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Abstract: We studied the modified nonlinear Schrédinger equation

—Au—%Aw%u:gm+hux ue H'RY), 0.1)

where N > 3, g € C(R, R) is a nonlinear function of Berestycki-Lions type, and /4 # 0 is a nonnegative
function. When [|A]|;2zv) 18 suitably small, we proved that (0.1) possesses at least two positive solutions
by variational approach, one of which is a ground state while the other is of mountain pass type.
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1. Introduction

The nonlinear scalar field equation
—Au=gu) inRY (1.1)

has been widely studied by many authors. In the celebrated papers [1,2], H. Berestycki and P.-L. Lions
proved that (1.1) has a positive ground state solution, which is radially symmetric and decreasing with
respect to r = |x|, and also has infinitely many (possibly sign-changing) solutions when N > 3 and g
satisfies the almost optimal assumptions:

(g1) g € C(R, R) and g is odd;
(g2) —oo < liminf,_o- g(#)/t < limsup,_, . g(t)/t = —k < 0;
(g3) —o0 < limsup,_,, . g(t)/* ! <0, where 2* = 2N/(N - 2);
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(g4) there is a constant ¢ > 0 such that G(¢) := fog g(t)dt > 0.

The above classical result has already been generalized in many directions. See, e.g., [3,4] for nonradial
solutions of (1.1), [5-8] for nonautonomous semi-linear problems, [9-11] for quasi-linear problem:s,
and [12, 13] for nonlocal problems. In particular, the nonhomogeneous semi-linear elliptic equation

— Au=g(u)+h(x) inR", (1.2)

which can be seen as a perturbation of (1.1), was investigated in [6]. Using Ekeland’s variational
principle and the mountain pass theorem, the authors proved that (1.2) has at least two nontrivial
solutions when ||A[|;2g vy is suitably small. We also refer to [14, 15] for related results.

Motivated by [1,2,6,9], we study the modified nonlinear Schrodinger equation

— Au— %A(uz)u =g(u) + h(x), uecH'RY), (1.3)

where, again, N > 3, g is a nonlinear function of Berestycki-Lions type, and & # 0O is a nonnegative
function. It is well known that (1.3) models the time evolution of the condensate wave function in
super-fluid film. It also appears in the theory of Heisenberg ferromagnet and magnons, in dissipative
quantum mechanics, and in condensed matter theory. See [16—18] for details on the background of
(1.3). To state our main result, we make the following assumptions on g and 4:

(g) g€ CR,R);
(&) im0 g(O)/2% 71 = 0;
(h) h e CYRY,R) N LARY), h(x) = h(|x|) = 0, and VA(x) - x € L2N/N+D(RN),

Theorem 1.1. Assume (g)), (g2), (g5), and (g4) hold, then there exists a constant 6 > 0 such that, for
any function h satisfying (h) and ||hl|2gyy < 6, (1.3) has at least two positive solutions, one of which is
a ground state while the other is of mountain pass type.

Remark 1.2. The positive number ¢ in Theorem 1.1 will be given explicitly in the proof of Lemma
3.1. As mentioned in [19], the critical exponent for (1.3) is not 2% but 2 - 2*. This is why we assume
different growth condition (g}) instead of (g3) in Theorem 1.1.

Remark 1.3. In the proof of Theorem 1.1, we borrow some ideas from [6]. However, due to the
appearance of A(u*)u and growth condition on g, there is no approximate function space in which the
energy functional of (1.3) is both well defined and satisfies the compactness condition. To overcome
this difficulty, we will make a change of variables to transform (1.3) into a new semi-linear problem,
then we adopt similar ideas as in [6] to verify the geometrical structure and compactness property of the
reduced functional. Nevertheless, the analysis is more delicate because the reduced functional involves
the transform function.

