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Abstract: This paper is concerned with the following first-order Hamiltonian system

= /Hz(t’ Z)’

where the Hamiltonian function H(t,z) = %Lz -z + A(e1)G(|z]) and € > 0O is a small parameter. Under
some natural conditions, we obtain a new existence result for ground state homoclinic orbits by applying
variational methods. Moreover, the concentration behavior and exponential decay of these ground state
homoclinic orbits are also investigated.
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1. Introduction and main result

In this paper, we are interested in the existence and some asymptotic properties of ground state
homoclinic orbits for the following first-order Hamiltonian system

2= _FH(t2), (1.1)
with the Hamiltonian function |
H(t,z) = ELZ -7+ A(et)G([z)). (1.2)

Here, z = (u,v) € RY x RN = R?N € > 0 is a parameter, L is a symmetric 2N X 2N matrix-valued

function, and
0 -I
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is the usual symplectic matrix with I being the identity matrix in RY. As usual, we refer to a solution z
of system (1.1) as a homoclinic orbit if z(#) # 0 and z(¢) — 0 as || — oo.

It is widely known that Hamiltonian systems are very important dynamical systems, which have
many applications in several natural science areas such as relativistic mechanics, celestial mechanics,
gas dynamics, chemical kinetics, optimization and control theory and so on. The complicated dynamical
behavior of Hamiltonian systems has the attracted attention of many mathematicians and physicists ever
since Newton wrote down the differential equations describing planetary motions and derived Kepler’s
ellipses as solutions. For more details on applications of Hamiltonian systems, one can refer to [1] and
the monograph [2] of Mawhin and Willem. We also refer the readers to see [3] for the Stokes-Dirac
structures of the port-Hamiltonian systems.

In the past few decades, Hamiltonian systems have attracted a considerable amount of interest due
to many powerful applications in different fields; the literature related to these systems is extensive
and encompasses several interesting lines of research on the topic of nonlinear analysis, including
the existence, nonexistence, multiplicity and finer qualitative properties of homoclinic orbits. Here
we cannot provide a complete and fully detailed list of references, but rather we limit ourselves to
mentioning the works which are closely related to the content of the present paper.

A major breakthrough was the pioneering paper of Rabinowitz [4] from 1978 who, for the first time,
obtained periodic solutions of system (1.1) by using variational methods. After the celebrated work of
Rabinowitz [4], based on the dual action and mountain pass argument, Coti-Zelati et al. [5] obtained the
existence and multiplicity of homoclinic orbits under the condition of strictly convexity. Later on, this
result was further detailed by [6, 7] in which the authors established the existence result for infinitely
many homoclinic orbits. Without the convexity condition, Hofer and Wysocki [8] independently
investigated the existence of homoclinic orbits by combining the Fredholm operator theory and the
linking argument. Tanaka [9] employed a suitable subharmonic approach to obtain one homoclinic
orbit by relaxing the convexity condition. In [10], Rashkovskiy studied the quantization process of
Hamiltonian and non-Hamiltonian systems.

The main unusual feature of the first-order Hamiltonian system is that the associated energy functional is
strongly indefinite. Generally speaking, for the strongly indefinite functionals refined variational methods
like the Nehari manifold method and mountain pass theorem still do not apply. Some general critical point
theories like the generalized linking theorem and other weaker versions for strongly indefinite functionals
were subsequently developed by Kryszewski and Szulkin in [11] and Bartsch and Ding in [12]. Since then,
based on the critical point theorems from [11, 12] for strongly indefinite functionals, many scholars have
gradually begun to investigate the existence and multiplicity of homoclinic orbits for non-autonomous
Hamiltonian systems under some different conditions. More precisely, under the conditions that H depends
periodically on ¢ and has super-quadratic growth in z, Arioli and Szulkin [13], Chen and Ma [14], and Ding
and Willem [15] obtained the existence result. Ding [16], Ding and Girardi [17], and Zhang et al. [18]
studied the multiplicity result for homoclinic orbits. Concerning the asymptotic quadratic growth case, we
refer to the work done by Szulkin and Zou [19] and Sun et al. [20]. Here we would like to emphasize that
the periodicity condition is used to resolve the issue stemming from the lack of compactness since system
(1.1) 1s set on the whole space R.

On the other hand, without the condition of periodicity, the non-periodic problem is quite different due
to the lack of compactness of Sobolev embeddings. In an early paper [21], Ding and Li utilized the coercive
property of L to establish a variational framework with compactness, and they proved the existence of
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homoclinic orbits for the super-quadratic growth case. Also under the framework of compactness, Zhang
and Liu [22] studied the sub-quadratic growth case. Regarding the asymptotically quadratic case, based
on the infinite-dimensional linking argument, Ding and Jeanjean [23] established a multiplicity result for
homoclinic orbits. Moreover, they imposed a control on the size of G with respect to the behavior of L to
recover sufficient compactness. For the existence and exponential decay of homoclinic orbits for system
(1.1) with nonperiodic super-quadratic and lack of compactness, we refer the reader to [24]. We also
mention the recent paper by Zhang et al. [25] in which the existence and decay of ground state homoclinic
orbits for system (1.1) with asymptotic periodicity are explored. For other results related to the Hamiltonian
systems with strongly variational structure, we refer the reader to [26-32] and the references therein.

It is worth pointing out that, in all of the works mentioned above, the authors were concerned mainly
with the study of the existence and multiplicity of homoclinic orbits, and there are no papers considering
the asymptotic properties of homoclinic orbits. Inspired by this fact and the work done by Alves and
Germano [33] in which the authors investigated the existence and concentration of ground state solutions
for the Schrodinger equation; in the present paper we aim to further study the existence and some
asymptotic properties of ground-state homoclinic orbits for system (1.1) with Hamiltonian function
(1.2). This is a very interesting issue that has motivated the present work.

To continue the discussion, we introduce the following notation

d
S=- —+L|,
then, system (1.1) takes the following form

Sz=A(eng(lz])z, teR. (1.3)

Before stating our results, we suppose the following conditions hold for L, A and G.

(L) L is a constant symmetric 2N x 2N matrix such that o(_#L) N iR = @, where o denotes the
spectrum of operator ¢ L.
(A) Ae C(R,R)and 0 < inf,cg A(f) < A = |llim A(t) < A0) = m%xA(t);
t|—00 te

(g1) G.(Iz) = g(lz])z, g € C(R*,R*), and there exist p > 2 and ¢, > 0 such that
lg(s)] < co(1 + |s]P2) forall s € RT;

(g2) g(s) =o(1) as s — 0, and G(s)/s*> = +oo as s — +o0;
(g3) g(s) is strictly increasing in s on (0, +00).

