
AllVlS 
Communications in 
Analysis and Mechanics 

https://www.aimspress.com/journal/cam

Communications in Analysis and Mechanics, 16(1): 169–192.
DOI: 10.3934/cam.2024008
Received: 29 September 2023
Revised: 30 November 2023
Accepted: 22 January 2024
Published: 01 February 2024

Research article

Delay differential equations with fractional differential operators: Existence,
uniqueness and applications to chaos
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Abstract: In this study, we consider a chaotic model in which fractional differential operators and the
delay term are added. Using the Carathéodory existence-uniqueness theorem for this chaotic model
modified with the Caputo fractional derivative, we show that the solution of the associated system
exists and is unique. We consider the chaotic model with a delay term with Caputo, Caputo–Fabrizio
and Atangana–Baleanu fractional derivatives and present a numerical algorithm for these models. We
then present the numerical solution of chaotic models with delay terms by using piecewise differential
operators, where fractional, classical and stochastic processes can be used. We present the numerical
solution of chaotic models with delay terms, as modified by using piecewise differential operators. The
graphical representations of these models are simulated for different values of the fractional order.
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1. Introduction

It can be seen that many different behaviors are observed in nature, which is full of surprises, and
mathematical modeling is important in the analysis of many events. For example, let us consider
earthquakes, which are a reality in the world and also in Turkey. When the ruptures caused by the
earthquake cause part of the sea floor to rise, the seawater, which is very low in compressibility, also
rises. When an earthquake occurs, mathematical modeling can be used to study the spread of a tsunami
after the epicenter has been determined. Thanks to modeling, the scale of the disaster can be prevented
from increasing by sending warnings to the regions exposed to this situation. As another example,
chaos theory emerged when a meteorologist, Edward Lorenz, discovered a pattern that repeats in the
printouts while graphing the weather in its simplest form on a primitive computer, and it has been used
in modeling in many fields, from the stock market to meteorology, from communication to medicine,
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and from chemistry to mechanics. While mathematical modeling is done with the classical derivative, in
recent years, the classical derivative has been replaced by the fractional derivative [1–4]. In recent years,
mathematicians have introduced some fractional differential operators that have considered different
laws, such as exponential [1], Mittag–Leffler kernels, and power-law [2,3]. There is no doubt that
such functions have been intensively studied since they represent the behavior of several real-world
problems. For example, the exponential decay law has been observed in the decay of a dead body,
chemical reactions, electrostatics, heat transfer, and many others that are not listed here. Another
important kernel is the generalized–Mittag–Leffler function, which is generalized exponential function.
The generalized–Mittag–Leffler function can be applied to relaxation processes in viscoelastic and
dielectric materials, creep, and renewal processes. The power law can be observed in processes that have
properties of self-similarity of fractals, the spread of infectious diseases, and so on. These operators have
appeared in chaos theory, for which there is a need for a very deep theory in the literature. Undoubtedly,
the fractional differential operators have opened new doors in modeling because researchers have shown
that the associated system may exhibit crossover behaviors at different fractional orders. This led
researchers to focus on the analysis of these classes of differential operators. Moreover, the newly
introduced piecewise differential operators have taken into account different behaviors with a system
that can be considered as the processes from power-law to exponential or the processes from classical to
stochastic. It can be concluded that these operators could model different processes at different time
intervals by using the piecewise concept. Many models with these operators have been considered, and
some analysis has been presented as related to piecewise models. Some research about the existence and
uniqueness of differential equations with singular and nonsingular kernels is presented below. In [5], a
critical analysis of computational modeling of a common disease, ie., hand-foot-mouth-and-disease,
has been considered. This study deals with a model with delay parameters that is combined with six
different sub-populations and the authors have investigated the existence and uniqueness of the solution
of this model. In [6], the authors have investigated the existence of positive solutions to the boundary
value problem for a high order fractional differential equation with delay and singularities. To determine
some existence results for positive solutions, the properties of the Green function, a fixed-point theorem,
and Leray–Schauder’s nonlinear alternative theorem have been examined in [6]. In [7], the authors
constructed an extension of the reproducing kernel method that is more accurate than the classical one
for a larger time interval. To show the efficacy of the improved method, they have presented some
numerical examples. In [8], the authors have considered a class of fractional differential equations
with a proportional delay term and anti-periodic boundary conditions, and they have presented some
theoretical results, including existence and stability theory, for the considered problem. In [9], fractional
delay differential equations are discussed, and the authors present some theory about existence and
uniqueness based on the method of steps. Also, they have presented some numerical examples for this
class of differential equations. In [10], they have introduced a numerical method for the solution of the
fractional delay differential equations. The authors have shown that the method is applicable and useful
to solve these equations with various examples. Moreover, they have presented a comparison between
the presented method and existing methods like the fractional Adams method and the predictor-corrector
method. In [11], the fractional functional differential equations with bounded delay are considered,
and the existence and uniqueness theorems have been proved for these equations. The existence and
uniqueness of solutions of fractional delay differential equations have been examined by using the
Banach contraction principle and then Krasnoselskii’s fixed point theorem to establish theoretical results.
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They have applied these results to the Lotka-Volterra model which is well-known in [12]. In [13], the
authors have investigated the Mittag–Leffler stability of fractional-order systems with varying time
delays, and they have benefited from applying the linearization method in combination with a new
weighted type norm to achieve their goals. Further, they have also illustrated the efficiency of the
theoretical results with some examples. In [14], the authors constructed a theorem that takes into
account the properties of Mittag–Leffler functions for the existence and uniqueness of global solutions
of delay differential equations with fractional differential operators. Also, they have guaranteed these
solutions to be exponentially bounded providing a sufficient condition. In [15], by using a generalized
Gronwalls inequality, the authors have shown that the solution of nonlinear nabla fractional difference
systems exists and is unique. In [16], the existence and uniqueness of a Cauchy problem including
different differential operators have been investigated by using Carathéodory’s conditions. The existence
of differential-difference equations of delay type is shown by using Carathéodory’s functions, and
some topological results have been presented by giving a topological transversality theorem in [17].
In [18], by Carathéodory’s theorem and Ascoli’s lemma, it has been shown under which conditions the
solutions of generalized nonlinear differential equations exist. In [19], the abstract measure delay differential
equations have been considered to investigate the existence of solutions of such equations by using the
Leray–Schauder nonlinear alternative under Carathéodory conditions. The local and global existence of
ordinary differential equations with power-law kernels have been investigated and the feed-back control of
chaotic fractional differential equations is theoretically illustrated for the fractional Lorenz system in [20].
In [21], Persson presents a generalized version of Carathéodory’s existence theorem for ordinary differential
equations. To obtain information about the associated subject, the studies in [22–28] can be examined.

