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Abstract: In this paper, we first prove that the space (X, || - ||) is separable if and only if for every € €
(0, 1), there is a dense subset G of X* and a w*-lower semicontinuous norm || - ||o of X* so that (1) the
norm || - ||o is Frechet differentiable at every point of G and dF||x*||y € X is a w*-strongly exposed point
of B(X™, || - |lo) whenever x* € G; (2) (1 + 82) [[x***[lg < Ilx™*|| < (1 + &) [|x™|, for each x*** € X***; (3)
there exists {x;}*, C G such that ball-covering {B(x], r;)}:2, of (X*, |- |lo) is (1 + &)~ '-off the origin and
SX* |- 1) c U2, B(x;, r;). Moreover, we also prove that if space X is weakly locally uniform convex,
then the space X is separable if and only if X* has the ball-covering property. As an application, we get
that Orlicz sequence space /), has the ball-covering property.
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1. Introduction and preliminaries

Let (X, ||-||) denote a real Banach space and X* denote the dual space of X. Let S (X) and B(X) denote
the unit sphere and unit ball of X, respectively. Let the set B(x, r) denote the closed ball centered at
point x and of radius r > 0. Let x, %, x denote that the sequence {x,} - is weakly convergent to point x.

The geometric and topological properties of unit ball and unit sphere in Banach spaces play an
important role in the geometry of Banach spaces. The geometry of Banach space can be said to be
related to the unit ball and unit sphere of Banach space. Almost all geometric concepts are defined by
the unit sphere, such as convexity and smoothness of Banach spaces. Not only that, many other research
topics are related to the spherical representation of Banach space subsets, such as Mazur intersection
property, noncompact measure and spherical topology problem. These topics have attracted the attention
of many mathematicians since they were put forward. Through the tireless efforts of predecessors,
many important results have been achieved in the study of these issues. These results often play an
indispensable role in the in-depth study of the geometric properties of Banach spaces. It can be seen
that the charm of the behavior of the ball family is amazing.


https://www.aimspress.com/journal/cam
http://dx.doi.org/10.3934/cam.2023040

832

Starting with a different viewpoint, a notion of ball-covering property is introduced by Cheng!!.

Definition 1.1. (see [1]) We call that B = {B(x;, ;)};c; is a ball-covering of X if S (X) C U;;B(x;, ;) and
0 ¢ Ui/ B(x;, r;). Moreover, if I is a countable set, we call that X has the ball-covering property.

Definition 1.2. (see [1]) A ball-covering B = {B(x;, ;)}ic; is said to be r-off the origin if inf g ||x]| > r.

It is easy to see that if X is separable, then X has the ball-covering property. However, if X has the
ball-covering property, then X is not necessarily a separable space. In [1], Cheng proved that [* has
the ball-covering property, but [* is not a separable spaces. In [2], Shang and Cui proved that if X is
a separable space and has the Radon-Nikodym property, then X* has the ball-covering property. As a
corollary, Shang and Cui proved that if M € V,, then Orlicz function space L, has the ball-covering
property. This is an example of the ball-covering property of nonseparable function space. In 2021,
Shang [3] studied the ball-covering property in dual space and proved the following theorem.

Theorem 1.3. The following statements are equivalent:

(1) The space (X,|| - ||) is a separable space;

(2) for every 0 < & < 1, there is a norm || - ||, of X* with (1 + &)~ !||x*||; < Ix*|| < |Ix*|l, so that || - || is
Gateaux differentiable on a dense subset of X* and (X*, || - ||1) has the ball-covering property.

In Theorem 1.3, we gave the ball-covering characteristics of separable spaces. In this paper, we
further study the ball-covering characteristics of separable spaces. We first prove that a Banach space
(X, ]I - |]) is a separable space if and only if for every € € (0, 1), there exists a dense subset G of X* and a
w*-lower semicontinuous norm || - ||o of X* such that

(1) the norm || - ||y is Frechet differentiable at every point of G and dr||x*||p € X is a w*-strongly
exposed point of B(X™, || - ||o) whenever x* € G;

2) (1 + 82) [[x o < [lx™|| < (1 + &) ||x**||, for each x*™* € X™;

(3) there exists {x:}*, C G such that ball-covering {B(x}, r;)}>, of (X*, || |lo) is (1 + £)~!-off the origin
and S(X*, || - |I) € U2, B(x], ;).

Compared with Theorem 1.3, the result has the following two advantages

(1) The norm constructed in this result has better differentiability and better geometric properties
than the norm constructed in Theorem 1.3;

(2) the closed ball sequence constructed in this result can cover the unit sphere of the original norm.
Moreover, we also prove that if the space X is a weakly locally uniform convex space, then the necessary
and sufficient condition that X is a separable space is that for any a € (0, 1), there is a sequence
{x}2, € X" so that

(1) the ball-covering {B(x}, r;)}2, of X* is a-off the origin;

(2) the norm of X* is Gateaux differentiable at every point of {x7}* ;

(3) the point d||x;|| belongs to X for eachi € N.

As an application, we obtain that Orlicz sequence space [, has the ball-covering property. Other studies
on ball covering properties can be found in [4—12]. First let us recall some definitions and lemmas that
will be used in the further part of this paper.