Next we state the main result of this paper as follows.
Theorem 1.1. Assume that conditions (L), (A), and (g1)-(g3) hold. Then we have the following results:

(a) there exists € > 0 such that system (1.1) has a ground state homoclinic orbit z. for each € € (0, &),
(b) |z¢| attains its maximum at t., then,

lim A(et,) = A(0),
e—0
moreover, Z.(t + t.) — z as € — 0, where z is a ground state homoclinic orbit of the limit system

Sz=A0)g(zDz, 1eR;
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(c) additionally, if A, g € C', and g'(s)s = o(1) as s — 0, then there exist constants c,C > 0 such that
|z(t)] < Cexp(—clt —t.|) forall t € R.

We would like to emphasize that since our problem is carried out in the whole space, then the strongly
indefiniteness of energy functionals and the lack of compactness are two major difficulties that we
encounter in order to guarantee the existence of homoclinic orbits. More precisely, one reason is that
strongly indefinite functionals are unbounded from below and from above so that the classical methods
from the calculus of variations do not apply. The other reason is that the lack of compactness leads to
the energy functionals not satisfying the necessary compactness property.

Let us now outline the methods involved to prove Theorem 1.1. Indeed, based on the above reasons,
first, we will take advantage of the method of the generalized Nehari manifold developed by Szulkin-
Weth [34] to handle system (1.1), this is because such a strategy helps to overcome the difficulty caused
by strongly indefinite features. Second, we must verify that the energy functional possesses the necessary
compactness property at some energy level. This target will be accomplished by applying the energy
comparison argument to establish some precise comparison relationships for the ground-state energy
value between the original problem and certain auxiliary problems. Finally, combining the compactness
analysis technique, Kato’s inequality, and the sub-solution estimate, we can obtain the concentration
property and decay of homoclinic orbits. Then Theorem 1.1 follows naturally.

This paper is organized as follows. In Section 2, we establish the functional analytic setting associated
with system (1.1). In Section 3, we present some technical results, and obtain the existence result for
ground-state homoclinic orbits for the autonomous system. Section 4 is devoted to proofs of Theorem 1.1.

2. Functional analytic setting

Throughout the present paper, we will use the following notations:
e || - ||; denotes the norm of the Lebesgue space L*(R), 1 < s < +o0;
e (-, -), denotes the usual inner product of the space L*(R);

e ¢, ¢;, C; represent various different positive constants.

In what follows, we will establish the variational framework to work for system (1.1).

Recall that S = —(_7 4 + L) is a self-adjoint operator on the space L? := L*(R, R?") with the domain
D(S) = H'(R,R?"); according to the discussion in [13], we can know that, under the condition (L),
there exists a > 0 such that (-a,a) N o(S) = O (see also [16, 19]). Therefore, the space L? has the
following orthogonal decomposition

’=La&®L", z=7 +7

corresponding to the spectrum decomposition of S such that S is positive definite (resp. negative
definite) in L* (resp. L7).

We use |S| to denote the absolute value of S, and |S|!'/? denotes the square root of |S|. Let E =
2(1S|'?) be the domain of the self-adjoint operator |S|!/2, which is a Hilbert space equipped with the
following inner product

(z,w) = (181'22,1S1'2w),, forz,w € E,
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and the norm ||z]|> = (z, z). Evidently, E possesses the following decomposition
E=E @©FE", where E*=EnNL",

which is orthogonal with respect to the two inner products (-, -), and (-, ). Moreover, by using the polar
decomposition of S we can obtain that

Sz =-IS|z", Sz" =|S|z" forallz=z"+7 €E.

Furthermore, from [16] we have the embedding theorem, that is, £ embeds continuously into L7 for
each ¢ > 2 and compactly into L7 for all g > 1. Hence, there exists a constant y, > 0 such that for all
z€E

llzll; < y4llzll for all g > 2. (2.1)

From the assumptions (g;) and (g»), we can deduce that for any € > 0, there exists a positive constant
C. such that
lg()| < €+ Ccls]”? and |G(s)| < €|s]* + Ce|s|’ foreach se R*. (2.2)

Next, we define the corresponding energy functional of system (1.3) on E by

1.(2) = %sz-zdt—fA(et)G(lzl)dt
R R

Applying the polar decomposition of §, then the energy functional /. has another representation as
follows

1 -
1(2) = §(||Z+||2 —llz IIZ)—fA(Et)G(IZI)dt-
R
Evidently, according to condition (L), we can see that /. is strongly indefinite. Furthermore, from

conditions (g;) and (g,) we can infer that I, € C'(E,R), and we have

<uaw=wwv4awermMWWMWME

R

Making use of a standard argument we can check that critical points of I, are homoclinic orbits of
system (1.1).

3. The autonomous system

We shall make use of the techniques of the limit problem to prove the main results; in this section we
introduce some related results for the autonomous system.
For any constant 4 > 0, in what follows we consider the autonomous system given by

Sz=pug(z))z, teR. (3.1

Similarly, following the above comments, we define the energy functional /, corresponding to system
(3.1) as follows

1
1@ = 5 (I = 1) - [ Glat.
R
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Evidently, we have
L@,y = (¥ — (T, 97) —u fg(lzl)zdfdt, Vy € E.
R

In order to obtain the ground state homoclinic orbits of system (3.1), we will use the method of the
generalized Nehari manifold developed by Szulkin and Weth [34]. To do this, we first introduce the
following generalized Nehari manifold

Ny =1z € E\E” : {[[(2),2) = 0and (I;(2),v) =0, Vve E},
and we define the ground state energy value c, of [, on .4,

Cy = zlenAt; 1,(2).

Furthermore, for every z € E\E~, we also need to define the subspace
E(z)=E ®Rz=E ®RZ7,
and the convex subset _
E(z) = E ®[0,+0)z = E~ &[0, +00)z".

We note that E(z) and E(z) do not depend on u, but depend on the operator S .
The main result in this section is the following theorem:

Theorem 3.1. Assume that condition (L) holds and let (g,)-(g3) be satisfied, then, problem (3.1) has at
least a ground state homoclinic orbit z € N, such that 1,(z) = ¢, > 0.