2. Carathéodory conditions for chaotic models with delay terms

In this section, we investigate the local and global existence of the following chaotic system [29]
where the delay term is added. Such system is represented by:

x′ (t) = a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)

y′ (t) = −b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t) (2.1)
z′ (t) = c1 − c2y2 (t − τ) .

Note that the system without a delay term has chaotic behavior with the parameters

a1 = 1, a2 = 0.7, a3 = 0.3, b1 = 4, b2 = 4.3, b3 = 1, c1 = 10, c2 = 1, (2.2)

and the initial conditions are given by

x (0) = 0.01, y (0) = 0.01, z (0) = 0.01. (2.3)

The numerical simulation of the chaotic system is presented in Figure 1.
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Figure 1. Numerical visualization of the considered chaotic model for τ = 0.

2.1. Local existence theory for the chaotic model with Caputo fractional derivatives

In this section, the local existence of the following chaotic system [29] is proven by using the
Carathéodory theorem [28]. This system is represented by:

C
0 Dα

t x(t) = a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)
C
0 Dα

t y(t) = −b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t) (2.4)
C
0 Dα

t z(t) = c1 − c2y2 (t − τ) .

We shall define some notations for simplicity

x (t) =


x (t)
y (t)
z (t)

 , (2.5)

F (t, x (t) , x (t − τ)) =


a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)
−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t)

c1 − c2y2 (t − τ)

 .
The theory related to Carathéodory’s theory for proving the existence and uniqueness of fractional
differential equations has been presented in [20,27]. Here, we will discuss this theory for delay
differential equations.

Theorem 1. Suppose that the function F: <→ R3 holds for the following conditions:

i. F(t, x (t) , x (t − τ)) is Lebesgue measurable with respect to t on =.
ii. F(t, x (t) , x (t − τ)) is continuous with respect to x on ℵ.
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iii. There exists a real-valued function C (t) ∈ L2 (
=
)

such that the following is satisfied for almost all
t ∈ = and all x∈ℵ:

‖F (t, x (t) , x (t − τ))‖ ≤ C (t) . (2.6)

Note that

< =
{
(t, x) ∈ R × R3 | t ∈ =, x ∈ℵ

}
= = [t0 − h, t0 + h] , (2.7)

ℵ =
{
x ∈ R3 | ‖x − x0‖ ≤ M̃

}
.

We want to check that the conditions of Carathéodory [28] hold for the considered model with a delay
term. For proof of the first condition of local existence, we verify that the function F(x,t) is Lebesgue
integrable with respect to t on =. Here, proof will be presented for only [t0, t0 + h]; also, note that the
same procedure can be performed for [t0 − h, t0] . Providing that the function x(t) is Lebesgue measurable
on the interval [t0, t0 + h] , the function x(t) is a sequence of step functions, that is

{
xp (t)

}
(p = 1, 2, ..) ,

such that xp (t) →x(t) almost everywhere as p → ∞. We can conclude that F
(
xp,t

)
→F(x,t) on the

interval [t0, t0 + h] as p → ∞ from condition ii. As a result, F(x,t) is Lebesgue measurable on the
interval [t0, t0 + h] .

To show that the function F(x (s − τ) , x (τ) ,τ) is Lebesgue integrable with respect to t on =, we
write the following by using the third condition of Theorem 1:

(t − s)α−1 F (x (s − τ) , x (s) ,s) ≤ (t − s)α−1 C (s) , (2.8)

for almost every τ ≤ t with τ, t ∈ =. When α > 1
2 , the function (t − τ)α−1

∈ L2 (t0, t) .
Integrating the above inequality on [t0, t] yields

ϕ (t) +
1

Γ (α)

∫ t

t0
(t − s)α−1 F (x (s − τ) , x (s) ,s) ds ≤ ϕ (t) +

1
Γ (α)

∫ t

t0
(t − s)α−1 C (s) ds. (2.9)

Using the Hölder inequality, one can obtain

∣∣∣∣∣∣ϕ (t) +
1

Γ (α)

∫ t

t0
(t − s)α−1 F (x (s − τ) , x (s) ,s) ds

∣∣∣∣∣∣ ≤ ‖ϕ (t)‖ +
1

Γ (α)

√
(t − t0)2α−1

2α − 1
‖C (s)‖L2(t0,t)(2.10)

≤ ‖ϕ (t)‖ +
1

Γ (α)

√
(t − t0)2α−1

2α − 1
‖C (s)‖L2(t0,t) ,

where

‖C (s)‖L2(t0,t) =

(∫ t

t0
|C (s)|2 ds

)1/2

. (2.11)

Now, let us define a function sequence denoted by
{
xp (t)

}∞
p=1

. This sequence can be defined by

xp (t) =

{
ϕ (t) +

1
Γ (α)

∫ t

t0
(t − s)α−1 F (x (s − τ) , x (s) ,s) ds, t0 +

h
p
≤ t ≤ t0 + h . (2.12)
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Let us prove that this set of functions is uniformly bounded and equicontinuous. Here, the function
C2 (t) is completely continuous, that is, for a given positive number M∫ t0+h

t0
C2 (s) ds ≤ M (2.13)

where h > 0.
Note that F

(
xp (s − τ) , xp (s) ,s

)
≡F(x0,s) when t0 ≤ s ≤ t − h

p . Hence, F
(
xp (s − τ) , xp (s) ,s

)
is

Lebesgue-measurable, and it is Lebesgue-integrable on the interval
[
t0, t − h

p

]
. We next demonstrate that

xp (s) is continuous on
[
t0, t0 + 2h

p

]
for all n.

