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Abstract: In this paper, we investigate the existence of ground state sign-changing solutions for the
following fractional Schrédinger-Poisson system

(=AYu+ Vy(u + pugu = f(u), in R,

(=A)'¢ = u?, in R?,
where u > 0,5 € (%, 1),t € (0,1) and V (x) = AV(x) + 1 with 4 > 0. Under suitable conditions on f
and V, by using the constraint variational method and quantitative deformation lemma, if A > 0 is large
enough, we prove that the above problem has one least energy sign-changing solution. Moreover, for
any u > 0, the least energy of the sign-changing solution is strictly more than twice of the energy of the

ground state solution. In addition, we discuss the asymptotic behavior of ground state sign-changing
solutions as 4 — oo and u — 0.
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1. Introduction and main results

In this work, we consider the existence of ground state sign-changing solutions for the following
fractional Schrodinger-Poisson system
(=AYu+ Vi(xu + ppu = f(u), in R’ (D)
(-A)'¢ = u?, in R?, '

where u > 0, s € (43'1’ I),t € (0,1) and V (x) = AV(x) + 1 with 4 > 0. f and V satisfy the following
assumptions:

(f) f € C'(R,R), ltir{)l@ =0and f(r)t>0forallt € R\ {0};

(f2) for some 4 < p < 2 = £ there exists C > 0 such that |f'(1)] < C(1 + [1}"~);
f@

(f3) W is an increasing function of r € R \ {0};

(fa) lim Fo _ +oo, where F(t) := fo’ f(s)ds > 0;

(V1) V € C(R3,R) and V(x) > 0in R?;

(V,) there is b > 0 such that the set {x € R? : V(x) < b} is nonempty and has finite measure;

(V3) Q := int V71(0) is nonempty and has a smooth boundary with Q = V=1(0).

The above conditions imply that V, represents a potential well whose depth is controlled by A. If A
large enough, the potential AV (x) is called a steep potential well which was first proposed by Bartsch
and Wang [1].

As we all know, fractional differential equations have become increasingly important over the
past few decades due to their different applications in science and engineering. Hence, nonlinear
fractional Laplace equations have attracted much attention from many scholars. On the one hand,
fractional operators appear in mathematical and physical problems, such as: conformal geometry and
minimal surfaces [2], financial modeling [3], fractional quantum mechanics [4, 5], anomalous
diffusion [6], obstacle problems [7], etc. On the other hand, compared to the classical Laplacian
operator —A, the fractional Laplacian (—A)*(s € (0, 1)) is a non-local, and previous methods may not
be directly applicable. Therefore, problems related to fractional equations or systems have attracted a
large number of scholars ( [8—18]).

In fact, there are many articles about the Schrodinger-Poisson system (see e.g. [§—19]). Among
them are studies of the existence of ground state sign-changing solutions or nontrivial solutions under
different potentials, such as the vanishing potential ( [10, 11]), forced potential ( [12-14]), constant
potential ( [15—17]) and weighted potential [19]. In particular, Wang et al. [10] considered the following
nonlinear fractional Schrédinger-Poisson system with the potential vanishing at infinity

(=AN)*u+V(xXu+ ¢(x)u = K(x)f(u), x¢€R>, 12
(-0 = 12, xeR, (12)
where s € (%, 1),t € (0,1) and V,K : R® — R are continuous functions and vanish at infinity; f
satisfies some growth conditions. They obtained that system (1.2) has a ground state sign-changing

solution by using a Nehari manifold and constrained variational methods. Guo [12] considered the
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existence and asymptotic behavior of ground state sign-changing solutions to the following fractional
Schrodinger-Poisson system

{(—A)m + V(Ou + A¢(x)u = f(u), xeR3,

(-A) ¢ = u?, xeR3, (13

where s € (%, 1),t € (0,1), A > 01is a parameter and V satisfies the following conditions:
(Vy) V € C(R?,R") satisfies that inf3 V(x) > Vi > 0, where V > 0 is a constant;
x€R:

(Vs) there is r > 0 such that |ylli_r)lgomeas({x € B.(|V(x) < M}) =0 for any M > 0.
f satisfies (f3) and

(fs) f(u) = o(lul’) as u — 0;

(o) for some g € (4.2)), lim A

—00 |u|q—1
() lim F _ o

u|—o0 |1/t|3
By using the constrained variational method, the author showed that system (1.3) has a ground state

sign-changing solution u, and proved that the energy of the sign-changing solution is strictly larger
than twice that of the ground state energy. Furthermore, they also studied the asymptotic behavior of
the sign-changing solution u; as 4 — 0. Then, Ji [13] considered the existence of the least energy
sign-changing solutions for the following system

2

{(—A)Su + V()u + Ap(x)u = f(x,u), in R3, (14

(=AN)'¢ = u?, in R3,
where 4 > 0, s,t € (0,1),4s + 2t > 3, V satisfies (V4) and (Vs), and f satisfies the following
assumptions:

(f3) f : R* x R — R is a Carathéodory function and f(x, u) = o(Ju|) as u — 0 for x € R? uniformly;
(fo) for some 1 < p < 2% — 1, there exists C > 0 such that |f(x, u)| < C(1 + |ul”);

(Fio) Tim T8 oo where F(x. 1) = 1 f(x, $)ds;

u—oo  u*

(fi1) i l(jgt) is an increasing function of  on R\{0} for a.e. x € R3.
The author proved that system (1.4) has a least energy sign-changing solution by using the constraint
variational method and quantitative deformation lemma. In addition, they also proved that the energy
of the least energy sign-changing solutions is strictly more than twice that of the energy of the ground
state solution and they studied the convergence of the least energy sign-changing solutions as 4 — 0.
Besides, Chen et al. demonstrated that f exhibits asymptotically cubic or super-cubic growth in [18] .
Without assuming the usual Nehari-type monotonic condition on %, they established the existence of
one radial ground state sign-changing solution u, with precisely two nodal domains. Moreover, they
also proved that the energy of any radial sign-changing solution is strictly larger than two times the
least energy, and they gave a convergence property of u, as 4 — 0. Moreover, there are many articles
about the Schrodinger-Poisson system with steep potential wells (see e.g. [20-27]).