Definition 1.4. (see [13]) Suppose that D is an open subset of Banach space X, a continuous function f
is called Gateaux (Frechet) differentiable at x € D if there exists a functional dg f(x) € X* (drf(x) € X7)

such that
5 Sx+1ty)— f(x)
im

t—0 t

—(dgf(x), =0
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Jx+1y) - f(x)
t

(lim sup — (de(x),y)] = O).

t—0
YEB(X)
Definition 1.5. (see [13]) A Banach space X is said to be a Gateaux differentiability space if for every
continuous convex function f is Gateaux differentiable on a dense subset of X.

Definition 1.6. (see [14]) A Banach space is said to be smooth if every point of S(X) is Gateaux
differentiable point of norm.

Definition 1.7. (see [14]) A Banach space X is said to be locally uniform convex if for every x € X and
{xa}o2, € S(X) with [|x, + x| = 2 as n — oo we have ||x, — x|| = 0 as n — oo.

Definition 1.8. (see [14]) We call that X is a weakly local uniform convex space if for every x € X and
{x,}02, € S(X) with ||x, + x| = 2 as n — oo we have x, % xasn — oo.

It is easy to see that if X is a locally uniform convex space, then X is a weakly locally uniform convex
space. We also know that if X is a weakly locally uniform convex space, then X is not necessarily a locally
uniform convex space. Moreover, separable spaces have the norm of equivalent local uniform convexity.

Definition 1.9. (see [9]) Let C* be a subset of X*. A point x; € C* is called a w*-strongly exposed
point of C* if there is a point xo € S(X) so that if {x;}*, Cc C* and x,(xo) — Sup,..c- X"(xo), then
llx;, = xgll — O.

Definition 1.10. (see [14]) Let C be a subset of X. A point x; € C is called a strongly exposed point of
C if there is a point x;; € S (X*) so that if {x,}>, C C and x;(x,) — sup,. x,(x), then [|x, — xo|| — O.

Lemma 1.11. (see [9]) Suppose that C* is a bounded subset of X*. Then o¢- is Frechet differentiable at
point xy and doc+(xo) = x; if and only if the point xj is a w*-strongly exposed point of C* and exposed
by xy.

Lemma 1.12. (see [15]) Suppose that C is a bounded closed set in X and C** = c". IfxeCisa
strongly exposed point of C and strongly exposed by x* € X*, then x is a w*-strongly exposed point of
C* and w*-strongly exposed by x".

2. A Characterization of ball-covering on separable space

Theorem 2.1. The space (X, || - ||) is separable iff for every € € (0, 1), there is a dense subset G of X*
and a w*-lower semicontinuous norm || - ||o of X* so that

(1) the norm || - ||g is Frechet differentiable at every point of G and dr||x*||y € X is a w*-strongly
exposed point of B(X™, || - ||o) whenever x* € G;

(2) (1 + 82) x|l < [lx™*|| < (1 + &) [|x***|| for each x™** € X™*;

(3) there exists {x;};°, C G such that ball-covering {B(x}, r)}:>, of (X", - |lo) is (1 + &) -off the origin
and S (X", || - |[) € U2, B(x!, 1;).

Proof. Necessity. (a) We first prove the condition (2). Since the space (X, || - ||) is a separable Banach
space, there exists an equivalent norm || - ||; such that the space (X, || - ||;) is a locally uniformly convex
space. This implies that || - || and || - ||; of X are two equivalent norms. Since the norms || - || and || - ||; of
X* are two equivalent norms, there exists a real number a € (1, +00) such that

1
—|lx*ll < Ix*|l; < allx*|l  for each X e X" 2.1)
a
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We pick a real number € € (0, 1). Then we get that 7 = /a € (0, +c0). Hence we define the symmetric
bounded convex set

1
Ci={xeX :|x]<1}+ {x* e X I, < i”}'

Since {x* € X : ||x*|| < 1} and {x* € X" : ||x*||; < n/2} are two weak™ compact convex sets, we obtain
that Cj is weak™ compact. This implies that Cj is a weak™ bounded closed convex subset of X*. Define
the norm

Ix*llo = pc;(x”) = inf {/l ER: /—1x € CO} (2.2)

in X*. Then || - ||y is a w*-lower semicontinuous norm of X* and ||x*||, < ||x*|| for every x* € X*\{0}. Pick
a point x; € X* such that ||xj|| = 1. Then, by the formula ||x(’§||0 < ||x3|| = 1, there exists Ay € (0, +c0)
such that [|(1 + Ag)xgllo = 1. We claim that |[2px|l; > n/2. In fact, suppose that ||Aoxg|l; < /2. Then
we get that Apx;, € int {x" € X" : ||x"||; < n/2}. Therefore, by the formula ||xj|| = 1 and the definition of
Cy» we get that (1 + Ag)x;; € intCy. Therefore, by the formula (2.2), we have [|(1 + 2)x;llo < 1, which
contradicts ||(1 + A9)xgllo = 1. Moreover, we can assume without loss of generality that 2e < 1 /a?. Then,
by the formulas || Aox;|l; > 7/2 and [|xj|| = 1, we get that

n
llxglls

n
allxgll

E
'—2>82.
a

A
a

| =
| =

= =

M| —
M| —

Ao >

Therefore, by the above inequalities and the formula [|(1+49)xjllo = 1, we have the following inequalities

1 1 1

* *
X = < = Xoll-
keollo = 7 Ao~ 1+& 1+ 2 ol

Therefore, from the above inequalities, we have the following inequalities
[lx*]] > (1 + 82) lx*llp  for each x e X (2.3)

