma 2.9 gives us information that there exist constants ¢y, ¢,, ..., Cy such that M = &£, + 626, +
...+ EyéEny where M = (my.i, My, . .., may)T. We can regard (3.10) as (3.11) of [26]; moreover, we

regard C, by, and b, of this paper as A,, ZkN: | My, and Zszl myqy. of [26], respectively. Then, combining
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N > 4 and Lemmas 2.8-2.10, similar to the procedure of Case 2.1 on pages 67 of [26], we obtain

Myy1 = My = ... = Myy.
Step 2.2. Based on Step 1 and Step 2.1, we prove that 6 = sx/N with s € {0, 1,...,2N — 1}.
Inserting my = mp = ... = my, a; = 0, and my,; = my,» = ... = mpy into the second equality of

(1.3), we have ¢y = 0. Then, with the help of the first equation of (3.2), for any k" € {1,2,..., N}, we
obtain

i(0)_p +0)

_ 40 _ ] O — 1
MaN+l Z (ae m " (e = Dmi _ -1€R. (3.19)

2 5 O +0) _ 112 213 et — 1]3
[T+ Aoy N+l<I2N [lae -+ 1P+ A7 | <kk! <N | |

For any k" € {1,2,..., N}, it follows from Remark 2.2 that the mapping

2n 4n 2(N - 1)71}

{1,2,...,N}\{k’}£>{W,N,..., ~

where
oy (k) = [(k - k')(modN)]%”, Vke(l,2,...,N\{K},

is a bijection. Thus, by the procedure of obtaining (2.6), and 6, = 2nd/N with d € Z, we have

Smek K _ bmg _ ,
Z R2=2cos_p P — Z 12— 2c050|3 0, VK €{1,2,...,N},
1<k<N 1<j<N-1
_cosO -1 cos ;-1 ,
Z [2—-2 cos 6. IJ|3 - Z [2-2cos 6]’ Vi e {1 2 ""N}9 (320)
l<k<N 1<j<N-1
1 —_ ’
2 Freda - X B ey K €412, N},
l<7(<N 1<j<N-1
and then
0,
e — 1
—— e R. (3.21)
Z |elek_k/ — 1|3
1<k#k’ <N

Combining (3.19) with (3.21), we have

O +0) _ |
Im( Y e ) =0, where #>0 and K €{1,2,...,N}. (3.22)
[laei@v+0) — 112 + h2]3

N+1<I<2N

Forany /€ {N +1,N +2,...,2N},in (2.5), if we let § = 0, then the mapping
{1,2,...,N} {9 T 40,. Z(N];l)n_i_g}’

oK) = [(I-K)mod N)| 2 +6, VK €{1,2,....N)

is a bijection, too. Hence, we have

acos(f,_p+6)—-1 _ acos(f;+6)—1
3 - 3
(ew ey 1@ =2ac08 0+ 5)+h?]2 1<jey [1+a?=2ac0s(0;+0)+h?]2 13
asin(0;_y +0) _ asin(f;+6) ( . )

3 3 -
[1+a?—2a cos(O)_y +6)+h?]2 [1+a%>-2a cos(0;+6)+h?]2

1<k’ <N I<j<N
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Using the definition of f(#) in (2.1), (3.22), and the second equation of (3.23), we can see that

asin(6; + 0)
7O Z [11 +a? - 2acos(8; + O)> + h2]2 G2

1<j<N

On the one hand, if 6 € (257/N, 25n/N +n/N) where § € {0, 1,..., N — 1}, then by Lemmas 2.1-2.2,
there is f(6) > 0, which contradicts (3.24).

On the other hand, if 6 € (257/N +n/N, 25n/N +2rn/N) where § € {0, 1, ..., N — 1}, then by Lemma
2.1, we have f(0) = —f(—6) = —f(-60+ 2n/N) and —6 + 2n/N € (-25n/N, =251 /N + n/N). Therefore,
it follows from Lemma 2.2 that f(6) < 0, which also contradicts (3.24).