2. Variational Framework
Since positive solutions are of particular interest in this paper, we always assume with no restriction

that g(t) = —«t for ¢t < 0 in the following arguments, where « > 0 is given in (g;). In form, (1.3) is the
Euler equation of the energy functional

S(u):% f (1 + u®)|Vu|* dx — f G(u)dx — f h(x)u dx,
RN RN RN
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where G(u) = fou g(t) dt. However, standard variational methods cannot be applied directly because one
lacks an appropriate working space in which & is both well-defined and enjoys compactness properties.
In order to surmount this obstacle, we shall adopt a change of unknown to transform (1.3) into a semi-
linear problem. Let u = f(v) be the inverse function of

" 1 1
v:f Vl+t2dt:§u 1+u2+§1n(u+ V1 + u?).
0

We recall some basic properties of f in the next lemma (see [20,21]).

Lemma 2.1. f is odd and has the following properties:
FO =limf@/r=1, lim f@o)/Vi= V2,
— —+00

and
1
0<f (<1, |f@<minfl, 2}, Efz(t) < fOf (0Ot < 21, forteR.

Setting u = f(v), we change the functional & into

1
JO) =&E(f(v)) = 2 fRN |Vv[? dx — LN G(f(v))dx - LN h(x)f(v)dx.

By Lemma 2.1, one sees that J is well-defined in the Sobolev space H!(R") and is of class C'. More-
over, if v € H'(R") is a critical point of J, then u = f(v) is a positive solution of (1.3). Indeed, since
J'(v) = 0, we have

0= Vv | dx — f gfO)f vyv dx — f h(x)f'(v)v~ dx
RN RN

RN
= f Vv > dx + Kf FOO) W)V dx— f h(x)f'(v)v™ dx,
RN RN RV

where v~ = min{v, 0}. By Lemma 2.1 again and (h),

Vv ?dx = f 20 dx = 0.
RN RN
Using Lemma 2.1 once more and the Sobolev inequality, we obtain

Wv)Ydx<Cy | fAv)dx+ | WP dx
RN Q Q)

N
N-2

<C 20 dx+ C, ( f |Vv—|2dx) ,
RN RN

where Q; = {x|[v"(x)| < 1} and , = {x||v"(x)| > 1}, thenv™ = 0, sov > 0 in RY. By (&}), (g2), and
(g4). there exists a constant K > 0 such that [g(f(1))f'(1)] < K(f| + [#/* ") for t € R. Since J'(v) = 0,

one has
—Av+ K1+ 2w =g(fO) W + K@+ v D +h(x)f'(v) >0 inRY.

By the elliptic regularity theory, [1, Radial Lemma A.II], and the strong maximum principle, we can
prove that v is positive in RY. Now, a standard argument shows that u = f(v) is a positive solution of
(1.3). Therefore, to prove Theorem 1.1, it suffices to find two critical points of J in H!(RY). We shall
fulfill this task by using Ekeland’s variational principle and the mountain pass theorem.
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Lemma 2.2. ( [22, Theorem 1.1]) Assume that (X, d) is a complete metric space and that I : X —
R U {400} is lower semicontinuous, bounded from below, and not identical to +oco. Let € > 0 be
arbitrary given. If u € X satisfies I(u) < infx I + €, then there exists v € X such that

I(v) < I(u), d(u,v) <1, I(w)>I1(v)—ed(v,w)foranyw € X\ {v}.

The next lemma is an expression of the mountain pass theorem without the Palais-Smale condition,
which is essentially due to A. Ambrosetti and P. Rabinowitz (see [23, Theorem 2.1]).

Lemma 2.3. Let X be a Banach space and I € C'(X,R). Assume 1(0) = 0 and

e there exist p > 0 and a > 0 such that I(u) > « if ||ul| = p,
e there exists a function w € X such that ||w|| > p and I(w) < 0.

LetT'={y € C([0, 1], X)|y(0) = 0,y(1) = w} and set

= inf 1(y(1)) >
¢ = inf max () = a,

then there exists {u,} C X satisfying I(u,) — ¢ and I'(u,) — 0 in X* as n — oo.
3. Proof of Theorem 1.1

By (g}), (g2), (g5), and Lemma 2.1, there exist a, b > 0 such that
G(f(1)) < —at* + bt]*, forteR (3.1)
and for any € > 0, there is C, > 0 such that
IG(f())| < Ct? + €eltf*, forteR. (3.2)

We will work in H!(RY), a subspace of H'(R") consisting of radially symmetric functions. Denote
B, ={ve H®Y ||V < p} and 9B, = {v € H'R) ||Vl = p}. We first study the geometrical structure
of J in the next lemmas.

