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Abstract: In this paper, a fully-discrete alternating direction implicit (ADI) difference method is
proposed for solving three-dimensional (3D) fractional subdiffusion equations with variable coefficients,
whose solution presents a weak singularity at t = 0. The proposed method is established via the L1
scheme on graded mesh for the Caputo fractional derivative and central difference method for spatial
derivative, and an ADI method is structured to change the 3D problem into three 1D problems. Using
the modified Gronwall inequality we prove the stability and a-robust convergence. The results presented
in numerical experiments are in accordance with the theoretical analysis.
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1. Introduction

This paper focuses on the 3D subdiffusion equations with variable coefficients

Dlu — ayuy, — arutyy — azu,, + bu = f(x,y,z,1), (x,y,2) € A,t € (0,T], (1.1)
u(x,y,z2,0) = g(x,y,2), (x,9,2) €A, (1.2)
u(x,y,z,t) = o(x,y,2,t), (x,y,2) € 0N, te€(0,T] (1.3)

in which: ay, a,, az, and b are positive constants; f, ¢, and g are smooth functions; and A = (0, () X
(0,7,) x (0,,) is a rectangular field bounded by dA. The Caputo fractional derivative can be defined
via

a, . _; ' _ —aau("f)
D,u(,t)—r(l_a)fo(t O e e 0,1,

The fractional subdiffusion equation with variable coefficients is derived from the classical partial
differential equation. Many scholars have studied the existence and uniqueness of the solution of this
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equation [1,2]. The high-dimensional subdiffusion problem can accurately describe the mechanical
and physical processes with non-locality and spatial global correlation, it has become an important
tool to describe a variety of complex mechanical and physical behaviors [3—-5], and many numerical
schemes have been proposed in [6—15]. Among them, the ADI method is favored by many scholars.
Tian and Ge [16] offered the fourth-order ADI difference method for 2D unsteady convection diffusion
problems. Wang et al. [17, 18] considered the 2D fractional integro-differential equation by using an
ADI compact difference method. Zhang et al. [19] provided the 2D semilinear multidelay parabolic
equations by using Crank-Nicolson ADI compact difference schemes. Zhang et al. [20] considered the
2D space-fractional nonlinear Ginzburg-Landau equation via linearized ADI difference schemes. Wang
et al. [21,22] presented an analysis of the convergence of the a-robust H'-norm for the ADI differece
scheme for the 2D time fractional diffusion equation (TFDE). Chen et al. [23,24] considered the ADI
difference scheme for a class of two-dimensional multi-term TFDEs and gave the point error estimation.
Qiao et al. [25-27] presented the ADI difference scheme for 2D TFDE with a weakly singular kernel.
Zhang et al. [28] presented an efficient ADI difference scheme for the nonlocal evolution problem in 3D
space. Zhou et al. [29,30] solved the 3D TFDE via the ADI method.

Along with the previous research, many scholars considered the subdiffusion equation with variable
coeflicients. Ngondiep [31] discussed a class of convection-diffusion-reaction equations with variable
coefficients and gave a two-level fourth-order scheme. Wei et al. [32] gave the anisotropic finite element
method (FEM) for 2D time fractional variable coefficient diffusion equations on graded meshes. Zeng
and Tan [33] proposed a two-grid FEM for nonlinear TFDEs with variable coefficients. Ma et al. [34]
presented the L1 robust analysis of the fourth-order block-centered FDM for 2D TFDEs with variable
coefficient. As we all know, the study of the variable coefficient subdiffusion equation is almost based on
one or two dimensions. It is not easy to solve three-dimensional fractional subdiffusion equations with
variable coefficients due to the existence of the weak singularity near the initial time. In this paper, we
put forward an a-robust L.1 ADI difference scheme on graded mesh to overcome these difficulties. The
L1 scheme on graded meshes is used to discretize the Caputo fractional derivative, and the difference
method is used to approximate the spatial derivative. Using the modified Gronwall inequality, we prove
the stability and a-robust convergence of the proposed method.

In this article, the main achievements are as follows:

e We construct an ADI difference method for the 3D subdiffusion equation with variable coefficients.
Most previous work has focused on 1D or 2D problems.

e We introduce a new norm to prove the stability and convergence of the proposed method.

e The a-robust convergence is proved strictly, which is able to avoid the blow-up phenomenon in the
caseof a = 1°.