Thus, combining 6 € [0, 2r), we conclude that the twist angle must be 6 = 257/N or 8 = 251/N +
n/N with § € {0, 1,...,N — 1}, and then 6 = sn/N with s € {0, 1,...,2N — 1}.

Step 3. We show that m; =my = ... =my = My, = My = ... = Myy.

Based on the first part of Step 2, we can assume that my,; = my, = ... = mpy := bm where
constant b > (. By the assumption that m; = m, = ... = my := m, it suffices to show that the value of
b can only take b = 1, and we prove it by contradiction. We assume that b # 1.

Thankstoa=1,m;=my=...=my :=m,a; =0, and my,| = My = ... = myy := bm, for (3.2)
we have

Nmoni1hon+i + bmh — /U’l(),

3 - 3
[H'h%NH]7 N+1<I<2N [|el(91,k/+9)_1|2+h2]§
N hoye1=h) -

mon+1(lone1—h) mh = A(hy — h),

3 — 3
[1+(hon+1-1)?]2 |<ken [l k-1 = —1124n2]2

Nmh Nbm(h —h
mhonei mhons1 =) /l(h2N+1 _hO),

1+h2 h—h 23
[1+h5,.,] [1+(h=hon+1)*]

(3.25)

3
2

where k" € {1,2,...,N}and /" € {N + I,N + 2,...,2N}. Combining the first and second equations of
(3.25) with (2.7),

Nmani1h bmh
MoN+1 2N§+l + i(g.#))m 5 — /lh(),
[1+h3,,,12 Lejey LETTT=1P A2
Nmoy (o =h) mh = A(h h
Merloner) g b = )y — ),
O -hP1E 013 (3.26)
Nmilzzwli + me(h2N+]_h)§ — /l(h2N+1 _ hO)
[1+h3,, 12 [1+(han+1=h)?]2
Let
%= Nhon+1 -
[1+h3y,,12
y= N(hon+1—h)
= -,
[1+(han+1-1)?]2 (3.27)
mh
= - 3.
éN (601241213
Thus, (3.26) can be simplified into
Moy X + bz = Ahy,
Moy — 2 = Alho — h), (3.28)

mx + bmy = Alhone1 — hg).
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On the one hand, by (3.28), we see that

Moy X — mayy + (b + 1)z = Ah,
(3.29)

mx + bmy = A(hons1 — ho),
and
mon1X + moyi1y + (b — 1)z = 24hy — Ah,
(3.30)
mx + bmy = A(hyny1 — ho).
Then, it follows from (3.29), (3.30), and b # 1 that

—Ahomoni1 + AMonsihoner — Amh + m(b + 1)z _

mmay+1(b + 1)
—Ahomons1 — 2Amho + Amon 1 hon e + Amh + m(b - 1)Z

mmon1(b — 1)

Thus,

B = bmh + man 1 hons
0 =

Mon+1 +m+bm

Combining with

Z mih + moni1hon

hy = N+1<I<2N _ bNmh + moyn,1honi (3.31)

Mons1 + Z my, + Z my moy.1 + Nm + bNm

1<k<N N+1<I<2N

we have

bmh + myni1honyt  DNmh + moy oy

Mons1 +m+bm  moye + Nm+bNm’

which implies that (1 + b)hyy,1 = bh. Moreover, with the help of (3.31), one computes that iy = hoy, ;.
Then, it follows from the second equation of (3.29) that x = —by. Hence, with the aid of (3.27) and
(1 + b)hyn,1 = bh, we have

Dh_ Dh_
1+b 1+b

b2h2 43 = W2 3
I+ agels [+ agel

that is, b = +1, which contradicts » > 0 and the assumption b # 1. So, b = 1, and we arrive at the
conclusion that m; =my = ... = my = My4 1 = My = ... = Mop.

