Communications in Analysis and Mechanics, 15(4): 638-657.

= @ S, DOI: 10.3934/cam. 2023032
ATRiD < Mmdncaiions i Received: 14 September 2023

\gES Aralysis and Mechanics Revised: 10 October 2023
Accepted: 12 October 2023
https://www.aimspress.com/journal/cam Published: 19 October 2023

Research article

Sign-changing solutions for the Schrodinger-Poisson system with
concave-convex nonlinearities in R3

Chen Yang and Chun-Lei Tang*
School of Mathematics and Statistics, Southwest University, Chongqing, 400715, China

* Correspondence: E-mail: tangcl@swu.edu.cn
Abstract: In this paper, we consider the following Schrodinger-Poisson system

—Au+ V(x)u + ¢u = |ulP2u + AK(X)u| %y in R3,

~A¢p = u? in R3.

Under the weakly coercive assumption on V and an appropriate condition on K, we investigate the cases
when the nonlinearities are of concave-convex type, thatis, 1 < ¢ < 2 and 4 < p < 6. By constructing
a nonempty closed subset of the sign-changing Nehari manifold, we establish the existence of least
energy sign-changing solutions provided that A € (—co, A.), where A, > 0 is a constant.
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1. Introduction

In the past decades, the following Schrodinger-Poisson system

—Au+ V(x)u+ ¢u = f(x,u) inR3,

~A¢ = u? in R? (1.
has been studied extensively by many authors, where V : R? — R and f € C(R? x R, R). This system
can be used to describe the interaction of a charged particle with the electrostatic field in quantum
mechanics. In this context, the unknown u and ¢ represent the wave functions related to the particle
and electric potentials, respectively. Moreover, the local nonlinearity f(x,u) models the interaction
among particles. We refer the reader to [6,20] for more details on its physical background.
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It is worth noting that system (1.1) is a nonlocal problem due to the appearance of the term ¢u,
where ¢ = ¢, is presented in (1.4) below. This fact states that problem (1.1) is no longer a pointwise
identity and brings some essential difficulties. For example, the term fR3 ¢,u*>dx in the corresponding
energy functional is homogeneous of degree four, then, compared with the local Schrédinger equation,
it seems difficult to obtain the boundedness and compactness for any Palais-Smale sequence. In light
of the previous observations, the existence of solutions for problem (1.1) have been widely studied and
some open problems have been proposed [3,11, 15,16, 19, 25,28, 30, 35].

In what follows, we are particularly interested in the existence of sign-changing solutions (also
known as nodal solutions) for problem (1.1). From this perspective, Wang and Zhou [29] were
concerned with the existence and energy property of sign-changing solutions for problem (1.1) with
f(x,u) = |ul’~>u. By introducing appropriate compactness conditions on V, they used methods
different from [5] to prove that the so-called sign-changing Nehari manifold is nonempty provided
that 4 < p < 6. Then, combining some analytical techniques and the Brouwer degree theory, the
existence of least energy sign-changing solutions was established. After that, the authors in [21]
investigated sign-changing solutions of problem (1.1) when f € C'(R,R) satisfied super-cubic and
subcritical growth at infinity, superlinear growth at origin, and a well-known Nehari-type
monotonicity condition. In particular, they established the energy doubling [31]. Moreover, the
authors in [10, 38] obtained the similar existence results if the nonlinearity f satisfied asymptotically
cubic and three-linear growth, respectively. On the other hand, when f satisfies three-sublinear
growth, the existence and multiplicity of sign-changing solutions can be obtained by invariant sets of
descending flow [13, 18]. For more interesting results, such as the Sobolev critical exponent or
bounded domains, we refer to [1,24,27,34,36,37] and the references therein.

According to the previous statements, we observe that the nonlinearities always satisfy superlinear
growth or convexity (i.e. f(x,u) = |ul'u, 2 < p < 6) provided that the sign-changing solution
of Schrédinger-Poisson systems in the whole space R? is considered. Once the nonlinearity is not
constrained by the above forms, the methods mentioned previously cannot be directly used. Therefore,
in present paper, we focus on a special type of nonlinearities; that is, the concave-convex type, such
as f(x,u) = |ul’?u + |u|?u with4 < p < 6 and 1 < g < 2. The concave-convex nonlinearities were
introduced in [2], where the authors proved the existence of infinitely many solutions with negative
energy for local elliptic problems in bounded domains. After this work, a great attention has been paid
to the existence of solutions to elliptic problems with concave-convex nonlinearities. For example,
see [7,8, 17,32] for local Schrodinger equations, and [9, 14, 22,23, 26, 33] for Schrodinger-Poisson
systems.