3.1. Technical results

In this subsection, we are going to prove some technical results which will be used in the proof of
Theorem 3.1. The following result involves the translation that will be used frequently in this paper, the
proof can be found in [33, Lemma 2.1].

Lemma 3.1. Forallu=u"+u” € Eandy € R, if v(t) := u(t +y), thenv € E withv*(t) = u*(t + y) and
vi(t)=u(t+y).

We give an important estimate, which plays a crucial role in the later proof.

Lemma 3.2. Let z € N, then, for eachv € H :={sz+w:s>—-1,we E }andv # 0, we have the
following energy estimate
L(z+v) < 1,(2).

Hence z is a unique global maximum of L\,

Proof. We follow the similar ideas explored in [34, Proposition 2.3.] to prove this lemma. Observe that,
for any z € .4, we directly obtain

0 =([(2),¢) = (Az, )2 — f 8(|z])zepdt for all ¢ € E(z).
R
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Letv=sz+we H, then,z+v=(1+s)z+we E(). By an elemental computation, we can get
L(z+v) - 1,2)

1
= 5[(A(z +v),(z+V)), - (Az, z)z] +u f [G(Izl) - G(z + vl)]dt
R

1
- 5[(A<<1 £ )z (1 + )2+ w), - (Az, z)z] iy f [G(Izl) Gz + v|>]dt
R

Wl

= Iz s Dz (14 9w, + f |G - Gz + v ar
2 2 .

2
= _“w;“ + H fR [g(|Z|)Z ’ (S(% + 1)Z(t) * (1 + S)W(t)) + G(|Z|) B G(|Z * V|)]dt
[Iwll?

= —— +,uf§(s, Z, v)dt,
2 R

where s
2(s,2,v) = gllz)z - (s(§ + D)2(t) + (1 + s)w()) + G(iz) - G(lz + v)).

Using (g») and (g3) and combining the arguments used in [35] (see also [36]), we can conclude that
2(s,z,v) < 0. Therefore, we have

L(z+v) < L,(2).
Evidently, we know that z is a unique global maximum of 7|z,
Lemma 3.3. Assume that (g,) and (g,) are satisfied, then, we have the following two conclusions:

(i) there exists p > 0 such that ¢, = inf 4, I, > infs 1, > 0, where
Sp:=1{z€ E" Izl = p};

(ii) for any z € N, then lz*II> = max{||z"||%, 2¢,} > 0.

Proof. (i) Let z € E*, we can deduce from (2.1) and (2.2) that

1 1
1,(z) = EIIZII2 —u fG(IZI)df 2 (5 - 6/17%) ll2ll? = pryb Cellzll”.
R

Evidently, we can see that there is p > 0, for ||z]| = p small enough such that infg [, > 0.
On the other hand, for each z € .4/, there exists a positive constant s such that s||z]| = p, then
sz € E(z) NS ,. From Lemma 3.2, one can derive that

1,(z) = max I,(v) > 1,(s2).
veE(z)

Therefore, we have
) >
{1/1/51# > 1§1pr# >0,

which shows that the conclusion (i) holds.
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(i1) First we note that, from (g3), it follows that
1 ) .
Eg(S)S > G(s) > 0forall s e R*.

For each z € .4, combining this with the definition of c,, we have
2 -2 | IR I
O0<c, =< IIZ I~ - IIZ I —w | G(zhdr < EIIZ - - EIIZ II°.
R

Hence, we can derive that ||z*]|* > max({|lz”|I*, 2c,} > 0. The proof is finished.

Lemma 3.4. Assume that Q C E* \ {0} is a compact subset, thus, there exists R > 0 such that I, < 0 on
E(2) \ Br(0) for all z € Q.

Proof. The proof follows as in [34, Lemma 2.5], here, we omit the details.

Following the resql\t in [34] (see [34, Lemma 2.6]), we can establish the uniqueness of maximum
point of 1, on the set E(z).

Lemma 3.5. For any z € E\E", then the set .4, N E () consists of precisely one point m,(z) # 0, which
is the unique global maximum of L|.,.

Proof. On account of Lemma 3.2, it is sufficient to prove that .4, NE (z) # 0. Since E (2) = E (z*), without
loss of generality, we can suppose that z € E* and ||z|| = 1. By Lemma 3.3- 3-(i), we obtain that /,(sz) > 0
for s € (0, +00) small enough Lemma 3.4 ylelds that /,(sz) <O for sz € E (z)\BR(()) Consequently, we
can deduce that 0 < sup 1(E (z)) < oo, Because E (z) is convex and the functional I, is weakly supper
semi-continuous on E(z) we conclude that there exists 7 € E(z) such that ,(z) = sup I, (E(z)) This
shows that 7 is a critical point of 1|z B therefore,

(I@.2) = I,@.¢) =0 forall ¢ e E(2),

hence, 7z € .A;. So,7€ 4, N E(z). The proof is finished.
Combining Lemma 3.2 with Lemma 3.5, we obtain the following conclusion.

Lemma 3.6. For each z € E\E~, then, there is a unique pair (s*, ¢*) with s* € (0,+00) and ¢* € E~
such that s*z + ¢* € N, N E(2) and

L(s'z+ ¢") = max [,(w).
weE(7)

Moreover, if z € N, then we have that s* = 1 and ¢* = 7.
Lemma 3.7. I, is coercive on N, that is, 1,(z) — +o0 as ||z]| = +o0, z € A,

Proof. Seeking for a contradiction, assume that there exists {z,} C .4, such that
1,(z,) <c for some ¢ € [c,, +00) as ||z,|| = +co.
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Setting w,, := z,/||z,|l, we obtain that ||z}]| > ||z || from Lemma 3.3(ii), then, for every n € N, we get that
w11 > llw,|I* and [lw;|[* > 1. There exist {y,} C Z, r > 0 and 6 > 0 such that

f widt > 6, VneN. (3.2)
B (yn)

If this is not true, then according to Lions’ concentration-compactness principle, we can conclude that
w; — 01in LY(R) for g > 2. Combining (2.1) and (2.2), we know that, for every s > 0,

u f G(lsw!Ddr < 3 s IWi 1P + uCoyl s Iwi P — 0,
R
then we get

_ 1
> L(sw)) = 5s2||w;||2 —,ufG(lsw;I)dt
R

2 52
> 1 —,uLG(Isw,fl)dt - T
This yields a contradiction if s > V4¢: hence we prove that (3.2) holds.