On the other hand, we define the two norms

lx*lp = sup {x™(x") : x* € Cg} for each X e X

and
X)) = sup {x™(x") : X" e {x" € X" : ||x7|| < 1}} for each x*e X,

Then (X**, || - ||,) is the dual space of (X*, || - |,) and (X**, || - ||) is the dual space of (X*, || - ||). Hence, we

get that [|x™||, > (1 + 82) [lx**|| for every x™ € X™*. Pick a point x;* € X** such that the point xj* is norm

attainable on sphere S (X", ||ly). Hence exists a point x; € Cj such that xj"(x;) = 0" Then, by the

definition of Cjj and the formula x;; € Cj, there exist two points

sk
X0

1
Yo E{xX e X x| < 1) and % € {x* eX X, £ 57]}

such that x; = y5 + z;. Therefore, by the formula x;, = y5 + z; and the formula ||x™[|; < al|lx**||, we have
the following inequalities

k%
X0

o = %0 (x0) = (x0".yo + %)
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IA

sup{x5 (x") : x" e {x" e X" 1 ||x7]| < 1}}
1
+ sup {xg*(x*) (X" € {x* eX X, £ 57]}}

e

X0

1
< sup (') s xt e e X r Il < 1)+ o ]

< v Xy

Lan]
+2an

Therefore, by formula (2.3) and the above inequalities, we get that

(1 + 82) = (1 + %an)

Therefore, by the Bishop-Phelps Theorem, we have the following inequalities

Ll
—da
2]7

< [lxefly < Il

Sk ksk k3
X0 X0 X0

(1+ &) Il < lxllg < Il + San]lx |I=(1+§an)llx [

for every x™* € X**. Therefore, by the above inequalities, we obtain that

EETY k%% 1 kK
(1+8)Ixlly < Ilx ||s(1+§an)||x lo

for every x™* € X***. Therefore, by the formula n = £/a, we obtain that
2 sk sk 1 ok sokok
(1+&) Il < ™l < {1+ S| Il ™l < (1 + &) ™l
for each x™* € X***. Moreover, it is easy to see that the norm || - ||y is a w*-lower semicontinuous norm

of X***. Hence we get that the condition (2) is true.
(b) We will prove that there exists a dense subset G of X* such that the norm || - || is Frechet
differentiable on G and df|| - ||o(G) C X. Define the set

Co={xeX:x"(x) <1, x" € Cy}. (2.4)

Then we get that Cy is a nonempty bounded closed convex set. Since the set Cj is a weak™ bounded
closed convex subset of X*, we get that

Ch={x"eX" :x'(x) <1, xe Cy}.
Then, using the Bishop-Phelps Theorem, we get that A_(’g = X", where
Ap = {x" € X" : there exists a point x € Cj such that x*(x) = ||x"[|o} .

Therefore, from Theorem 2.1 of [6], we obtain the following formulas Dj # 0 and ﬁg =
{x* € X" :||x*|lo = 1}, where

Dj = {x" € X" : there exists a point x € Cy such that x"(x) = [|x"[lp = 1}.

Communications in Analysis and Mechanics Volume 15, Issue 4, 831-846.
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Let G = Aj. Then we get that G is a dense subset of X*. We pick a point
yo € {x" € X" : there exists a point x € Cy such that x"(x) = [|x*[lp = 1}.

Hence, we get that there exists a point xo € Cy such that (yj, xo) = sup{{z”, xo) : z* € C;;}. Therefore, by
the definition of yj, we get that yj € Cj. Moreover, by the definition of Cj, there exist two point

1
uy €E{x e X" x| < 1} and vy € {x* eX x| £ 577}
such that y; = u;; + v;. Hence we have the following inequalities

(Yo Xo) = sup{{z", x0) : " € Cp}

1
{(u* +v5x0) )l < 1, |Vl < 577}

sup {(u”, xo) : |lu’|l < 1} + (v, x0)

= Uy, Xo) + (Vo> Xo) = (o> X0) -

= Sup

1
= sup (v, x) 1 VI < 577} +sup {(u”, xo) © |lu’[] < 1}

\%

Therefore, by the above inequalities, we have the following formula

E3 * £ £ * * l
ug(xo) = sup {(u”, xo) : [l < 1} and vo(Xo) = sup {(v s X0) = VIl < 577}~

Therefore, by the formula v € {x* € X" : ||x*||; < n/2}, we obtain that the point v; is norm attainable on
set{xe X :|x, <1}.

We next prove that the point y; is a Frechet differentiable point of norm || - [|o in X**, i.e, the point
drllysll is a w*-strongly exposed point of B (X™, || - [|p). Define the closed convex set

Cyr={x"eX” : x"(x") <1, x" € Cj}.