Inspired by the above references, we will study the existence of the ground-state sign-changing
solution of system (1.1) and the relationship between the ground-state sign-changing solution and the
energy of the ground-state solution. At the same time, we will also study the asymptotic behavior of

the ground-state sign-changing solution as 4 — oo and u — 0.
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Throughout this paper, we define the fractional Sobolev space given by
D**(RY) = {u e L*(R) : f I(=A)2 u(x)[*dx < +oo}.
R3
Let us define the Hilbert space

H'R?) = {u e [A(RY) : f (|(—A)%u|2 + |u|2)dx < +oo}

R

endowed with the inner product and induced norm
(u,v) = f ((~A) 2 u(-A)*v +wv) dx, el = (14, u)*
R3

And L9(R?) is a Lebesgue space endowed with the norm luly = ( ﬁ@ |u|qu)$ for g € [1, +0c0). For any
A > 0, we introduce the following working space

E, = {u € H'RY): f AV(x)utdx < +oo}
R3
with a scalar product and norm respectively given by

(,v), = f ((M3u=A)3v + Vi) dx,  llully = (u, ).
R3

From (V;), we can get that |lu|| < |lul|, for all u € E,. Then for any 2 < g < 27, the embedding
E, — L4(R?) is continuous and S, > 0 exists such that [ul, < §|lull < S,llull, for all u € E,. Suppose
that s € (%, 1) and r € (0, 1), we have

<4 < 6 =27

2 <
T 3+2t 3-2s °

Then, by [28], we know that the embedding H*(R?) — L%(R% is continuous. Considering that
u € H*(R?) and v € D**(R?), by the Holder inequality, we have

342 3u
2 T ’ 755 ° 2
uv < |l dx WiFzrdx| < Cllul P[]l
R? R? R?

Thus, thanks to the Lax-Milgram theorem, there exists a unique ¢, € D"*(R?) such that
(—A)' ¢! vdx = f (—A)2 ¢l (~A)vdx = f u?vdsx.
R3 R3 R3
That is, ¢/, satisfies that (—A)'¢! = u* for any u € H*(R?). Furthermore,

2
¢L:cff ) dy, xeR’, (1.5)
R

3 o=y
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which is called the t-Riesz potential, where

I'(3-21)
I'(n)

Y
¢, =n 2274

In subsequent work, we often omit the constant ¢;. Hence, system (1.1) can be reduced to a single
equation with a non-local term

(=A)Yu+ Vy(xX)u+pud'u=fu) in R

We can see that the solutions of system (1.1) are precisely the critical points of the energy functional
J4 : E; — R which is defined by

1
J;‘(u):—||u||3+’—‘ f ¢l u*dx — f F(u)dx, (1.6)
2 4 R3 R3

where F(s) = fos f(t)dt. Tt is easy to see that J* is well defined and J; € C'(E,,R). Moreover, for any
u,p € E/l’

(T (), ) = (u, ), +#f P itpdx — f f(u)edx. (1.7)
R3 R3

Now our main results in this paper can be stated as follows.

Theorem 1.1. Let (V}) — (V3) and (f;) — (f4) be satisfied, 4 > 0 be sufficiently large and u > 0; system
(1.1) has at least one ground state sign-changing solution which has precisely two nodal domains.
Moreover, the energy of the ground state sign-changing solution is strictly larger than twice that of the
energy of the ground state solution.

Theorem 1.2. Under the assumptions of Theorem 1.1, for any sequence A, — +oc0 as n — oo, the
sequence of sign-changing solutions {u;, } for system (1.1) strongly converges to u. in H*(R*) up to a
subsequence, where u, is a ground state sign-changing solution of the following system

1
(—A)Su+u+ﬁ — s u? u=f(u), inQ,
A7\ | x|

u=0, in 0Q,

(1.8)

where 1 xut = f ﬂdy and there are only two nodal domains.
|x] a lx—yP>
Theorem 1.3. Under the assumptions of Theorem 1.1, for any u € (0, 1], suppose that u, is a ground-
state sign-changing solution of system (1.1) that has been obtained according to Theorem 1.1. Then
there exists uy € E, such that u, — uy in E; as u — 0, where u, is a ground-state sign-changing
solution to the following equation
(=A)’u + V(x)u = f(u). (1.9)

Moreover, uy has two nodal domains.
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Remark 1.4. Our results are up to date. On the one hand, similar to [10, 12], we study the fractional
Schrédinger-Poisson system with a steep potential well. On the other hand, we generalize the results
of [20] to the fractional Laplace operator.

Remark 1.5. It is worth noting that, in [12, 13, 18], they assume that the potential is radially
symmetric or forced, which ensures that the Sobolev embedding H*(R?) into LF(R?) with p € (2,2%) is
compact. However, in our work, our potential is a steep potential well, which makes the Sobolev
embedding H*(R?) into LP(R?) with p € (2, 2;) lack compactness. In order to overcome this difficulty,
we use the ideas presented in [20,29] to find a (PS') sequence of the energy functional of system (1.1)
in E,, and prove that the local (PS) condition is valid.

We have organized this paper as follows. In Sect. 2, we present some preliminary lemmas which
are essential for the proof of the theorems. In Sect. 3, we give the proof of the main results.
We conclude this section by giving some notations, which will be applied later in the work.
o £’ is the dual space of the Banach space of Ej.
eBx(0) := {x € R? : |x| < R} for any R € [0, +o0) and Q° = R3\ Q.
eyt (x) := max{u, 0}, u”(x) := — min{u, 0}.
o(C, C; denote positive constants that may vary under different conditions.

2. Some preliminary lemmas

On the one hand, we need to prove the existence of the sign-changing solutions of system (1.1);
inspired by [30,31], the following minimization problem is given by

Ho_ H
m, = inf J(u)
A ueM‘j 4 ’

where
M, = {u €E, 1 u* #0,((J)) (w),u*) = 0}.
Clearly, M, contains all of the sign-changing solutions for system (1.1). On the other hand, we need

to prove the relationship between the energy of the ground state sign-changing solution and that of the
ground state solution. Therefore the following Nehari manifold A is introduced as follows:

Nit = {u € Ex\ {0 : () (), u) = 0}
Similarly, the following minimization problem is defined by
¢, = inf J(u).
A ueNf{ /1( )

By simple calculation, we can also get

f PLutdx = f ¢! |utPdx + f ¢! _|uPdx +2 f oL \u"Pdx (2.1)
R3 R3 R3 R3
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and
f I(=A) 2 ul?dx = f I(=A)2u' Pdx + f I(=A)>uPdx
R3 R3 R3 2.2)
+2 | (-A)ut(-A)2udx,
R3
where
f oL \utPdx > 0, f (=A) > u"(=A)>udx > 0
R3 R3
for u* # 0. Hence,
Jiu) = Ju) + J{(u) + f (=A) > u"(=A)>udx + 'gf oL |u”|Pdx, (2.3)
R3 R3
(Y ), u*y = () b, uty + f (—A):u* (-A)udx + p f ¢ |u*Pdx, (2.4)
R3 R3
(T ), u™y = () (), u™) + f (=A)2ut(=A)udx + f oL |u”Pdx. (2.5)
R3 R3

In order to prove our results, we give the following propositions and some preliminary lemmas.