The structure of this paper is as follows. In Section 2, the ADI scheme is developed for the 3D
variable coefficient subdiffusion problems. In Section 3, we demonstrate the stability and convergence
of the method. In Section 4, the three-dimensional numerical example is given to verify the effectiveness
and accuracy of the proposed method. We conclude the paper in Section 5.

2. Derivation of ADI scheme

Set h, = %, hy = ?—2", h, = ?—3 for the positive integers ¢, {,, and £3. Let N > 1 be a positive integer
number and set t, = T(n/N)” forn =0,1,--- ,N,y > 1. Denote time stept, =1, —t,.; for | <n < N.
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Set A, = {(x, 3, 2I0 < i < 6,0 <7 < 6,0 <k < &3}, and A, = A, N A, dA), = A, N OA. Letu?,

be the approximation solution of (1.1)-(1.3).
Forn=1,2,---,N, by the L1 scheme [35,36], denote

b 1 =l Lﬂzl —ul, fq+1( £y
Q u:lr - = LY Ly tn _ -
VIECTTA— ) A g
n—1
= pn,lu?rk - pn,nu?rk - Z(pn,q - pn,q+1)u?r;q
g=1
where 1 1
e (tn - tn—q) - (trl - tn—q+]) -
n1 — n—’ ng — s 1<g<n.
Prl =10 Tqy Pra g T2 — @) 1
Thus, the problem (1.1)-(1.3) can be approximated by
Dy, — a oty — a25§”?rk - a36§ Wiy + DUy = [

(xi,)’r,Zk) € Ah’l <n< N’

u?rk = g(xia Yrs Zk)’ (-xi’ Yrs Zk) € Kh’

Uy = QX Vs 2o 1)y (Xiy Y 2t) € OAy, 1 RSN

where
n _ n n
S = W}y o = 2+ UL
x%irk — 2 )
hx
n _ n n
S = W}y g g = 25, Ul g
yuirk - h2 E)
y
n 9N n
Sl = WPy pey = 2Wy + U7y
Uik = >
hZ

SetS, = d;ll = (;T(2 — @), and to establish the ADI scheme, add a small term

26262 26282 3626262
alazSnéxéy 611(13535)%53 a2a3Sn6yéz alazagSndxdyéz )D" "
N"ijk

+ +
1+bS, 1+bS, 1+5bS, (1+bS,)?

onto the left side of Equation (2.2), which is order O(N~2?). Then, one has

26262 26262 252
a1a,8,050,  a1a3S26%0F 2038 ,0,0; a1a2a3525x5y @ n
I+ + + - Dyt

1+bS, 1+bS, 1+bS, (1 +bS,)?

2.n 2.n 2.n n o _ gn
- al(sxuirk - azayuirk - 0352 Ui T buirk — Jirk>

(Xi,yr,Zk) € Ahal <n< Na

u?rk = ‘P(Xi,)’r, ks tn), (xi’yh Zk) € aAh’ 1 <n< N’

M?rk = g(-xi’ Vrs Zk)’ (xi’ Vrs Zk) € Xh-

2.1

(2.2)
(2.3)
(2.4)

(2.5)

(2.6)
(2.7)
(2.8)
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Multiplying both sides of (2.6) by S ,,, we get

alazS,%éiéf aj 6@556%5? 6126135%655? alazagSz(ﬁ&i "
1+bS, 1+bS, 1+5bS, - (1+bS,)? Hirk
— 1S ,0%u, - a25n6§u7rk — a3S 02U, + bS

a1a,S 26252 a1a3S26%67  aasS 25252

I+

=S, +S,(+ LA A + nyE
e Sl 1+5S, 1 +5S, 1 +bS,
aaasS 35%5252 n-l e
- (1 +bS )2)’ Z) pn,nu?rk + Z(pn,q - pn,q+l)uirkq .
n g=1
Then, rewriting Egs. (2.6)-(2.8) in an ADI form:
a1 2 @S, 2 asS 2y, n n
- (I - 63T - S, = F",
T 155 U~ s U = g 0 in = Fin
(-xia Yrs Zk) € Ah’ 1 <n< N’ (29)
udy = gy zn),  (Xi vz € A, (2.10)
Wy = @(Xi, Vs Zs 1)y (X1 Yo%) € OAp, 1 Sn <N 2.11)
in which
o S s a14,S ;6267 . a1a;S 26262 .\ 4,038 16567
k1 4+ bS, 1+bS, 1+0bS, 1+bS,
aq a2a3S 35)266365 0 =l S
- ol + o — Dn A n__
A +bs,p [Pt ;(p a ™ Prae) Ui | 77y oS

1

2
n—x Sh n—3 Sh .
Setu,,’ = (I- I“andf)u;’rk and u,* = (I - 1(?bsn5§)”?rk' To get the solution {u?,} of problem

(2.6)-(2.8), we just need to solve three of the one-dimensional equations.