It is well known that yg(xo) = [ly;llo = Ilxollo = 1. Pick a sequence {x,},>, C Cy such that x,(y;) — 1 as
n — oo. Then, from the definition of Cy, we have the following equations

’}1_)1’2) x,(vy) = x0(yy) = 1 = sup {xo(x") : x™ € Cg}. (2.5)

Since the set C; is a bounded set and intCj; # @, we obtain that Cy is a bounded subset of X. Therefore,
by the formula {xn} , € Co, we obtain that {x.}>~, 1s a bounded sequence. Hence we can assume that
without loss of generahty that {x,(uy)};”, is a Cauchy sequence. Moreover, by the formula yj = uj + vy,
we get the following formula

. . 1 1 .
Yo € Uy + {x* eX x|, < 517} =uy + B(O, 517) c Cy,. (2.6)
Since {x,},>, € Co, by the formulas (2.5), we have the following inequalities

lim x,(vy) = 1 > limsup (sup {x,(x") : x* € Cp}).

n—oo

Communications in Analysis and Mechanics Volume 15, Issue 4, 831-846.
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Therefore, from the above inequalities and formula (2.6), we obtain the following inequalities

\%

lim sup (sup {x,(x*) : x™ € C3})

n—oo

1
lim sup (sup {xn(x*) X" €uy+B (0, 577)})

lim x,(u;) + lim sup (sup {x,,(x*) :x"€B (0,

n—oco

lim x, (%)
n—o00

\%

gl

1
lim (x,, y; — uy) = lim sup (sup {xn(x*) :x"€B (0, —n)}).

0| =

Therefore, by the above inequalities, we have the following inequalities

n—sc0 2
Therefore, by the formulas yj = u; + vj and v, € B(0,7/2), we obtain that

1
lim (x,,y; — uy) = lim sup (sup {x,,(x*) :x"eB (0, En)}) . (2.7)

n—oo

[e9)

Since the sequence {x,}, is a bounded sequence, we may assume without loss of generality that
{llx.ll}72, is a Cauchy sequence. This implies that

lim (x,, v, — u3) = lim sup (sup {xn(x*) X e B(o, Q)}) = 1im 2 15

n—oo 2

Moreover, there exists a sequence {k,} >, C R such that ||k,x,|| = ||xo|| for all » € N. Hence we have the
following equations

) . . . s .1 1
Lim (kyot, vo) = 1M ko, v = thg) = lim Zllkaxally = Z1lxoll, (2.8)
Therefore, by the formula <x0, v3> = (171|xo0ll;)/2 and the formula (2.8), we obtain the following equations

. . . 1 1
31_{?0 kX, Vo) + (X0, V) = §U||xo||1 + 577||X0||1 = n|lxoll;y -

Therefore, by the above equations, we have the following equation

1 1 2
lim <—knxn + ——Xo, —v3> =2
n—eo \ || x|, lIxolly ~ m

Moreover, since ||k, x,|l; = [|xoll; and ||vgll; = /2, by the above equation, we get the following equations

1
k,x

2 > liminf ||—k,x, + ——Xo
[Ixoll, lIxo0lls

n—oo

. 1 1 2,
= lim ( ——k,x, + ——Xxp, =V, ) =
o\ [lxoll, llxolli " 7

Since the space (X, ||-||1) is a locally uniformly convex space, we get that k,,x,, — x as n — co. Moreover,
by the formula x,(y;) — xo(y;), we obtain that k, — 1 as n — oo. This implies that ||x, — xo|| — O as
n — oo. Hence the point drlygllo € X is a strongly exposed point of B(X, || - [lo). Therefore, by Lemma

Communications in Analysis and Mechanics Volume 15, Issue 4, 831-846.
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1.12, we get that dr||ygllo € X is a w*-strongly exposed point of B (X™, || - ||o). Then, by the definition of
G, we get that the norm || - ||y is Frechet differentiable at every point of G and the point dg||x*||p € X is a
w*-strongly exposed point of B (X**, || - ||p) whenever x* € G.

(c) Let po(x™*) = |[x***||p for each x*** € X***. Then, by the proof of (b), we know that if x* is norm
attainable on S (X, ||||y), then x* is a Frechet differentiable point of py and dppo(x*) € X. Then we get
that

S X, |Illo) = {drpo(x*) € X : there is a point x € Cy so that x"(x) = po(x")}.

Since the space X is separable, we get that every subset of X is separable. Let

Ag ={x € B(X,| - o) : x isa strongly exposed point of B(X, || -lo)}.

Then there exists a sequence {x,}”, C Ao such that {x,}*>, = Ao. Therefore, by the formula {x,}? | = Ao,
we have the following equations

inf  sup(x®,x,)= inf sup{(x*,x):xe BX,]| )} =1. (2.9)

x*€S(X*|lo) neN x* €S (X*,|lo)

Pick a point x; € X" such that ||x;|| = 1. Then, from the proof of (a), we obtain that ||x;llo < [|xj|l <
(1 +&/2)lIxgllo- Then we get that (1 + g/2)7! < llxgllo- This implies that (1 +&/2)xllp > 1. Define the set

Wy = LJ {mﬁ+a—ﬂw1+§%fefzﬂemJQ- (2.10)
x*eS (X |1

Then we get that S (X*, ||-]|)) € Wy and S (X%, |||l,) € W,. Pick a point z* € X* such that ||z*]| = 1. Then
llz*|lo > (1 + &/2)~". Therefore, by the formulas (2.9) and (2.10), we have the following inequalities

sup </lz* +(1- /l)(l + g)z*,xn>

neN

sup |4+ (1- ) (145)] -

[m (1 —/l)(l " g)](1 + g)_l

/1(1+§)_1+(1—/1)2(1+§)

v

-1

\%

Therefore, by the above inequalities and the definition of W, we obtain that

e\-!
inf z(1+—) . 2.11
g ) = (143 —
Therefore, from the proof of (b) and the definition of Ay, there exists {x,}~ , C §(X") so that ||x,|lo = 1
and x, = dppo(x;,) for every n € N. Hence we have {x} , C G. Moreover, we can assume without loss
of generality that (1 + ) < 2. Define the closed ball sequences