Proposition 2.1. (See [32]) For the function ¢’ defined in (1.5), one has

(i) ¢, > 0 and ¢, = k¢!, forall r € R and u € H'(R?);

(ii) there is C > 0 such that fR3 ¢ u*dx < Cllull*,, .
3

+2s

Proposition 2.2. (See [33], fractional Gagliardo-Nirendo inequality) For any p € [2,2}), there exists
3p-2% 25-p

C(p) > 0 such that |ul}) < C(p)l(—A)%ulleuliT for any u € H*(R?).

Lemma 2.1. Assume that (f) — (fy) and (V) hold; for any A > 0 and u € E, with u* # 0, there exists
a unique pair of (s,, t,) such that s,u* + t,u” € M’j and

Ji(sut +tu) = max Jh(su® + tu”).

Proof. We first establish the existence of s, and ¢,. Let

g1(s, 1) =((J)) (su™ + tu™), su™)
=|ut|3 + st | (=A)ut(=A):udx+ sy | @ |utPdx
R3 R3 u (26)
+s2t2,uf ¢f4+|u_|2dx—f f(su)su™dx,
R3 R3
g2(s, 1) =((J) (su™ + tu™), tu”)
=\ |2 + st f (=A)2ut(-A) > udx + t*u f ¢! |uPdx
R3 R3 (2‘7)

+s2t2,uf ¢;+Iu_|2dx—f f(tu ) tu~dx.
R3 R3
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By (f1), (f») and (f3), it is not hard to see that g,(s, s) > 0, g»(s, s) > 0 for small s > 0, and g(¢,¢) <O,
g>(t,1) < 0 for large ¢ > 0. Thus, there exists 0 < r < R such that

gl(r’ r) > 07 gZ(r’ I") > Oa gl(R7R) < O’ gZ(R,R) <0. (28)
Thus we can deduce from (2.6)-(2.8) that

gl(r’t)>0a gl(Rat)<07 Vte [r’R]'

(2.9)
g(s,r) >0, g(s,R) <0, Vsel[rR]

By way of Miranda’s theorem [34], there exists some point (s,,t,) with r < s,,t, < R such that
g1(su, ) = g2(sy, ) = 0. So, s,u™ +t,u” € M‘j Next, we prove that (s,, #,) is unique by the following
two cases.

Casel. ue M.

For any u € M, it means that

|2 + f (-A)2ut(-A)udx + p f ¢! utPdx = f fuH)utdx. (2.10)
R3 R3 R3

By (2.10), we have that (s,, #,) = (1, 1). Then, we prove that (s,,t,) is the unique. Assume that (sy, #)
is another pair of numbers such that sou™ + fou~ € M‘j

spllu* ||A+s0t0f( A ut(=A)u dx+s0,uf oL lutPdx

(2.11)
+s0t0,uf 7 Izdx—f f(sou™)soutdx.
t2|| -112 AN (AN 4 ron,—12
ollu”llz+soto | (=A)2u™(=A)2u"dx + tyu ¢, lu"|"dx
R R (2.12)
+ s(z)tguf ¢;+|u_|2dx = f f(tou )tou dx.
R3 R?
It seems that 0 < s < 1y; from (2.12), we have
1 -2 1 3 -2
t—zllu ||ﬂ+t— ( A ut (A udx + p z%—Iu Idx
0 ‘ (2.13)

" f o wupdxs [ L (“’L_’)?( “Ydx.

From (2.10) and (2.13), we obtain

1 L2 AN AN Jou)  fw)| _4
(to 1)(|Iu ||4+fR3( A)zut(=A)zu a’x) > fRs [(tou‘)3 (u_)3](u )dx.

By (f3), if tp > 1, the left-hand side of the inequality is negative and the right-hand side is positive,
which leads to a contradiction. Therefore, we obtain that 0 < sy < 7y < 1. Similarly, by (2.10) and
(2.11), we get

i_ +112 AV (AN f(S()l/l+)_f(I/l+) +\4
(So 1)(|Iu ||/1+jl;( AN)2u"(=A)2u dx) < L} [(s0u+)3 (u+)3](u ) dx.
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In view of (f3), we have that sy > 1. Hence, sq = 7o = 1.

Case 2. u ¢ M,

If u ¢ M, there exists a pair of positive numbers (s,,7,) € M;. Suppose that there exists
another pair of positive numbers (54, 1,) such that s,u* + t,u” € M‘j Setu, := s,u™ +t,u” € M’j and
U := S,u’ + t,u” € M; one has

— s ! N A fy\— -
U = (—") S+ (—“) tauo = ( )ufr + (—“)ul e M.
SM tu Su tu

Since u; € M , by Case 1, we get that = 7 = 1, which implies that s, = s, and t, = t, and (s,,1,) is
the unique pair of numbers such that suu +tu” € M.

Finally, we define y(s, 1) := J4(su* + tu”); it can be seen that J4(su™ + tu™) > 0 as |(s,1)] — 0
and J%(su® + tu”) < 0 as |(s,7)] — oco. Then the maximum max Ji(su” + tu”) is well defined. Now, it

is sufficient to check that the maximum point cannot be reached on the boundary of [0, +00) X [0, +00).
Assume that (0, #y) is a maximum point of  with 7, > 0. Then, since

W(s, t0) =T (su™ + tou™)

52 st o
:§||u+||ﬁ+st0f( A)Zu( A)Zu dx+Tf ¢M+|u |“dx

”Of¢t|—2dx f
R3

W)s(s, to) =sllu* |2 + 1o f (-A)2ut(-A)udx + s°u f oL |utPdx
]R3 R3

st st?
- f Fsubyutdx + 2 f o uPx + f o Pdx,
R3 2 R3 2 R3

if s is small enough, (¥")(s, fy) > 0O; thus ¢ is an increasing function of s and the pair (0, #y) is not a
maximum point of ¢. Similarly, ¥ can not achieve its global maximum on (s, 0) with sy > 0. Since

P
u+| dx+—||u ||4

+2dx,

(Syst,) is a unique pair of such that su™ + tu e M, it follows that
Ji(sut +tu) = max J(su” + tu”). The proof is now finished. m]
s>

Lemma 2.2. n; = inf, J%(u) > 0 for any A, u > 0.
ue M,

Proof. For every u € M, we have that ((J}))'(u), u) = 0. By (f;) and (/>), for any & > 0, there is C, > 0
such that
lf() < elt] + C P! forallt e R. (2.14)