Note that only [7, 8, 17, 33] involve the sign-changing solutions. More precisely, Bobkov [7]
considered the following Schrodinger equation

—Au = Au|"%u + |u*u in Q,
u=>0 in 0€),

where Q c RY is a bounded connected domain with a smooth boundary, N > 1,1 < g <2 <y < 2*
and 2* is the well-known Sobolev critical exponent. They proved the existence of a sign-changing
solution on the nonlocal interval A € (—oo, A7), where A; is determined by the variational principle of
nonlinear spectral analysis through the fibering method. Moreover, the author in [8] obtained similar
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existence results and some interesting properties for the nodal solutions of the elliptic equation

—Au = Ak(O)|u|9%u + h(xX)|u|’?u in Q,
u=>0 in GQ,

where 1 < g < 2 <y < 2, 4 € R and the weight functions k, h € L*(Q) satisfy the conditions
ess ingt;k(x) > 0 and ess inggh(x) > 0. Note that the methods in [7, 8] cannot be applied to the nonlocal

elliptic problem (1.1). To this end, based on the setting of bounded domains, Yang and Ou [33] studied
the following Schrodinger-Poisson system

—Au+ ¢u = Aul’u + [u’*u in Q,
—Ap = u? in Q, (1.2)
u=20 in 0Q),

where Q is a bounded domain with smooth boundary QinR*and 1 < p < 2,4 < g < 6, Ais a constant.
By constrained variational method and quantitative deformation lemma, they obtained that the problem
(1.2) has a nodal solution u, with positive energy when 4 < 4%, 1" is a constant. Here, we point out that
if the bounded domain is involved, the embedding Hé (Q) — LP(Q) is compact for 1 < p < 2%, which
not only avoids the verification of compactness but also ensures the boundedness of the concave term.
However, once the whole space is considered, these points cannot be directly determined. Therefore,
motivated by the works described above, in this paper we focus on the following Schrodinger-Poisson
system in the whole space R?® with concave-convex nonlinearities

—Au+ V(x)u + ¢u = [ulP2u + AK(x)|u]7%u in R3,

—Ap = 1 in R3, (1.3)

where 1 < ¢ <2,4<p<6,4>0andV, K satisfy the assumptions:
(V) V e C(R3,R) satisfies inf V(x) > a > 0 for each A > 0, meas{x € R? : V(x) < A} < oo, where a

x€R3
is a constant and meas denotes the Lebesgue measure in R?;

(K) K is positive and K € L& (R).

Here the condition (V) is similar to [17]. This condition also ensures the compactness of embedding
H — LP(R%),2 < p < 2%, where H is the Hilbert space

H= {u e H'(RY) : f V(x)utdx < +oo}
R3

endowed with the norm

2
[lu|| = (f (|Vu|2 + V(x)uz)dx) 4,39, Lemma 3.4]
R3

Meanwhile, we point out that the authors in [17] considered the local Schrodinger type equation in RY

—Au+ Vu = Al 2u + pu + viul’u,
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combination of concave and convex terms. They obtained infinitely many nodal solutions by using the
method of invariant sets. However, it seems that this method cannot be applied to problem (1.3). In
order to overcome the previous difficulties, we introduce the condition (K), which guarantees a weak
continuity result (see Lemma 2.2 below). Moreover, conditions (V) and (K) allow us to construct a
suitable nonempty closed subset of sign-changing Nehari manifold similar to [33], and then a least
energy sign-changing solution can be obtained.

Before proceeding, we discuss the basic framework for dealing with our problem. The usual norm

where | < g <2 < p <2, N > 2 and A,u,v are parameters. The above equation involves a

1
in the Lebesgue space L"(R?) is denoted by |u|, = (fR3 |u|’dx) ", r € [1,4+00). It is well known that,
by the Lax-Milgram theorem, when u € H, there exists a unique ¢, € D'?(R?) such that —A¢, = u?,

where | )
b0 =5 [ 2. (1.4)
4r Jgs |x -y

Substituting (1.4) into (1.3), we can rewrite system (1.3) as the following equivalent form

—Au+ V(X)u + ¢uu = [u”u + AKX’ *u in R>. (1.5)

Therefore, the energy functional associated with system (1.3) is defined by
1 5 5 1 5 1 A
Luw)== | (Vu|"+ V(x)u")dx+ — ¢ u-dx— — uPdx— — | K(x)|u|?dx, Yu € H.
2 Jps 4 Jps P Jr3 q Jr3

The functional I,(u) is well-defined for every u € H and belongs to C'(H,R). Furthermore, for any
veH,

(Ijl(u),v>=f(Vu-Vv+ V(x)uv)dx+f (/)Muvdx—f Iul”_zuvdx—/lfK(x)lulq_zuvdx.
R3 R3 R3 R3

As is well known, the solution of problem (1.5) is the critical point of the functional 7,(#). Moreover,
if u € H is a solution of problem (1.5) and u* # 0, then u is a sign-changing solution of system (1.3),
where

u'(x) = max{u(x),0} and u (x) = min{u(x),0}.