Let us define Z,(¢) := z,(t + y,), and W, () := w,(t + y,), then, W) — Ww*, and (3.2) yields that w* # 0.
Since Z,(t) = W,(1)|Z,l, it follows that Z,(f) — +oco almost everywhere in R as ||Z,]| = |lz,|| — +oo.
Applying the Fatou’s lemma, we can derive that

G n G ~n G Nn ~ G ~I’l ~
(o) _ [GUED f CAIENN f ED s s - oo,
R [2,#0]

= llzall? r 1Zal |2l |zl
where [Z, # 0] is the Lebesgue measure of the set {r € R : Z,(¢) # 0}. Therefore

L) 1 ., 1. G(lz)
< L= Sl = il - [ T
P~ 2 2 N AT

1 G(zZ,
< ﬂfﬂlwnlzdt_) —00,
R

-2 |2l

we get a contradiction. The proof is finished.

We want to utilize the method of the generalized Nehari manifold to prove the main result. To do
this, we set S™ :={z € E* : ||z]| = 1} in E*, and we define the following mapping

my, : E'\{0} — 4, and m,, = m,|s+,
and the inverse of m,, is
m,' s Ay - ST, m @) =2
Following from the proof of [34, Lemma 2.8], we can see that 171,, is continuous and m, is a

homeomorphism.
We now consider the reduced functionals

®,(2) = I,(,(2)) and D, = D, [s-.

which is continuous since 1, is continuous.

The following results establish some crucial properties involving the reduced functionals 5ﬂ and @,
which play important roles in our arguments. And their proofs follow the proofs of [34, Proposition 2.9,
Corollary 2.10].
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Lemma 3.8. The following conclusions are true:

(a) @, € C'(E*\{0},R) and for z,v € E* and 7 # 0,

llm,(2)"

llzIl

(b) ®, € C'(S*,R) and for eachz € S* andv € T,(S*) ={u € E* : (z,u) = 0},

(@/(2),v) = (I (1,(2)), V.

(@(2), V) = I, () I (1 (2)), v

(¢) {z4} is a (PS)-sequence for @, if and only if {m,(z,)} is a (PS)-sequence for I,.
(d) We have

inf®, =infl, = ¢,.
g+ M v u u

Moreover, z € S* is a critical point of ®,, if and only if m,(z) € A, is a critical point of 1, and the
corresponding critical values coincide.

3.2. Proof of Theorem 3.1

Based on the above preliminaries, in this subsection we give the complete proof of Theorem 3.1, and
further study the monotonicity and continuity of the ground-state energy c,,.

Proof of Theorem 3.1: According to Lemma 3.3, it is easy to see that ¢, > 0. We note that, if
z € A, with I,(z) = c,, then m;'(z) € S is a minimizer of ®,; hence, it is a critical point of ®,.
Consequently, Lemma 3.8 yields that z is a critical point of /,. We have to prove that there exists
a minimizer Z € .4 such that /,(Z) = c¢,. Actually, Ekeland’s variational principle yields that there
exists a sequence {v,} C S* such that ®,(v,) — ¢, and @/ (v,) = 0asn — oo. For all n € N, setting
Zn = my(v,) € A, then [,(z,) — ¢, and I/;(zn) — 0 by Lemma 3.8. By virtue of Lemma 3.7, we can see
that {z,} is bounded in E. Moreover, it satisfies

lim sup f |z,|*dt > 0.
n—oo YER Bi(y)

If this is not true, then Lions’ concentration-compactness principle implies that z, — 0 in LY(R) for any
q > 2. Therefore, from (2.1) and (2.2), we can derive that

1
f [Eg(lznl)lznl2 - G(Iznl)] dr = o,(1).
R

Then, we get
1
Cut o,(1) = I,u(Zn) - E(I;l(zn)a Zn)

1 ,
= —_ n n_Gnd:nl'
gmwa| mﬂrou

Since ¢, > 0, obviously we get a contradiction. Thus, there exist {y,} C Z and 6 > 0 such that

f |z,]2dt > 6.
BZ(Yn)
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Let us define Z,(¢) = z,(t + y,), then, we have

f [ (3.3)
B(0)
Observe that /, is the invariant under translation since (3.1) is autonomous, then, we have ||Z,|| = ||z,l|
and

1,Z,) — ¢, and I;(Zn) — 0. (3.4)

Passing to a subsequence, we may suppose thatz, — Zin E, 7, — Zin LZ)C(R) for g > 2, and Z,(t) — Z(?)
almost everywhere on R. According to (3.3) and (3.4), then we can derive that Z # 0 and I;l(z) = 0. This
implies that Z € .4, and ,(2) > c,. On the other hand, applying Fatou’s lemma we can obtain

1
1
= i =g(zuDlzal* = G(lzal) |d
time [ (Fetable - Gl

. 1
> #f}gg(ig(lznl)lznlz - G(Iznl))dl

R

1
= 1,0 = 30,3.2) = 1,@),

that is, 1,(Z) < ¢,. Consequently, 1,(Z) = ¢, and Z is a critical point of /,, which implies that 7 is a
ground-state homoclinic orbit of problem (3.1). So, we have completed the proof of Theorem 3.1.
As a byproduct of the Theorem 3.1, we show the monotonicity and continuity of c,,.

Lemma 3.9. The function u — c, is decreasing and continuous on (0, +00).

Proof. In what follows, let z,, and z,, be as ground state homoclinic orbits of ,, and I,,, respectively.
Assume that u; > u,. First of all, we want to verify that the function u +— ¢, is decreasing. On account
of Lemma 3.6 we can find that there exist s; > 0 and ¢; € E~ such that

I/ll(slzﬂz +o1) = max I.UI(Z)’
Z€E(zy,)

then we have
Cuy < Iﬂl(slzﬂz + <P1)

=1,,(5124, + 1) + (U2 —#1)fG(|Slsz + @1 |)dr
R

< 1,(zy,) + (U2 — 1) fG(|31Zy2 + ¢ |)dr
R

= cu, + (2 —ﬂl)fG(|S12m + @1 ])dz.
R
Combining the fact that
f G(s12,, + @1])dr > 0,
R
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with the inequality u, — p; < 0, we can infer that
c/ll S CﬂZ'

We finish the proof by demonstrating that the function u +— ¢, is decreasing on (0, +o0).

In order to claim the continuity of ¢,, we divide the proof into two steps:

Step 1: Let {u,} be a sequence such that gy < pp < -+ <, <--- <pand p, — u.