Then, by the Sobolev inequality, we get

llul3 <llul3 + f PLuldx = f fwyudx
R3 R3

wldx+C, | |uPdx (2.15)
3

R R3
211112
<&Ssllully + CeShllullf.
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Taking € = SZ, so there is a constant v > 0 such that IIuIIA > v. By (f3), one has
1
F = Zf(t)t - F(t) >0, (2.16)
consequently,
1
Jhw) = J(u) - —((J”) (u),uy > —IIMII 2 77 (2.17)
which implies that n; > }Ly > (. Then the proof is completed. O

Next, we will prove the existence of sign-changing solutions for system (1.1). Given the lack
of compactness of the Sobolev embedding H*(R?) into LP(R?), p € (2,2%), we need to construct a
sign-changing (PS )n-sequence. Inspired by [29], we give some definitions. Let P denote the cone of
nonnegative functions in E,, Q = [0, 1] X [0, 1] and X be the set of continuous maps o~ such that

X = {0’ € C(Q,E); g(5,00=0, 0(0,1) e P, o(1,1) € =P, ij(O'(s, 1)) <0,

fR Slo(s, D)o(s, D)dx

zzv&mqau}
llo(s, DI + f o lo(s, DI
R3

For each u € E, with u* # 0, let (s, t) = kt(1 — s)u™ + kstu™, where k > 0 and s, € [0, 1]. It is easy
to know that o (s, f) € X for k > O sufficiently large, which means that X # (). Define

Joa foud if u # 0;
I(u, v) = { I+ Fos D)2 u(-8) 2 vdxp 3 dladdxsu [ 5 fluldx’ ’ (2.18)
0, if u=0.

Apparently, u € Mﬁ ifand only if l(u",u™) = l(u”,u") = 1. Define
1 31 3
U, := {I/t €eE,: 5 < l(u+,u_) < 5,5 < l(l/l_,l/t+) < 5}

Lemma 2.3. There exists a sequence {u,} C U, satisfying that J’A‘(un) — m’j and (J’j ) (u,) = O0in E as
n— oo,

Proof. We divide three steps to complete the proof. First, we prove the following
inf sup J5(u) = inf J5(u) =m.
inf MEO_(%) (u) = by W) = my

For each u € Mﬁ, there is o°(s, 1) = kt(1 — s)u™ + kstu™ € Z for k > 0 sufficiently large; by Lemma 2.1,
we get
Ji(u) = max J”(su +tu”) > sup Jy(u) > inf sup J(u),

ueo(Q) o€ u€o(Q)
which implies that
inf J%(u) > inf sup J'(u). (2.19)
MEM oex uea(Q)
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At the same time, we assume that for each o € X, there exists u, € o(Q) N M, such that

sup Jh(uw) > J(uy) > 1nf Jh(u).

uea(Q) ueM,

As a matter of fact, on the one hand, for any o € X and ¢ € [0, 1], one has
I(0"(0,1),07(0,1) = (0c7(0,1),07(0,1) = (07 (0,1),07(0,1)) > 0, (2.20)

o™ (1,0),07(1,0) = (o~ (1,1),0"(1,1)) = =l(c(1,1),07(1,1)) < 0. (2.21)

On the other hand, from the definition of X, for any o € X and s € [0, 1], by the elementary inequality
g + % > TT‘C’ for all a, b, c,d > 0, we get

f Sflo(s, D) (o (s, 1))dx
ot (s, ), 0 (s, 1))+ (o (s,1),07(s, 1)) > S

llor(s, DI + f3 B (s, DPdx
R

> 2.
Therefore,
ot (s, 1), 07 (s, 1)+ o (s,1),0%(s,1)) =2 >0, (2.22)
I(c"(5,0),0(5,0) + [(0c7(5,0),07(5,0)0 -2 = -2 < 0. (2.23)

According to Miranda’s Theorem and (2.20)—(2.23), there exists (s, f,) € Q such that

0=U0"(S0s10), T (Ss 10)) = UO ™ (Sers 10)s T (S5 1))
= U0 (Se: 1), O (Sos 1)) + LT (805 10), T (S0 L)) —
then
U™ (505 t0), 0 (Ses 10)) = UO™(Sers 10), 0 (50, 15)) = 1,
which implies that for any o € X, there exists u, = 0(sy,1,) € 0(Q) N Mﬁ Moreover,

sup J(u) > J(us) = 1nf J“(u)
ueo(Q)

Therefore,
1nf sup J4(u) > 1nf J”(u) (2.24)

uE(r( 0) ueM

So, by (2.19) and (2.24), one obtains

inf sup Ji(u) = inf J\(u) =
ueM,

oex uEa’(Q)

Secondly, we look for the (PS )mﬁ-sequence {u,} C E, for Jﬁ‘ . Considering a minimizing sequence
{wa} € M and 0, (s, 1) = kt(1 — s)w;; + ktsw, € X with (s, 1) € Q. Then, thanks to Lemma 2.1, we have

lim max Ji(w,) = hm Ji(wy) = mt. (2.25)

n—o0 weo,(Q)
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Using a variant form of the classical deformation lemma, we can deduce that there exists {u,} C M’;
such that
S uy) = my, (J) (u,) — 0, dist(u,, 07,(Q)) = 0, asn — oo. (2.26)

Assume that this is a contradiction. Then it is possible to find a & > 0 such that 0-,(Q) N Ds = 0 for n
sufficiently large, where

Ds = {u €E,:veE, stllv—ully <6 (D)W <6, [J5(v) —nty| < (5}.

By [35], for some € € (0, '%ﬁ) and all ¢ € [0, 1], there exists a continuous map n : [0,1] X E; — E,
satisfying
1) 70, u) = u, nt, —u) = -n(t, u);

(i) 1t 1) = u, Vu € J’"’i‘f U(E N I

(iii) n(1, Jm‘ : \D5)CJ X

(@) (1, (5 A P)\ Dy) Jf‘g N P, where J¢ = {u € E, : J(u) < d).
By (2.25), we can choose n such that

m

7(Q) C IIE, 5, (Q) N Dy = 0. (2.27)

Let us define o,(s, ) := n(1, o,(s, 1)) for all (s,7) € Q. We need to prove that 0,(Q) € X, and thus that
a.(0) C J;"”_j in view of (2.27) and property (iii) of 7. This is a contradiction of the inequality below

€
nt, = inf sup Ji(w) < max Ji(w) <m - .
oex wea(Q) we a'n(Q) 2

By property (ii) of  and o, € X, we derive that

a(s,0) = (1, 0,(5,0)) =n(1,0) = 0

And it is from 0,(0,7) € P, (2.27) and property (iv) of n that ,(0,1) € P. Because of o,(1,t) € —P
and (2.27), we obtain that —o,(1,1) € (J;"" ® A P)\ D;, which implies that