Lemma 3.1. There exist 6 > 0, p > 0, and a > 0 such that if ||h|| 2@y < 6, then infap, J > a.

Proof. 1t follows from (3.1), the Holder inequality, and Lemma 2.1 that

2 2*
J) > GivllI° - bf I dx — ||h||L2(RN)||V||L2(RN)
RN
2 2*
> Ci|vII” = ColVIIT = lAll 2@yl IVII
2*—1
= IIVII(C1IIVII - Glvllm ™ - IIhlle<RN>),

where C; > 0 for j = 1,2. We choose

N-2\7/ c ¥ C/N-2)\*
— 4 —
5=2 ( 1) 0, p= (=2 0. a=dp>0,
(Cg) N+2) T F (CZ(N+2) -0 a=op=

then infyp, J > p(26 — ||Allz2@y)) = @, provided that ||Al|;2gyy < 6. The proof is finished.
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Lemma 3.2. Set

my .= inf J,
Bﬂ

where p > 0 is as in Lemma 3.1. We have my € (—0,0).

Proof. Itis clear that my > —co. Since & 2 0 in R", one can find a function ¢ € Hr1 (RM) such that

0<¢p<1 and f h(x)edx > 0.
RN

By (3.2) and Lemma 2.1, there exists C > 0 such that

t t 1 1
lim sup ¢) = lim sup (— f IVol* dx — — f G(f(tp))dx — — f h(x)f(tp) dx)
ot o T\ 2 Jen ” r Jon
< lim sup (Cetf O’ dx + et ! |<,0| f (x)p dx)
t—0* RN RN
= —Cf h(x)pdx < 0.
RN

Let ¢ > 0 be sufficiently small such that ||z¢|| < p and J(t¢) < 0, then we have m, < 0 as desired.
Lemma 3.3. There exists w € H'(RV) \ B, such that J(w) < 0, where p > 0 is as in Lemma 3.1.

Proof. Let T > 0 be such that f(7) = £, where > 0 is given in (g4). We define, as in [1],

T, if |x| <R,
wWr(x) =317(R+1—|x]), ifR<|x[<R+1,
0, if |x| >R+ 1,

where R > 1 will be determined later, then wgz € H!'(R") and a simple calculation shows that

Vwgl* dx < C,RY™"  and f G(f(wg))dx > C,RY — C3RN !, (3.3)
RN

RN
where Cy, C,, C3 > 0 are independent of R. Set wg, = wg(-/t) for t > 0. By (h) and (3.3), one has
J(wr,) < CLRV'Y2 = (CRY = CRV) 1.
Choosing R > 1 and ¢ > O sufficiently large, we have ||wg,|| > p and J(wg,) < 0.
Next, we investigate the compactness property of the functional J.

Lemma 3.4. Any bounded Palais-Smale sequence of J in H (RY) has a convergent subsequence.

Proof. Let {v,} ¢ H\(RY) be a sequence satisfying |[v,|| < C, J(v,) < C and J'(v,) — 0 in (H!(RV))*
as n — oo. We assume by extracting a subsequence that v, — v weakly in H'(R"), v, — v strongly
in LP(RY) for2 < p < 2*, and v, — v a.e. in RY, then f'(v,)(v, —v) — 0 weakly in L>(R") and,
henceforth, by (%) and Lemma 2.1,

fRN h(X)(f (va) = [ W)V = v)dx = 0,(1), asn — co. (3.4)
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Here and after, o0,(1) stands for a generic infinitesimal as n — oco. Using (3.4) leads to

on(1) = (J'(vy) =J'(v), v, = V)

= |V(Vn - V)|2 dx — f (g(f(vn))f,(vn) - g(f(V))f,(V))(Vn - V) dx + On(l)
RN RN

> min{1, k}{[v, = vI[* - fRN U ONS i) + kv = g(fFONF' (V) = kv) (v = V) dx + 04(1).