First, we can consider the case in which t0 ≤ t1 ≤ t0 + h
p < t2 ≤ t0 + 2h

p :

∥∥∥xp (t2) − xp (t1)
∥∥∥ ≤ ‖ϕ‖ +

1
Γ (α)

∫ t2− h
p

t0
(t2 − s)α−1

∥∥∥∥F
(
xp (s − τ) , xp (s) , s

)∥∥∥∥ ds

≤ ‖ϕ‖ +
1

Γ (α)

∫ t2− h
p

t0
(t2 − s)α−1 C (s) ds (2.14)

≤ ‖ϕ‖ +

√
M

Γ (α)

(
(t2 − s)2α−1

2α − 1
|
t2− h

p
t0

)1/2

≤ ‖ϕ‖ + −
1

Γ (α)

√
M

2α − 1


(
t2 −

(
t0 + h

p

)
+ h

p

)2α−1

−
(

h
p

)2α−1


1/2

≤ ‖ϕ‖ (t2 − t1) +
1

Γ (α)

√
M

2α − 1
(t2 − t1)α−1/2

Hence, there exists a positive number δ = (t2 − t1) > 0 :

∥∥∥xp (t2) − xp (t1)
∥∥∥ ≤ ‖ϕ‖ δ +

1
Γ (α)

√
M

2α − 1
δα−1/2 (2.15)

≤

‖ϕ‖ δ +
1

Γ (α)

√
M

2α − 1
δα−1/2

 ‖t2 − t1‖

For all p, we can have ∥∥∥xp (t2) − xp (t1)
∥∥∥ ≤ ε ‖t2 − t1‖ . (2.16)

such that ε = ‖ϕ‖+ 1
Γ(α)

√
M

2α−1δ
α−1/2. Next, we have the following case in which t0 + h

p ≤ t1 < t2 ≤ t0 + 2h
p :

∥∥∥xp (t2) − xp (t1)
∥∥∥ ≤ ‖ϕ‖ +

1
Γ (α)

√
M

2α − 1

∫ t1− h
p

t0

(
(t1 − s)α−1

− (t2 − s)α−1

)2

ds

1/2

(2.17)

+
1

Γ (α)

√
M

2α − 1

∫ t2− h
p

t1− h
p

(t2 − s)2α−2 ds

1/2

≤ ‖ϕ‖ + −
1

Γ (α)

√
2M

2α − 1

[
−

(
(t1 − s)2α−1 + (t2 − s)2α−1

)
|
t1− h

p
t0

]1/2
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+
1

Γ (α)

√
2M

2α − 1

[
− (t2 − s)2α−1

|
t2− h

p

t1− h
p

]1/2

≤ ‖ϕ‖ +
1

Γ (α)

√
2M

2α − 1

 (t1 − t0)2α−1 + (t2 − t0)2α−1
− 2h

p
2α−1

−
(
t2 − t1 + h

p

)2α−1
+ h

p
2α−1


1/2

+
1

Γ (α)

√
2M

2α − 1

(t2 − t1 +
h
p

)2α−1

−
h
p

2α−11/2

≤ ‖ϕ‖ +
1

Γ (α)

√
2M

2α − 1
(δ1 + δ2)1/2 +

1
Γ (α)

√
2M

2α − 1
δ1/2

2

< ε̃

where

δ1 =

∣∣∣∣∣∣(t1 − t0)2α−1 + (t2 − t0)2α−1
−

2h
p

2α−1
∣∣∣∣∣∣ (2.18)

δ2 =

∣∣∣∣∣∣∣
(
t2 − t1 +

h
p

)2α−1

−
h
p

2α−1
∣∣∣∣∣∣∣

This implies that ∥∥∥xp (t2) − xp (t1)
∥∥∥ < ε. (2.19)

It is contended based on the above that the function xp (t) is continuous with respect to t on
[
t0, t0 + 2h

p

]
for all p. On the other hand, we have that t ∈

[
t0 + h

p , t0 + 2h
p

]
∥∥∥xp (t2) − x0

∥∥∥ ≤ ‖ϕ‖ +
1

Γ (α)

∫ t− h
p

t0
(t − s)α−1 C (s) ds (2.20)

≤ ‖ϕ‖ +
1

Γ (α)

√
M

2α − 1

(t − t0)2α−1
−

(
h
p

)2α−11/2

≤ ‖ϕ‖ +
1

Γ (α)

√
M

2α − 1

(
h
p

)α−1/2

≤ M̃,

which yields that
(
t, xp (t) , xp (t − τ)

)
∈ D for all p.

Using the induction method, one can conclude that the function xp (t) is continuous with respect
to t on [t0, t0 + h] such that it satisfies that

(
t, xp (t) , xp (t − τ)

)
∈ D for all p. We suppose that for a

given integer j and all 0 ≤ i < j < p, xp (t) is continuous on
[
t0 + ih

p , t0 +
(i+1)h

p

]
and

∥∥∥xp (t2) − x0

∥∥∥ ≤
M̃ for all p. Applying the same routine as given above, xp (t) is continuous on

[
t0 +

jh
p , t0 +

( j+1)h
p

]
and

∥∥∥xp (t2) − x0

∥∥∥ ≤ M̃ for all p. Consequently, it can be seen that the uniform boundedness and
equicontinuity of the function sequence

{
xp (t)

}∞
p=1

defined on [t0, t0 + h] is verified since the estimations

ε, ε̃, δ, δ1, δ2, M̃ do not depend on the integer p.
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Now, let us verify the proof of the last condition. According to the Arzela-Ascoli theorem and the
results presented above, a sequence

{
xn j (t)

}∞
j=1
,

{
x j (t)

}∞
j=1

is involved in
{
xp (t)

}∞
p=1

where
{
x j (t)

}∞
j=1

is
uniformly convergent to x(t) . So, our aim is to demonstrate that the function x(t) is the solution of the
chaotic system [29] considered in this chapter. There exists a positive integer ζ such that for all j > ζ
since the function F(x,t) is continuous with respect to x on ℵ∥∥∥∥F