_2
First, for fixed r € {1,2,--- ,6, — 1}and k € {1,2,---, {3 — 1}, we can solve {u:lrk3} in the x-direction

2
n— 5

_ aiS, 2 _ n . _
( ) Trps 0y = Fiyy for 1 <i<é—1,
3 _ @Sy 2 _a3Sn 2\,n
Hor = (I = 1555700 = 135570 Uy (2.12)
=3 _ @Sy 2 _ a3Sa 2\, n
Uy, e = U= 75570 = 1555-0)Uy e

I’l—l . . .
Then, for fixedi € {1,2,--- ,{; —1}and k € {1,2,---, {3 — 1}, we can solve {umj} in the y-direction
as follows: ] .
(- 2o =u, > for 1<r<6-1,

X k
”_% o 6131; 2N\, 1 ”_% a3Syn 2\, ,n (213)
3 _ n — _ n
Wy == 50 U gy = (I = Topg-00)U7

l’l—g I’l—l . . .
Atlast, fori € {1,2,---,¢; =1} and r € {1,2,--- ,{, — 1}, we utilize {u, ,*,u,,’} in the z-direction to

solve

1+bS,
ulr'lr() = (p(-xi’ Yrs 205 tn)a MZr,& = QD(-xi’ Yro Z€3a tn)

where the solution {u;’jk} is attained.

asS, no _ n=3
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3. Analysis of stability and convergence

For grid function u = {u? |0 <i < £;,0<r < 6,0 <k < 63,0 <n < N}, we define
-1 b~
wn—hZhZth@
i=1 r=1 k=1
0 -
16.2"|* = h, Zh Zh Z((Su e

4] 53

16,8,u"|* = h, Zh Doh Z(aau L)

r=1
{0 %

16,6,6.u"|> = h, Zh Z;h Z(axayazuy_%,r_%,k_%)z,

2
2. n2 2. n 2
16:8,82u"|[* = Zh rz;h Z(éxéydzui_%’r_%’k) :
4

%
|mw—h2h2h2mm)
r=1

where 6,u; ek = hl(u,rk Ui—1rr). The norms |[ou”]], [|6.u"|l, |loyo.u"|l, ||6.0.u"|l, ||6x616§u”|| and
16,6, 62 ”|| can be defined similarly. B
Set U = {uplui = 0 if (xi, vr» 21) € OAy, and (x;,y,,2¢) € Ah} for Yu, w € U, we define
aS, as, azS,
1+b6S, 2 1+bS, > 1+bS,
IVatd" > =(16.2" | + 116, + 162" |1,
|17, =" |> + V5|,

2. n n2_
||(5xua) 5 = (L1

1 =

+ L1L1L2L3 ||5)26 Oz
162"l =Ly Ly ||626,u"

10,0.0"

xYyvYz

b

2
ll"lly =

+ Li(1 + bS ) 161" |5 + Loy(1 + bS,)
+ Ly(1 + bS,) 161" ][5 .

3.1. Stability analysis
This section mainly discusses the stability analysis of ADI difference scheme (2.6)-(2.8).

Communications in Analysis and Mechanics Volume 16, Issue 1, 53-70.



58

Lemma 3.1. For grid functions u,w € U, one has

011 6-163—1
—hxhyhz Z (ulr'lrk + (1 + bSn)(L1L26)2c6§u7rk + L1L36§6§ ?rk
i=1 r=1 k=1
+ Lo L365071, — Ly Lo L3676,0210,)
(L1862 + Lo6) + L362)wipy < [lu”allwla (3.1)

where the inequality is equal when w = u.
Proof. Using the Cauchy-Schwartz inequality, one has

—16-1 63—

— hhyh, Z > Z(uwk + (1 +bS (L1 Lo§262ul, + LiLs628%ul

i=1 r=1 k=1
+ Lo L3636y — Ly Lo L3636507 1)) (L1 65 + Lob; + L307)w)),

yUz Uirk b4 Wik
<Ly 150" 116"l + Li (1 + bS,) || 620" w
+ Ly(1 + bS,) |63u" 0" 2+L3||5zu"||||5zw"|| + Ly(1 + bS,,) ||6%u"w" ||,
16401
+ Lo(1+bS ) |50 + La(1 + bS ) 601212
[ 116.0"|* + Ly ||6 16,013

+ Ly(1 +bS,) +bS,) |16."3]?

