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Abstract: In this paper, we investigate the local discontinuous Galerkin (LDG) finite element method
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regularity of the solution is analyzed, and the results indicate that the solution of this equation generally
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1. Introduction

Fractional calculus has been increasingly gaining attention from researchers due to its widespread
applications in fields such as physics, chemistry and biology [1-5]. The most commonly used approaches
entail the use of the Riemann-Liouville integral/derivative, Caputo derivative, Riesz derivative and
fractional Laplacian. However, there is another type of fractional calculus that was discovered in 1892
but largely overlooked, and it is Hadamard calculus [6]. It was only in recent years that people realized
its ability to provide more accurate descriptions of complex processes, such as Lomnitz’s logarithmic
creep law for special materials [7] and ultra-low diffusion processes [8]. As a result, it has gradually
come into the spotlight [9, 10].

The Allen-Cahn equation (AC equation) was originally proposed by Allen and Cahn in 1979 while
studying the motion of phase boundaries in crystalline solids as a model for phase separation processes
in binary alloys at a given temperature [11, 12]. Over the years, it has become one of the most widely used
phase field models for describing physical phenomena in materials science and fluid mechanics [13]. Early
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studies of the AC model primarily focused on the following integer-order partial differential equation:

ou_ e Au=—-F(u) = f(u), (1.1)
ot

where € > 0O represents the interface width parameter and F(u) = i(l — u?)? denotes a double-well
potential [14—16]. The particle motion in model (1.1) follows Brownian motion, meaning that the mean
square displacement (MSD) satisfies {(x(¢))?) ~ t), and the forces are spatially local, i.e., long-range
interactions between particles are not considered. However, due to the heterogeneity of the medium,
non-local interaction forces unavoidably exist in phase field models, which cannot be described in
integer-order models. Therefore, an increasing number of researchers have started to focus on studying
fractional AC equations:

cDju—&Au=fu), 0<a<l, (1.2)

where D, is the Caputo fractional derivative defined by

N 1 ! _,0u(x, s)
CDOJM(X, r = m L (t—19) s ds.

The fractional AC equation (1.2) describes subdiffusion phenomena in nature, characterized by the
power-law growth of the MSD with time (i.e., {(x(£))?) =~ ).

However, an equally important and significant fact is that there are also many ultra-low diffusion
behaviors in nature. This is because diffusing particles have a heavy-tailed waiting time distribution,
which is slower than any power-law decay. Their MSDs exhibit logarithmic growth over time, i.e.,
((x(1))*) ~ (log )?. Describing these phenomena using Hadamard calculus would be more accurate.
Therefore, we consider the following form of the Caputo-Hadamard-type time-fractional AC equation:

cuDy u(X, 1) — g2 Au(x,t) = f(u(x, 1), (x,1) € Q% (a, T],
u(x,a) = u,(x), x € Q, (1.3)
ux,t) =0, (x,1) € 9Q X [a,T],

where cyDg, (0 < @ < 1) represents the Caputo-Hadamard fractional derivative defined in (2.6), and the
domain Q C R? (d > 1) is a bounded and convex polygon.

Although there have been many studies on the AC equation with a time Caputo derivative (see (1.2)),
there seems to be no report on the time derivative in the Caputo-Hadamard sense. This paper will focus
on the following two goals for this type of situation:

e Provide some theoretical results on the solution of problem (1.3), including the existence, uniqueness
and regularity of the solution in certain spaces.

e Consider the numerical solution of problem (1.3), use the local discontinuous Galerkin (LDG) method
for spatial approximation and discretize the time direction using a nonuniform difference formula
to obtain the corresponding fully discrete scheme. The stability and convergence of this scheme are
demonstrated through numerical examples.

The organization of this article is as follows. In Section 2, we provide some symbols and definitions.
By utilizing the modified Laplace transform and its inverse form, the mild solution of (1.3) is derived.
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Section 3 mainly focuses on some theoretical analysis of (1.3). In Section 4, we present a nonuniform
L1/LDG scheme for (1.3) with generalized alternating numerical fluxes. The stability analysis and error
estimation of this scheme are investigated. Numerical examples are presented in Section 5. A brief
summary is provided in the final section.

