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Abstract: In this paper, the Cauchy problem for the nonlinear Schrodinger system

i0,u1(x, 1) = Auy(x, 1) — |y (x, DI g (x, 1) = Jua (o, 1P uy (x, 1),
iat”Z(-x’ t) = AMZ(X? t) - |M2(.x, t)lp_IMZ(x’ t) - |u1(x, t)lp_lul(x’ t)a

was investigated in d space dimensions. For 1 < p < 1 + 2/d, the nonexistence of asymptotically
free solutions for the nonlinear Schrodinger system was proved based on mathematical analysis and
scattering theory methods. The novelty of this paper was to give the proof of pseudo-conformal identity
on the nonlinear Schrodinger system. The present results improved and complemented these of Bisognin,
Sepulveda, and Vera(Appl. Numer. Math. 59(9)(2009): 2285-2302), in which they only proved the
nonexistence of asymptotically free solutions whend = 1, p = 3.
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1. Introduction

In this paper, we consider the following nonlinear Schrodinger system

ial‘ul (-x’ t) = Al/t](x, t) - |l/l](x, t)lp_lu] (-x’ t) - |M2(.X', t)lp_lul(x’ t)’ (1 1)
i0,12(x, 1) = At (x, 1) = o (e, DF un(x, 1) = faty (x, O un(x, 1), '
and the corresponding free (linear) system
i0,v1(x, 1) = Avi(x, 1), (12)
i0va(x, 1) = Ava(x, 1).
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Here,x e R4 d>1),teR, 1 <p<1+2/d.
It is well known that there are a lot of results on solutions for the nonlinear Schrédinger equation.
For instance, for nonlinear Schrédinger equation with harmonic potential

i0u(x,t) + Au(x, 1) — |x|2u(x, 1) + |u(x, t)l”_lu(x, 1) =0,

Shu and Zhang [1] derived a sharp criterion for blow-up and global existence of the solutions by
constructing a cross-constrained variational problem and invariant manifolds of the evolution flow. Their
results were improved by Xu and his co-authors [2, 3]. More precisely, Xu and Liu [2] pointed out the
self-contradiction. Xu and Xu [3] derived different sharp criterion and different invariant manifolds
that separate the global solutions and blow-up solutions by comparing the different cross-constrained
problems. Moreover, they illustrated that some manifolds are empty and compared the three cross-
constrained problems and the three depths of the potential wells. The potential well was also used to
study the nonlinear Schrodinger equation with more general nonlinearities in [4], in which the global
existence and nonexistence where at only the low initial energy level. It is certainly beyond the scope of
the present paper to give a comprehensive review for the nonlinear Schrodinger equation. In this regard,
we would like to give some references such as [5—12]. Barab [13] considered the perturbed (nonlinear)
Schrodinger equation
i0u(x, 1) = Au(x, 1) — glu(x, )" u(x, 1)

and the corresponding free (linear) equation
i0v(x, t) = Av(x, 1).

He proved that for a nontrivial, smooth solution u(x, ), if d = 1 and 2 < p < 3, then there does not
exist any finite energy free solution v(x, ¢) such that |lu(x, ) — v(x,?)|l, — 0 as t — +oo. This result
is an extension to that one of Strauss [14] in which the same result was proven for 1 < p < 2. Both
Barab [13] and Strauss [14] applied the general idea that was originally used by Glassey [15] to prove
the analogous result for the nonlinear Klein-Gordon equation to prove their theorems. Tsutsumi and
Yajima [16] considered the nonlinear Schrodinger equation with power interactions

i0u(x,t) = —%Au(x, 1) + Au(x, )P u(x, 1)

inR?, d > 2, 1> 0. They proved that for any uo(x) €  with X = {u € L>(RY); ||ull, +||Vull>+||xull, < oo},
there exists a unique u, € L>(R?) such that the solution u(x, ) with u(x, 0) = uo(x) has the free asymptote
U, ast — +oo:

lim flux,1) = e2"u.l, = 0

when 1 +2/d < p < 1+4/(d-2). Guo and Tan [17] studied the asymptotic behavior of nonlinear
Schrodinger equations with magnetic effect. By following the idea of [13, 16], they proved the nonexis-
tence of the nontrivial free asymptotic solutions for 1 < p < 1 + 2/d and the existence of the nontrivial
free asymptotic solutions for 1 +2/d < p < 1 +4/d, d = 2,3 under certain conditions, respectively.