<[l llallew" |l

y

The proof is completed.
Forn=1,2,--- ,Nand j=1,2,--- ,n— 1, define a positive sequence
n—j

=1 »On,j = ————0On—q,j > 0.
g=1 pn,q an+1

Lemma 3.2. [37, 38] Assume that the sequences {m,}. |, {g.} ., are nonnegative, and assume that the
grid function {u" : n=0,1,--- , N} satisfies uy > 0 and

DSu " < m'u" +(g"?, n=1,2,---,N.
Then

Ww<u'+S, Zgn](mj+gj)+max{g}
j=1

Lemma 3.3. [39] Whenn=1,2,---,N, one has

S, ZQ,,J <cr.
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Next, the stability theorem is presented.

Theorem 3.4. Forn=1,2,---, N, the solution u’,, of ADI scheme (2.6)-(2.8) satisfies

0 .
lu'lla < llu”lla + C(@; + 1) max{|lf/]I}.
1<j<n

Proof. Multiplying both sides of A hyh (L 6%+ Ly, + L3 67 ),

irk®
A, we have
-1 6-103—
— Puthihyh, Z > Z[(ul,k + (1 + bS (L1 L6282l + Ly Ls626%ul,
i=1 r=1 k=1

+ Lng(Si(S? ?rk L1L2L35i5§5§u?rk))(lll(s)2c + L26§ + L35§)u?rk]

1+5bS,
+— 105 + Lo6) + LS, ?

—16—1 63—
— hyh, h Z Z(bulrk)(L &+ Lr6? + LoD,
i=1 r=1 k=1
—16-16—
— Punhchyh, Z Z[(ulrk + (1 +bS L1 Lo§262ul, + LiL36°8%ul,
i=1 r=1 k=1
; L2L3626Z W, — L1L2L35§5§6§ Uy ))L1S; + Lo6) + Ladoudy, ]
-1 6—-1 63—
+ Z(an an+l) h h h Z Z Z(ulrk
i=1 r=1 k=1
+ (1 + bS (L1 La6305u + LiL36707u? + LyLy6507u
- L L2L35§5§5§ 7,kq))(L15§ + Ly0, + Lao)ul;]
-1 6—1 63—
— hyhyh, Z > Z 1 (L182 + Lo6? + Lyo? )l
i=1 r=1 k=1

Then, using the Cauchy-Schwartz inequality, Young’s inequality, and Lemma 3.1, one has

i 1+bS, w112
Pt 1|5 + &% + Lo0, + Lo )ulyy
-1 46—
— hyhyh. Z Z (bl )(L162 + Lo62 + LabDul,
i=1 r=1 k=1
n—1
<P [1], 1 s + " (Prg = Prgen) =] "Iy
q—l
-16-16-
— hyhyh. Z > Z fiLi62 + Lo62 + LDl
i=1 r=1 k=1
01—10-163—-1
— hohyh, Fil(Li6% + LoSy + LaSo ),
i=1 r=1 k=1

and summing over i, r, k for (x;,y,, zx) €

(3.2)
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6% + L2(52 + LyoDul,

1 + b 2
<—" 5% + Ly6> + Ly6H)u’
and
0—16-163—1
— hyhyh, (bl )(L16% + Ly6> + L362)ul,
i=1 r=1 k=1
-1 6-1(3—1
=h,hh, (b6 . ) (L1 Sl
i=1 r=1 k=1
t1—16-1 63—1
iy, DTN (bOu Loyl
i=l r=1 k=1
01—1 61 t3—1
+ hyhyh. (b1 )(Ls6.ul,) > 0.
i=1 r=1 k=1
Thus, we get
n—1
P15 <panllllall’lla + Z(pn,q — Prge )Nt ™[ allue"[| o
q=1
S,
—If"IP
4(1 +bS,)

which obtains
DY LN 4 < CILFI

Finally, Lemma 3.2 and Lemma 3.3 are applied in (3.3), and the proof is completed.