2. Preliminaries

In this section, we review some common symbols and definitions and provide a representation for
the solution of (1.3).

For any measurable subset w of Q, let (-, -),, be the L? inner product on w and || - ||, denote the L*(w)
norm defined by ||v|[> = (v, v),,. Here, we omit the subscript when w = Q. For each nonnegative integer
r, H"(w) denotes the usual Sobolev space with its associated norm || - ||,

Suppose S is a real Banach space with norm || - ||s. C ([a, T]; S) represents the space consisting of
all continuous functions v : [a,T] — S, whose norm is defined as

IVllc(ars) := max [|[v(f)]]s. (2.1)
a<t<T

To simplify the notation, in this paper we assume that ¢ = 1 in (1.3). Set X = L*(Q), D =
H(l) (Q) N H*(Q) and A = A, with a homogeneous Dirichlet boundary condition. Then the operator A
satisfies the following resolvent estimate [17]:

17 = A lxox < Clal™, Yz €2y, 6€(0,n), 2.2)

where || - ||x—x is the operator norm on the space X, 7 is the identity operator and %4 := {z € C\{0} :
|arg(z)| < 6}. One can thus get from (2.2) that

|AGT = A) lx-x < C, Vz eIy, 0€(0,n). (2.3)

Definition 2.1 ( [18]). The Hadamard fractional integral of a given function f(t) with order a > 0 is
defined as

oD S f(x) = @ )f (log x — log )"~ ]f(t)— x>a>0, 2.4)

where T'(+) is the usual Gamma function.

Definition 2.2 ( [18]). The Hadamard fractional derivative of a given function f(t) with order a(n — 1 <
a <n€Z)is defined as

Dy f(x) = 6" D‘<”“’)f(X)]

m f (log x — log )" f(t)— x>a>0, (2.5)

where §"g(x) = (xd/dx)" g(x) = (6" ' g(x)).

Definition 2.3 ( [8, 19]). The Caputo-Hadamard fractional derivative of a given function f(t) with order
a(n—1<a<neZ")isdefined as

cuDg . f (X) = HD_(n_a) [6" f(x)]

2.6
f(logx logt)"alé”f(t) ,x>a>0. (2:0)

F(n -
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For more information on Definitions 2.1-2.3, one may refer to [20-23].

Definition 2.4 ( [21]). The modified Laplace transform of a given function f(t) with t € [a, +o0) (a > 0)

is defined by
£(5) = Zulf(0): 5} = f e loermloa) £ (I)%, seC. (2.7)
The inverse modified Laplace transform is given by
. 1 C+ico .
f0 =231 = — f et e f(5)ds, ¢ > 0, i* = —1. (2.8)
T Je—ico

Definition 2.5 ( [21]). For the given functions f(t) and g(t) defined on [a, +) (a > 0), the convolution
is defined by

! d
£ty # g(0) = (f # )(0) = f #at) e,
a w w

From the definition of operator 9, it is easy to see that

Lt atds
6790 = Fagn + [ f (a3) s 2.9)
Let w = u — u,. Then, one can get from (1.3) that w satisfies the following equations:
cuDg WX, 1) — Aw(X, 1) = Au, + f(u(x, 1)), with w(x,a) = 0. (2.10)
By virtue of the modified Laplace transform, one has
W) — AW(Z) = 7\ Au, + fu), (2.11)
which further yields _
W) = @ = A (7 Ay + fW). (2.12)
According to the inverse modified Laplace transform and the convolution rule, one gets
oyt d
w(t) = F(OAu, + f &a)f () =, (2.13)
where the operators &(1), F (t) : X — X are defined as
1
8(1,) — _f ez(logl—loga)(za _ ﬂ)_ldz,
2ni Jr,,
. r d (2.14)
T(t) — _f ez(logt—loga)(za _ ﬂ)—l_z.
27 Jr,, z
For fixed ¢ > 0 and 8 € (g, m), [y is given by
[yg={s€C: [s|=0, |args| <O U{s€C: s=pe p>1) (2.15)
in which Im s increases.
As a consequence, the mild solution of (1.3) can be derived, that is,
"ot d
u(t) = u, + F (O Au, + f S(a;) f (u(s)) ?s (2.16)