En(l’ t) = _T](l, _O-n(15 t)) € —P.
Furthermore, by the definition of X, we get J*(c,(/, 1)) < 0. By property (ii) of , we can infer that

(s, 1) = n(1,04(s, 1)) = o(s, 1),
which implies that
S (s, 1)) = Ji(0(s,1)) <0

and

f flo(s, D))o(s,1))dx
R > 2.

llo(s, DI3 + p f 3 ¢ plo(s, DPPdx
R

From the above, we can conclude that o, € X from the continuity of  and o,.
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Finally, we claim that {u,} C U, for n sufficiently large. Because (J‘ﬁ‘)'(u,,) — 0, we can see that
((J)) (uy), ) = o(1). Then we only need to prove that u; # 0 because it implies that I(u},u,) —
1, l(u,,u}) — 1, and thus {u,} c U, for n sufficiently large. From (2.26), there exists a sequence {v,}
satisfying

Vp = SnW:l- + tnwy_, € O-n(Q)» ”vn - un“xl — 0. (228)

In order to prove that u; # 0, we just need to prove that s,w’ # 0 and 7,w, # 0 for n sufficiently large.
Since {w,} C M‘A‘, similar to (2.15) and (2.17), we obtain that C; < [[w;]|, < C,. Hence, we only need
to prove that lim s, # 0 and lim 7, # 0. If lim s, = 0, by the continuity of Jg and (2.28), we infer that

n—oo n—oo n—oo

nly = lim J4(v,) = lim J(s,w, + t,w,) = lim J;(t,w),).

1.

Howeyver, let € = 37
2

for s > 0 small enough, by (2.14) and (2.16), one gets

o 1; 1
= i S0

= lim max J (sw;, + tw;)
n—oo 5,t>0
> lim J(sw,, + t,w,)

n—oo
: 1 + -2, M t + -2
:31m Ellswn +t,w, |7 + 7. P i LW+ W, [dx
500 R nTihWn
—f F(sw; +tnw;)dx)
R3
2

S ”W;Hﬁ - L} F(sw;)dx) + ’}Lrg Jf{(t,,w;)

n—oo \ 2

2 1
> lim S—llw:[llﬁ - —f flswy)swydx| + lim J5(t,w,)
n—oo \ 2 4 R3 n—oo

2 2
. (s es C.s?P . _
> lim | = |w!|3 - = f wHdx — == f lwiPdx| + lim J%(t,w,)
2 4 R3 4 R3 n—oo

52 2 % =SS
: +112 +112 +(1P . H -
> Tim =l — =1 = ||wn||ﬂ)+ lim J4 (tw;)
pQP
2 X CS%S S
=lim | —|wi||5; = ———|w ||’ | + lim JX(¢t,w;
lim | w1 = =l | + Tim (o)
>C + nt,
u
>m),
which is a contradiction. Therefore, {u,} C U, for n sufficiently large. O

Inspired by [36], with the help of the Nehari manifold, the following results hold. Since the proof
is similar, we omit it here.
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Lemma 2.4. Assume that (V) and (f}) — (f3) hold, then, (i) for any u € E,, there exists a unique s, > 0
such that 5,u € N, and

S (Sau) = max Jh(su);
(ii) system (1.1) has a positive ground state solution u € Nf{ and J,(w) = c’j
3. The proof of main results

Proof of Theorem 1.1. From Lemma 2.3, there exists a sequence {u,} C U, satisfying that Jﬁ (u,) — m’;

and (J’;)’(un) — 0. Then, we need to prove that {«,} is bounded in E, according to Lemma 2.3. From
(2.16), one has

1
i+ (1) =4uy) = (Y ), )
=i||un||3+ f F (un)dx 3.1
R3

2
ZZ”unH,b

that is lim sup ||u,|, < 4mf‘l. Thus, {u,} is bounded in E,. Up to a subsequence, still denoted by {u,},

n—oo

there is u,, € E, such that, as n — oo the following holds:

Up = Uy, in E,,
Uy = Uiy in Lj, (RY) (2<q<2),
un(X) = uy (%), a.e.in R>.

By Lemma 2.3, we have that (J5)'(u,) — 0in E} as n — oo, which implies that (J})'(u,,) — 0 in Ej.
So, u,, is a solution of system (1.1).

Next, we claim that u, , is a ground state solution for system (1.1), that is, J’j (py) = m’j Since
Uyy € M’j, one obtains that J’j (Upy) = m’; Then, combining Fatou’s Lemma with (2.16), we get

1
mly = lim J(u,) = lim (Jfl‘(u,,) - Z((Jf{)’(u,,), un))
1
= lim (—||un||§ + f T(un)dx)
nmeo \ 4 -
1
21””1,;4“% + f F (up)dx
R3

1
:Jf{(l/t,l,ﬂ) - Z((Jg)/(u/lp), u/l,/J>

=Jf{(u/l,ﬂ).
Hence, J%(u,,) = n;. So, u,, is a ground state solution of system (1.1).
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Finally, we need to prove thatuj’ﬂ # 0, that is, u, , s a sign-changing solution of system (1.1). By

Lemma 2.3, {u,} C U,. It follows from (2.15) with & = glz that
2

ez 13 <l 113 + e f B () dx + f (=A)2 iy (~ D)y dx = f flu)udx
R R3 R3

<e f lu|*dx + C, f )P dx
R3 R3

1
:_2f uZ?dx + C 1 |t |Pdx
252 R3 252 JRr3

<—||lut PlluElP
_2||u,,||A+C%Spllu,,ll ,

i
72
which means that |juf]|; > [_zsl’é‘ 1 ] and
P Egg

p

2
|
Pdx > € := .
fR3|”"| r=e [25;,01)
25%

Set

AR:{xeR3\BR(0):V(x)2b}, DR:{xeR3\BR(O):V(x)<b}.

Then, we have

1
limsupf |uZ|*dx S—f AV ()|t dx
n—oo AR /lb AR

|
<—— limsup [lu; 13

n— oo
u
4m/l

<—.
Ab

(3.2)

(3.3)

Moreover, we have that |Dg| — 0 as R — oo by (V,). Hence, from the Holder inequality, as R — oo,

2 s=2
uPdx < (f |u;|sdx) (f 1dx) < Cllut|2IDRIS = 0,
Dg Dg Dy

(3.4)

where s € (2,2}). Moreover, thanks to (3.3), (3.4) and Proposition 2.2, taking R > 0 large enough, we

get

lim sup f | |Pdx
n—o0 R3\Bg(0)
=P

<Ci(p)lim sup (l(_A)2u§|R3\BR(O)|2 S 7 O )

n—0o0
25-p
. + 2 +12 +2 o
<Cy(p) lim sup |||u,]l, * |u;,|“dx + |ue; |“dx
n—oo AR Dg
ijp

1 5p-27
SC3(p)(%) (4nm')" = + og(1).