3.2. H'-norm convergence analysis

(3.3)

Lemma 3.5. [24] Assume that |07 u(x,y,z,1)| < C(1 +t*7Y), p = 0,1,2. Then, for (xi,y,, 2, t,) € A, we

have
DSl — DYu(xi, yr, 2iy 1)) < Ct, N~ Mn0@270,

|

Lemma 3.6. [40] For grid function v € vy, one has || v ||< Vvl .

Define
€ = WX, Yry T 1) — Uy, 1 < <N,
Ry :=( + (1 + bS )(L1L2635; + L1 L3656 + Ly L3656
- L1L2L36§6)26§))DNMU‘]( D u(x;, vy, 2k)
and
Radly = @ity — aoltyy — a3uz (X1, Vi 2o 1) — (@105 + @20, + 307l

(3.4)

(3.5)

(3.6)

(3.7)
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According to the definition of the small term (2.5), one has

(1 + bS (L1 L2636 + L1 136267 + Lo 136567 — L1 Ly L3626,67) Dyul,

= O(N). (3.8)
Using a Taylor expansion, one has
IRl = O3 + b3 + I2).
Applying Lemma 3.5 and Eq. (3.8), one has
IRu'|| < C(N™** + ;¥ N~ minbra-2-aly (3.9)

We now show the H'-norm convergence analysis.

Theorem 3.7. Suppose that u(x,y,z,-) € C***(A N OA), 107u(x,y,z,0)l < C(1 + 1), p=0,1,2. one
has

lle" g < C(hS + 5 + b2 + N2l (3.10)
where C is an a-robust constant that does not blow up as @« — 1~

Proof. Subtracting Egs. (1.1)-(1.3) from Egs. (2.6)-(2.8), the error equations are presented via

(I + (1 + bS ) (L1 L3536, + Lo L36567 — LiLoL3676562)) D€l

—(a,6% + a2(5§ +aso2)el, + bel, = Rall, + R,

irk>
(X5, yrr2k) € Apy, 1 <n <N, (3.11)
e =0,  (XiYr ) € A, (3.12)
=0, (xynz) €N, 1<n<N. (3.13)

Multiplying both sides of (3.11) by —hhyh(Li8; + Ly, + L362)e?, and summing over i, r, k for
(xi, ¥r» 2k) € Ap, one has

1+5bS,
P Nl + (1182 + Lo8” + Lso2)el |
01—1 6,1 63—1
— hyhyh, (belL (L1675 + Lo6, + L362)el,
i=1 r=1 k

| —

1

0
| Nella + D> (Pup = Puper)
p=1

3 |l

Spn,n en—p”A ”en”A

{1161 03-1
2 2 2
— ey, DY Ry (La8? + Lod? + L3o2)ely,
i=1 r=1 k=1
(1—16—1 63—1
2 2 2
- l’lxhyhz Rsu:'rk(L16x + Lz(Sy + L36Z )e?rk.
i=1 j=1 k=1
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Since
-16-16-
— hyhyh, Z > Z Rt (Li&% + Ly62 + LsdP)el,
i=1 r=1 k=1
<IViR|[(L16x + Lady + Lad.)e"|
<|IViRu"|l1le"|l4 »
=1 6-103—
— hehyh, Z > Z R (L1682 + Ly&? + Lad)ely
i=1 r=1 k=1
<|IRu"|l ||(L16% + Lad? + Ls6?
1+bS
<—"" R + 2 N(Li82% + Ly6% + 362
“4(1+0bS,) IR S, x 20, 30,
and
01—10-1 -1
— hyhyh, D by N8 + Lo? + L362)ely,
i=1 r=1 k=1
-16-16-1
=hyhyh, Z D (b6l )(Libiely)
i=1 r=1 k=1
-1 6,-16—-1
+ hyhyh, Z D0 b6y (Ladyely,)
i=1 r=1 k=1
—16-163-1
+ hyhyh, Z D0 (b6 )Lsseely) > 0.
i=1 r=1 k=1
Then, we get
n—1
Prille’ll; <pualle®llalle”lla + Z(pn,q = PagrDlle" lalle”la
g=1
+ ViR || - [le"lla + S IR u"|I.
n : VPN Su
hixt A 4( bSn)
That is, s,
(Dylle"llolle"lla < IVaRw"|| - lle"]la + mllR u'||. (3.14)
Thus
1
ViR u'(3) = f [ViRu" (S — sh) + VR (D + sh)](1 — s)ds. (3.15)
0