Here and hereafter u(r) = u(x, ) with x € Q.
Now we study the properties of the operators ¥ (#) and &(t).
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Lemma 2.1. The operators E(t) and F (t) defined in (2.14) satisfy the following properties:
(1) Forte[a, T], F@) : X — D is continuous and AF (a) = 0.
(i1) Fort € (a,T], it holds that

(logt —loga) *||IF (Ollxx + (ogt —log a)' " ||I6F (Dllx—x + AF @)llx-x < C.

(iii) Fort € (a,T), it holds that

(logt —log ) IIE()lIx=x + (log 1 — log a)* [I6E®)llx—x
+ (log 7 —log a)|lAE®)|[x-x < C.

@iv) Fort e (a,T], &) : X — D is continuous.

Proof. (i) For t € [a,T], Sakamoto and Yamamoto have shown in [24, Theorem 2.1] that AF (¢) =
F(t)A : X — X is continuous. Thus, 7 (7) : X — D is continuous with respect to ¢ € [a, T]. Letting
f(u) = 01n (2.16), and taking the limit as t — a, one can deduce A¥ (a) = 0.

(ii) Notice that A(z* — A)™! = —T + z%(z% — A)~!, and choose ¢ = (logt — loga)~! in the contour
I'y.9; then, for any nonnegative integers k, one has

1
||ﬂm5k7:(f)||)(—>x — Hz_m f ez(log t—logu)zk—lﬂm(za _ ﬂ)_ldz
1)

X-X

Scf R0z rloga) k-1+(n-Da (2.17)

Fﬁ,ﬂ
< C(logt —log a)_(’”_l)"_k, m=20,1.

So we get (i1).

(iii) Because &(f) = 6F (¢), (iii) follows from (2.17).

(iv) Using the equivalent norm [Vllp ~ [Vllx + |[[Avllx, Yv € D, the conclusion in (iv) can be
obtained.

3. Regularity Analysis

In order to provide a theoretical basis for the numerical analysis that follows, we will consider the
existence, uniqueness and regularity of solutions to (1.3) in the present section.

Theorem 3.1. Suppose f : R — R is a Lipschitz continuous function, i.e.,

lf(x) = fO)I < Lix = yl, Vx,y € R. (3.1

Assume that u, € H(l)(Q) N H*(Q). Then, (1.3) has a unique solution u that satisfies

ue C(la Tl Hy(Q) N HY(Q)), cuDfu e C([a,T]; LA(Q)),

(3.2)
l6u(o)|| < Clogt —loga)™™, Vt € (a,T),

where C is a positive constant.
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Proof. First, we prove the existence of a unique solution to (1.3). For any fixed 4 > 0, we denote by
C ([a,T]; X), the weighted norm space of function v € C ([a, T']; X), equipped with the norm

. = A(I -1
IVlx.a = trel[laagsllle (ogr=log @y (p)||x. (3.3)

Let # : C([a,T];X), — C([a,T]; X), be a nonlinear map defined as

W) = g + F () AU, + f S(aé)f(v(s))%. (3.4)

Then, for any v,(t), v»(¢) € C ([a, T]; X),, by virtue of Lemma 2.1 and the Lipschitz continuity of f, we

have
A vi(t) — A Vv ()lIx.a

!
d
<Celogi-loga) f (logt—logT)“‘lllvl(T)—Vz(T)le—T
a T

! a-1_-A(log t-log 7) —A(log T-log a) dr (3-5)
<C | (logt—logt)" e Trer[lf)Ti] ||€ (vi(0) - V2(T))||x,4 T

log T —log a\*/?
sc(u) 1) = va(®)llx -

A
Thus, by choosing a sufficiently large A, the following inequality holds:

1
A v (t) = AV (D)lIx0 < §||V1(f) — va(D)llx.15

which means that .# is a contractive mapping on the space C ([a, T']; X);. Then, based on the contraction
mapping principle and the equivalence of spaces C ([a, T']; X), and C ([a, T']; X), we obtain that (2.16)
has a unique fixed point u € C ([a, T]; X).