For some systems of Schrodinger equations, some results were also obtained. Hayashi, Li, and
Naumkina [18] considered the following system of nonlinear Schrodinger equations with quadratic
nonlinearities in two space dimensions

101 (X, 1) + 5, Auy (x, 1) = yur (x, Dua(x, 1),
i0ur(x, 1) + 3= Aun(x, 1) = u(x, 1),
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where 7y is a given complex number with |y| = 1. They obtained time decay estimates of small solutions
and nonexistence of the usual scattering states for a system. Moreover, they proved stability in time
of small solutions in the neighborhood of solutions to a suitable approximate equation. More related
results can be found in [19,20]. Nakamura, Shimomura, and Tonegawa [21] investigated the Cauchy
problem at infinite initial time of the following coupled system of the Schrodinger equation with cubic
nonlinearities in one space dimension

101 (x, 1) + g (x, 1) = Fi (1 (x, 1), un(x, 1)),
iat”Z(-xv t) + LG?{”Z(X, l) = FZ(MI(X’ t)’ MQ(.X', t))

2my

By constructing modified wave operators for small final data, they studied the global existence and
the large time behavior. Cheng, Guo, et al. [22] addressed the global well-posedness and scattering of
the two-dimensional cubic focusing nonlinear Schrodinger system. Hayashi, Li, and Naumkin [23]
considered the nonlinear Schrodinger system

—i0ui(x, 1) + %Aul(x, 1) = F(uy(x, 1), ux(x, 1)),
—i0ur(x, 1) + SAup(x, 1) = F(uy (x, 1), ur(x, 1)),

in d space dimensions, where
F(uy(x, 1), un(x, 1)) = =27Pidlug (x, 1) — ua(x, 1P~ (uy (x, 1) — up(x, 1))

is a p-th order local or nonlocal nonlinearity smooth up to order p, with 1 < p <1+ 2/d ford > 2
and 1 < p <2 ford = 1. They proved nonexistence of asymptotically free solutions in the critical and
subcritical cases. In this paper, we will prove that there does not exist any finite energy asymptotically
free solution of the system (1.1) ford > 1, 1 < p < 1 + 2/d. Pseudo-conformal identity on the
nonlinear Schrodinger system ford > 1, 1 < p < 1 + 2/d is proven first in this paper, and based on
pseudo-conformal identity, we obtain decay estimates of perturbed solutions (see Lemma 2.4). Our
results improve and complement that of Bisognin, Sepulveda, and Vera [24], in which they only proved
the nonexistence of asymptotically free solutions when d = 1, p = 3 for (1.1) by following an idea of
Glassey [15].

The outline of the paper is as follows. In Section 2, we shall give some useful lemmas, which
plays a pivotal role in proving the main results . In Section 3, we first give and prove nonexistence of
asymptotically free solutions for (1.1)ifd > 2, 1 < p<1+2/d,andd =1, 1 < p < 2(see Theorem 3.1).
Second, we present the nonexistence of asymptotically free solutions for (1.1) ifd = 1, 2 < p < 3(see
Theorem 3.2).

2. Preliminaries
Throughout this paper, for each g € [1, o), we denote by the norm |ul|, the usual spatial L/(R)-norm

and the dual variable is denoted by ¢’ so that 1/g + 1/q" = 1. The alphabet c is a generic positive
constant, which may be different in various positions. For convenience, denote

L7:= [{RY), H':= H'(RY),

f-dx = f dx, u:i=ul)=u(x,1), ||ulleo = supess,cpau(x)|.
R4
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Definition 2.1. A solution (u;, u) to (1.1) is asymptotically free if there exist L?-solutions (v}, V2.),

decaying sufficiently rapidly, such that

Hul(t) - vli(t)“z + Huz(t) - Vzi(t)Hz 0, asf— oo,

Remark 2.2. In this paper, we only focus on the solutions for # > 0. The case r < 0 can be handled

similarly.