(
x j (t − τ) , x j (t) , t

)
− F (x (t − τ) , x (t) , t)

∥∥∥∥ ≤ Γ (α + 1)
hα

ω, (2.21)

for any positive ζ. We need to prove that the function x(t) holds for the equation (2.4). Let us define the
following mapping

Λx :=ϕ (t) +
1

Γ (α)

∫ t

t0
(t − s)α−1 F (x (s − τ) , x (s) ,s) ds. (2.22)

Then, one has the following

∥∥∥Λx j (t) − Λx (t)
∥∥∥ =

∥∥∥∥∥∥∥∥ ϕ (t) + 1
Γ(α)

∫ t− h
p

t0
(t − s)α−1 F

(
x j (s − τ) , x j (s) ,s

)
ds

− 1
Γ(α)

∫ t

t0
(t − s)α−1 F

(
x (s − τ) , x j (s) ,s

)
ds

∥∥∥∥∥∥∥∥ (2.23)

≤

∥∥∥∥∥∥∥∥∥∥∥
ϕ (t) + 1

Γ(α)

∫ t

t0
(t − s)α−1

 F
(
x j (s − τ) , x j (s) ,s

)
−F

(
x (s − τ) , x j (s) ,s

)  ds

− 1
Γ(α)

∫ t

t− h
p

(t − s)α−1 F
(
x j (s − τ) , x j (s) ,s

)
ds

∥∥∥∥∥∥∥∥∥∥∥
≤ ‖ϕ (t)‖ +

1
Γ (α)

∫ t

t0
(t − s)α−1

∥∥∥∥∥∥ F
(
x j (s − τ) , x j (s) ,s

)
−F (x (s − τ) , x (s) ,s)

∥∥∥∥∥∥ ds

+
1

Γ (α)

∥∥∥∥∥∥∥
∫ t

t− h
p

(t − s)α−1 F
(
x j (s − τ) , x j (s) ,s

)
ds

∥∥∥∥∥∥∥
≤ ‖ϕ (t)‖ +

Γ (α + 1)
2αhα

ω
hα

Γ (α + 1)
+

α

Γ (α)

√
M

2α − 1

(
h
p

)α−1/2

,

Using (2.23), one can obtain

∥∥∥Λx j (t) − Λx (t)
∥∥∥ ≤ ‖ϕ (t)‖ +

Γ (α + 1)
2αhα

ω
hα

Γ (α + 1)
+

α

Γ (α)

√
M

2α − 1

(
h
p

)α−1/2

(2.24)

≤ ‖ϕ (t)‖ +
ω

2
+

1
Γ (α)

√
M

2α − 1

(
h
p

)α−1/2

≤ ω̃.

Therefore, we get

x := ϕ +
α

Γ (α)

∫ t

t0
(t − s)α−1 F (x (s − τ) , x (s) ,s) ds, (2.25)

which implies that the function is the solution of the system on [t0, t0 + h]. Note that the same routine can be
applied to obtain the solution of chaotic systems on the interval [t0 − h, t0] which completes the proof.
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2.2. Global existence theory for the chaotic model with Caputo fractional derivative

In this subsection, we present the global existence of the solution of a chaotic system [29] with
Caputo fractional derivatives [20,27].

Theorem 2. Suppose that the first two conditions presented in Theorem 1 for the function F(x (t) , t)
in the global space hold [20] and

‖F (x (t − τ) , x (t) , t)‖ ≤ κ + ρ ‖x (t)‖ , (2.26)

for almost all t ∈ R and all x∈ R3. Then, there at least exists a solution x(t) of the chaotic system
presented here on (−∞,∞).

Proof. From the above theorem, the function F(x (t) , t) is locally bounded in the domain

ℵ =
{
(t, x) ∈ R × R3 | |t − t0| ≤ a, ‖x − x0‖ ≤ b

}
, (2.27)

for t0 ∈ R and x0 ∈ R
3. We suppose that the solution has a maximal existence interval which is defined

as (σ, s) ⊂ (−∞,∞) , σ > −∞, s < ∞. From Theorem 1, it implies that there exists a solution for the
chaotic system on [t0 − h, t0 + h]. We write

‖x (t)‖ ≤ ‖ϕ‖ +
1

Γ (α)

∫ t

t0
(t − s)α−1

‖F (x (s − τ) , x (s) , s)‖ ds (2.28)

≤ ‖ϕ‖ +
κ

Γ (α)

∫ t

t0
(t − s)α−1 ds +

ρ

Γ (α)

∫ t

t0
(t − s)α−1

‖x (s)‖ ds

≤ ‖ϕ‖ +
ακ

Γ (α + 1)
(s − t0)α +

αρ

Γ (α)

∫ t

t0
(t − s)α−1

‖x (s)‖ ds

≤ γ +
αρ

Γ (α)

∫ t

t0
(t − s)α−1

‖x (s)‖ ds.

By the Gronwall inequality, we obtain the following

‖x (t)‖ ≤ γ exp
(
αρ

Γ (α)

∫ t

t0
(t − s)α−1 ds

)
(2.29)

≤
γ

(1 − α) (1 − ρ)
exp

(
αρ

Γ (α + 1)
(s − t0)α

)
, M̂ < ∞,

where

γ = ‖ϕ‖ +
ακ

Γ (α + 1)
(s − t0)α . (2.30)

This yields that ‖x (t)‖ ≤ M̃ on [t0, s) where s is taken as bigger than M̂. Here, we can extend the
function to the right side of s which is a contradiction that requires the assumption that (σ, s) is the
maximal existence interval. It follows that s = +∞. By applying the same routine, we can also get that
s = −∞. This also leads to the completion of the proof.
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3. Numerical scheme based on the Newton polynomial for a chaotic problem with delay terms

3.1. Solution of chaotic model with exponential kernel

In this section, we present a numerical scheme based on the Newton polynomial [30] to solve the
following fractional system of delay differential equation with different fractional differential operators.
We start with the Caputo–Fabrizio case