1

1 .
B?m:B((m+l+ )xf,——+m), m=23,4,5,... i=1,2,3,..
’ £ m

in (X*, || - [lo). Then, by the formula ||x|ly = 1, we get that if y* € Bgm, then

1 * 1 * *
'(m+1+8)xi O—”(m+ 1+8)x,- y

Communications in Analysis and Mechanics Volume 15, Issue 4, 831-846.
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1 . . 1
> |||m+ x|l —m|| x|, + =
l+¢ 0 m
a Lo I D
= mibilly + g lllo =mllxilly + 2= 0

Hence we get that B?,m has a positive distance 1/ (1 + €) from the origin. Suppose that there exists a
point y* € W, such that for every i € N and m € N, we have y* ¢ B?,m' Moreover, by the formula (2.11),
there exists a natural number ny € N such that (y*, x,,) = 7> 1/(1 + &). Define the hyperplane

H,, ={x" € X" : (x", x,) = 0}

in X*. Hence there exists a point &, € H,, such that y* = nx; +h;, . Therefore, by the formulas y* ¢ B?,m
and y* = nx, + h, , we get that

no?
m+ —I\x - =(lm+-—-n|x -
1+¢g) ™ Y 0 1+¢ 1) %o = Mg

Therefore, by the above inequalities, we have the following inequalities

m —

1
m 0

1 1 * £ *
- < H(m+—l+8—n)xn0—hnoo—m Xollo
< ||(m—n)xn0—hn00—m xn00+1+8 wollo
< (m- X - — —|x -
n LR nollo| =17 l+¢
1 * * £ 1
< ;[xno—thnoo— X 0]—77+1+8,

where 7 = 1/ (m — n). Moreover, since the point x; is a Gateaux differentiable point of norm || - |p in X,
form the above inequalities and the formula i, € H,,, we have the following inequalities

0 < %1_%1[;[ Ko ~ g |l = 11 %o 0]—n+ T2
. 1 1
= () =4 g =t <0
this is a contradiction. This implies that
Woc | J{B),:m=345.. i=123.]}

Hence, there exists a sequence {x}};°, C G such that ball-covering { B(x, r;)}>, of (X", ||-[lo) is (1 +&)~'-off
the origin and S (X*, || - [[) € U, B(x], r;).

Sufficiency. Since the space (X*, || - ||p) has the ball-covering property, we get that the space X is
separable, which finishes the proof.

Next, we will study what conditions can guarantee that the dual space of a separable space has the
ball-covering property.

Communications in Analysis and Mechanics Volume 15, Issue 4, 831-846.
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Theorem 2.2. Suppose that the space X is weakly locally uniform convex. Then X is a separable space
if and only if for every a € (0, 1), there exists a sequence {x;}°| such that

(1) the ball-covering {B(x}, )}, of X" is a-off the origin;

(2) the norm of X* is Gateaux differentiable at every point of {x:};

(3) the point dgl|x:|| belongs to X for each i € N.

Proof. Necessity. (a) We first will prove that the norm of X* is Gateaux differentiable on a dense subset
of §(X*). In fact, by the Bishop-Phelps Theorem, we get that A5 C S (X*) and A7 = S (X*), where

Ap = {x" € S(X7) : there is a point x € S (X) so that x"(x) = 1 = |[x"||}.

We claim that every point of Aj is a Gateaux differentiable point of X*. In fact, pick a point x; € Ag.
Since the space X is weakly locally uniform convex, there exists an unique point xy € S (X) such that
x5(x0) = 1. Suppose that there exists a functional xj* € §(X™) such that x7"(x;) = 1 and x;* # xo. Then
there exists a weak™ neighbourhood V of origin in X**. such that

3 +V)N(x+V)=0. (2.12)

Moreover, for every natural number n € N, we define the weak™ neighbourhood

. 1
Vn — {Z** e X - Z**(x;) — xs*(xé) < ;} (213)

of xj* in X**. Therefore, from the Goldstine Theorem, there is a point x, € B(X) such that x, €

(x;‘)* + V) NV, for all n € N. Hence we have xj(x,) — 1 as n — oo. Therefore, by the formula
x5(x0) = 1, we have

2 > limsup ||x, + xoll > lim sup |(x3, x, + xo)| = lim(x, x, + Xo) = 2.
n—o0o

n—o0 n—oo

Since the space X is weakly locally uniform convex, we obtain that x, 5 Xpasn — oo, Since Vis a
weak” neighbourhood of origin in X**, we can assume that x,, € xo + V. However x, € (xg* + V) nv,
for each n € N, which contradicts the formula (2.12). This implies that every point of A; is Gateaux
differentiable point of X*.