Before going further, let us give some preliminary lemmas, which are used to prove our main results.

The first lemma is easily proved by following Lemma 2 in [13]. Here we omit the process.

Lemma 2.3. If (v, v») is a smooth solution to (1.2) with 0 # vi(x,0) € L' N L?, 0 # v,(x,0) €

L'NI? 2 <qg< oo, then
(i) there exists a constant ¢ = c(|[vi(0)|ly, [v2(0)lly) such that

Vil + 2 @)lly < ct™ @224 ¥t > 0.

(ii) there exist positive constants B = B(d, g, v1(0),v2(0)) and Ty = Ty(v1(0), v2(0)) such that

Vi@l + 2 @)lly = B4, vi > T,

When g = oo, the power of t is —d /2.

Lemma 2.4. If (u,, u,) is a smooth solution to (1.1) with 1 < p < 1+4/d, u;(x,0), u>(x,0) € H' n L+,

and ||xu(x, 0)|l, + ||xuz(x, 0)||, < oo, then there exists ¢ > 0 depending on initial data such that

f(|ul|p+1 + [ua P+ |y [P o + ol e [P)dx < 7PV V> 0.

Proof. We borrow some ideas from Lemma 3 in [13] to prove this lemma.
First, let us prove the following pseudo-conformal identity

d
ar f[lxul — 2itVuy * + |xuy — 2itVus|?

81

+1
4[4 —d(p
a p+1

+

1 1 -1 2 -1 2
(a7 + a7+ s P~ ol + laal”™ s ) | e

_1)] 1 1 -1 2 -1 2
e 7 G 17 Lo Y e 7 L VO i

2.1

Let r = |x], uf = Ot = g—)’:ﬁ withi = 1,2, k = 1,2,--- ,d, multiply (1.1) by 2rd,u,, 2rd,u, with

d,u; = 24, i = 1,2, integrate the real part over R%, and the use integration by parts, then

or?

2Rei f D kO + bdyur)dx
k

= 2Refr((9ru1Au1 + 0,ur Aup)dx

PP frar(lull”“ + " o+ ol Juaa ) aay ) x

=d-2) f(qull2 + |Vuo|*)dx

2d 1 1, 2 1 1y, 2
1 (a4 lug 1P ual” + ol + o™ oy |*)dx.

+

(2.2)
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Note that
2Rei f D (kb + 1bdyur)dx
k
= Re[i f Z xk(u_ll‘é?tul - u'f% + u_’;@tug - uSTuz)dx]
k
d _ — _ — _
= d_tRe[l fzk: xk(at(u’ful) — O (U 0uy) + 8,(u’§u2) — ﬁk(uza,uz))dx]
d . — — . T —
= d_tRe[l fr(@,ulul + 0ru2u2)dx] + Re[zd f(ulatul + uza,uz)dx].

Substitute id,u;, id,u, in (1.1), then the above identity can be transferred to

2Rei f Z xk(u_’fa,ul + u_ga,uz)dx
k

d _ _
= d—tlm[fr(arulul + Gruzuz)dx]

2 2 1 -1 2 1 -1 2
+d f (1Ver + Vool + a7+ s P~ ol + a7+ oagl”™ s )l

Combine (2.2) and (2.3), then

d

d_tlm[ f r(arulu_1+(9,u2u—2)dx]

=-2 f (\Vuy > + [Vup|?)dx

_d(p-1)
p+1

f(lull”+1 S L 72 R 2 Lo 723 L A Y72
Multiply by 2uy, 2u, in (1.1) and take the imaginary part to obtain
d%uul(mz + lux(OF) = V - Im[2@ Vuy + Vi)
Multiply (2.5) by |x*> and integrate over R? to achieve
%axul(mz + () = ~4Tm| f r(OyuiTey + B uniz)dx].
Let us multiply (2.4) by 4t to give

San] [ 1@+ duimar]) - atm| [ r@ i + i

d d

= E[ — 4f f (Vi + [VioP)dx| + 4tZE f (Vi > + [Vuo)dx
4d(p — 1 . .