CF
0 Dα

t x(t) = F(t, x(t), x(t − τ)), t ∈ [0,T ]
x(t) = x(t), t ∈ [−π, 0] (3.1)

We consider a uniform grid

{tk = kh : k = −n,−n + 1, ...,−1, 0, 1, ...,N} (3.2)

where

h =
T
N

=
τ

n
. (3.3)

We let

x(tk) = x(tk), k = −n,−n + 1, ...,−1, 0, (3.4)

and

x(tk − τ) = x(kh − nh) = x(tk−n), k = 0, 1, ...N. (3.5)

Keeping these notations, we can apply the Caputo–Fabrizio integral at t = tn and t = tn+1

x(tk+1) = x(tk) + (1 − α)[F(tk, x(tk)), x(tk − τ) − F(tk−1, x(tk−1)), x(tk−1 − τ)] (3.6)

+α

∫ tk+1

tk
F(s, x(s), x(s − τ))ds

Approximating the function F(s, x(s), x(s − τ)) by the Newton polynomial yields

x(tk+1) = x(tk) + (1 − α)[F(tk, x(tk)), x(tk − τ) − F(tk−1, x(tk−1)), x(tk−1 − τ)] (3.7)

+α

[ 23
12 F(tk, x(tk)), x(tk − τ) − 4

3 F(tk−1, x(tk−1)), x(tk−1 − τ)
+ 5

12 F(tk−2, x(tk−2)), x(tk−2 − τ)]

]
= x(tk) + (1 − α) [F(tk, x(tk)), x(kh − nh) − F(tk−1, x(tk−1)), x((k − 1)h − nh)]

+α

[ 23
12 F(tk, x(tk)), x(kh − nh) − 4

3 F(tk−1, x(tk−1)), x((k − 1)h − nh))
+ 5

12 F(tk−2, x(tk−2)), x((k − 2)h − nh))

]
.

Then, we get

x(tk+1) = x(tk) + (1 − α) [F(tk, x(tk), x(tk−n)) − F(tk−1, x(tk−1), x(tk−n−1))] (3.8)
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+αh
[ 23

12 F(tk, x(tk)), x(tk−n) − 4
3 F(tk−1, x(tk−1)), x(tk−n−1))

+ 5
12 F(tk−2, x(tk−2)), x(tk−n−2))

]
The numerical simulations have been performed for the considered chaotic model with exponential
kernels, as shown in Figure 2.

Figure 2. Numerical visualization of the considered chaotic model for α = 0.91 and τ = 0.09.

We shall note that we need to calculate the values of x(t1) and x(t2) since the Newton polynomial [30]
is constructed by using three points. It can be easily seen that while the values x(t1) and x(t2) can be
obtained by using the Euler and Adams–Bashforth methods. Thus, we can have

x1 = x0 + (1 − α) F (t0, x(t0)), x(t0 − τ)) + αhF (t0, x(t0)), x(t0 − τ)) , (3.9)
x2 = x1 + (1 − α) [F (t1, x(t1)), x(t1 − τ)) − F (t0, x(t0)), x(t0 − τ))]

+
3αh

2
F (t1, x(t1)), x(t1 − τ)) −

αh
2

F (t0, x(t0)), x(t0 − τ)) .

3.2. Solution of chaotic model with Mittag–Leffler kernel

For the Atangana–Baleanu case [2], we consider the following system:

ABC
0 Dα

t x(t) = F(t, x(t), x(t − τ)), t ∈ [0,T ]
x(t) = x̃(t), t ∈ [−π, 0] (3.10)

Applying the integral on both sides and considering at t = tn+1 leads to
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x(tk+1) = x(0) + (1 − α)F(tk, x(tk), x(tk − τ)) (3.11)

+
α

Γ(α)

k∑
j=0

∫ t j+1

t j

F(s, x(s), x(s − τ))(tk+1 − s)α−1ds.

By using the corresponding approach, we have

x(tk+1) = x̃0 + (1 − α)F(tk, x(tk), x(tk − τ)) (3.12)

+
αhα

Γ(α + 1)

k∑
j=2

F(t j−2, x(t j−2), x(t j−2 − τ))
∫ t j+1

t j

(tk+1 − s)α−1ds

+
αhα

Γ(α + 2)

k∑
j=2

[
F(t j−1, x(t j−1), x(t j−1 − τ))
−F(t j−2, x(t j−2), x(t j−2 − τ))

]
×

∫ t j+1

t j

(
s − t j−2

)
(tk+1 − s)α−1ds

+
αhα

2Γ(α + 3)

k∑
j=2


F(t j, x(t j), x(t j − τ))

−2F(t j−1, x(t j−1), x(t j−1 − τ))
+F(t j−2, x(t j−2), x(t j−2 − τ))


×

∫ t j+1

t j

(
s − t j−1

) (
s − t j−2

)
(tk+1 − s)α−1ds

Calculating the above integrals yields

x(tk+1) = x̃0 + (1 − α) [F(tk, x(tk)), x(tk − τ) − F(tk−1, x(tk−1), x(tk−1 − τ))]

+
αhα

Γ(α + 1)

k∑
j=2

F(t j−2, x(t j−2), x(t j−2 − τ))δ1

+
αhα

Γ(α + 2)

k∑
j=2

[
F(t j−1, x(t j−1), x(t j−1 − τ))
−F(t j−2, x(t j−2), x(t j−2 − τ))

]
δ2

+
αhα

2Γ(α + 3)

k∑
j=2


F(t j, x(t j), x(t j − τ))

−2F(t j−1, x(t j−1), x(t j−1 − τ))
+F(t j−2, x(t j−2), x(t j−2 − τ)))

 δ3

where

δ1 =
[
(k − j + 1)α − (k − j)α

]
, (3.13)

δ2 =

[
(k − j + 1)α (k − j + 3 + 2α)
− (k − j)α (k − j + 3 + 3α)

]
, (3.14)
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δ3 =


(k − j + 1)α

[
2 (k − j)2 + (3α + 10) (k − j)

+2α2 + 9α + 12

]
− (k − j)α

[
2 (k − j)2 + (5α + 10) (k − j)

+6α2 + 18α + 12

]
 . (3.15)

For the Atangana–Baleanu in the sense Caputo case, values of x(t1) and x(t2) can be obtained by using
the same procedure presented before as follows:

x1 = x0 + (1 − α) F (t0, x(t0)), x(t0 − τ)) (3.16)

+
αhα

Γ (α + 1)
F (t0, x(t0)), x(t0 − τ))

and

x2 = x1 + (1 − α) [F (t1, x(t1)), x(t1 − τ)) − F (t0, x(t0)), x(t0 − τ))] (3.17)

+
αhα

Γ (α + 2)
F (t1, x(t1)), x(t1 − τ)) −

αhα

Γ (α + 1)
F (t0, x(t0)), x(t0 − τ)) .