Naturally, we introduce the Nehari manifold of 7, as
Ny = {u € H\{0} : (I} (w), u) = O},

which is related to the behavior of the map ¢, : r — I,(ru) (r > 0) (see [12] for the introduction of this
map). For u € H, we have

1 1 1 A
0u(r) = =Plull* + =r* f pu’dx — —rPlulh — =rf f K(x)u|?dx.
2 4 R3 P q R3

It is well known that, for any u € H\{0}, ¢/(r) = O if and only if ru € N,, which also implies that
¢, (1) = 01if and only if u € N,. This manifold is always used to find the positive ground state
solution. In order to obtain sign-changing solutions of problem (1.3), it is necessary to consider the
sign-changing Nehari manifold

My={ueH:u +0, (I}(w),u*) =0}.
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Hoeever, this manifold cannot be directly applied due to appearance of concave term Ak(x)|u|9>u. As

we will see, inspired by [33], we can construct the set M’; C M, and prove this set is a nonempty closed

set, where M, is defined by (2.5) below. We then show that the minimization problem m, := ir/l\g I(u)
ueM;

is attained by some u; € M with positive energy. Finally, the classical deformation lemma [32,
Lemma 2.3] states that the u, is a weak solution of problem (1.3). Up to now, the main results can be
stated as follows.

Theorem 1.1. Assume that (V) and (K) hold. Then there exists a constant A* > 0 (determined in
(2.13)) such that for any A € (—oo, 1), problem (1.3) possesses a least energy sign-changing solution
u, with positive energy.

Remark 1.2. As mentioned previously, our Theorem 1.1 extends the result of [33] to the whole space
R3. Moreover, for nonlinearities that do not involve concave terms, such as f(x,u) = [ul’u (4 < p <
6), with the aid of classic techniques in [29], one can obtain that the sign-changing Nehari manifold is
nonempty. However, in our paper, 1 < g < 2 and 4 < p < 6 mean that AK(x)|u| %u is concave and
lulP~2u is convex, which is different from [29]. At this point, it is difficult to directly prove that the set
M, is nonempty. To this end, we carefully analyze the behavior of f,(s,?) = I)(su® + tu~) and then
introduce the set M. In particular, by determining some important lower bound estimates, we verify
that M # 0. On the other hand, we point out that the range of parameter A can be negative, which is
similar to previous results.

The remainder of this paper is organized as follows. In section 2, we present some preliminary
lemmas that are crucial for proving our main results. Section 3 is devoted to proving Theorem 1.1.

2. Preliminears
In this section, we present some preliminary lemmas that are crucial for proving our main results.
First, we recall some well-known properties of ¢, that are a collection of results in [11,19].

Lemma 2.1. For any u € H, we get

(i) there exists C > 0 such that fR3 utdx < Cllull*;
(ii) ¢, = 0, foranyu € H;

(iii) ¢p = 1>y, foranyt > 0and u € H;

(iv) ifu, — uin H, then ¢,, — ¢, in DV2(R?) and

lim [ ¢,urdx = f puu*dx.
R3 R3

Next, we verify a weak continuity of the concave term. The proof is similar to [32, Lemma 2.13],
but we state the proof here for the readers convenience.

Lemma 2.2. Assume that 1 < g < 2 and (K) hold, then the functional
G:H->R:uw— f K()|u|?dx
R3
is weakly continuous.
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Proof. Undoubtedly, it is sufficient to prove that if v, — u in H, then fR3 K)|u,|7dx — fR3 K()|u|4dx
as n — oo. In fact, if u, — u in H, going if necessary to a subsequence, we can assume that u, — u
a.e. on R3. Since u, — u in H, we get that {u,) is bounded in LS(R?) and {u!} is bounded in L4(R3).
Therefore, u] — w4 in Lg(R3 ). Combining with (K) and the definition of weak convergence, we obtain

f K(x)|u,)?dx — f K(x)|u|’dx as n — oo,
R3 R3

Now, for any u € H with u* # 0, we introduce the map f, : [0, +00) X [0, +o0) — R defined by
fuls, ) = Li(su™ + ), e,

fu(s 1))
2P f butu P 358 [ oo s 2 [ Koot @

+ —z 2| |1+ —t f Gu- () dx— —ﬂ'|u—|§— —z"f K(x)lu"|%dx.
2 4 R3 4 q R3

f¢u+|u_|2dx=f¢u—lu+|2dx
R3 R3

Vs, 1) = ((L(su™ + tu),u’), (L(su™ +tu),u”))

Here we have used the fact that

Moreover, we have that

1 1
= (—(13(su+ +tu”), su®), ;(Iﬁ(qur +tu),tu )],
s

which implies that for any u € H with u* # 0, su® + tu= € M, if and only if the pair (s, 7) is a critical
point of f,.

Lemma 2.3. Assume that 1 < g < 2, 4 < p < 6 and the assumption (K) hold, then there exists a
constant A; > 0 such that for any u € H with u™ # 0, there holds that

(i) if 1 € (0,4,), then for any fixed t > 0, f,(s,t) has exactly two critical points, 0 < s1(t) < s,(t);
51(t) is the minimum point and s,(t) is the maximum point; moreover, if A < 0, then for any fixed
t >0, f.(s,1) has exactly one critical point, s;(t) > 0, and it is the maximum point;

(ii) if 1 € (0, Ay), then for any fixed s > 0, f,(s,t) has exactly two critical points, 0 < t;(s) < t2(s),
t1(s8) is the minimum point and t,(s) is the maximum point; moreover, if A < 0, then for any fixed
s >0, f,(s,1) has exactly one critical point, t3(s) > 0, and it is the maximum point.