(b) Let @ € (0, 1). Pick € € (0, ). Moreover, since the space X is a separable space, there exists a
sequence {x,} ", C §(X) such that {x,} = S(X). Then we have the following equations

X*elgl&*) 3161]5) (X", x,) = xég]&) sup{{x",x): xe B(X)} = 1. (2.14)

Therefore, from the previous proof, we define the following the set

G = {x" € X" : there is a point x € {x,}’~, so that x"(x) = ||x||}.

n=1

Therefore, from the previous proof, we obtain that the norm of X* is Gateaux differentiable at every point
of G and every point of G is norm attainable on set S (X). Hence, for every natural number n € N, there
exists a point x;, € G with [[x;]| = 1 such that x;(x,) = 1. Hence we define a sequence {x;}>  C S(X").
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Pick a point y* € S(X*). Then, by the formula (2.14), it is easy to see that there exists a natural
number ny € N such that 1 > (y*, x,,) > 1/ (1 + 2¢). We define the following hyperplane

H,, ={x" € X" : (x",x,,) = 0}

in X*. Then, by formula (2.13), there exists a point &, € H,, and a real number 17 € (0, +00) such that
y* = nx, + h; . Then, by the inequalities 1 > (y*, x,,) > 1/ (1 + 2&) and y* = nx; + h; , we have the
following inequalities

1
1+2¢

12 (5 ) = (X0 )+ (Bl X ) = (X5 ) > (2.15)
Moreover, since (x, o Xy,» = 1, by formula (2.15) and the formula y* = nx; .t h* ., we have the following

no?
inequalities
1 1 1

1126 1+28 (xr o)

1
<n< —<1+2e (2.16)
<xj;0,x,,o>

Hence, for each natural numbers i and m, we define the closed ball sequences

1 . 1
Bin —B((m+ 1+2£)xi, - +m

in X*. Suppose that y* ¢ B, ,, forall i € N and m € N. Then for every natural numbers m € N, we obtain
that

3k
X

), m=3,4,5,... i=1,2,3,..

*

Xio

1

<

m

1 1
ok _ % _h* )
("” 1+2g)x"° y ("” 1+ 2 ”)x"O o

Therefore, by the above inequalities, we have the following inequalities

1 1 k * k
— < “(m+1_|_28—77)xno+hn0 —m||x,,
1
< - "+ A= =7+
< 1[ -+ th, . ] + :
= U T Bl il =T 7

where 1 = 1/ (m — n7). Moreover, since the point x, is a Gateaux differentiable point of norm of X* and
(Xn» Xng) = 1, we have dgl|x, || = x,, € X. Therefore, by the formula (2.16), we have the following
inequalities

0 = 1333[?[ St =l =+ 5
1
= (Xph, ) — 1+ =-n+ 0,
(o) =14 g = 7% 5 <
this is a contradiction. Hence we have the following formula
S (X" c U {Bim:m=3,4,5.  i=123,.]}.
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Since € € (0, 1), we can assume without loss of generality that (1 + 2&)™' — a > 0. Pick a point y* € B;,,..
Since (1 + 2¢&)™! > a, by the formula llx}|l = 1 and the triangle inequality, we have the following

inequalities
+ ! !
m X;
1+2¢)"

1 )
H(m " 1+ 28) i

Therefore, by the formula x; € G, we obtain that for every 0 < a < 1, there is a sequence {x}}, of
norm Gateaux differentiable points such that the ball-covering {B(x], r;)}2, of X* is a-off the origin.
Hence, we get that the conditions (1) and (2) are true. Moreover, from the previous proof, it is that
dgllxt|| = x; € X for every i € N. The condition (3) is true.

Sufficiency. Since the space X* has the ball-covering property, we get that the space X is separable,
which finishes the proof.

*

Iyl

W
[+ )i -

+1 ! +1>
— = — > .
m 1+2¢ m

\%

*
Xi

—-—m

Corollary 2.3. Suppose that the space X is locally uniform convex. Then X is a separable space iff for
every a € (0, 1), there exists a sequence {x}}:2, such that

(1) the ball-covering {B(x}, )}, of X" is a-off the origin;

(2) the norm of X* is Frechet differentiable at every point of {x:}2,;

(3) the point dr||x}|| belongs to X for eachi € N.

Proof. By the proof of Theorem 2.1 and Theorem 2.2, we get that Corollary 2.3 is true, which finishes
the proof.

3. Application to Orlicz sequence spaces

In this section, we use the results of the ball-covering of Banach space to study the ball-covering
theory of Orlicz sequence space. On the other hand, since the Orlicz sequence space is a kind of specific
Banach space, we can get a more perfect conclusion on the Orlicz sequence space than the general
Banach space.

Definition 3.1. (see [14]) A function M : R — R is said to be an Orlicz function if it has the following
properties:
(1) M is even, continuous, convex and M(0) = 0;

(2) M(u) > O for all u > 0;
(3) lim,_o M(u)/u = 0 and lim,,_,.. M(ut)/u = oo.

Definition 3.2. (see [14]) Let M be an Orlicz function, p be the right derivative of M, and ¢g(s) = sup({t :
p(t) < s}. Then, we call that

vl
N(v):f q(s)ds
0

is the complementary function of M.

By [14], we know that if the function M is an Orlicz function, then the complementary function N
of M is an Orlicz function. Moreover, by [14], we know that the complementary function of N is M.
Hence we say that M and N are complementary to each other (see [14]).
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Definition 3.3. (see [14]) An Orlicz function M is said to be satisfies condition A, if there exist K > 2
and uy > O such that

MQ2u) < KM(u) whenever u > u.

In this case, we write M € A, or N € V,, where N is the complementary function of M.