Step 4. We prove that sy, = h/2.
In virtue of (3.30), we have

m(2Ahy — Ah) = mon1 Aoyt — ho).
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Note that lines 1-8 of page 109 of [7] show us that in Definition 1.1, A must be a positive number.

Then, combining the last equality of (1.3) and m; =m, = ... = my = My = My = ... = My = m,
2Nmh + 2hon 1Moy 4 Nmh + hyy1moyi
—h) = - +h ,
INm + o ) = manyi( INm + o, N+1)

which implies that N = 1 or h = 2h,y,;. Combining with N > 2, for the spatial twisted central
configuration, we have hyy.1 = h/2. 0O

Remark 3.1. The proof of Step 1 is independent of the condition that a = 1. That is, for the twisted
central configuration of the (2N+1)-body problem with the assumption that my = my = ... = my, and
without the assumption that a = 1, we have a; = 0. That is, the (2N+1)-th mass must be in the vertical
line of the two paralleled planes containing the two regular N-polygons, respectively, and the vertical
line segment passes through the geometric centers of the two regular N-polygons.

3.2. To prove the sufficiency
We divide the proof into two steps.

Step 1. Based on the assumptions that § = sx/N with s € {0, 1,...,2N — 1}, a = 1, hoyy1 = h/2,
ar=0,andm; =my = ... = my = Myy1 = My4o = ... = Moy = m, we show that if there exists a
constant A € R such that

MaN+1 (1= (=eym _
23 T i(07+0) 11,213 + 2 leli-1p 4,
[1+2-]2 o e =117 +h*] 2
4 1<j<N (3 32)
MaN+1 2m _ '
2. 3 0 3 T
[H’hT]z 1<j<N e 12 +h2]2
then the 2N+1 masses can form a central configuration.
In fact, by (1.3), in this situation we get
i0
§ mpy + me E pr
_ l<ksN N+ISION  _
0= 2Nm+moN+1 - (333)
E mh + mon1hon
o = NHIsIsaN _ Nmhtmoyaid
0= 2Nm+mon+1 - 2Nm+mon+1 -2
Employinga =1, hoyyy = h/2,a1 =0, my =my = ... =my = My = My = ... = mpy = m, (3.33)
and
i i(0,+0
Teo 3 eono
1<k<N N+1<I<2N
we see that (3.2) holds if and only if
(=%, Bymman .41 (61+6) _ ol | pym? B _ei%  0ym? 0.,
22 — + e e R . )m% + 2 = me m,)sm = _/lm(elé}k , —%),
[1+h7]§ N+1<I<2N e —e" % 2+h2]2 1<k#k’ <N e
+l<i< <k#k'<
(—e‘(91’+9),—’§1)mm21v+1 (eiak—ei<91’*9),—h)m2 (ei(81+9)_ei(yl/+9)’0)m2 - i0,40) h (334)
243 + i 0 +0)2 . 12 3 + Z |ei(9,+9)_ei(el/+6)|3 - m(e ) 2)-
H+712 ey HeTk—eTTTTRART]2 N+1<l#l <IN
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Therefore, it suffices to verify (3.34) holds. Clearly, (3.34) is equivalent to

-1, Hym O +0)_1 O _1
2 2;V+1 + (e N 1)m3 + Z (e — ,03)m — _/1(1 _h),
295 i0)_j+0) _ 11221213 le"k=k" —1| 2
(1+7%1 [le 1+h?] )
4 N+ISISIN. 1<k#k! <N _ (3 35)
(=1, —Bymon (%=1, ~ym -1 -1,00m _ (1. & '
— "+ ———t 3 7 =-4(1, 3)
[1+%]§ [|et(9k,,r—9)_1|2_'_hz]*z le-r 113

1<k<N N+1<l#l' <2N

On the other hand, forany I’ € {N + 1,N + 2,...,2N}, it follows from Remark 2.2 that the mapping