Proof. We define f,(s,1) : [0, +00) X [0, +c0) — R by
| P | . ) | S _
Ju(s, ) = =llsu” +tu™||” + —p O sn-(su” + tu”) dx — —[su” + tu”|?
2 4 R3 p P

A
- —f K(x)|su™ + tu"|%dx,
q

R3
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where y is a nonnegative parameter.
(7) For any fixed t > 0, a direct calculation gives

o,

(s,8) = sllu*|I* + ps® f () dx + pst’ f G () dx — s |u |
6.5' R3 R3

— A5 f K(x)lut|9dx
R3
= sq_l(sz_q||u+||2 +,us4_qf ¢u+(u+)2dx +ps2_qt2f ¢u+(u_)2dx
R3 R3
— sP 7t~ A f K(x)lu*|dx).
R3
Then, if s > 0, %(s, 1) = 0 is equivalent to
Bu(s) =s>lu*|* + pus*™1 f G- () dx + ps™7 f G- () dx — sPu P
R3 R3
- /lf K)ut|dx = 0.
R3
For ,,(s), we can obtain that
£ =5 (@ = P+ uh = 0s” [ b Vs e uC -0 [ by
R R

—(p— s uP).

Clearly, for any fixed# > 0,1 < g <2and 4 < p < 6, we can infer that 8, has exactly one critical point
s, > 0, where s, is related to ¢ for any u > 0. Moreover, 8, is strictly increasing in (0, s,,) and strictly
decreasing in (s, +00).

Noting that if 4 = 0, we have

Bo(s) = 8™ u*|* — s"~u? - /lf K(x)lu*|%dx
R3

and
By(s) = s"UQ2 = Pl I = (p — @)s”u™1h).
Hence,
1
_ ((2 - q)||u+||2)"‘2
(p = @lutly
and
2-q 2(p-9)
p=2(2-q\" |lu"|| 7
Bo(so) = ( ) = — A | K®u'|"dx.
P—qg\p—4q |I/t+| p=2 R3
4
Let

3

a,(s) = s> 7ut))? + ,us4_qf ¢M+(u+)2dx + usz_qtzf ¢M+(u_)2dx — s
R3 R
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and
ao(So)

inf ———,
ueH,u*#0 fR3 K(x)|ut|edx

then it follows from Sobolev embedding that

A7 =

> 0. (2.2)

Therefore, if 1 € (0,47), we can deduce S,(so) > Bo(so) > O for any u € H with u* # 0. For any
fixed r > 0, if 4 € (0, A]), there exist unique s1(¢) and s,() with 0 < 5,(¢) < s,(?), such that 8,(s) = 0
and ﬁ;(sl(t)) > 0, ,BI’l(sz(t)) < 0. On the other hand, when A < 0, there is a unique s3(¢) > 0 such that
Bu(s) = 0 and B, (55(1)) < 0.

Finally, considering that

i

72 (50 = I + 3ps? f i () dx + pr* f G- () dx
S R3 R3

—(p = D"ty — Ag — 1> f K(0)lu™|*dx
R3

= s72( 7| + st f G (u®) dx + ™1 f Gur () dx
R3 R3

—(p = Ds" ") = Ag - 1) f K(X)Iu+|qu),
R3

we can find that )

o f ~ 1
S22 (50 =@ = D5 Bu() + 7B (9).
Note that %(s’ 1) = 0 is equivalent to B,(s) = 0, then we have

2
%(s, 1) = s (s) if aai;‘(s, 1 =0.

Thus, the facts that B (s1(D) > 0, B, (s2(1)) < 0 and B, (s3(2)) <0 signify that

&’ > f, .
W(Sl(t), t) > 0, W(SZO)’ t) < 0and W(S?’(t)’ I) < 0.
In particular, when p = 1, the results still hold.
(if) For any fixed s > 0, let

@o(30)
ueH.u*#0 fRB K(0)|u~|9dx
_ Ap—) (2.3)
-2,2—-q\%
ueglnuf;;to i — q(p — Z)p i p2-q) :
1, [y K(oluledx
Analogously with the proof (i), we can derive the conclusion.

At last, it is easy to see that A7 = A]. Indeed, u* # 0 indicates that (—u)* # 0, which yields that
A7 = A7. Let A; = A{ = A7, from (i) and (ii), then the proof is completed.

A =
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Let g
b=l o)
lul, s K(lulidx
Undoubtedly,
PRSP TP . )T S S (2.4)

pP-q'r—q =
SIS, Kl s

Here, the notation S , represents the embedding constant of H < LP(R?), which has a value depending
on p € [2,6]. According to Lemma 2.3, the following corollary is a direct result.