Claim 1: ¢,, — ¢, asn — 0.

Indeed, let z, be the ground state homoclinic orbit of system (3.1). On account of Lemma 3.6, we
can see that there exist s, > 0 and ¢, € E~ such that

1, (s,2, +¢,) = max [, (z) forall neN.
zeE(zﬂ)

Note that, using (g3) and computing directly, we get

1@ = 1 (2) = (n — 1) f Gle)dr > 0,

R

so, for all n € N and z € E, we have that /,,(z) > I, (z). Then by Lemma 3.4, it holds that there exists
R > 0 such that
1,,(2) < 1,,(2) <0, Yz € E(z,)\Br(0). (3.5)

According to Lemma 3.3 and the monotonicity of c¢,, we can obtain

L, (8,2, + ¢,) = max 1, (z) > ¢, > ¢, >0,
z€E(zy)

consequently, it follows that
L, ($p2y + @) > 0. 3.6)

From (3.5) and (3.6), one can check that |[s,z, + ¢,|| < R; this shows that the sequence {s,z, + ¢,} 1s
bounded in E. Hence, it is easy to see that

f G(|snzy + @nl)dz s also bounded,
R

then we get
C,un < I/ln(snzﬂ + Qon)

= Iy(snzy + ‘1071) + (/1 - :un) fG(lan,u + ‘;DnDdt

R
< L(z,) + (1 = ) f G(|snzy + @al)dt
R

= ¢, + 0,(1).

On the other hand, since ¢, < ¢, for all n € N, we can infer that
Cy, = CyAS T — 00,

Step 2: Let {u,} be a sequence such that gy > pp > -+ > p, > --- > pand u, — p.
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Claim 2: ¢,, — ¢, as n — oo.
In fact, let z,, be the ground state homoclinic orbit of the system (3.1) with u = u,, then, there exist
s, > 0and ¢, € E~ such that

1,(8,2, + @) = max I,(2).
ZEE(Zn)

We can easily obtain that the sequence {z,} is bounded by Lemma 3.7. Moreover, we can find that there
exist 6 > 0, r > 0 and {y,} C Z such that for each n € N, we have

f ' 7dt > 6. (3.7)
Br(Yn)

Otherwise, using Lions’ concentration-compactness principle we can deduce that 77 — 0 in LY(R) for
all g > 2. Combining (2.1) with (2.2), it holds that

fg(lznl)znz;dt — 0.
R

Therefore, we have
0 =L, (zn).20) = llzyIP = f 8(Iza)znz, dt
R

2
= lizylI” + 0a(1),

this shows that ||z}[|* — 0, which is a contradiction to the inequality ||z}|* > 2¢,, > 0 from Lemma 3.3.
So, (3.7) holds.

Setting Z,(¢) := z,(t + y,), one can check that {Z,} is bounded in E; passing to a subsequence,
Zr = 7" #0in E. SetV := {Z'} c E*\{0}; hence, V is bounded and the sequence does not weakly
converge to zero in E. Then by Lemma 3.4, there exists R > 0 such that for every z € V, we obtain

I,(w) <0, for w € E(z)\Bg(0). (3.8)
Define ¢,(t) := ¢,(t + y,), we have

L,($,%0 + &n) = 1,(842, + ¢,) = max [,(z) > ¢, >0, VneN. 3.9
2€E(z,)

In view of (3.8) and (3.9), we can conclude that ||s,,Z, + &,|| < R for all n € N, then, ||s,z, + ¢.|| < R,
which implies that the sequence {s,z, + ¢,} is bounded in E, and fR G(|s,2, + @,|)dt 1s also bounded.
Thus, we obtain

Cy < I,u(snzn + ‘pn)

= I,u,,(snzn + ‘pn) + (ﬂn - ,Lt) fG(lann + ‘pnl)dt

R
< Ly, (2n) + (n = ) f G(Isnzn + @u)ds
R

= ¢y, +0,(1).

Combining this with the fact that ¢, > ¢, for all n € N, then we have
Cyp = Cy ASN — 00,

We have finished the proof of the lemma.
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4. The proof of Theorem 1.1

4.1. Existence of ground state homoclinic orbits

In this subsection we will give the proof involving the existence result for ground state homoclinic
orbits for system (1.1). As before, we define the associated generalized Nehari manifold

Ne:={z€e E\E” : (I[(2),z) =0 and (I(2),¢) =0,Yp € E™}

and the ground state energy value
Ce = iBVEf I..

Applying the same arguments explored in the Section 3, we can show that for every z € E\E~ the set
¢ N E(z) is a singleton set, and the element of this set is the unique global maximum of /| 5o that is,
there exists a unique pair r > 0 and ¢ € E~ such that

I(tz + ¢) = max I.(w).
weE(z)

Therefore, the following mapping is well-defined:
ﬁé . E+\{0} - f/l/e and me = ’:ﬁe St

and the inverse of m, is
m.' A ST, mI () =

Accordingly, the reduced functional 55 : E*\{0} — R and the restriction @, : S* — R can respectively
be defined by _ .
(I)E(Z) = Ie(’:ﬁe(z)) and (De = (DE|S+'

Moreover, from the above discussions in Section 3, we can check that all related conclusions in
Section 3 hold for 1, c., ¢, me, me, @, and O, respectively.
Meanwhile, concerning the limit problem given by

Sz=A0)g(z)z, t€R, 4.1)

for the sake of simplicity, we will use the notations I, ¢y and .4; to denote I, Ca) and Aj),
respectively.

Next, we will state the relationship of the ground state energy value between system (1.3) and limit
system (4.1), and this is very significant in our following arguments.

Lemma 4.1. The limit lin& Cce = co holds.

Proof. Letbe €, — 0 as n — co. Evidently, using Lemma 3.9 we obtain that ¢y < ¢, for all n € N; thus,
co < liminf, . c,.

On the other hand, Theorem 3.1 shows that the limit system (4.1) has a ground state homoclinic
orbit zy. Then, according to Lemma 3.6, we can find that there are s, € (0, +00) and ¢, € E~ such that
SnZg + ¢n € A, and

I, (5,25 + @n) = ce, 29 >0, YneN.
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As in the previous section, we can see that {s,z] + ¢,} is bounded in E. Thus, without loss of generality,
we assume that 5, — sp and ¢, — ¢ in E~. Therefore, we can deduce from the weakly lower
semi-continuity of the norm and Fatou’s Lemma that

co =liminfc,, <limsupc,, < limsup /(5,25 + ¢n)

n— o0 n—oo n—oco

. 1 1
<lim sup ESﬁIIZEII2 - EII‘,DnII2 - fA(Ent)G(ISnZS + @,|)dr
R

1 1

<=spllzgII* = =llgll* — A(0) fG(|SoZ6r + ¢|)dt
2 2 .