3.3. Solution of chaotic model with power-law kernel

We next consider a delay system with the Caputo fractional derivative:

C
0 Dα

t x(t) = F(t, x(t), x(t − τ)), t ∈ [0,T ]
x(t) = x̃(t), t ∈ [−π, 0] (3.18)

We convert the above system into

x(tk+1) = x(0) +
1

Γ(α)

k∑
j=0

∫ t j+1

t j

F(s, x(s), x(s − τ))(tk+1 − s)α−1ds. (3.19)

Approximating the function F(s, x(s), x(s − τ)) by the Newton polynomial [30] yields

x(tk+1) = x̃0 +
hα

Γ(α + 1)

k∑
j=2

F(t j−2, x(t j−2), x(t j−2 − τ))δ1 (3.20)

+
hα

Γ(α + 2)

k∑
j=2

[
F(t j−1, x(t j−1), x(t j−1 − τ))
−F(t j−2, x(t j−2), x(t j−2 − τ))

]
δ2

+
hα

2Γ(α + 3)

k∑
j=2

[
F(t j, x(t j), x(t j − τ)) − 2F(t j−1, x(t j−1), x(t j−1 − τ))

+F(t j−2, x(t j−2), x(t j−2 − τ)))

]
δ3

By applying the same routine as for the Caputo case, we get the following values for x(t1) and x(t2):

x1 = x0 +
hα

Γ (α + 1)
F (t0, x(t0), x(t0 − τ)) (3.21)
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and

x2 = x1 +
hα

Γ (α + 2)
F (t1, x(t1), x(t1 − τ)) −

hα

Γ (α + 2)
F (t0, x(t0), x(t0 − τ)) . (3.22)

We present the numerical simulations for the considered chaotic model with power-law kernels, as
shown in Figure 3.

Figure 3. Numerical visualization of the considered chaotic model for α = 0.96 and τ = 0.09.

4. Chaotic model with piecewise derivative

We consider the considered model in piecewise form, where the first part is stochastic and the second
part is classical derivative. The stochastic–deterministic chaotic model is represented by

dx (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)) dt + σ1xdB1 (t)
dy (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t)) dt + σ2ydB2 (t)

dz (t) =
(
c1 − c2y2 (t − τ)

)
dt + σ3zdB3 (t)

, if 0 ≤ t ≤ t0 (4.1)


x′ = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))

y′ = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
z′ =

(
c1 − c2y2 (t − τ)

) , if t0 ≤ t ≤ T

where the initial data are given by

x (0) = x0, y (0) = y0, z (0) = z0. (4.2)

To present a simplification numerical scheme, we shall use the following notations:
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X =


x
y
z

 , X0 =


x0

y0

z0

 , F (t, X) =


f1 (t, X)
f2 (t, X)
f3 (t, X)

 (4.3)

where
f1 (t, X) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))

f2 (t, X) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
f3 (t, X) =

(
c1 − c2y2 (t − τ)

) . (4.4)

Using the numerical scheme presented earlier, the numerical solution of the stochastic–deterministic
chaotic model is obtained by solving the following equation:

X (tn+1) =




X (0) +

∑i
k=2


5

12 F(tk−2, X(tk−2), X(tk−2 − τ))∆t
−4

3 F(tk−1, X(tk−1), X(tk−1 − τ))∆t
+23

12 F(tk, X(tk), X(tk − τ))∆t


+

∑i
k=0 σlX (ck) (Bl (tk+1) − Bl (tk))X (t0) +

∑n
k=i+3


5
12 F(tk−2, X(tk−2), X(tk−2 − τ))∆t
−4

3 F(tk−1, X(tk−1), X(tk−1 − τ))∆t
+23

12 F(tk, X(tk), X(tk − τ))∆t


, (4.5)

such that l = 1, .., 3 and ck ∈ [tk, tk+1] .
We now consider the considered model in piecewise form, where the first part is stochastic and the

second part is the Caputo–Fabrizio derivative:
dx (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)) dt + σ1xdB1 (t)

dy (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t)) dt + σ2ydB2 (t)
dz (t) =

(
c1 − c2y2 (t − τ)

)
dt + σ3zdB3 (t)

, if 0 ≤ t ≤ t0 (4.6)


CF
t0 Dα

t x (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))
CF
t0 Dα

t y (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
CF
t0 Dα

t z (t) =
(
c1 − c2y2 (t − τ)

) if t0 ≤ t ≤ T,

Using the numerical scheme presented earlier, the numerical solution of the stochastic–deterministic
chaotic model is obtained by solving the following equation:

X (tn+1) =




X (0) +

∑i
k=2


5

12 F(tk−2, X(tk−2), X(tk−2 − τ))∆t
−4

3 F(tk−1, X(tk−1), X(tk−1 − τ))∆t
+23

12 F(tk, X(tk), X(tk − τ))∆t


+

∑i
k=0 σlX (ck) (Bl (tk+1) − Bl (tk))

X (t0) + (1 − α)
[

F(tk, X(tk), X(tk − τ))
−F(tk−1, X(tk−1), X(tk−1 − τ))