Corollary 2.4. Assume that 1 < g < 2,4 < p < 6, the assumption (K) and 0 < 1 < A, hold, then for
any u € H\{0}, ¢,(r) has exactly two critical points, 0 < r|(u) < r2(u) and ¢,/ (r1(un)) > 0, ¢}/ (r2(u)) < 0.
On the other hand, when A <0, ¢,(r) has exactly one critical point, r3(u) > 0, and ¢,/ (r3(u)) < 0.

Lemma 2.5. Assume that 1 < g < 2,4 < p < 6, the assumption (K) and A < A, hold, then for any
ue My, (6°£,/0s*)(1,1) # 0 and (6*f,/0¢*)(1,1) # 0. Moreover, I,(u) — +oo as ||u]| — +oo, i.e., the
functional I, is coercive and bounded from below on N,.

Proof. If 0 < A < Ay, from Lemma 2.3, it follows that f,(s, 1) has exactly two critical points s;(1),

52(1) and Zh(s,(1), 1) > 0, 2o (5,(1), 1) < 0. Since u € M,, we have 22(1, 1) = 0, which means that

s1(1) =1 or s5(1) = 1. Hence, %(1, 1) # 0. Analogously, we can conclude that 6&’;”(1, 1) #0.
If 4 < 0, it follows from Lemma 2.3 that f,(s,1) has exactly one critical point s3;(1) and

af“(s3(1) 1) < 0. Combining with u € M,, we have af“(l 1) = 0, which shows that s;(1) =
Therefore, we get i f“(l 1) # 0. Similarly, we can deduce that 3(1) = 1, 68[§"(1,t3(1)) < 0 and the
claim is clearly true

Note that u € M, c N,, then the Sobolev embedding indicates that

1
Li(u) = Iy(u) - Z(G(M), uy

1, 1 1 11
= Nl +(7-= f|u|de+A(Z—5)fR3 K(x)|ul?dx

1 1
> P + (5 - —)|K| o ul?

4;

1 2 1 q
> P + (5 - —)|1<| o S lull?.

Hence, combining 1 < g < 2and 4 < p < 6, we derive I;(u) — +oo as ||u|| = +oco. That is, the
functional 7,(u) is coercive and bounded from below on N,. The proof is completed.

Similarly, we obtain the following result.

Corollary 2.6. Assume that 1 < g < 2, 4 < p < 6, the assumption (K) and A < A, hold, then for any
ue N/l, SDN(I) * 0.
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In what follows, we construct the following sets

_ o, o,
M| = {u eM,: 5.2 (1,1) <0, ﬁ(l, 1) < O}
and 7 Ry
Mi=due s 22 <o, 22 <o, g <ol @)

Unquestionably, M’ ¢ M. According to the properties of f, mentioned above, we can verify that the
set M, is nonempty and M, = M (see Lemma 2.9). To this end, we first get the following fact.

Lemma 2.7. Assume that 1 < g < 2, 4 < p < 6 and the assumption (K) hold, there exists o > 0, which
is independent of u and A, such that
||| > o >0

forany u € M.

Proof. For any u € M, from %(1, 1)<O0 ﬂ(1, 1) < 0 and Sobolev embedding, it follows that

> o2

Q= Pl < 2 - Pllu| + (4 - q) f G- ?dx + (2 = @) f B (") dx
R3 R3
<(p -y < (p—Spllu|l”,

which implies
-4

274 Yy _ 2.6
(p—q)SZ) 7 (20)

e > (

Hence, the proof is finished.

In order to prove that M # 0, let us define
(P =2t IP + (p =4 [y dur@H?*dx (p =Dl + (p = 4) [ b (u)?dx
(P = q) f KOo)lutladx ’ (p—q) [ KOoluledx '

From Sobolev embedding and Lemma 2.7, it follows that

/13 = inf
ueM;

(P =2Du*IP + (p = 4) [ du=(u*)*dx o (=Dl - 2)o 4
(p—q) [ K(o)luladx T (- @SIKle T (- @SEIK]

where o is given by (2.6). Therefore, we have

(p—2)0*1
32 7
(P =Skl s

(2.7)

Furthermore, we compute that

>, 2 2
“(s,1) :||u+||2+3s2f G (u™) dx+t2f G (u) dx

2
as R R

—(p= D" = Ag = s | K()lu*[dx,
R3
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82fu -2 2 -2 2 -2
5 (s, 1) =llu”|l” + 3¢ G -(u ) dx+s () dx
ot R3 R3
- (p= 02y = A= D [ Kol
R3
and
azf”( f)=2 tf (u)d azf”( f) =2 tf (u)d
gsor D =28t | Pe)dy, 1) = 2t | (i) dy.
For any u € M,, we obtain
(92fu
"l
43 [ heane [ e ar- (- - aq -1 | Keowids
R3 R3 R3
- Q-+ ¢ -9 [ bewiarr =) [ oG a- (- g
R3 R3
== pl P+ @-p) [ bew acs@-p) [ o
R3 R3
~g=p) [ Koo
R3
and
32fu
IRV