To conclude our proof, it suffices to show that

» (UL Wa) + kv = g(f W) (V) = kv) (v, = V) dx < 0,(1), asn — oo.

Let us define
(g(f)f' (1) + k)", if 1 >0,
g1(0) = o
O f'@) +kt), ift<0,
and g,(t) = g(f (1) f'(¢) + kt — g(¢) for t € R, then
&)

t
lim £ _ i 810 _
t—0 t t—00 |t|2 -1

and
20Ot <0, |g@) <C)+1*"), forteR.

By (3.6), for any € > 0 and p € (2,2), there is a constant C , > 0 such that
lg1 (D] < e(lt] + [t~ + Ce P!, fort e R,

which, combined with v, — v strongly in L?(RY), implies that

f (&1(vn) = g1, = v)dx = 0,(1), asn — oo.
RN

Since v, — v weakly in H!(R"), one has

f g W)(v, —v)dx = 0,(1), asn — oo.
RN

Clearly, (3.7) and Fatou’s lemma imply that

lim supf g2V, dx < f g ()vdx.
RN RN

n—oo

By (3.7) and the dominated convergence theorem, it is easy to verify that

f g(vdx = f o (Wyvdx +0,(1), asn — .
RN RN

Combining (3.9)—(3.11), we have

f (&2vn) = &2(W)(v, = v)dx < 0,(1), asn — oo,
]RN

then (3.5) is a direct consequence of (3.8) and (3.12). The proof is complete.

Communications in Analysis and Mechanics

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Volume 16, Issue 2, 334-344.



340

Lemma 3.5. Ifv € H'(RY) is a critical point of J, then P(v) = 0, where

N-2
P) = —5— |Vv* dx — Nf (G(f(v)) + h(x)f(v))dx — f (Vh(x) - x)f(v) dx.
RN RN RN

Proof. Since the argument is standard, we omit the details.

Lemma 3.6. Ifv € H'(R") is a critical point of J, then

1
J(v) > —m”Vh(x) : xllizN/(N+2)(RN)’

where S > 0 is the best constant of the Sobolev embedding D'*(RY) — L? (RM).
Proof. Letv € H'(R) be a critical point of J, then P(v) = 0 by Lemma 3.5, and

Jv)=J() - %P(v) = % IVv[? dx + % f (Vh(x) - x)f(v)dx.
RV RN

By the Holder inequality and Lemma 2.1, one has

1 1
Iz fR VP dx = VA - MoV e
1

! 1
N RN Vv dx - NS1/2 IVA(X) - x| 2vioe2 @) (‘[RN Vv dx)

1
> — e IVAG) - 2l e,

The proof is complete.

Proof of Theorem 1.1. Let 6 > 0 be as in Lemma 3.1 and assume that £ satisfies (k) and [|Al| 2@y < 9.
We first establish the existence of a positive ground state solution. In view of Lemmas 2.2 and 3.2,
there exists a sequence {v,} C B, such that my < J(v,) < mg + % and

1
Jw) > J(v,) — =llw —v,l|, foranyw € B,. (3.13)
n

By Lemmas 3.1 and 3.2, we may assume with no loss of generality that ||v,|| < p for all n € N. For any
¢ € H'(RY) with ||¢|| = 1 and any small positive ¢, we see from (3.13) that w > —1 Letting
t — 0, we have (J'(v,), ¢y > —1. Replacing ¢ by —¢, we also have (J'(v,),¢) < 1 and, henceforth,
J'(v,) = 0in (H!(RY))* as n — oo. Therefore, {v,} is a bounded Palais-Smale sequence of J in H' (R")
at the level my. It follows from Lemma 3.4 that there exists v € B, such that v, — v strongly in Hr1 (RM)
up to a subsequence, so v is a nontrivial critical point of J.