2 4n 2(N - 1)7r}

{N+1,N+2,...,2N}£>{N,N,..., n

where
o) = [(1 - l’)(modN)]%ﬂ, VIe(N+1,N+2,..., 2NN},

is a bijection. Thus, by 6, = 2rnd/N with d € Z, we have

sin 6;_p _ sin; ,
l#zl; [2-2cos6,_pP Z 12— 20056|3’ VI e {N+ 1,N+2,...,2N},
N+1<I<2N 1<j<N-1
cosbpp—1 _ cos 6;—1 ,
l#zl; [I2-2cos Oy — ) 2—2cos ;] YIie{N+1,N+2,...,2N},
N+1<I<2N 1<j<N-1
1 = 7
l#zl; 2-2cos6,_pP Z 12— 20056|3’ VI e {N+ 1,N+2,--.,2N}.
N+1<I<2N 1<j<N-1

Together with (3.20), for any k&’ € {1,2,...,N}andany I’ €e {N + 1,N + 2,...,2N}, it follows that

(€% —1)m _ (1 —e%)m B (€% —1)m (3.36)
et — 13 - leiti — 1]3 - - leitr — 1]3 : :

’
k2k 1<j<N-1

1<k<N N+1<I<2N

Employing Lemma 2.3, (3.35), and (3.36), we conclude that if there exists a constant A € R such that
(3.32) holds, then by Definition 1.1, the 2N+1 masses form a central configuration.

Step 2. We prove the existence of the spatial twisted central configuration, i.e., we prove the
existence of A of Step 1.
Define the function g as follows:

1 (1 + 9 Nm (1 — e m
+3 Z (3.37)

h) = —— ,
g( ) 2 [|€i(9j+9) _ 1|2 N h2]2 |elO 1|3
1<j<N 1<j<N-1
where h > 0 and 6 = sn/N with s € {0, 1,...,2N — 1}. Thanks to Lemmas 2.3, 2.5, and (3.37), we see
that g(h) € R, which implies that

1 (1 +cos(8; + 6))m (1 —cosB;)m
gh) = -3 Z T
[2 + h2 = 2cos(; + 0)] T2 [2-2cos0)2

1<j<N 1<j<N-

(3.38)

In what follows, we prove that there exists 7 = h(N) such that g(h(N)) = 0. Note that § = sx/N
with s € {0, 1,...,2N — 1} is equivalent to § = 257/N or 6 = 251/N + n/N with § € {0,1,...,N — 1}.
We divide the following proof into two cases.
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Case 1.0 =257/N with§€{0,1,...,N —1}.
On the one hand, since m > 0, § = 25n/N, and 1 + cos§; > 0 with j € Z, we have

1 (1 +cos(8; + 6))m 1 (1 +cosBj.5)m
24 2+R-2cos(0;+0)]> 2 [2+4h—2c0s0;,5]F
1 1+ cos@; o
_ ( m_ o, (3.39)

2 [2+ h? —2cos §,]2

1<jsN
Moreover, if & — 0%, then

1 (1 +cosfj)m
—— — —00,

2 [2 + h2 — 2 cos ;]2

1<j<N

which implies that when the twist angle is 6 = 257/N with § € {0, 1,..., N — 1}, there exists h = h;(N)
such that g(h;(N)) < 0.
On the other hand, notice that if 4 — +o0, then
1 (1 +cosfj)m

-z - — 0.
2 [2 + A% —2cosb;]>

1<j<N

Then, by (3.38)—(3.39), we see that when the twist angle is 8 = 257 /N with § € {0, 1,...,N — 1}, there
exists h = hy(N) such that g(h,(N)) > 0.

Hence for the case of 6 = 2571/N with § € {0, 1, ..., N — 1}, employing the fact that g is a continuous
function, there exists 4 = A(N) such that g(h(N)) = 0.