= |lu|P +3 f u-(u) dx + f () dx = (p = Dlu[?
R3 R3
- Ag-1) f K(0)lu|%dx
RS
~ QP+ @0 [ 6@ idrr =) [ o a- G- g
R3 R
=Q-plul*+@-p) f G @) dx+ 2 - p) f G ) dx
R R
- Ag-p) f K@l |7dx.
R;
Lemma 2.8. Assume that 1 < g < 2,4 < p < 6, the assumption (K) and A < A, hold, then for any

u € Hwith u* # 0, there exists a unique pair (s,,t,) € R* X R" such that s,u* + t,u~ € M. Moreover,
if A< A3, then [)(s,u™ + t,u™) = ma?)( Li(su® + tu).
S,1>

Proof. First, we only prove the case of 0 < A < A; since the proof of 4 < 0 is very similar. Let u € H
with u* # 0, from the proof of Lemma 2.3, then we have that %(s, t) satisfies the conditions:

(i) Ze(s,1(s)) = O for all s > 0;
(i0) %(s, 1) is continuous and has continuous partial derivatives in [0, +00) X [0, +00);
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(iid) ZLe(5, 1(5)) < O for all s > 0.
Hence, we can obtain that if 0 < 1 < A, %(s, 1) = 0 determines an implicit function #,(s) with
continuous derivative on [0, +c0) by using the implicit function theorem. Analogously, if 0 < 1 < 4y,
%(s, t) = 0 determines an implicit function s,(¢) with continuous derivative on [0, +c0).
On the other hand, for every s > 0, from %(s, 1,(s)) = 0 and %(s, 1) < 0 for sufficiently large ¢ > 0,
we can show that
(s) < s for large enough s. (2.8)
Otherwise, if f,(s) > s, where s is large enough, it follows from the definition of %(s, t) that

ot
Ofu

51 (8, 12(s)) < 0, which contradicts %(s, ,(s)) = 0. Similarly, we get

s>2(t) < t for sufficiently large ¢. 2.9)

Therefore, by (2.8), (2.9), ©,(0) > 0, s,(0) > 0, the continuity of #,(s) and s,(¢), we conclude that the

curves of 1,(s) and s,(f) must intersect at some point (s,, #,) € R* XxR*. That is, %(su, t,) = %(su, t,) =

0. Additionally, noting that

) & fu 10° fi
n) = - (524155
otdsl ot
for any s > 0, we obtain that the function #,(s) is strictly increasing in (0, +o0). Similarly, the function
55(¢) is strictly increasing in (0, +00). Consequently, there is a unique pair (s,,?,) € R* X R* such that

)(s, 1(s) >0

O fu _Ofu 3
8s (Sua tu) - (9t (su’ tu) - 0
and
& fi 0 f.

W(Sua tu) < 0’ (Su, tu) < O;

or?
that is, s,u™ + t,u” € M.

Next, we prove that (s,,?,) is the unique maximum point of f,(s,?) on [0, +00) X [0, +c0). In fact,
if u € M, we only show that (s,,,) = (1,1) is the pair of numbers such that I,(s,u™ + t,u”) =
max I,(su* + tu™). Define
81>

P10 f, 0 f. D,
Hu) = - .
ds* 0 Otds dsot) |y

If we verify that H(u) > 0, then (1, 1) is a local maximum point of f,(s, #). Combining uniqueness of

(Su» tu), we have (1, 1) as a global maximum point of f,(s, ). Let u € M7, then

H(u)

_(Pf P L
952 02 0tds Dsor

(1,1
=(@ - Pl I+ @ - p) f G- () dx+ (2 = p) f $u-(u ) dx— (g — p) f K (0)lu* )
R3 R3 R3

x(@ = pluIP+ 4= p) fR G @) dx+ 2= p) fR G )’ dx= g - p) fR K@u|dy
2
- 4( ¢u+(u_)2dx) .
R3
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From 24(1,1) < 0, ZL(1,1) < 0, if A < A3, we derive

> o2

&,
0s?

— (P2 + (p—4) f b (Y odx + (p — 4) f e (4™ dlx
R3 R3

(1,1)—2f G- () dx
R3

_Ap—q) fR Kl

> (p=2lu*IP +(p—4) Ls ¢ () ’dx = 3(p — q) fR3 K(0)lu"|*dx

>0
and
»’f. _
- 53D~ 2fR3 o (u) dx
> (-2l I’ +(p—4) jl; ¢ dx — A3(p — q) fR3 K(x)lu™|dx
> 0,

which show that H(u) > 0.

If u ¢ M3, then there exists a unique pair (s, #;) of positive numbers such that s,u* + t;u~ € M.
Letv = s,u” + tju”, i.e., v € M. Repeat the above steps and we will get H(v) > 0. Hence, the proof
is completed.

Lemma 2.9. If 1 < g <2, 4 < p <6, the assumption (K) and A < min{A,, A, A3} hold, then M} # 0.
Moreover, we get M, = M;.

Proof. By the definitions of M and M, M’ C M is obvious. Hence, we only need to prove that
if A < min{A;, A, 43}, then M, C M. That is, for any u € M}, ¢, reaches its maximum at point
r = 1. It follows from A4 < 4; and Lemma 2.8 that M, # 0, and from Lemma 2.8, for any u € M7, we
obtain H(u) > 0 when A < A3. Combining f,(r,r) = ¢,(r), it follows that r = 1 is a maximum of ¢,.
Therefore, M, c M. This completes the proof of Lemma 2.9.