- ppfl)ffﬂuﬂp“ ol L Y R 72 Gl 172 L 7 Y2

(2.3)

(2.4)

(2.5)

(2.6)
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Further, make full use of (2.6) and the law of conservation of energy, then

d
- f [Ixul(t)lz + () + 42V 2 + Vi |?) — Redtir(d,u i, + a,uzu—z)]dx

d 81> 1 1y, 2 1 1y, 2
= d_t[_p+l e Y e R T L N A G T YR
16¢ +1 1., 12 +1 —1p,, 12
+ p—+ 1 (ur” + [P uo ™ + o™ + Jual”™ |ug [)dx

4d(p-1)

! . ! .
P lf(|bl1|p+ + g [P ual” + )P + P g [F)d x,

which yields (2.1) directly.
Second, we aim to give the Gronwall argument. Integrate for (2.1) over [0, ¢], then

812
p+1

1 1 -1 2 -1 2
f (la 77" + a7+ ar 1P ot + Jaal”™ s )

4[4 - d(p - )]
+1

!
X f 7 f e e e Y G Y e A L Y AL
0

< leur (O[3 + llxua (O)I13 +

Therefore,
£ f (a7 + lal? o+ faay [P ot + el oas )
2.7
gmw fl B f (leal”! + lual?* + lr P~ ol + ol oty e, -
where
2 = 2L O + ) + 2= 4L

1
X f T f (a7 lal” o+ Jaay [P~ ot + el oas )l
0

The law of conservation of energy implies

2 2 1 1 -1 2 -1 2
Va3 + (I Vaol 3 + f (et 77+ Jaal* + g P~ oaaf + fal?™ g )l

2
+1

2
= IV O) + Vi OB + -~

X f (111" + 2O + 11 (O iz () + a2 (O)" |y () .
It is not difficult to get that

X < 2= e(p)(lan O + (O + 19 OB + 1Vu2(0)15 + 7).
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where
n = f (e P! + O + 1y Q) ez (O + (0" 1 () e,

and c(p) is a positive constant depending on p.
By recalling the condition in Lemma 2.4, (2.7) can be rewritten as

Fy<a+ f B()F(1)dr,
1

where for ¢t > 1,
F(t) =1 f (s 77+ Jal” + g [P~ oaal + ] oy,

pi=1"00=0
Since F and B are continuous on [1, c0), Gronwall’s lemma indicates that
P f (el + el 4 g P ol + ol o P < aeh =540 v 1
We can simplify it to get that
f (el 4+ L+ P ol + el oy P < 47557, Ve > L.

Further, for all ¢, f(lul PN+ )P+ g P o) + |ualP g |2)dx is bounded uniformly. Therefore, there
exists a constant

¢ = c(p, llxuy (O)ll2, [1xuz(O)l2, [IVer (O)l2, [V (O)I2, [lo1 (Ol 2 (O 1)

such that

1
| f (oer 77+ Dl + g P oaal? + ] oy P )dx | < e 4070y s 0,

Lemma 2.5. If 1 < p < o0, (e""™h,, e""™h,) is a nontrivial free solution, then

(p=Dd

£ f (P! + Mol 4 P ol + ol P )dx

is bounded away from zero for large t.