We now prove that there exists a positive constant C such that

lu(t) — u(s)|| < C|logt —log s|*, Vs,te€la,T]. (3.6)

When s = t, (3.6) obviously holds. We focus on proving the case of a < s < t < T. The same can be
obtained for the other case. According to (2.16), one has

u(t) — u(s) F()—F(s) fs Fu(%)) = f(u(%)) dw

= Au, + Ew) —
(logt—1logs)® (logt—log s)® a (logt—logs)® w 3.7)

1 ! at dw .
" (log ¢ — log s)* f; S(W)f(”(?)W'
For the first term, we apply Lemma 2.1-(i1) and the Minkowski inequality to get
- 1 ! d
IF () = F )l < f 6F |

(logt —logs)* — (logt —log s)* J, w (3.8)

<C(logt—loga) — (log s — loga) <

< C.
(logt — log )@
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For the second term, we can obtain from Lemma 2.1—(ii) that

1
(logt —log s)@ f (W)f u( ) _H

C
< 1 1 a— l < C.
_(logt—logs)“f(ogw 0ga) w o

Similarly, the third term can be bounded as

e—/l(log t—log a)

s Fu(%)) = f(u(%)) dw
f &) (logt — log s)@ m

< f -A(log s— logw)(log § - IOg W)a 1 —/l(logm—loga)
a

(log() — logw)”

Denoting

W = max ¢~ llog t—logu)M
a<s<t<T (log t— lOg S)a

and substituting (3.8)—(3.10) into (3.7) yield

s ‘ d
W<C+ f e_/l(bg“_logw)(log §— log W)(X_IW—W
a w

—log a)cy/2

log T
SC+C(Og
A

W.

Hence, by choosing a sufficiently large A, we can achieve the desired result.
Applying the operator A to both sides of (2.16), and noting that

ds
s

AF (1) = f ?{8
we get

Aut) — Aug = AF (A, + f &*’(S(aé) f (u(s))%

= AF (1) Aug + Fu(®))) + f ﬂa(aé) (f(u(9)) = f(u®))) ?

= O (1) + Oy(2).
By directly applying Lemma 2.1—(i), we can obtain ®(¢) € C ([a, T]; X) and

D1 (DI < CliAu, + fu)l < C.

In view of Lemma 2.1—(iii), one has

D] =

! d
f AE(a”) f(u(s))—f(u(t)));SH

£ — d
" lu() — u(o)ll ds < C(logt —loga)*, Vt € (a,T],
. logt—1logs s

u() = u(w) H dw

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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which implies that ®,(7) is continuous at t = a. Meanwhile, by using Lemma 2.1—(iv), we know that
@,(?) is continuous for t € (a, T]. Therefore, ®,(¢f) € C([a,T]; X). Combining the previous three
estimates, we can see that

lelle(ta.rm@nm2@) < C-

This, together with (1.3), also show that ¢z D% ,u € C ([a, T]; LX()).
Finally, the term ||6u(¢)|| has not been estimated yet. By differentiating (2.16) with respect to variable
t, we obtain

su(t) = EO(Aug + f(u)) + f 8(“{) £ (u(s))u (s)ds. (3.14)

Multiplying both sides of this equation by e~*1°2*-10¢9)(1og t — log a)'~?, and by using Lemma 2.1, one
gets
e 182D log 1 — Tog a)' ~*|ou(®)||

— e—/l(log t_IOga)(logl - log a)l‘“”(‘}(t)(ﬂua + f(ua))”
!
+ e—/l(logt—loga)(log f— lOg a)l—a f (logt — log a)l_“(log s — 10g a)a—l

X 8(%) f’(u(s))% (log 5 — log a)'~ds

< Ce 002D A, + f(uy)|
+ C(T/)"” max e (log s — log @)’ " lou(s)|l
s€la,

By taking maximum of the left-hand side over ¢ € [a, T] and choosing a sufficiently large A, we obtain

max {e_l(logt_log“)(log t—log a)]_"lléu(t)ll} <C.
rela,T]

All of this completes the proof.