By the Poincaré inequality, Eq. (3.9), and Lemma 3.5, we have

IVAiRU"|| < ClIRu"|ly < (N2 + £, * N~ mintya2-aly (3.16)
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From (3.6), (3.14), and (3.16), using Lemma 3.2 and Lemma 3.3, and noting that ||e°||, = 0, one has

1 . S .
"lla <CS,, n,-VR’+—"RS‘
lle"|l4 < ;@,(n Rl + s IRl

S, .
- - Rs t
s {4(1 T bSy R ”}

<CS, Z Oni(R2 + 12 + 2 + ;0 N~min2-ael 4 =2
i=1
+O(h* + hﬁ +h?)

<C (K2 + 2 + B2 + N7mini2e2-eal) (3.17)
Finally, using Lemma 3.6 and the definition of ||e"||4, the proof is completed.

4. Numerical experiment

Example 4.1. For problem (1.1)-(1.3), considering ¥y = ¥, =T, =n, 6, =6 =6 =0T =1,
@(x,y,2,1) = 0, g(x,y,2) = 0, and

f(x,y,z,t) = T'(1+a@)sinxsinysinz + a;¢*sinxsinysinz

+a,t” sin x sin y sin z + a3t sin x siny sin z + bt sin x sin y sin z.

The exact solution is u(x,y,z,t) = t*sinxsinysinz. Seta; = 1,a, = 0.1, a3 =0.5,and b = 1. In
Tables 1-3, we fix £ = 128 to test the error and convergence in time. In Table 1, choosing different «,
we give errors, convergence orders, and CPU time in time for y = 2_7" In Table 2, seta; = 1, a, = 0.1,
az = 0.5, and b = 100, and choosing different @ we give errors, convergence orders and CPU time in
time for y = ZjT“ In Table 2, the convergence order goes down for N = 32 and @ = 0.2, which can
be caused by the round-off error computing the coefficients of the L1 scheme (2.1), see Remark 2.1
in [41]. In Table 3, seta; = 1, a, = 0.1, a3 = 0.5, and b = 0.001, and choosing different @ we give
errors, convergence orders, and CPU time in time fory = 2(_—1“ Due to the influence of multiple variable
coefficient values such as ay, a,, as, b, the degree of freedom of the equation fitting is higher, and there
may be some differences for CPU times. From Tables 1-3, it is obtained that the order of convergence
in time is (N~"n2@2-@ya}) which is consistent with the theoretical analysis.

In Tables 4-6, we fix N = 512 to present errors and convergence in space for y = (2 — @)/a. In
Table 4, seta; = 1, a, = 0.1, a3 = 0.5, and b = 1, and by choosing different & we give H'-norm errors,
convergence orders and CPU time in space. In Table 5, choosing different & we give H'-norm errors,
convergence orders and CPU time in space fora; = 1, a, = 0.1, a3 = 0.5, and b = 100. In Table 6,
choosing different & we give H'-norm errors, convergence orders, and CPU time in space for the case
where a; = 1, a; = 0.1, a3 = 0.5, and » = 0.001. In Tables 4-6, we can find that the spatial convergence
order is order 2, which is consistent with our theory. From Tables 1-6 we can notice that our scheme is
computationally efficient and consistent with the analysis.
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Table 1. The errors, convergence orders, and CPU time for £ = 128 witha; = 1, a, = 0.1,

az; =0.5,and b = 1 in time.

N

a=02

a=04

Error Order

CPU(s)

Error Order

CPU(s)

4

32

3.0652e-1 -

2.5808e-1 0.2481
2.1683e-1 0.2513
1.7966e-1 0.2713

48.83
143.74
458.23

1613.40

2.2682e-1 -

1.4655e-1 0.6301
9.3775e-2  0.6442
5.8933e-2  0.6701

51.04
145.86
448.40

1563.70

a=0.6

a=0..8

Error Order

CPU(s)

Error Order

CPU(s)

32

1.5083e-1 -

7.2715e-2  1.0526
3.4023e-2 1.1057
1.5515e-2  1.1329

5143
146.19
462.02

1559.60

9.5021e-2 -

3.8592e-2  1.2999
1.5557e-2  1.3108
8.353%¢-3 1.2918

51.82
146.22
452.52

1586.70

Table 2. The errors, convergence orders, and CPU time in time for £ = 128 with a; = 1,

a; =0.1,a3 =0.5,and b = 100

N

a=02

a=04

Error Order

CPU(s)