=Iy(sozg + ¢) < Io(z0) = co.

Obviously, we can get
lim ¢, = co,

n—oo

finishing the proof.

In view of the above discussion, we obtain that Iy(soz + ¢) = Ip(20) = co; then, both soz§ + ¢ and zo
are the elements of .4, N E (z0). But, according to Lemma 3.6, there is only one element in .45 N E (z0),
so we can conclude that soz; + ¢ = zo and s, — so = 1, where ¢, — ¢ = z;.

As a byproduct of the Lemma 4.1, we can directly obtain the following result.

Lemma 4.2. Assume that condition (A) holds, then, there is € > 0 such that c. < ca_, for € € (0, ).

Proof. From condition (A) we can see that A(0) > A,. Then from Lemma 3.9 we have that ¢y < ca_.
Observe that, Lemma 4.1 yields that there exists g > 0 small enough such that ¢, < c4_ forall € € (0, ).
Therefore, we get that ¢, < ¢4 for € € (0, ).

Using similar arguments as for the proof of Lemma 3.7, one can easily check the following lemma.
Lemma 4.3. The energy functional I, is coercive on N, for each € > 0.

Next we give the proof involving the existence result for ground state homoclinic orbits for system

(1.1).

Lemma 4.4. Assume that conditions (L), (A) and (g1)-(g3) are satisfied, then, system (1.1) has a
ground-state homoclinic orbit for each € € (0, &)).

Proof. Following the proof of Theorem 3.1 and using Lemma 3.8, we must prove that there exists
z € ¢ such that I.(z) = c.. Indeed, applying Ekeland’s variational principle, there exists {«,} C S* such
that ®.(u,) — ¢, and ®.(u,) — 0. Put z, = m(u,) € A; for all n € N. Then from Lemma 3.8 we have
that I.(z,) — ¢ and I’(z,) — 0. Furthermore, in view of Lemma 4.3, we can prove that {z,} is bounded.
Then, up to a subsequence, we can suppose that z, — z in E. Evidently, I/(z) = 0.

In what follows we need to show that z # 0 and /.(z) = ¢.. Combining the fact that z, € .4, with
Lemma 3.3, we have

o) = (UL 0) = I3 1P = [ Ateng(abzzia

R

Z%HJQmmmm@M
R
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which yields that
f A(en)g(|zal)znz, dt > 2¢. > 0.
R

As in the previous section, we can check that there exists a sequence {y,} C Z, r > 0 and ¢ > 0 such that

f lZ'?dt > 6, VneN.
Br(}’n)

4.2)

Now, we need to prove that the sequence {y,} is bounded in R. Arguing by contradiction we can
suppose that {y,} is unbounded and |y,| — +oc0 as n — oo. Setting w,(t) := z,(t + y,), then, w, — w in

E; we can obtain w # 0 from (4.2). By choosing the test function y € C(R), we get
on(1) =(I(zn), Y(t — y4))
= (2, ¥ (t = y) = (2,0 (t = yn) = LA(Et)g(|Zn|)an(t — yo)dt
= (01 = (5 07) = [ et + engli b
Letting 11 — +co, then we obtain
W) —(wy7) - LAmg(lwl)ww(t)dt = (I ,(w), ¥y = 0.

This shows that w is a nontrivial solution of system (3.1) withu = A, and w € 4} _.
Employing the Fatou’s lemma we can derive that

1
Cao S Ia (W) = Iy (W) - §<I/Qw(W), w)
1
= f A [Eg(IWI)IWI2 - G(IWI)] dt
R

1
< liminf f A(et + €y,) [Eg(lwnl)lwnl2 —~ G(Iwnl)] dt
R

n—oo

= liminf f A(et)
n—-o0 R

1
= liminf [IE(ZH) - §<I;(Zn)’ Zn)] = Ce.

1
Eg(lznl)lan - G(lznl)] dr

Therefore, it follows that
ca, < ce, Ye> 0.

4.3)

4.4)

However, Lemma 4.2 yields that ¢, < ¢4 when € < g, which leads to a contradiction. So, we can
conclude that {y,} is bounded. Then for all n € N, there exists ry > 0 such that B.(y,) C B,,(0), it holds

that

f |z,>dr > f |z,1>dt > 6.
By, (0) B,(y)

Therefore, we obtain that z, — z in E with z # 0. By repeating the steps in (4.3) and (4.4), we know

that z € .4, is a nontrivial solution for system (1.1), thus, ¢, < I.(2).
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On the other hand, according to Fatou’s lemma, we infer that

1

n—oo

= liminffA(Ef) Bg(lznl)lznl2 - G(|Zn|)] dr
R
1
> ff\(et)[ig(lzl)lzl2 —G(Izl)l dr
R

1
=1(2) - 5<1;(z),z> = I(2).

Thus, c. = I(z). Evidently, it is easy to see that z is a ground state homoclinic orbit of system (1.1). We
complete the proof.

Let
K. :={z€ E\{0} : I(z) = 0}
be the set of all nontrivial critical points of /.. In order to describe some important properties of ground
state homoclinic orbits, next, we get the following regularity result by taking advantage of the bootstrap
argument (see [37] for the iterative steps), this result can also be found in [24, Lemma 2.3].

Lemma 4.5. If z € K, with |I(2)| < C and ||z|l» < C,; then, z € W'(R,R?) for any q > 2, and
lzllwia < C,, where C, depends only on Cy,C, and q.