Lemma 3.1. Let Dv(t) = (logt — log a)ov(¢t). Then, the following relation holds:
Dvsw)=vsw+ (Dv)*=w+v=(Dw).
Proof. Recalling Definition 2.4, the following relation holds:

D w)(@) = (log  — log ayv(@yw(z) + f (Dv)(aé)w(s)%

! t td
+ f (log s — log a)' (a-)yw(s) ==
B s s s

=vsw+ (Dv)sw+ v (Dw).

Lemma 3.2 (Gronwall inequality [25]). Suppose that f(t) and g(t) are nonnegative integrable functions
on |a, b]. If there exists a nonnegative constant C, such that

f() <gl)+C f f(s)(logt —log s)“_l%, VYt e (a,b), a € (0,1),
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then

Z (Ci r(a))

f@) <gt)+C f — 7 (logt—log s)"“_lg(s)%, Yt € (a,b).

In particular, if g(t) is non-decreasing, then
J@) < gWEy1 (Cil(@)(log? —loga)®), Vi € (a, b).

Based on the above lemmas, we next show that the solution u(x, #) of (1.3) satisfies higher regularity.

Theorem 3.2. Assume that f satisfies the condition in Theorem 3.1 and u, € Hé(Q) N H*(Q). Then, for
t € (a,T], it holds that
16'u(®)|l, < C(logt —loga)*™ for 1=1,2, (3.15)

and
llcwDg ully + A, < C, (3.16)

where C is a positive constant.

Proof. Step 1. By applying the operator D on both sides of (2.16) and utilizing Lemma 3.1, one gets
(logt — log a)ou(r)

= (logt — log a)6F (1) Au, + f S(aé)(u(s) - u3(s))d—;

, d 3.17
+ f (log  — log s)aa(af)(u(s) — W (s) = G-A7)
a s s
oyt 5, ds
+ | &(a=)(log s —loga)(du(s) — 5(u(s)))—.
a s s
Applying the Laplace operator A to both sides of (3.17) further implies the following
(log t — log a)A(Au(r))
oyt d
= (logt — log a)6F () Au, + f a(a;)(ﬂu(s) - fﬂ(u3(s)))?s
(3.18)

+ f (logt — log s)68(a£)(&z{u(s)—fﬂ(uS(s)))%

+ f S(aé)(log s — log a)(A(Su(s)) — 3ﬂ(M2(S)5u(S)))d—;~

Recalling the Sobolev embedding formula ||ul|z~q) + [IVull+) < Cllull>, and by using the fact that
u € C([a, T]; HY(Q) N H*(QY)) from (3.2), one has

A — A|| = || Au — 6u|Vul> — 3u*>Au|| < C. (3.19)

Likewise,
A ()Su(s))|| < C(Ilullzllﬂulllléu(S)llz + [[ul3ll6u(s)I3

+ llull3ll6u(s)ll + ||u||§||~7l(5u(S))||) (3.20)
< CllA@u(s))ll.
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Combining (3.18)—(3.20) and Lemma 2.1, one gets

(log 7 = log a)|| AGu(r))l|
!
d
< C(log1 — log a)"|[uglls + f(logt — log )"~ |Au(s) - ﬂbﬁ(S)IITS