Case 2. 0 = 257/N + n/N with § € {0, 1,...,N — 1}.
In this case, by (3.38), § € {0,1,...,N — 1}, and 6, = 2nd/N with d € Z, we have

m[ Z 1+ cos(8j,5 + %) . Z 1—cosHj%]
21 [2+ 12— 2cos(0)45 + )12 |2 —2cos 6>

1<j<N-1

g(h)

1<j+5<N+5§

- 1+cos(@;+Z 1 —cos@;
- oy Wry > (3.40)
21 [2+h? —2cos(d; + £)]2 |2 —2cos 0|2

1<j<N 1<j<N-1

Then, it follows from (3.40) and Lemma 2.5 that
1 +cos(0; + %)

m 1—eY
2 Z [2+h2—2cos(0j+%)]% |§_1 11— e

1<j<N

If h — 0, then with the help of (3.41) and Lemma 2.6, lim;,_,o g(h) < 0, which implies that when the
twist angle is 0 = 251/N + /N with § € {0, 1,..., N — 1}, there exists & = h3(N) such that g(h3(N)) < O.
On the other hand, if # — +o0, then

N

Z 1 +cos(0; + %)
[

2+ h2 = 2cos(d; + D)I?

1<j<N
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which implies that when the twist angle is 8§ = 257/N + n/N with § € {0,1,..., N — 1}, there exists
h = h4(N) such that g(h4(N)) > O.

Therefore, for the case of 8 = 257/N +n/N with § € {0, 1, ..., N — 1}, combining with the continuity
of function g, there exists 4 = A(N) such that g(h(N)) = 0.

By now, Cases 1-2 show us that when 6 = sx/N with s € {0, 1,...,2N — 1}, there exists & = h(N)
such that g(h(N)) = 0, which implies that

1 1 —e%m 1 1 —e%)m m
P2 5 3 - Y Tl
2 S e — 1P+ (hN)?)z 2 e = 1 [l — 1P + (R(N))*]2

1<j<N 1<j<N

Moreover, note that

m
Z . — - €R
[le@*® — 11 + (h(N))*]?

1<jsN

Then, there is a constant A € R such that

0 — 12 + (R(N))2]3 2 le% — 13~ 27 2 1+ (71(21))2]%

1<j<N 1<j<N

1 Z (1 =€y, . 1 (1—-e"ym 1 1 mona
2 [le’®

m
= Z - - ->0
[l @+ = 112 + (h(N))*]2

1<j<N
1.€.,

(1_ei(9 +0) m
— . 3
N e WD
1 monNyg m
S — 2l =34
3 — . 3
2 (14 0002 3 T Y T

MIN+1 +

(A-e"hm _ 1
N2 43 4,
[1+=7~1]2

1
2 1e%i—1p3 2
1<j<N

+

1
2

]

1<j<N

which implies that there exists a constant 4 € R such that (3.32) holds. Then, by Step 1, the 2N+1
masses form a central configuration. O

4. Proof of Theorem 1.2

For the spatial twisted central configuration, (3.2) holds. Moreover, note that m; =m, = ... = my =
m and a = 1. Then, all the assumptions of Theorem 1.1 are satisfied, so we have a; = 0, hoy1 = h/2,
andm; =my =...=my =my,; =...=myy = m. Thus, cg =0, hy = h/2, and gn+1 = (0 + 0i, h/2).