(3.5)
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Let Ry > 0 such that og(1) < £ for all R > R;. Then, let

2%5-p
7

@nt') "7 + 0g(1) <

b

N m

1
Csi(p) (%)

we can deduce that
5])*2?

4 4 5p=2§
1> C(p)b—l(;)zf—p @) =1 Au). (3.6)
So, for any A > A(u) and R > Ry, we have

lim supf | |Pdx <
n—oo R3\Bg(0)

N m

Then,

lim sup f luZ|Pdx =Tlim sup f luZ|Pdx + Tim sup f lut|Pdx
n—co  JR3 n—co  J Bp(0) n—eo JRI\Bg(0)

€
< f utlPdx + <.
Bg(0) 2

By (3.2) and (3.7), one gets that lim supf i |Pdx > g > 0, that is, fB o Iujﬂll’dx > 0. Hence,
Bg(0) ¥ ’

n—oo

(3.7

uj’ﬂ # 0. In short, u, , is a ground state sign-changing solution of system (1.1).
Next, we are going to prove that n/, > 2¢/,. From Lemma 2.4 (i), there exists 5,1 > 0 such that
?u;,ﬂ,;hiﬂ € Nﬁ’ . Then, it follows from Lemma 2.1 that

mly =T (uay) = Ty, +uy,) = Ji(suy, + tuy )

=JhGug,) + Jy(tug,) + 5T f (=A)2u, (—A) 2y, dx
R3
“2}2 “2';2
LB f ol (), dx+ f oL (7, dx
4 R3 Ap 4 R3 Ap

>JGuy,) + J(uy,) > 20,

Lastly, we prove that u,, changes sign only once, that is, u,, has two nodal domains. By
contradiction, we assume that u,, = u; + uo + u3 with

u; 70, wu; =20, u <0, u3=>0,

supp(u;) Nsupp(u;) =0, i+ j@i,j=1,2,3).

Then, let v = u; + up, v\ = u; and v~ = up; by Lemma 2.1, there exists a unique pair of (s,,%,) €
(0,1] x (0, 1] such that

+ - _ H H H
s, + tv = Suy +hup € M > J/l(svul + lletz) 2 n,.

By () (ua,), uiy = 0 (i = 1,2, 3), it follows that ((J})'(v), v} < 0 since
1
0 :Z<(Jﬁ)’(ua,,,), us)
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1 1 1 . .
=—||u3||§+—f( ~A)2uy(— A)zust+—f ) ur(=A)2usdx
4 4 Jos

f¢u1 dx+1f¢’uzu f T widx — ff(u3)u3dx

1
4||u3||1 4f( A)2uy (—A) usdx + f —A) uy(~A)}uzdx
R}

+Hf¢;u3dx+—f¢;”3dx+—f¢lu“§dx_fF(”3)dx
| 4 o5t 4 Jps " R

<JHu3) + = f ¢, uzdx + = f ¢!, u3dx.
R3

From (2.16), we have
m’j SJ’j(svu] + o)

1
=J4(syuy + L) — Z((J’j)'(svul + Byln), Sy + Huo)

2 2
k) t
2 2
=—|luq 5 + F (syur)dx + —|lus|l; +
4 R3 4

1 1 1 s s
S—Ilullﬁ + f F(u))dx + —||u2||i + f F(up)dx + = f (=AN)2u (=A)Zurdx
4 R3 4 R3 2

SJg(u1)+Jﬁ{(u2)+'lif¢Llu§dx+/—lf(/)ul 2dx + = fgbuz

R3

f( A)2u1( A)2u2dx+ f( A)2u3( A)Zuldx+4f( A)2u3( A)2u2dx

<J(uy) + T () + T (u3) + —f ¢ usdx + —f ¢! usdx + —f ¢! usdx
2 R3 ! 4 R3 ! 4 R3 2

+ f (=A) 2 u(—A)2 urdx + f (=A) uz(—A)2uydx + f (=A)2u3(—A)2 urdx
R3 RS R3
=Jﬁ(u1,ﬂ) = m’j

which is impossible, so u, , has exactly two nodal domains.

Sui(=A) 2 updx

O

In what follows, we will give the asymptotic behavior of the ground state sign-changing solution.

We define J%, as the energy functional of system (1.8):

1 s 7 u*(y)
JL == —A)2uf? 2d —ff—d Zd—fF dx.
= 2fg'( bty g( o drx—ypra ) | Faod

It is not difficult to obtain that J% € C'. Define

M ={ue Hy(Q) : u™ # 0,{((J%) (u),u*) = 0} and mt, = 11}/1: JH (u).

It is easy to get that Mg, c M and J(u) = J(u) for A > 0. Thus, we have that n; < m,.
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Proof of Theorem 1.2. For any sequence 4, — oo as n — oo, {u, } is a sequence of sign-changing
solutions for system (1.1) with J% (ua,) = m; < ml and (J/ )'(ua,) = 0. By (2.16), we conclude that

mb, 2ty = Jh (uy,) = i((f’jn)'(uan)’ ua,)
= %lluanlli + fQ F (u,)dx (3.8)
> 2l 1B
Hence, {u,,} is bounded in H*(R?). Passing to a subsequence, there is u, € H*(R?) such that

Uy, — U, in H*(RY),
Uy, — Uy, in L] (R%) (g €[2,2))),

uy, (x) = u(x), ae.inR3.
Step 1: We will prove that u, is a solution of system (1.8). By (V) and Fatou’s lemma, one gets

2
e,

0< f V(x)uidx < liminf f V(x)u; dx < liminf
R3 n—oo R3 n—oo

n

By (V3), we can deduce that u.|oc = 0. Hence, it follows that u. € H;(€2) from the boundary of Q
which is smooth. Because (J’jn)’(udn) = 0, we can deduce that {((J%) (u.),v) = 0 for any v € H;(€),
which means that u, is a solution of system (1.8).

Step 2: We need to prove that u, — u, in H*(R?). Then, similar to (3.3) and (3.4), we have that

lim | |u, —wu,*dx =lim ( f |y, — u.*dx + f lua, — u*lzdx)
n—eo Jp3 n=00 \ JBr(0) R3\Bg(0)

= lim (f |uey, — u,|*dx + |ua, — u*|2dx)
n—o00 Ag Dg

lla, — w3
<lim —— " _,
n—oo /lnb

Hence, lim f luy, — u.l’dx = 0 with g € [2,27). Thatis, u,, — u. in L1(R?) with g € [2, 2%). Then,
n—o0 R3

e, — w3 =) (ua, = ) g, — ) — f (Br, s, — Bl ) (g, — w.)dx
R3
+ fR 3(f (wy,) — f(w.))(uy, — u,)dx.