!
d
+ f (log t — log )" ||Au(s) — .?(u3(s)||?s
! ds
+ f (log s — log a)(log t — log s)* || ASu(s)) — 3.?((u2(s)6u(s))||7
!
< C(logt —loga)* + Cf (logt —log 5)*'(log s — log a)
ds
Xllﬂ(éu(S))ll? (3.21)
By virtue of Lemma 3.2, we obtain
\A(Su(t))|| < Clog t — loga)*™", (3.22)

which confirms the case of / = 1 in (3.15).
Step 2. In view of the definition of the Caputo-Hadamard fractional derivative in (2.6), we obtain

!
d
I A(cyDE w)| < C f (logt —log s)*(log s — log a)"_l—s <C, (3.23)
: ; S

where the second inequality is derived by (3.22). As a result, we get from (1.3) and (3.19) that
| A ull = | A(cyDE ) — A — u)]| < |AcHDEL Wl + AW — u)|| < C. (3.24)

By virtue of (1.3), we know that ¢y Dg ulsa = Aulsa = 0 for ¢ € [a, T]. Noting that Q is a bounded
convex polygonal domain, we can therefore prove that (3.16) holds according to (3.23) and (3.24).
Step 3. Now, we demonstrate the case [ = 2 in (3.15). Apply operator 6 on both sides of (3.17) to
obtain that
(log t — log a)5u(t) + du(t)

= 0F () Au, + (log t — log a)8*F (1) Au, + Et) (g — 1))
+ f a(af)(au(s) - 3u2(s)5u(s))§
a N S

+ (logt — log a)8(E(t)(u, — 1))
: p ds (3.25)
+ f (logt — log s)58(a;)(6u(s) - 3u2(s)6u(s))?
+ f S(ag){(éu(s) — 3u?(s)ou(s))
” ds
s

+ (log s — log @)(8°u(s) — 3(2u(s)(6u(s))* + u2(s)52u(s)))}
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Then, applying the Laplace operator A on both sides of (3.25) further leads to

(log t — log a)A(S*u(t)) + ASu(t))
= 6F () A(Au,) + (log t — log a)6*F () A(Au,) + EOA(u, — )

t f &(a=)AGu(s) - 312(s)0u(s)
a S S
+ (log t — log a)5(E(OA(u, — 1))
+ f (logt —log s)58(a£)ﬂ((5u(s) — 3u2(s)6u(s))%
+ f a(af){ﬂ(du(s) — 3u*(5)6u(s))
4 S
+ (log s — log @) A6 u(s) — 32u(s)(Su(s))* + u2(s)62u(s)))}d—ss.
From (3.20) and (3.22), one can deduce that

A(Su(s) = 3u*($)ou())| < |ASu(s)|| + 3\ AW ()5u(s))|]
< C(log s — loga)*™".

Again use the embedding theorem ||ul|;~q) + [[Vull 4y < Cllull, to show that

| ALuCs)Gu(s)?]|
< Clloull =@ AUl =) + ||V(6u)”i4(g)”u”L°°(Q)
Hloull =@ IV (Sl 1ol Vel sy + N10ul[Fe gy | AU
< C(log s — loga)* 2.

Similar to the proof of (3.20), one can get that
AW (5)6*u())Il < CIAS us)I-
Therefore, by the assumption u, € H*(Q), (3.26)—(3.29) and Lemma 2.1, one can derive that

(logt — log a)|| A u(t))l|
< |AGu)I + I6F ) AA)| + (log t — log a)|6*F () A(Au,)|

HIED A, — w)ll + f t Jé(a )ucs) - 3u2(S)5u(S))H%

+ f’(log t —log s)”éa(aé)ﬂ((su(s) _ 3u2(s)5u(s))”d—:

t
f
a

+(log s~ log a)A(Su(s) = 32u(s)Gu(s))” + u2<s>62u<s>))}”%

+(logt — log a)||5(ENOAu, — 1))

8(a£){ﬂ(5u(s) — 312(s)5u(s))

(3.26)

(3.27)

(3.28)

(3.29)

Communications in Analysis and Mechanics Volume 15, Issue 4, 611-637.