For any sequence x = (x(1), x(2), ...), we define its modular by

pu(0) = > M (x(0)).
i=1

Then the Orlicz sequence space /), and its subspace h,, are defined as follows:
Iy ={x: ppy(dx) < +00 for some A >0},

hy = {x: py(dx) < 400 for all A > 0}.

For each x € [);, we define the Luxemburg norm

x| = inf{/l >0 pM(g) < 1}

or the Orlicz norm

1
0_ et
[IX[" = inf [1 + pu(kx)]

in [, (see [14]). It is well known that /;;, and 124 are two Banach spaces (see [14]). Moreover, we know that
hyy s a closed subspace of /), and h% is a closed subspace of 124 (see [14]). It is well known that &, and h%
are separable spaces (see [14]). Moreover, it is well known that (h?v)* = [y and (hy)* = lgl(see [14]). It is well
known that / M(lg,[) is separable if and only if M € A, (see [14]).

Theorem 3.4. Suppose that M € A, or M € V,. Then for any a € (0, 1), there exists a sequence
{xi}2, C Iy of norm Gateaux differentiable points such that

(1) the ball-covering {B(x;, r))};2, of Ly is a-off the origin;

(2) the norm of ly is Gateaux differentiable at every point of {x;};" .

Proof. Suppose that M € A,. Then the space [, is a separable space. Hence /), is a weak Asplund
space. It is easy to see that for any a € (0, 1), there exists a sequence {x;};°, C Iy, of norm Géteaux
differentiable points such that (1) the ball-covering {B(x;, r;)};2, of Iy is a-off the origin; (2) the norm of
Iy 1s Gateaux differentiable at every point of {x;}:°,.

Suppose that M € V,. Then we get that N € A,. This implies that h?v has the Radon-Nikodym
property. Therefore, by (h%)* = Iy, we get that the norm of /; are Géteaux differentiable on a dense
subset of X*. Hence, the norm of /), are Gateaux differentiable on a dense subset of S (X*). Therefore,
from the proof of Theorem 2.2, we get that for every a € (0, 1), there exists a sequence {x};>, such that
(1) the ball-covering {B(x}, r;)};2, of X" is a-off the origin; (2) the norm of X" is Gateaux differentiable
at every point of {x?}:*,, which finishes the proof.
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Theorem 3.5. Suppose that M € A, or M € V,. Then for any a € (0, 1), there exists a sequence
{xi}2, C I, of norm Gateaux differentiable points such that

(1) the ball-covering {B(x;, )}, ofl?w is a-off the origin,

(2) the norm of 124 is Gateaux differentiable at every point of {x;}?. .

Proof. Similar to the proof of Theorem 3.4, we obtain that Theorem 3.5 is true, which finishes the proof.

Theorem 3.6. Let [y be an Orlicz sequence space. Then ly has a ball-covering {B(x;, r;)}2 | such that
SUp;cy i < +00.

Proof. Let Q denote rational number set. Then, for every natural number n € N, we define the set
0,=1{(r,...,r,,0,0,...) : r; € O}.

Define the set Oy = U,y Q,,. Then the set Qg is a countable set. Let A = {x € Oy : ||x|| € [2,4]}. Since
the set A is a countable set, we can order it as a sequence A = {x;};°,. Then we define the closed ball
sequences

1 1
Bi,m = B(Xi, (|21l — —) = {x € Iy : lx = xill < lxill = —} s i=12,..
m m

Pick a point x € S(ly;). Then we obtain that py(x) < 1. Let x = (x(1), x(2), ...). Then there exists a
natural number iy € N such that

< 1 1 1 1
0< > M(gx(i)) < ZpM(gx) <7

i:i0+1

Therefore, by the above inequalities, we have the following inequalities

S (L SIVAARRE ST

; M (gx(l)) ; M (§x(l)) - i:,ZOJ;l M (gx(l))
1 1 1

Pm gx _é_lpM gx

3 (1

= ZPM gx)

Since py(x/3) > 0, by the above inequalities, we obtain that

by (1 - 1 3 (1) 1 (1
;M(gx(i)) - Z M(gx(i)) > ZpM(gx) - ZpM(gx) > 0. 3.1)

i=ip+1

Moreover, we can assume without loss of generality that x(iy + 1) € [0, +00). We pick a real number
Uy € (0, +00) such that ||xy|| = 3, where

X0 = (x(1), x(2), ..., x(ip), ugy, 0,0, ...) € Iy.
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Therefore, by the formula (3.1) and py(x) < 1, we obtain that uy — x(ip + 1) > 0. Therefore, by the
formulas x(iy + 1) € [0, +00) and u, € (0, +o0), we obtain the following inequality

M (up — x(ip + 1)) < M (up) . (3.2)

Since py(x) < 1, by the formula ||xy|| = 3 and the definition of x,, we get that p,, (xo/3) = 1. Therefore,
by the formulas (3.1)-(3.2) and the definition of x,, we have the following inequalities

XO—X)

3 = M 1(Mo — x(ip + 1))) + Z M(%x(i))

,DM( 3

i=ip+1

1 - 1
M §uo) + Z M(gx(i))

i=ip+1

< M ! + iM ! (i)
—U —X(1
37 £ \3

1
Pm (gxo) = L.
Since py(x) < 1 and pyy (xg — x) < +o0, there is a real number A € (0, 3) such that oy, ((xg — x)/49) = 1.
Hence we obtain that ||xo — x|| = 4o. Moreover, by the definition of {x;}:°, and the formula ||xo|| = 3,
there exists a point x; € {x;};*, such that ||lx;| > 3 and ||x; — xol| < (3 — 49)/2. Then, by 4, € (0, 3), we
get that

IA

1
b = xf] < [l = ol + Il = x0ll < 5 B = 20) + 20 < 3 < [Jx|.
Therefore, by the above inequalities, there is a natural number m, € N so that

1
ol - o).

my

X € Bj,mo = B(.Xj,
This implies that /), has a ball-covering {B;,,}2, ,_, such that sup,. r; <4 < +oo, which finishes the proof.
Corollary 3.7. Orlicz sequence space 1y has the ball-covering property.