Error Order

CPU(s)

4

32

1.209e-3 -

5.127e-4 1.2371
2.715e-4 09173
1.809e-4 0.5859

51.55
15291
519.34

1727.10

1.164e-3 -

4.590e-4 1.3427
2.067e-4 1.1510
1.085e-4 0.9297

51.88
150.91
478.29

1657.20

a=0.6

a=0.8

Error Order

CPU(s)

Error Order

CPU(s)

32

9.694e-4
3.808e-4
1.597e-4
7.104e-5

1.3480
1.2538
1.1686

51.79
146.84
476.11

1654.50

6.210e-4
2.589%¢-4
1.114e-4
4.799e-5

1.2623
1.2269
1.2144

52.53
147.80
474.38

1628.10

Communications in Analysis and Mechanics

Volume 16, Issue 1, 53-70.



65

Table 3. The errors, convergence orders, and CPU time for £ = 128 witha; = 1, a, = 0.1,

az; = 0.5, and b = 0.001 in time.

a=02

a=04

Error Order

CPU(s)

Error Order

CPU(s)

7.0416e-1 -

6.0163e-1 0.2270
4.9789%-1 0.2731
4.0077e-1 0.3131

48.81
149.75
466.34

1692.90

4.7668e-1
2.9985e-1
1.8209e-1
1.0794e-1

0.6688
0.7196
0.7545

54.38
147.75
471.73

1693.90

a=0.6

a=0.8

Error Order

CPU(s)

Error Order

CPU(s)

32

2.8199¢-1
1.2866e-1
5.6762¢-2
2.4623e-2

1.1320
1.1806
1.2049

58.09
148.79
470.31
1678.6

1.6609¢-1
6.5972e-2
2.6820e-2
1.1297e-2

1.3321
1.296
1.2479

53.54
148.34
468.54

1646.70

Table 4. H'-norm errors, convergence orders, and CPU time for N
a, =0.1,a; =0.5,and b = 1 in space.

= 512 with a; = 1,

¢

a=0.6

a=0.8

Error Order

CPU(s)

Error Order

CPU(s)

4
8

16
32

7.2337e-2 -

1.9667e-3 1.8790
4.7608e-3  2.0465
7.8250e-4 2.6051

31.74
174.84
1080.70
4364.90

6.9950e-2
1.9154e-2
4.8763e-3
1.0680e-3

1.8604
1.9738
2.1909

46.11
290.63
1023.10
4603.40

Table 5. H'-norm errors, convergence orders, and CPU time in space for N = 512 witha; = 1,
a, =0.1,a3 =0.5,and b = 100

¢

a=0.6

a=0.8

Error Order

CPU(s)

Error Order

CPU(s)

4

16
32

2.509¢-3 -

7.034e-4 1.8347
1.822e-4 1.9483
4.262e-5 2.0963

31.23
170.04
820.18

3704.50

2.511e-3 -

7.064e-4  1.8296
1.857e-4 1.9277
4.621e-5 2.0064

30.28

168.96
814.60
3738.70
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Table 6. H'-norm errors, convergence orders, and CPU time for N = 512 with a; = 1,
a, = 0.1, a3 = 0.5, and b = 0.001 in space.

4 a=0.6 a=0..8

Error Order CPU(s) | Error Order CPU(s)
4 9.8959-2 - 31.55 | 9.2094e-2 - 30.58
8 2.6733e-2 1.8882 170.77 | 2.5135e-2 1.8734 170.73
16 6.4312e-3 2.0556 825.40 | 6.2566e-3 2.0163 815.74
32 1.0216e-4 2.6543 3759.60 | 1.2250e-3 2.3526 3760.00

5. Conclusions

In this paper, an ADI scheme is proposed to solve the 3D variable coeflicient subdiffusion problem,
and our theoretical analysis shows that the method is unconditionally stable, its temporal convergence
order is order min{2 — «, ya, 2a}, and its spatial convergence order is order 2. We present numerical
results when taking different coefficients, which show that our ADI scheme is consistent with the
theoretical analysis and is very efficient in solving such problems. The ADI technique proposed can
reduce the computational cost from spatial discretization. In the future, we will consider some fast and
parallel numerical methods [42—44] to improve computational efficiency in time.
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