Proof. Holder’s inequality yields

ptl
( f e + |ha)dx) *
|x|<kt

d(p-1)

< (kt) 2

f Ml 1l P ol + 1ol )
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Obviously, it suffices to bound the left side of the above inequality away from zero. Set
e MRy + ey = (4nir) f PG 1y (3, 0) + ha(y, 0)]dy,
by a direct computation, then

lim | (el +le ™ ho)dx = f L7 (€™ i (€, 0D + |F (e ha(&, )],
[€l<k/2

1= J\xj<kt

where .Z (7™ h,(€,0)), Z(e""™h,(&,0)) are the Fourier transform of the initial datum.
It is noted that (e " h,, e~ h,) is nontrivial and there is a k for which the limit does not vanish. This
proof is completed.

3. Proof of the main results

In this section, we prove the main results by considering the following two cases.

Casel:d>2, 1<p<l1+2/d,andd=1,1<p<2.

Case2:d=1,2<p<3.

First, let us prove nonexistence of asymptotically free solutions for (1.1) under case 1. The following
theorem is obtained.

Theorem 3.1. Ford >2, 1 <p<1+4+2/dandd =1, 1 < p <2,if (uy, uy) is a solution of (1.1), then
forall (hy, hy) € L*> x L?,
i = e7om], + o - o]

does not gotozeroast — +oo.

Proof. Suppose that there exists (h;, hy) € L*> X L? such that
a0 = e+ ) = s 0, ast— oo, 3.1)

Since the operator e~ is dense and unitary in L%, we can assume h;, h, € S(Schwartz space) to get
d itA N itA NI, -
v | (€™ un)hy + (€™ uy)y | dx
= f [ Rl + ol ) + il s + ol ) | dx
= [ i ) + i+ )

Therefore,

T ——
[ [ [ it )+ i e + )| (32)
0

has a limit as 7 — oo. In fact, as T — oo, we obtain
f | ey (T) + hpe™ up(T) | dx

= f (hihy + hoho)dx + f 1@ ur(T) = o) + I ux(T) = hp) | dx — 0.
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On the other hand, one has

. - NI 1 NI
'f[l(|bl1|p ur + P u)e Ay + iy [P un + |ua|” up)e " hy

— ie Ay P+ ol P+ P ol + |h2|”‘1|h1|2)]dx'
< (lurlly + lleaally + Waslla + Wall)?~ (1l + [Aoll2)* "
. . —1 . .
X (e il + Nl alle)” () = e[+ e - ] ).
Since

il + lluzlly = MlAgll2 + [1h2ll2, — as it — oo,

(p-1)d

—itA —itA p-1 - -1
(||€ “Chlle + lle” h2||oo) <1472 AlAdl + A2l

(3.1) combined with

Lemma 2.5  (p-1)d

fe—itA(|h1|p+1 +|h2|p+l +|/’l1|p_1|h2|2+|h2|p_1|h1|2)dx > ct 7,

obtains

. _ _ A, . _ _ Ere— C _(p-bd
f[l(lull” Yy + ol e Ry + i Py + ol p)e oy [dx 2 o

The righthand side of the above inequality is not integrable, which is a contradiction since (3.2) has a
limit as 7 — oo.
This completes the proof of this theorem.

In the light of Definition 2.1, we easily get the nonexistence of asymptotically free solutions for (1.1)
under case 1. In what follows, let us illustrate the nonexistence of asymptotically free solutions for (1.1)
under case 2.

Theorem 3.2. Ifd = 1, 2 < p < 3, then the only smooth, asymptotically free solution to (1.1) is
identically zero.

Proof. Assume (u;, u,) is a smooth, asymptotically free solution to (1.1), then there exists a smooth
L?-solution (vy, v,) of (1.2) such that

o1 (1) = vi@llo + lluz(®) = v2(Dll, = 0, ast — +oo, (3.3)

Vi@l + V2(D)llee = OG'2),  as 1 — +oo, (3.4)

Let us combine the conservation of the L?>-norm and (3.3) to show

lur@Dll2 + luzDll2 = (i@l + 2Dl = A, V2. (3.5
We are now in a position to prove

v1(0) =0, v,(0) = 0.
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Let us prove by contradiction. Assume v;(0) # 0, v,(0) # 0. Using (3.4), then
IViOlleo + V2 Olleo < ct™'2, ¥t > Ty > T, (3.6)

where T is as in Lemma 2.3. For ¢t > T, define

H() = f (77 + w73ldx.