Thus, in the following, it suffices to prove the uniqueness of .
In fact, by (3.36) and the first equation of (3.2), for any k' € {1,2,...,N}andany " € {N + 1,N +
2,...,2N}, one computes that

ol [(1-e"-x*Dym] [(=e“Dmln _ qh
LI ES Z ——— + Z e min _ /15’

2132 O 402, 2 1-e"ip 2
(1+ 4 12 N+1<I<2N (=™K " +h7) 2 1<j<N-1 ! !
h
2MaN+1
27wy —mh = Qhy = AL
213 i0i+0)2 1215 27
[1+7 12 1<j<N [[1=e™7" > +h?]2
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where & > 0 and 0 € [0, 27). Hence, it follows from Lemma 2.3 that

i(0;+6 i ;
(1 ym" (1-€“mb

md g _0dh o
513 (11" PR 42)3 TR
4 1<j<N € 1<j<N-1 (4 1)
h |
§m2N+1 mh h
a3 T E— /l__
[1+%]% ISEN [Il—e'(6j+9)|2+h2]% 2
Let
1- eigj
x= Z TR
1<j<N-1 1 — e
= cos(6; + 0)
y(h) = Z N -
1<j<N 2 - 2COS(9‘,~ +0) + h?]2
z 1
Z(h) = .
1<j<N [2 —2cos(8; + 6) + h?]>

Combining 1 € R, h € R, (4.1), and (4.2), we have

Amon hi= - he _ 2h
2——= + m3[z(h) — y(h)] + m3x = A5,
n+lyz 2 2 :

h
220+ mhz(h) = A%,
[+412

which implies that

h h h
mE[Z(h) — y(h)] — mhz(h) + mi)'c = _/li’
and then we obtain X = y(h) + Z(h). Hence, if the 2N+1 masses form a central configuration, then the
distance & must satisfy that X = y(h) + Z(h). Next, we prove the uniqueness of the distance h.

We take G(h) = y(h) + z(h) — X for h > 0, and by (4.2), it is easy to verify that G’(h) < 0. Moreover,
note that m; = my, = ... = my = m and a = 1. Then, employing Theorem 1.1, we obtain that the
existence of the central configuration implies that 6 = sz/N with s € {0,1,...,2N — 1} holds. Then,
due to the rotational symmetry of the central configuration, in order to prove Theorem 1.2, it suffices
to consider the following two cases: § = 0 and 6 = n/N.

Case 1.0 =0.

Lemma 2.5 shows that

_ 1 — e
and then by (4.2),

1+cos0; 1—-cos@;
G(h) J _ Z J

NOESOESEEY

152 [2—=2cos0; + h2]3 1<izv-1 [2 = 2cos 0]-]%

1 + cos6; 2 Z I —cos6;
Z i A 4.3)

23 +ﬁ_ 3
1<j=N-1 [2—-2cosf; + h*]2 1<j=N-1 [2 —2cosb;]>
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Employing (4.3), one verifies that there exist a small enough constant # = 4 > 0 and a big enough
constant 1 = & > 0 such that G(h) > 0 and G(/) < 0. Then, combining the continuity and monotonicity
of function G, for the case of § = 0, there is a unique h = h > 0, such that G(h) = 0, i.e., X = )'i(il) +z(h).

Case 2. 0 = n/N.
Employing (4.2), we have

y(h) + z(h)

1 + cos(0; + 0) B Z 1 +cos(0; + %)
S [2-2cos(8; +6) + H2]F 52 [2 - 2c08(9; + X) + B2
1 +cos(8; + %)

1S [2—=2cos(8; + %) + SE

By Lemma 2.6, lim;,_,o G(h) > 0. Furthermore, by Lemma 2.5, we see that lim;_,,., G(h) < O.
Thus, for the case of 6 = /N, due to the continuity and monotonicity of function G, there is a unique
h = > 0, such that G(h) = 0, i.e., ¥ = y(h) + z(h).

Based upon Cases 1-2, there exists only one # > 0 such that X = y(h) + z(h), i.e., there is only one
h > 0 such that the 2N+1 masses form a central configuration. Moreover, combining the other two
conclusions that a; = 0 and Aoy, = h/2, we obtain that goy,; = (a1€™, hoy,1) is unique, i.e., there
are only one positive distance s between the two paralleled regular N-polygons and only one position
qan+1 of the (2N+1)-th mass such that the 2N+1 masses form a central configuration. O
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