Obviously, we can draw the conclusion that ((];‘n)’(u,ln —u,),uy, —u,y = 0. Applying an argument
similar to that in Lemma 2.1 in [37], we can get

ﬂf (fl’iun Uy, — @ u)(uy, — u)dx — 0
R3
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as n — oo. By the Holder inequality and (2.14), we have
f L) = f@o)u, — u)dx
R

—1 -1
< f |, + lael) + Colluag, 177" + 77| g, — .ldx
R3

2 2 2 -1 -1
<e(lig, 2 + 1Bl — 1B+ Collin, 127" + a2y, = 1

Since u,;, — u, in L1(R?) for g € (2, 2%), we get that fIR3[f(u,1,l) - fw))(uy, —u)dx — 0asn — oo.
Hence, |lu;, — u.ll} = 0, that is, uy, — u. in H'(R?) as n — co.

Step 3: We claim that u, is a ground state sign-changing solution of system (1.8), that is, J&,(u,) =
m, and uy # 0. On the one hand, for mﬁ < ml, and m‘j — J5(u.), we get that J5, (1) < mh,. On the
other hand, since u, € M, by (2.16), we have

uo_qu
m/ln _J/ln(u/l")

1
= ,}1_)1’2 [Ji(u/ln) - Z <(J/;n),(u/l,,)’ I/l/1n>:|

1
= lim (—||uﬁn||§ + f ”f(u,ln)dx)
n—ooo \ 4 " R3
1
>— |3 + f F (u,)dx
4 Q

1
=J5 (u.) — Z((Jé‘o)'(u*), 7
=J5 (u.)

)
>m.

Thus, J5(u.) = nth,, that is, u, is a ground state sign-changing solution of system (1.8) and u,, — u. in
H*(R?) up to a subsequence. Then, analogous to the proof of Theorem 1.1, we can get that u, has two
nodal domains. Hence, we have completed the proof of Theorem 1.2. O

Next, we will prove the asymptotic properties of sign-changing solutions given in Theorem 1.1
as u — 0. For convenience, we let u, := u,,, J, := J; and m, := m,. In addition, we set the energy
functional and constraint set of (1.9) as Jo(u) = Jg(u) and M, = Mg; similarly, my = iI}l\g Jo(u).

ue/My

Proof of Theorem 1.3. For any {u,} C (0, 1) with u, — 0 as n — oo, u,, is a ground state solution of
system (1.1) with ¢ = p,, which has been obtained in Theorem 1.1. In other words, J,, (u,,) = m,, and
g, uy,) = 0. Similar to Theorem 1.1, we have that {u, } is bounded in E,. Up to a subsequence, we
can assume the following:

M,u,, — Uy, in E,l,

u,l—ln — U, in L;IOC(R3) (C] € (2, 2:))’

u, (x) = up(x), ae.inR>.

Step 1: We need to prove that i is a weak solution of (1.9).
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For any ¢ € E,, thanks to Proposition 2.1 (ii), we have

f} ¢;Fn uﬂngodx < C
R

and

fR3 ((—A)%u#n(—A)%go + Vl(x)u#n(p) dx + u, L} ¢;ﬂn Uy, pdx — fn@ Sfu,)dx = 0. 3.9

Then, let n — oo; we get

f (=AY uo(=A) 2@ + Va(x)uop) dx f fuo)pdx = 0. (3.10)
R3 R3

Hence, u, is a weak solution of (1.9).

Step 2: We will prove that u,, — upin E; asn — oo.

First, we need to prove that u,, — ug in L7 (R?) with g € (2, 27) as n — oo. Thus, for r > 0, let
£ € C*(R?) such that

Lo x> 3,
&r(x) = { (3.11)

0, x| < %,

with fRS(—A)gfrdx < % Let u € E, such that ||u, |l < L, for some L > 0. Then, for any 7 € C'(R?)
with n > 0, we obtain

[ (e nr Vi n) s [ 6, ndx= [ s, u,ndx
R3 R3 R3

Taking n = &, and € = 3, by (2.14), it follows that

1
2’
[ (et f s vicod )edr s [ 6, e
R3 ]R3 ‘Hn n
= f S,y E-dx — f Uy, (A u,, (—A)?&,dx
R3 R3
8
<e fRs uznfrdx +C, fﬂ@ uy, &dx + - fRS (|(—A)zu“n|2 + uﬁn) dx
1 2 -2 2 8 5 2 2
SE ‘[1;3 Mynfrdx + C%LP LS uun‘frdx + ; LS (l(_A)zu,un' + u,un)dx’

that is

S

(I8, P+ [ V() - €, 1722, ) £

R3

(3.12)
SR 42
<= fR (I-2)2u,, P + a2 ) dx.

oo

Besides, for R > 0, we set

Ag = {x € R*\ Bx(0): V(x) < b} and Dy :={x € R*\ Bx(0) : V(x) > b}.

Communications in Analysis and Mechanics Volume 16, Issue 2, 307-333.



327

M = C%LP‘Z. Let r = R; by (3.12), one has

In fact, by (V,), we have that IZRI < gas R — oo; then, AV(x) > M in BR from A4 > %, where

: T
(-8, P+, ) dx < . (3.13)

R3

3 8
f (=AY u,,, [* + [AV(x) = M]u dx < — f
>R ! R
where T' = 8 sup||uy,|l,. Since
f (=A)2u,,, >+ [AV(x) — M]u, dx
|x|>R
> f (=AY u,,, [P+ [AV(x) — M]w dx + f [(=A)2u, |*dx (3.14)
A~R ! 5R
>-M ﬁ wdx + | 1(=A)2u, *dx
AR Dg

> = Clluy, IRIARE + | (=A)2u,, Pdx,
Dg
thanks to (3.13) and (3.14), one gets
s 2 T 2% 2
_(=A)2u,,I7dx < 7 + Clluy, [I71ARI3. (3.15)

Dg

We have that H'(Bg(0)) — L9(Bg(0)) is compact for 2 < g < 2%, that 1s, u, — u in LY(Bg(0)) with
2 < g < 2. For any R large enough, according to (3.15), Proposition 2.2 and the boundedness of {u,},
we have

|Lt,1 - ulz

=f i, — ul?dx + f lu, — ul?dx
Bgr(0) R3\Bg(0)

=f |, — ul?dx + ﬁ |, — ulldx + | |u, — ul’dx
Br(0) Ag Dr

— 2% s 3¢-25 %q
< —yll4 oF —A)2 _ Z_ _ 7
<&+ Clluy — ulljlArl = + CYI=2)2 y — )], 5 it —utl ;5 (3.16)
21‘;(] s 3q72j s 3q-2%
< _ 2 _ b 2~ _ b 2~
<C. + C(@lluy — ull, (|( Bl T +I(=A) ”'Lz@R))

3¢-2§

2%-q

%4 (T ~ 2 2
<C, + C(@)lluy — ull,” (E N C||un||3|AR|3)
<C,.