Differentiate H with respect to ¢, substitute from (1.1) and (1.2) for d,u;, d,u,, 0,v; and 9,v,, respectively,
and integrate by parts to get

dH(t — _ _ — - -
N = % = f[lvl(lull” Yy + ol ) + 3 Py + ol )| dx,

Let us add and subtract
if(lvﬂ”” + P ol + ol + |V2|p71|V1|2) dx,
and then take the imaginary part to give

ImN (1) = f (7! + WP s + ol 4 ol v ) dx
+Re f [F1ar P~ g + laal”™ 1) + V3 oar 1P~ 1y + i) ) | dx
—Re f (7! + WP s + ol 4 ol v ) dx.
For vy, v,, apply Lemma 2.3(ii), then
ImN() > Bt P2 — [, Vt>T,. (3.7)

Here,

— -1 -1 — -1 -1
I=‘Ref[vl(lu1|” wy + ol ) + V(| g + gl ) | dx

1 -1 2 1 —1 2
~Re f (I l7* a1 wal? sl + o™i )
Next, we need to prove that

[=0" V%) ast— oo,

so that
ImN(@7) > et V2 >0

for all large t.
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We use the Minkowski inequality and the mean value theorem to give
1< f [~ + Jaal”™) = Qi7"+ ool ™)1, 75 + 1o73)dl
+ ' f(|V1|p_1 + Vol Vi = vi) + Valus — Vz)]dx‘
<c f(lull”‘2 + Jual”2)(luy = vil + luty = va)(Juar | + )i | + [val)dx
+ C]‘(|Vl|p_2 + V2" ) (ur = vil + lug = vaD (g + lual)(vi| + val)dx

+ f(lvll”‘1 + ValP (g — vi| + [y = val)(vi| + val)dx
=J1+Hh+ Js.

For J3, using Holder’s inequality, (3.6), and (3.5), one obtains

T3 < c(vi@NZ " + v ONZ Ul (2) = vi®lla + lua(2) = va Ol A1 @l + [v2(0)l12)
< o™ (i (0) = i)z + lea0) = V2D,

Recall (3.3), then
p-1
J3=o( 7). (3.8)

For J;, using Holder’s inequality, Lemma 2.3(1), and Lemma 2.4, we get
Ji < el (@) =vi@Dll2 + [luz(2) = v2(D)ll2)
x| f (R T L T L I |u2|p-1|u1|2)dx]5%i
X (Villgp+1y/3-py + V2llagpe1y/a-p))
< cllur (@) = viDlla + llua(r) = va()ll)e P72,

Recall (3.3), then
p-1
Ji=o( 7).

Similarly,
p-1
Jry=o0(t 7).

Recall (3.8), then

p-1

I<Ji+h+J3=0(7), ast— oo.

This estimate together with (3.7) implies that there exist 7 > max{1, 7} and a positive constant C such
that
ImN(f) > Ct Y2 Vi >T.

Let us fix C and 7', let K be a positive integer, and integrate this inequality over T < ¢t < KT to deduce

KT d KT KT
f —ImH(t)dt > f Crr=D2gs > f Ct'dt.
r dt T T
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Therefore,
ImH(KT) - ImH(T) > CInK,

It follows from the definition of H(¢) and Schwarz’s inequality that

IImH ()| < [H(®)| = ' f [ue1(DV1(2) + u2(D)v2(1)]dx

< (luy (®)lla + NI Ol + vaDlL) =’ A%, Ve > T.

Further,
CInK < |[ImH(KT)| + [ImH(T)| < 2A°.

Let us choose K > ¢*4”/€ to show contradiction. In conclusion, v;(0) = 0, v»(0) = 0. Hence, by (3.5), we
get that u;(¢) = 0, ux(f) = 0 in L? for all £. The smoothness of u;, u, implies u;(x,1) = 0, uy(x,) = 0.
The proof of this theorem is completed.
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