Acknowledgments

This research is supported by “China Natural Science Fund under grant 12271121 and ”China
Natural Science Fund under grant 11561053”.

Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (Al) tools in the creation of this article.
Conflict of interest

The authors declare there is no conflict of interest.

Communications in Analysis and Mechanics Volume 15, Issue 4, 831-846.



846

References

1. L. Cheng, Ball-covering property of Banach spaces, Israel J. Math., 156 (2006), 111-123.

10.

11.

12.
13.

14.
15.

AR

https://doi.org/10.1007/BF02773827

S. Shang, Y. Cui, Ball-covering property in uniformly non—l(;) Banach spaces and application,
Abstr. Appl. Anal., 2013 (2013), 1-7. https://doi.org/10.1155/2013/873943

S. Shang, The ball-covering property on dual spaces and Banach sequence spaces, Acta Mathe-
matica Scientia., 41 (2021), 461-474. https://doi.org/10.1007/s10473-021-0210-5

L. Cheng, Q. Cheng, X. Liu, Ball-covering property of Banach spaces is not preserved under linear
isomorphisms, Sci. China Ser. A., 51 (2008), 143—147. https://doi.org/10.1007/s11425-007-0102-8

. D. Preiss, Differentiability of Lipschitz functions on Banach spaces, J. Funct. Anal., 91 (1990),

312-345. https://doi.org/10.1016/0022-1236(90)90147-D

S. Shang, Differentiability and ball-covering property in Banach spaces, J. Math. Anal. Appl., 434
(2016), 182-190. https://doi.org/10.1016/j.jmaa.2015.09.009

S. Shang, Y. Cui, Locally 2-uniform convexity and ball-covering property in Banach space, J.
Math. Anal., 9 (2015), 42-53. https://doi.org/10.15352/bjma/09-1-4

. L. Cheng, Q. Cheng, H. Shi, Minimal ball-covering in Banach spaces and their application, Studia

Math., 192 (2009), 15-27. https://doi.org/10.4064/sm192-1-2

S. Shang, Y. Cui, Gateaux differentiability of w*-lower semicontinuous convex function in Banach
spaces and applications, J. Nonlinear Convex Anal., 18(2017), 1867—-1882.

V. P. Fonf, C. Zanco, Covering spheres of Banach spaces by balls, Math. Ann., 344 (2009),
939-945. https://doi.org/10.1007/s00208-009-0336-6

L. Cheng, H. Shi, W. Zhang, Every Banach spaces with a w*-separable dual has an 1 + &-
equivalent norm with the ball-covering property, Sci. China Ser. A., 52 (2009), 1869—-1874.
https://doi.org/10.1007/s11425-009-0175-7

L. Cheng, Z. Luo, X. Liu, Several remarks on ball-covering property of normed spaces, Acta
Math. Sin., 26 (2010) , 1667-1672. https://doi.org/10.1007/s10114-010-9036-0

R. R. Phelps, Convex Functions, Monotone Operators and Differentiability, Lecture Notes in
Math., Springer-Verlag, New York, 1989. https://doi.org/10.1007/978-3-662-21569-2

S. T. Chen, Geometry of Orlicz spaces, Dissertationes Math., Warsaw, 1996.

L. Cheng, Y. Ruan, Y. Teng, Approximation of convex functions on the dual of Banach spaces, J.
Approx. Theory, 116 (2002), 126-140. https://doi.org/10.1006/jath.2001.3664

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

s AIMS Press

Communications in Analysis and Mechanics Volume 15, Issue 4, 831-846.


http://dx.doi.org/https://doi.org/10.1007/BF02773827
http://dx.doi.org/https://doi.org/10.1155/2013/873943
http://dx.doi.org/https://doi.org/10.1007/s10473-021-0210-5
http://dx.doi.org/https://doi.org/10.1007/s11425-007-0102-8
http://dx.doi.org/https://doi.org/10.1016/0022-1236(90)90147-D
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2015.09.009
http://dx.doi.org/https://doi.org/10.15352/bjma/09-1-4
http://dx.doi.org/https://doi.org/10.4064/sm192-1-2
http://dx.doi.org/https://doi.org/10.1007/s00208-009-0336-6
http://dx.doi.org/https://doi.org/10.1007/s11425-009-0175-7
http://dx.doi.org/https://doi.org/10.1007/s10114-010-9036-0
http://dx.doi.org/https://doi.org/10.1007/978-3-662-21569-2
http://dx.doi.org/https://doi.org/10.1006/jath.2001.3664
http://creativecommons.org/licenses/by/4.0

	Introduction and preliminaries
	A Characterization of ball-covering on separable space
	Application to Orlicz sequence spaces