Thus, u,, — up in LY(R?) with ¢ € (2,2%) as n — oo. Then, by Lebesgue’s dominated convergence
theorem, we get

f Sy, )u, dx — f f(up)updx asn — oo.
R3 R3

Let ¢ = u,, apply capitalization (3.7) and ¢ = u in (3.8), we have that u,, — ugin E; as n — oo.
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Step 3: we claim that i is a ground state sign-changing solution. That is, ug # 0 and Jo(up) = m,

Similar to (2.15), from (J} (u,,), ujn> = 0, we can deduce that ||u§||fl > 0. So ugy # 0, that is, u is
a sign-changing solution for (1.9).

Next, we will prove that u is also a ground state solution for (1.9). Similar to the discussion of
Theorem 1.1, we can obtain that (1.9) has a ground state sign-changing solution when ¢ = 0. That is
to say, we have that vy € M, such that Jj(vo) = 0 and Jy(vy) = my. Thanks to Lemma 2.1, there exists
only a pair of positive numbers (s, ,,) such that s, vi + 1, vy € M,,. Then, we need to prove that
{s,,} and {z,,} are bounded. Indeed, we assume that lim s, = co. According to (f;) and (f4), for any

a > 0, there is b > 0 such that n_m
F(f) > at* — bt* forall 7 € R. (3.17)

Then, let a > 0 sufficiently enough, thanks to (3.17), Lemma 2.2 and the Young inequality, we have

0 <J,,(Su, Ve + 1, Vo)
2 2

t
||v0||A+s,1n “”f( A)ZVO( A)Zvodx

f ¢ lvol f ¢! |v0|2dx— f F(s,,vy)dx
“zﬂ"pnf ¢’vglv6|2dx—f F(t,,vy)dx
R3
1
S(§+bS§)sﬁnllv(§|ll+ﬂun f ¢ |v0|2dx as,, f vil*dx
1 _ ’ _ _
+ (E + bsg)zﬁnnvoni + %,un fR s vol*dx — at,, fR v *dx
st , :
+ Ly, f oL o lPdx + syt f (=A)2vi(=A)2vydx
2 R3 0 R3
1 s
s(5+bsg)sjn||vg||ﬁ+ﬂun f ¢ volPdx — as), f vil'dx
( +bS) vol3 + “”un f ¢ vol’dx — at, f vgl*dx

+ St fR 3(—A)%vg(—A)%v5dx

4

1 S
( 2+bS2)s vl + Z f ¢! lvgPdx - as’ f vi*dx
1 ! i _
+(§+bsg)tﬁn||vg||3+ : f ¢! olPdx — ar’ f v |*dx
R3 R3

+ Syl f (=A)3vE (=A)Svydx
R3
<0.

+

This is a contradiction. Hence, {s,,} is bounded in R. Analogously, {z,,} is bounded in R. Then, by
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(f3), we obtain

1
[ -] [ lase- o

4 3.18
L _F@) + Fi) G-18)

1-
=/ —
>0.

Consequently, thanks to (3.18), we get

_Szn ’ + l_tﬁn ’ —
T, 00 v0) 4 =, (). vp)

S (V0) =00, (8, V5 + 1, V) +
(SZ” - 1)2

+112 (fﬁn—l)z -2, M2 242 )
4 vollz + T”Vo”/l + Z(s”” - Z‘#n) - ¢V5|Vo| dx

+f[1 FHvg — F(vg)+F(tvg)]dx
R?

I

— Syt fR 3(—A)%v3(—A)%v5dx -~
4

& f (—A)3vy(—A)>vpdx
R3

o — F(vy) + F(tva)] dx

4

3(—A)%v3(—A)%v5dx
R

4

+ 1 B Sﬁn ’ + 1 B lﬁn ’ —
>J,, (S, vy + 1, vy) + 1 (J#n(Vo), Vo) + 1 (J#n(vo), Vo)

. . 1— st , ,
— Syt fR 3(—A)7v3(—A)7v5dx— m fn fR 3(—A)7v3(—A)7v5dx

1-r , .
- - f (=A)2vi(=A)2vydx.
4 R3
Hence, by (J|(vo), vy) = 0, we infer that

mgy =Jo(vo)

Hn
=Ju,(vo) — Zf gbvovodx
R3
_ _p
>J, (s, V5 +1t,v))+ B J! (vo), vy + B (Tl (o), v)
=Y Up \P U V0 Hn V0 4 Mn L] 4 Hn > Y0

4

1_s S S
- St f Cahgvpar - — [ A
R3

Lok f (—A)%v(t(—A)%vadx— £ f ¢! vidx
Zmﬂn ’u” f ¢v0|v0 |2d-x + f ¢V0|v0 |2d.x
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4

) S N s s
—sﬂntﬂnf(—A)zvg(—A)zvadx— 4””](—A)zv5(—A)zv5dx
R3 R3

1-¢ ) .
- 4””](—A)W3(—A)W5dx—'%f ¢>’V0v(2)dx
R3 R3
b,

4

S
_ Han t 2 to,—12
_m,un - Tl’ln ‘[RS ¢VO|v8—| dx— 4 l’tn \[};3 ¢V0|v0| d'x

S s 1_s4 S S
— St f (—A)ivg(—A)ivgdx—T”" f (=A) v (=A)2vydx
R3 R3

4

-—n f (—=A)2v§(-A) vydx.
4 R3

which implies that lim sup m,,, < mg. Then, thanks to (2.16) and the Fatou Lemma, one has

n—oo

1
mgy = Jo(vo) <Jo(uo) = Jo(uop) — Z(J(/)(MO), Up)

1
=7 luoll} + f F (uo)dx
R3

1
< lim l—uuﬂnnﬁ + f F (uﬂn)dx]
n—oo 4 R3

: L
= ’11_)1’1; |:J“n (u/dn) - Z<J,un (uﬂn)’ u/l” >:|
= 1im J,, ()
= lim m,,

<my.

Hence, Jy(up) = my. In conclusion, i is a ground state sign-changing solution of equation (1.9). By
the same proof method as in Theorem 1.1, we can obtain that u, has two nodal domains. Hence, we
complete the proof of Theorem 1.3. O
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