]
+α

∑n
k=i+3


5
12 F(tk−2, X(tk−2), X(tk−2 − τ))∆t
−4

3 F(tk−1, X(tk−1), X(tk−1 − τ))∆t
+23

12 F(tk, X(tk), X(tk − τ))∆t


, (4.7)

such that l = 1, .., 3.
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We now consider the considered model in piecewise form, where the first part is stochastic and the
second part is the Atangana–Baleanu derivative:


dx (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)) dt + σ1xdB1 (t)

dy (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t)) dt + σ2ydB2 (t)
dz (t) =

(
c1 − c2y2 (t − τ)

)
dt + σ3zdB3 (t)

, if 0 ≤ t ≤ t0 (4.8)

AB
t0 Dα

t x (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))
AB
t0 Dα

t y (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
AB
t0 Dα

t z (t) =
(
c1 − c2y2 (t − τ)

) if t0 ≤ t ≤ T,

Using numerical scheme presented earlier, the numerical solution of the stochastic–deterministic chaotic
model is obtained by solving the following equation:

X (tn+1) =




X (0) +

∑i
k=2


5

12 F(tk−2, X(tk−2), X(tk−2 − τ))∆t
−4

3 F(tk−1, X(tk−1), X(tk−1 − τ))∆t
+23

12 F(tk, X(tk), X(tk − τ))∆t


+

∑i
k=0 σlX (ck) (Bl (tk+1) − Bl (tk))

X (t0) + (1 − α)
[

F(tn, X(tn)), X(tn − τ))
−F(tn−1, X(tn−1), X(tn−1 − τ))

]
+ αhα

Γ(α+1)

∑n
k=i+3 F(t j−2, X(t j−2), X(t j−2 − τ))δ1

+ αhα
Γ(α+2)

∑n
k=i+3

[
F(t j−1, X(t j−1), X(t j−1 − τ))
−F(t j−2, X(t j−2), X(t j−2 − τ))

]
δ2

+ αhα
2Γ(α+3)

∑n
k=i+3


F(t j, X(t j), X(t j − τ))

−2F(t j−1, X(t j−1), X(t j−1 − τ))
+F(t j−2, X(t j−2), X(t j−2 − τ)))

 δ3

, (4.9)

such that l = 1, .., 3.
We now consider the considered model in piecewise form, where the first part is stochastic and the

second part is the Caputo derivative:


dx (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)) dt + σ1xdB1 (t)

dy (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t)) dt + σ2ydB2 (t)
dz (t) =

(
c1 − c2y2 (t − τ)

)
dt + σ3zdB3 (t)

, if 0 ≤ t ≤ t0 (4.10)


C
t0 Dα

t x (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))
C
t0 Dα

t y (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
C
t0 Dα

t z (t) =
(
c1 − c2y2 (t − τ)

) if t0 ≤ t ≤ T,

Using numerical scheme presented earlier, the numerical solution of the stochastic–deterministic chaotic
model is obtained by solving the following equation:
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X (tn+1) =




X (0) +

∑i
k=2


5
12 F (tk−2, Xk−2, X(tk−2 − τ)) ∆t
−4

3 F (tk−1, Xk−1, X(tk−1 − τ)) ∆t
+23

12 F (tk, Xk, X(tk − τ)) ∆t


+

∑i
k=0 σlX (ck) (Bl (tk+1) − Bl (tk))

X̃ (t0) + αhα
Γ(α+1)

∑n
k=i+3 F(tk−2, X(tk−2), X(tk−2 − τ))δ1

+ αhα
Γ(α+2)

∑n
k=i+3

[
F(tk−1, X(tk−1), X(tk−1 − τ))
−F(tk−2, X(tk−2), X(tk−2 − τ))

]
δ2

+ αhα
2Γ(α+3)

∑n
k=i+3


F(tk, X(tk), X(tk − τ))

−2F(tk−1, X(tk−1), X(tk−1 − τ))
+F(tk−2, X(tk−2), X(tk−2 − τ)))

 δ3

, (4.11)

such that l = 1, .., 3.

4.1. Illustrative examples

In this section, we deal with a piecewise chaotic system with delay terms, where the first part
incorporates the classical derivative and the second part is chosen as the fractional derivative.

Example 1. We consider the following piecewise chaotic problem


ABC
0 Dα

t x = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))
ABC
0 Dα

t y = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
ABC
0 Dα

t z =
(
c1 − c2y2 (t − τ)

) , if 0 ≤ t ≤ t0 (4.12)


C
t0 Dα

t x (t) = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))
C
t0 Dα

t y (t) = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
C
t0 Dα

t z (t) =
(
c1 − c2y2 (t − τ)

) , if t0 ≤ t ≤ t1


x′ = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))

y′ = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
z′ =

(
c1 − c2y2 (t − τ)

) , if t1 ≤ t

where τ = 0.04. The piecewise system can be solved by implementing the following numerical scheme

X (tk+1) =



X̃ (0) + αhα
Γ(α+1)

∑k1
j1=2 F(t j1−2, X(t j1−2), X(t j1−2 − τ))δ1

+ αhα
Γ(α+2)

∑k
j1=2

[
F(t j1−1, X(t j1−1), X(t j1−1 − τ))
−F(t j1−2, X(t j1−2), X(t j1−2 − τ))

]
δ2

+ αhα
2Γ(α+3)

∑k
j1=2


F(t j1 , X(t j1), X(t j1 − τ))

−2F(t j1−1, X(t j1−1), X(t j1−1 − τ))
+F(t j1−2, X(t j1−2), X(t j1−2 − τ)))

 δ3

, (4.13)
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X̃ (t0) + (1 − α)
[

F(tk, X(tk)), X(tk − τ))
−F(tk−1, X(tk−1), X(tk−1 − τ))

]
+ αhα

Γ(α+1)

∑k2
j2=k1+3 F(t j2−2, X(t j2−2), X(t j2−2 − τ))δ1

+ αhα
Γ(α+2)

∑k2
j2=k1+3

[
F(t j2−1, X(t j2−1), X(t j2−1 − τ))
−F(t j2−2, X(t j2−2), X(t j2−2 − τ))

]
δ2

+ αhα
2Γ(α+3)

∑k2
j2=k1+3


F(t j2 , X(t j2), X(t j2 − τ))