The above argument shows that K = {v € H!(RV)|J'(v) = 0} # 0. Now, we define

co = glqg](v).
Thus, ¢y € (—00,0) by Lemmas 3.2 and 3.6. Let {V,} € K be a minimizing sequence for ¢y, then

co+o0,(1)=J@,) - %P(f/n) = %fRN IV, dx + % LN(Vh(x) - x)f(D,) dx. (3.14)
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Using the Holder inequality and (%), one has

1 1
Co + On(l) > = f |V\’>n|2 dx — —IIVh(x) . xl|L2N/(N+2)(RN)||9H||L2*(RN)
N Jan N

1 R 1 A
2 NJE;N |VD,[* dx — NS]/2||Vh(X)‘X||L2N/(N+2)(RN)( » [VD,* dx) . (3.15)

This implies {||VP,||,2g~} 1s bounded. In view of (3.1), we have

1 A 12 a2 N A 12" N
= IVi,|“dx +a V,dx < J@,) +b [0l dx + [|hll @i [Dnll2emy
2 RN RN RN

_N_

N-2

Sco+ou(l)+C (fN V9, ? dX) + [1all 2y 19nll 2y, (3.16)
R

then {9, } is bounded in H!(R"). Using Lemma 3.4 again, we see that there exists $ € H!(R") such that
P, — ¥ strongly in H'(R") up to a subsequence, so 9 is a nontrivial critical point of J. The arguments
in Section 2 indicate that &t = f(¥) is a positive solution of (1.3) and &(@) = J(V) = ¢¢ < 0.

Next, we prove the existence of a mountain pass type solution. By Lemmas 3.1 and 3.3,

J0)=0, weH®R")\B,, infJ > > 0> J(w).

LetT = {y € C([0, 1], H}(RY)) | y(0) = 0, ¥(1) = w} and define the minimax value

cy := inf max J(y(r)) > a > 0. (3.17)

el te€[0,1]

By Lemma 2.3, there exists a Palais-Smale sequence of J at the level ¢,. However, it seems impossible
to verify the boundedness of such a Palais-Smale sequence. To overcome this difficulty, we shall adopt
an idea originated in [24]. Define a map @ : R x H'(RY) — H!RY) by ®(6,v)(x) = v(e ?x). We
introduce an auxiliary functional J o ® : R x H'(R") — R given by

(N-2)8

(J o D)6, v) = IVv? dx — e? f G(f(v))dx — &V f h(e’x) f(v) dx.
RN RN RN

Clearly, J o ® € C'(R x H(RY),R) and (J o ®)(0,v) = J(v) for v € H(RY). It is easy to verify that

c¢; = inf max(J o ®)(¥(1)),
yer €[0,1]

where I' = {# € C([0,1],R X H!®")|7(0) = (0,0),7(1) = (0,w)}. By (3.17), for each n € N,
there is y, € TI' such that max,p 1) J(y.(f)) < ¢ + % Setting ¥, = (0,vy,), we have ¥, € [ and
max;eo.1(J © P)(¥,(1)) = maxep,1 J(ya(t) < c1 + ﬁ Using similar arguments as in [25, Lemma 4.3]
or by [26, Theorem 2.8], there exists a sequence {(6,,v,)} C R x H!(RY) such that

(J 0 D), v,) = c1,  dist((B, v), ¥[0,11) = 0,  (J o @Y (6,,v,) = 0 in (R x H;(RY))*
as n — oo, then it must be 6, — 0 as n — co. Setting v, = ®(6,,v,), we see that

J@) = (J o D)(b,,vi) = 1, P() =((J 0 D) (0,,v,),(1,0)) > 0, asn— oo
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and

(T @), @) = {(J © ®Y (6, V), (0, (=6, 9))), for any ¢ € H(R"),

then, since 6, — 0, we have J'(¥,) — 0 in (Hr1 (R™))*. Similar arguments as in (3.14)—(3.16) indicate

that

{v,} C Hr1 (RY) is a bounded Palais-Smale sequence of J at the level ¢;. Using Lemma 3.4 once

more, for some ¥ € H'(RY), we have ¥, — ¥ strongly in H!(R") up to a subsequence, so ¥ is a nontrivial
critical point of J. The arguments in Section 2 ensure that iz = f(¥) is a positive solution of (1.3) and
&E(ir) = J(¥) = ¢; > 0. The proof is finished.
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