Below, we use .Z to denote the set of all ground state homoclinic orbits of system (1.1). Let z € .Z,
then, 1.(z) = c,; applying a standard argument we can show that ¢ is bounded in E; therefore, ||z|l, <'c
for all z € .£ and some ¢ > 0. Hence, making use of Lemma 4.5, we see that, for each ¢ > 2, there
exists C, such that

lzllwe < Cy, VzEZ. 4.5)
Moreover, combining the Sobolev embedding theorem, we can show that there exists C,, > 0 such that
lzllo < Cooy Yz EZ. (4.6)

4.2. Concentration of ground state homoclinic orbits

We now shall prove the concentration behavior of the maximum points of the ground state homoclinic
orbit. Let z. be a ground state homoclinic orbit of system (1.1), which can be obtained by Lemma 4.4.
Our aim is to show that if 7, is a maximum point of |z¢|, then,

lirr(}A(etE) = A(0).
In other words, we must show that if €, — 0, up to a subsequence, €,t,, — f, for some ¢y € o/, where
o ={teR:A@) = A0)}

denotes the set of the maximum points of A(?).
Let {e,} € (0, &) with g, = 0 as n — oo and z,, € .£; we write z, := z.,. Then, we have

Isn(zn) = Ce, and Ién(zn) =0

Evidently, in view of Lemma 4.3, we can easily check that {z,,} is bounded in E.
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Lemma 4.6. There exist a sequence {y,} C Z and two constants r > 0, § > 0 such that

f |z,1>ds > 6.
B(yn)

Proof. Arguing by contradiction, we suppose that for any r; > 0,

lim sup f |z,|*dt = 0.
" yeR JB ()

Then, according to Lions’ concentration-compactness principle, we conclude that z, — 0 in LY(R) for
all g > 2. Furthermore, by (2.1) and (2.2), we obtain

1
fA(Gnt) |:§g(|Zn|)|Zn|2 - G(Iznl)] dr — 0.
R

Therefore, it follows that

1 1
Ce, = e, (zn) = §<I;n(zn),zn> = fA(Ent) [ig(lznl)lznl2 - G(lznl)] dr — 0.

R

Evidently, this is impossible because c., > 0 (see Lemma 3.3). We complete the proof.

Lemma 4.7. The sequence {€,y,} is bounded, and lim €,y, = xy € <.

Proof. Setting v, (t) := z,(t + y,), up to a subsequence, it is easy to see that v, — v in E with v # 0 from
Lemma 4.6. In what follows, we want to prove that the sequence {¢,y,} is bounded. If this is not true,
we can suppose that there is a subsequence {¢,y,} such that |g,y,| — +o0 as n — +oo. Since z, is the
ground state homoclinic orbit of system (1.1), v, solves the following system

Svn = A(Gnt + enyn)g(lvann’ (47)

and the energy

I,v) = = (V712 = v, IP) - f At + €y)G(v,Ddt
R

D= N =

21PNl 1) fR AnG ()t

1
A(&1) [Eg(lznl)lznl2 - G(|Zn|)] dr

—

= Ie,,(Zn) = Cg,-

Furthermore, for every ¢ € E, we have

V¢ = (v, ¢7) = f A&t + €,)8([vavagpds = 0.

R

Since A(€,f + €,y,) — A, given that v, — v and ¢ € C7(R), we get

V) = (7 6) - f Avg(vhveds = 0.

R
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Thereby, v is a nontrivial homoclinic orbit of system (3.1) with u = A, and v € .4, _. In view of Lemma
4.1 and Fatou’s lemma, we can conclude that

1
Can S Ia (V) = In,(v) = 5<IAW(V), v)

1
_ A f [Eg(|v|>|v|2 —G(|v|>] dr
R

1
< liminf fA(ént + €Vn) [Eg(lvnl)lvnl2 - G(|Vn|)] dr
R

n—oo

= liminf f A(et)
n—oo R

. 1,
= lim inf |:Ie,1(zn) - §<IE" (Zn)’ Zn)l

(4.8)

1
Eg(lznl)knlz - G(lan)] dr

= liminf /. (z,) = lim ¢, = co.
n—o00 n—oo
However, according to Lemma 4.2 we know that ¢y < c4_. Evidently, this is a contradiction. Therefore,

{€.y,} 1s bounded in R, and passing to a subsequence, we can assume that €,y, — x(. According to the
above argument, for Vi € E, we get

VYD -0y - fRA(m)g(IVI)vtﬁdt =0,
Obviously, we can see that v is a ground state homoclinic orbit of the following system
Sv=A(xy)g(v)v, teR, 4.9)
and v € .4)(,,. Following to the proof of (4.8), we can get tht c4(,, < co, then, using Lemma 3.9, it
follows that A(xp) > A(0); together with condition (A), we can obtain that A(xy) = A(0). Hence, we

show that lim €,y, = xo and xy € 7. The proof is completed.

According to Lemma 4.7, we see that v is a ground state homoclinic orbit of system (4.9), then,
Iy(v) = ¢ and Ij(v) = 0. Using Lemma 4.1 and Fatou’s lemma, we directly obtain

1
Co < fA(O) [Eg(IVI)IVI2 - G(IVI)] dr
R

1
< liminf fA(fnt + €n) [Eg(lvnl)lvnl2 - G(lvnl)] dr
R

n—oo

= liminf I, (v,) < limsup I, (z,) < co.

Hence, we have
lim I, (v,) = lim ¢, = co = Io(v). (4.10)

Lemma 4.8. We have the convergence conclusion: v, — vin E as n — oo.
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Proof. Letn : [0, +00) — [0, 1] be a smooth function satisfying that n(s) = 1 if s < 1, and n(s) = 0 if
s > 2. Define 7,(t) = n(2|t|/n)v(t), then, for g € [2, +00), one has

v =¥, = O0and|lv-7,|l;, > 0asn — oo. 4.11)

Setting 8, = v, — ¥, it is not difficult to verify that along a subsequence

lim fA(Gnl + €.y, [G(Iv,]) — G(16,]) — G([9,.)] dt' =0 (4.12)
n—oo R
and
lim fA(Ent + €Y,) [8(aDva — 8(16,D6, — g([7,)7,] sodt‘ =0 (4.13)
n—oo R

uniformly in ¢ € E with ||¢|| < 1. Using the fact that A(e,f + €,y,) = Ap as n — oo uniformly on any
bounded set of 7, and combining the decay of v and (4.11) we can easily check the following result

fA(Enf + €,y,)G(|V,])dt — onG(lvl)dt. (4.14)
R R
Consequently, using (4.10), (4.11), (4.12) and (4.14) we infer that