Corollary 2.10. If 1 < g < 2,4 < p < 6, the assumption (K) and A < min{A,, A,, A3} hold, for
u € H and u* # 0, then there exists a unique pair (s,,t,) € R" X R* such that s,u* + t,u~ € M} and
L(s,u* +t,u™) = max Li(su® + tu™).

§,1>

Lemma 2.11. If 1 < g < 2, 4 < p < 6, the assumption (K) and A < A4 hold, for all u € H\{0}, then
there exists r, > 0 such that ¢,(r,) > 0, where A4 > 0.

Proof. Fixed u € H\{0}, let

1 1
E(r) = Erzllull2 - ;rplmﬁ

Communications in Analysis and Mechanics Volume 15, Issue 4, 638-657.



651

for any r > 0, then we have
Lo, 1 2 1 A
@u(r) = srillull” + —r* | guurdx — —rPluly — —r? | K(x)lul’dx
2 4 Jps p g e
1, ., 1 A
> =rollull” = —rPlulpy = —=r? | K(x)lul'dx (2.10)
2 p q Jes

A
=E,(r) - —r‘]f K(x)|u|?dx.
q Jr

]

Jua

1
T )”'2 > 0 such that E,(r) achieves

Considering E,(r), we obtain that there is a unique ri(u) = (

2p

its maximum at r;(u#) and the maximum value is E, (r(x)) = ”Z—Q(H—L)pfz. Moreover, from Sobolev
embedding and (2.10), it is clear to calculate that

A
@u(ri(w) = Ey(r(u)) - a(rl(u))" f K(x0)lu|*dx

R3

A
2 Ey(r(u)) - E(h(u))qlKI&Sgllullq

(2.11)
A 2 i q
= E,(n(w) - 552|K|6;(1%)2<Eu(n<u»)2
_ q 2-—q 59 2p g
= (Eu(ri)*((Eu(ri@))) 7 - |K|f(p =))
Consequently, by taking
2 I’(2_—zl])
_ _w=2q o (1l
2p|K|6LSL6] ueH\0} \ |ul,
E (2.12)
-2
(p )ql(z _ >0,
2p|K| < S¢S,
we conclude that if 4 < Ay, it holds
q
A 2 2 A
ZSYK| o (—p) < 259K ( )
q ci\p-2 q &
q P2-q)
1 2 _ 2 p-2
< Loaky, ( ) (pq )q (Ilull)
q =i \p-2 2pS gKl s \ lul,
= (Er)™
for any u € H\{0}. This together with (2.11) yields that ¢,(r;(«)) > O for any A < A4.
Let
A" = min {4, Az, A3, A4}, (2.13)

then it follows from (2.2), (2.4), (2.7) and (2.12) that A* > 0. Now, we consider the properties of the
set M.
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Lemma 2.12. If 1 < g < 2,4 < p <6, 1 < A" and the assumptions (V) and (K) hold, then M is a
closed set.

Proof. Letting {u,} C M satisfy u, — up as n — oo in H, we now prove that uy € M. From
{u,} € M, we obtain

(I (up), ug) = ,}Lrgo<lﬁ(un), u,) =0, (2.14)
& fi . &f,
aszo(l, 1) = ’}1_)1‘?0 92 (1,1) <0, (2.15)
azf”"(l 1) = lim azf”"(l H<0 (2.16)
o " e 92 0 T '
¢l (1) = lim ¢/ (1) < 0. (2.17)

From Lemma 2.7, it follows that [|u;|| > o > 0 for any u, € M} and hence |lug|| = lim [|u;]| > o > 0,
n—o0

which indicates ug # 0. Using this and (2.14), we obtain uy € M, and r = 1 is a critical point of ¢,,.
Consequently, by (2.15)-(2.17), Lemma 2.5 and Corollary 2.6, we derive that

& fuo O fo
0s? or?

(1,1) <0, (1,1) <0, ¢, (1) <0.

Hence, uy € M7 and M is a closed set.

Lemma 2.13. If 1 < g < 2,4 < p <6, A< A" and assumptions (V) and (K) hold, then the infimum

my = ir}vf( I,(u) can be achieved by some u, € M} and m, > 0.
ue fl

Proof. According to Lemma 2.5, m, > —co when A4 < A*. Let {u,,} C M, be a minimizing sequence for
the functional 7, namely /,(u,) — m, as n — oo. Since the functional /, is coercive on M?, then {u,,}
is bounded in H. Going if necessary to a subsequence, we may assume that

U, — uyin H, u, — u, in L’(R>).