−2F(t j2−1, X(t j2−1), X(t j2−1 − τ))
+F(t j2−2, X(t j2−2), X(t j2−2 − τ)))

 δ3

,

X̃ (t1) +

k3∑
j3=k2+3


5
12 F(t j3−2, X(t j3−2), X(t j3−2 − τ))∆t
−4

3 F(t j3−1, X(t j3−1), X(t j3−1 − τ))∆t
+23

12 F(t j3 , X(t j3), X(t j3 − τ))∆t

 ,


X̃ (t2) + (1 − α)

[
F(tk, X(tk)), X(tk − τ))

−F(tk−1, X(tk−1), X(tk−1 − τ))

]
+α

∑k
j4=k3+3


5

12 F(t j4−2, X(t j4−2), X(t j4−2 − τ))∆t
−4

3 F(t j4−1, X(t j4−1), X(t j4−1 − τ))∆t
+23

12 F(t j4 , X(t j4), X(t j4 − τ))∆t

 .

The graphical representation for the piecewise system is presented for different values of fractional order
in Figures 4, 5 and 6.

Figure 4. The graphical representation of the piecewise chaotic model for α = 1.
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Figure 5. The graphical representation of the piecewise chaotic model for α = 0.99.

Figure 6. The graphical representation of the piecewise chaotic model for α = 0.97.

Example 2. We deal with the following chaotic problem with piecewise derivatives:
C
0 Dα

t x = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))
C
0 Dα

t y = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
C
0 Dα

t z =
(
c1 − c2y2 (t − τ)

) , if 0 ≤ t ≤ t0 (4.14)


ABC
t0 Dα

t x = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))
ABC
t0 Dα

t y = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
ABC
t0 Dα

t z =
(
c1 − c2y2 (t − τ)

) , if t0 ≤ t ≤ t1


x′ = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t))

y′ = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t))
z′ =

(
c1 − c2y2 (t − τ)

) , if t1 ≤ t ≤ t2
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CF
t2 Dα

t x = (a1y (t − τ) − a2x (t − τ) + a3x (t) z (t)) dt + σ1xdB1 (t)
CF
t2 Dα

t y = (−b1x (t) z (t) − b2x (t − τ) + b3y (t) z (t)) dt + σ2ydB2 (t)
CF
t2 Dα

t z =
(
c1 − c2y2 (t − τ)

)
dt + σ3zdB3 (t)

, if t2 ≤ t ≤ T

where τ = 0.06. The piecewise system can be solved by implementing the following numerical scheme:

X (tk+1) =



X̃ (0) + αhα
Γ(α+1)

∑k1
j1=2 F(t j1−2, X(t j1−2), X(t j1−2 − τ))δ1

+ αhα
Γ(α+2)

∑k
j1=2

[
F(t j1−1, X(t j1−1), X(t j1−1 − τ))
−F(t j1−2, X(t j1−2), X(t j1−2 − τ))

]
δ2

+ αhα
2Γ(α+3)

∑k
j1=2


F(t j1 , X(t j1), X(t j1 − τ))

−2F(t j1−1, X(t j1−1), X(t j1−1 − τ))
+F(t j1−2, X(t j1−2), X(t j1−2 − τ)))

 δ3

, (4.15)



X̃ (t0) + (1 − α)
[

F(tk, X(tk)), X(tk − τ))
−F(tk−1, X(tk−1), X(tk−1 − τ))

]
+ αhα

Γ(α+1)

∑k2
j2=k1+3 F(t j2−2, X(t j2−2), X(t j2−2 − τ))δ1

+ αhα
Γ(α+2)

∑k2
j2=k1+3

[
F(t j2−1, X(t j2−1), X(t j2−1 − τ))
−F(t j2−2, X(t j2−2), X(t j2−2 − τ))

]
δ2

+ αhα
2Γ(α+3)

∑k2
j2=k1+3


F(t j2 , X(t j2), X(t j2 − τ))

−2F(t j2−1, X(t j2−1), X(t j2−1 − τ))
+F(t j2−2, X(t j2−2), X(t j2−2 − τ)))

 δ3

,

X̃ (t1) +

k3∑
j3=k2+3


5
12 F(t j3−2, X(t j3−2), X(t j3−2 − τ))∆t
−4

3 F(t j3−1, X(t j3−1), X(t j3−1 − τ))∆t
+23

12 F(t j3 , X(t j3), X(t j3 − τ))∆t

 ,



X̃ (t2) + (1 − α)
[

F(tk, X(tk)), X(tk − τ))
−F(tk−1, X(tk−1), X(tk−1 − τ))

]
+α

∑k
j4=k3+3


5

12 F(t j4−2, X(t j4−2), X(t j4−2 − τ))∆t
−4

3 F(t j4−1, X(t j4−1), X(t j4−1 − τ))∆t
+23

12 F(t j4 , X(t j4), X(t j4 − τ))∆t


+α

∑k
j4=k3+3 σlX

(
c j4

) (
Bl

(
t j4+1

)
− Bl

(
t j4

))
.

The graphical representation for the piecewise system is presented for different values of fractional order
in Figures 7, 8 and 9.

Communications in Analysis and Mechanics Volume 16, Issue 1, 169–192.



189

Figure 7. Numerical visualization of the considered chaotic model for α = 1, σ1 = 0.5, σ2 =

0.35, σ3 = 0.1.

Figure 8. Numerical visualization of the considered chaotic model for α = 0.98, σ1 =

0.25, σ2 = 0.15, σ3 = 0.14.

Figure 9. Numerical visualization of the considered chaotic model for α = 0.96, σ1 =

0.1, σ2 = 0.09, σ3 = 0.08.
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5. Conclusion

In this study, we have considered a chaotic model with fractional differential operators and a delay
term that has been added to this model. Moreover, the considered delay system has been modeled
by using piecewise derivatives that can account for different behaviors such as stochastic, crossover
and memory effects according to the kernels used. Of course, this led us to the exhibition of different
behaviors of the model considered here. The existence and uniqueness of the solution of the delay
chaotic model have been demonstrated by using the Carathéodory theorem. Some applications for these
models are presented for different values of fractional order.
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