I,(6,) = 1, (v) — Io(v)
+ f A&t + €y, [G(val) = G(I6,]) = G(I7,)] dz + 0,(1)
R

=o0,(1)asn — oo,
which implies that in(en) — 0. Similarly, we also obtain
(I (6),¢) = f A&t + €Yn) [8(Val)vi = 8(10,1)6, — g([Fa)¥] dt + 0,(1)
R
= 0,(1) uniformly in ||¢|| < 1 as n — oo,

which implies that Z (8,) = 0. Therefore

— 1 ~ 1
on(1) = I (6,) - EU;(@”),@”) = fRA(ent + €Yn) [Eg(IQnI)IQnI2 = G(16.]) | dr,

from which together with (g3), we can infer that

f A&t + €,)8(0,DI0,*dr — 0.
R

Notice that {||v,||-} is bounded, thus,

f Aler + ey)g(l6,Dl6; - 6,Pdr < C.
R
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As a consequence, we obtain

16,7 = (T, (6.,), 67 — 6;) + f At + €yn)g(0,)0,6! — 6;)de

R

=0,(1) + f AZ(e,t + 6,y)87 (0.D16,1A (6,1 + €,y,)22 (16,16} — 6;1ds
8 1
<on(1) + ( f Ale + enyn>g<|6n|)|en|2dr)2
R !
( f A€, + €y,)8(60,D16; — 0, Izdt)
R

1
2
<o,(1)+C ( f A(et + €nyn)g(|9n|)|9n|2dt)
R
:On(l)a
that is, ||6,|| — 0, which together with (4.11) leads to v, = vin E as n — co.

Lemma 4.9. We have that v,(t) — 0 uniformly inn € N as t — oo. Moreover, there exist c,C > 0 such
that for all t € R, it holds that
v,()] < Cexp(—clt]).

Proof. Firstly, we observe that if z is a homoclinic orbit of system (1.1), then it satisfies the following
relation

d
Se= g(Le+ Aeng(re)

Computing directly, we obtain !
;—;z =(ZLyz+ Q(t,2)
with
0(1.2) = 7 |(ea'(en + L 7 Aten etz + (02Dl + g(leD JAcen 7 Lz s
+ 820Dl + 80D JA*(en Lz P
Setting

con 5 fz#0,
0, if z=0.
Applying Kato’s inequality and (4.15), and using the real positivity of (_# L), we can find some p > 0

] 2 = ] 2Z g Z Zl | B | | = p ) . .

Hence, using (2.1), (4.6), (4.15) and (4.16) we conclude that there exists « > 0 such that

2
@|z| > —k|z| forall t€R.
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Then by the sub-solution estimate [38], there is a ¢, independent of #; we have the following estimate

|z(2)| S/C\of |z(s)|ds. “4.17)
Bi(n)

Now we claim that v, (f) — O uniformly in n € N as ¢t — oo. Indeed, if it is not true, then using (4.17)
we can find that there exist ¢y > 0 and ¢, € R with |,| — oo such that

Co < |Vn(tn)| S’C\Of |Vn(t)|dt’
Bi(tn)

this is because v, satisfies Zn(vn) = 0, then, the above processes still hold for v,. From Lemma 4.8, it
follows that v, — v in E. Therefore, we get

co < [va(ty)l S’C\of [v,(2)|dt s?of v, — v|dt +’50f [v|dt
Bl(tn) Bl(tn) Bl(tn)

1
2
sE( f |vn—v|2dt) +7 f [vldr — 0,
R Bi(tn)

which yields a contradiction. So, the claim holds.
Note that g(s) = o(1) and g/(s)s = o(1) as s — 0; then, we can find suitable constants 0 < § < £ and
R > 0 such that o
0@, v,)| < Elvn|, V|t > R.
Combining the above relation and (4.16), we get
2
dr

Let A(¢) be a fundamental solution of the following equation

[Val 2 6lval,  ¥lrl = R.

d2
——A+6A=0.
dr?

From the uniform boundedness, we may choose A(¢) such that |v,(¢)] < 0A(¢) holds on |f] = R for all
n € N. Let u,, = |v,| — A; thus, we obtain

d? d? d?
@un = @h/nl - (5@A > 0(lv,| = 6A) = 6u,,, forall |f| > R.

The maximum principle yields that u,(¢) < O for || > R, i.e., [v,(¢)] < 6A(¥) for |t] > R. As we know that
there exists ¢; > 0 such that

A(t) < crexp(—Volt))  forall |7 > 1.
Therefore, there are constants C, ¢ > 0; we obtain
()] < Cexp(—clt]) forall teR.

We complete the proof.
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Lemma 4.10. There exists v > 0 such that ||v,||l > v for all n € N.

Proof. According to Lemma 4.6, we can see that there exist » > 0 and ¢ > O such that

f [v,[2dr > 6.
B,(0)

Suppose by contradiction that ||v,||.c — 0 as n — oo, then, it holds that
0<6< f Va2t < |B,|[vallZ, = 0 as n — oo,
B, (0)

which is absurd. This ends the proof.
Finally, based on the above facts, next we give the completed proof of Theorem 1.1.

Proof of Theorem 1.1 (completed). Suppose that ¢, is a global maximum point of |v,(#)| for each
n € N, then,

|vn(Qn)| = max |vn(t)|
teR

Since v,(f) = z,(t + y,), we can see that p, = g, + v, 1s a maximum point of |z,(¢)|. Lemma 4.10 shows
that there exists v > 0 such that
V() = v forall neN,

then we know that {g,} is bounded. So, we conclude from Lemma 4.7 that
€Pn = €qn + €Yy — Xo € A .

Consequently, it follows that
lim A(e,pn) = A(xo) = A(0).

Furthermore, from Lemma 4.7 and Lemma 4.8, it is easy to see that z,(¢ + p,) converges to a ground
state homoclinic orbit v of the following limit system

Sz=A0)g(zhz, reR.
From Lemma 4.9 and the boundedness of {g,}, we derive that
|2 (O] =va(t = y)l < Cexp (=clt = yul) = Cexp (=clt = pu + gul)
<Cexp (~clt = pul + clgl) < Cexp (=&t = pa))

for some ¢, C>0andallfeR.

Finally, we observe that Lemma 4.2 shows that, there is > 0; system (1.1) has a ground state
homoclinic orbit z, for each € € (0, g). So, the conclusion (a) of Theorem 1.1 holds. Moreover,
according to the above discussions, we directly obtain the following conclusions:

(b) let 7. be the maximum point of |z.(¢)], then,

lim A(ete) = A(0);
and z.(t + t.) — v in E, where v is a ground state homoclinic orbit of the limit system
Sz=A(0)g(zDz, t€R;
(c) there are two positive constants ¢, C such that
lze(0)] < Cexp (=&t ~ 1.

We have finished the proof of all conclusions of Theorem 1.1.
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