Now, we first claim that 7 # 0. In fact, from Lemma 2.2, Lemma 2.7 and the convergence of {u,}
in LP(R?), for any A < A*, we conclude that

sl + 2 f K()lu;ldx = Tim (Juz]h + 4 f K(x)lu|*dx)
R3 n—oo R3

= lim ([luf|* + f s (1) ?dx + f $u; (,)*dx)
n—oo R3 R3

> lim [juf]* > o > 0.
n—oo

This means that u3 # 0 for any 4 < A",
Next, we proof that u, — u, in H. Arguing by contradiction, suppose that

llwt]l < Tim inf |lu? || or [luz]l < lim inf |l .
n—00 n—00

Communications in Analysis and Mechanics Volume 15, Issue 4, 638-657.



653

From Corollary 2.10, there exists a unique pair (s,,,,,) such that &, = s,u} +t,,u; € M) and
L(u! +u,) = max L(s,,u +t,,u,). Consequently,
§,1>

my < I)(ity) < im inf Iy(s, u; + t,,u,) < lim inf L(u, + u,) = m,.
n—oo n—oo

That is, we get a contradiction. Therefore, u,, — u, in H and m, is achieved by u,. Combining the fact
that M is closed, so u, € Mj.

Finally, it follows from u, € M; that ¢, (r) reached its global maximum at » = 1. By this and
Lemma 2.11, we can deduce that ¢, (1) > 0, 1.e., m, > 0. This finishes the proof of Lemma 2.13.

3. Existence of sign-changing solutions

The main aim of this section is to prove our results. Thanks to Lemma 2.13, it suffices to check that
the minimizer u, for m, is a sign-changing of problem (1.3).

Proof of Theorem 1.1. Since u, € M3, according to Corollary 2.10, we obtain that
L(suy + tuy) < Li(u) + uy) = my, for (s,1) € (RT x RMH\(1, 1).

Moreover, we get I(uy) > 0, ¢}/ (1,1) <0, (8*£,,/0s*)(1,1) < 0 and (8*£,,,/0)(1,1) < 0.
LetD=(1-06,1+6)x(1-6,1+6)and h: D — H by h(s,t) = su; + tu; for any (s,1) € D. Then
there is a constant 0 < 6 < 1 such that

ath(s,t)
0 <m :=maxI(h(s, 1) <m,;, max (1,1) <0, (3.1
oD (sneD  Os?
O fis ,
max — (L 1) <0, max g ,(1) <0. (3.2)

By the quantitative deformation lemma, we prove that I'(x;) = 0. Suppose by contradiction that
I'(uy) # 0, then there exist 4; > 0 and & > 0 such that

1INl = A, forall v e H, [[v — u,|| < 3¢.

my-m A€

Lete = min{=5=, %>} and s; = {u € H : [lu—u,y|| < &}, then the deformation lemma (see [32], Lemma

2.3) shows that there is a deformation n € C([0, 1] X H, H) such that

@O n(d,u) =uifu ¢ I)([my —2&,my + 2&]) N 55, d € [0, 1];
(i) I(n(d,u)) < I)(u) forallu € H,d € [0, 1];

(i) Lin(d, u)) < mg, Yu € I N sg, Vd € (0, 1].

First, we need to prove that

(m)a)li) I,(n(d, h(s,1))) < m, forall d € (0, 1]. 3.3)
S,1HE
In fact, for any d € (0, 1], it follows from Corollary 2.10 and (ii) that

max I,(n(d, h(s,1))) < max Li(h(s, 1)) < m,;.
{(s.0)€D: h(s,t)Es¢} {(s,0)€D: h(s,t)¢s¢}
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Moreover, Corollary 2.10 and (ii7) imply that

max I,(n(d, h(s,1))) < m, for all d € (0, 1].
{(s,)€D: h(s,t)€sg}
Hence, (3.3) holds. From the continuity of n and (3.1)-(3.2), there exists a constant dy € (0, 1] such
that
0 fudonts.

—=(1,1) <0,
(13)216)1() 0s? (LD

0 fotdo sy (3.4)
o e (WD<0
(?})Egé S077«10,11(:,0)(1) <0.
In the following, we prove that 17(dy, (D)) N M, # 0, which contradicts the definition of m2,. In

fact, let g(s, 1) = n(dy, h(s,1)) and

Yi(s, 1) = (Ly(h(s, D), uy), L4 (h(s, 1), uy))

1 1
l/IZ(S’t): ;(I/,l(g(s9t))’g+(s9t)>’ ;(I/,I(g(&t))’g_(&t)) .

Then Corollary 2.10 and the degree theory yield deg(¥;, D,0) = 1. On the other hand, we know
£ < ™2, m < m, — 2¢. Hence, from (i) we have 1(d, h(s, 1)) = h(s,t) for d € (0,1], (s,t) € 0D, and it

follows that

WUi(s, 1) = (s, t) for any (s, 1) € D.
Combining the homotopy invariance property of the degree, we get deg(y,, D, 0)=deg(y, D,0) = 1.

That is, there exists (s, %)) € D such that y,(sg,%) = 0. Therefore, using (3.4) and ¥,(so,%) = O,
we have n(dy, h(so, t9)) € Mj, i.e., n(dy, (D)) N M # 0. From this, u, is a critical point of I, i.e.,
I'(uy) = 0.
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