622

< C(logt —loga)* " +C ft(logt —log s)* '(log s — log a)
X || A u(s))| %. (3.30)
This, together with Lemma 3.2, leads to the desired result.
4. Nonuniform L1/LDG Discretization of the Time-Fractional AC Equation

As shown in Theorems 3.1 and 3.2, the solution u(x, f) of problem (1.3) may behave as weakly
regular at the starting time ¢ = a. Thus, we utilize the L1 scheme on nonuniform meshes (see [21] for
more information about this scheme) to discretize the time Caputo-Hadamard derivative and by using
the LDG method in space. Without loss of generality, suppose that the bounded domain Q = (-1, 1)? in
(1.3) and f(u) satisfies

max | f'(u)| < C, 4.1)

where C is a positive constant.
In the next analysis, we will consider the cases d = 1 and 2. The more general case d > 2, which can
also be obtained by changing the tensor product structure of the mesh, is omitted here.

4.1. Nonuniform L1 Approximation in the Logarithmic Sense

For r > 1, denote 1, = a(T/a)™™, where n = 0,1,--- , M, M € N. We divide the interval [a, T]
into a grading mesh in the logarithmic sense, that is, loga = log#y < logt; < --- <logt,_; <logt, <
-+ < logty =logT with

logt, =loga+ (logT —loga) (n/M)".

Let, =logt, —logt,_;,n=1,..., M be the time mesh sizes.
The nonuniform L1 approximation in the logarithmic sense for the Caputo-Hadamard derivative [21]
at r = t, is defined as

CHDZ,[M(Xa t)

t=t,
~ 1
TR -a)

= Afpu(X, 1) + 0", @€ (0,1), n=1,2,--- , M,

n—1
(bn,lu(x’ tn) - bn,nu(x, tO) - Z(bn,i - bn,i+l)u(X, tn—i) + Tn
i=1

where the discrete coeflicients and the local truncation error are given, respectively, by

(log ’i)l_a - (log fn )l_a

b, = In-i — In-it1 ,i=1,2,---,n 4.2)
log .
and
1 n—1 tit1 tﬂ —a u(x t+1) _ M(X t) dW
Tl’l [ (1 _) s Yl s g _ 6 , dw 4.3
ra-a) ;I og [ log &L u(x, w) ” 4.3)

Communications in Analysis and Mechanics Volume 15, Issue 4, 611-637.



623

Denote @, = by, 101/T2 — ), k=1,2,-- ,n, and

1, k =n,
(1) 1

PP = — \
n—k a(k) Z (azj)k 1 (J) )P() 1<k<n-1.

Jj=k+1
Letting wp(r) = 7' /T(B), we use (4.2) to obtain

4 = wy—o(logt, —logti_1) — wr_,(logt, —log tk)

=1,2,-
n -k = Tk
Similar to [26, Lemma 2.1—(i1)], one can prove that
Z Pﬁl"_)jwprma_a(log t, —loga) < wiyme(logt, —loga), form =0, 1. “4.4)
In view of the integral mean-value theorem, one has
a;”_)kﬂ < wi_o(logt, —logt_) < a( ) 4.5)

For simplicity, we denote u" = u(x, t,); then, the nonuniform L1 approximation scheme given in (4.2)
plicity. PP g

can be rewritten as
n

At = > al ' =), n=1,2, M. (4.6)
i=1
Lemma 4.1. [21] Let the function u(X, t) satisfy that |5lu(-, t)| <C (1 + (logt — log a)“’l)forl =0,1,2
and all t € (a, T). Then, it holds that

T < Cp~™niZ=erel -y — 1,2, M. 4.7)

Lemma 4.2. Assume that u(-,1) € C¥(a, T] and |6'u(-, )| < C (1 + (logt - log@)*™) for [ = 0,1,2 and
allt € (a,T). Then forn=1,2,--- , M, the following inequality holds:

Z P |

2
<C (a_l(log T —loga)*M™"™ +

r 4r—] (log T _ log a)a'M— min{2—a,m}) .
-a
Proof. The proof of this lemma is analoguous to that of (3.12) in [26], so is omitted here.
Lemma 4.3 (Discrete Gronwall inequality). Let (1)), be a nonnegative sequence and there exist a
M-1
constant A independent of time steps such that Z A; < A. Assume that the sequences {¢"}M. | and {y"}™ |

1=0
. . . M .
are nonnegative, and that the grid function {V'}," satisfies

A () <Zan (O + gV @ n= 1,2, M. (4.8)
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If the maximum time-step Ty < (202 — @))%, the following holds:

k

n 77 17 0 (k) 4j

Vi <2E, (gﬁ(log t, —loga) )(v + max Z P._¢
=

4.9)
+ VI'(1 — ) max {(logt, — loga)“/zwk}), n=12---,M,

where E, 1(z) is the well-known Mittag-Leffler function.
Proof. Denote

77
&, =2E,, (g/l(log t, — log a)").

Ifv' <P = VIl -a) Pl}flx{(log 1, — log a)*?y~}, then (4.9) is directly obtained from & > 2. For the

alternative case V' > ¥*, we have V' > VI'(1 — a){(log t, — log a)*?y*}, and the inequality (4.8) can be
rewritten as
A1) < Z AtV + ¢ i . (4.10)
\/F(l — a)(logt, — loga)®

Using [27, Lemma 3.6] with

§n+1 — ¢n + l/’ nn =0,

VI = a)(logt, — loga)™

we get from (4.4) that

k

J
v <1° + max P( ) ¢ + max » PY v
l<k<nZ # 1<k<nz k= VYLl —a)(logt; —loga)®
<& [v + max ZP(") ¢+ (T = a) max ((og 1, — log )"y’) @4.11)

X max Z P( ) jWi- o(logt; —log a)]

1<k<n

The proof is completed.

Remark 4.1. The conclusion in Lemma 4.3 provides the theoretical support for the numerical approach
to the Caputo-Hadamard fractional differential equation. The results are almost identical to the usual
nonuniform L1 formula (for Caputo fractional derivative, see [28, Theorem 2.3] for details).
4.2. Notations and Projections of the LDG Method

Let us denote by €, = {K} a shape-regular subdivision of €, and set 9€;, = {0K : K € Q;}. Suppose

that the “left” and “right” elements K; and K share a face e, and ¢ is a function defined on K; and K,
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but may be discontinuous on e. Then, we use ¢, and ¢ to denote the traces of e from the left and right
direction, respectively. The finite element space associated with the mesh €2, is of the form

V, = {vh € L2(Q) : vylx € QYK), VK € Qh},
Vi = {vn = 0 ) € (@) vl € QKD i = 1,---,d, VK € Q)

where Q“(K) is a tensor product space defined over K with maximal k-th polynomial. When d=1,
Q“(K) = PH(K).

Case A (d = 1): For an arbitrary element K := I; = (xj_%,xﬂ%) with j = 1,2,--- , N, we denote
xj= (X1 +x;,1)/2, hj = xj,10 —x; 1 and h = max,<jey hj. Obviously, x; = —1 and xy,1 = 1. Let
), be a quasi-uniform mesh, that is, there exists a fixed positive constant p independent of / such that
ph<hj<hforj=1,2,---,Nash— 0.

Let 2, : L*(Q) — V), represent the standard L? projection, defined as

fK (Pyu — uyvydx = 0, Vv, € PXK)), j=1,...,N. (4.12)

The Gauss-Radau projections &;° : H 1(Q) — V, are given by [29]

f(@;u —u)vdx =0, Yy, € Pk_l(lj), (QZ;M);_% = u(x;_%), Jj=1,...,N, (4.13)
I
and
f(@;u —u)vdx =0, Yy, € Pk_l(lj), (gzh_u);rl = M(xl_-+1), Jj=1,...,N. 4.14)
I; 2 2

Case B (d = 2): For an arbitrary rectangular element K := K;j = [; X J; = (x;_1 = X3, 1) X (¥;_1, Y1),
we denote i} = x;, 1 —x;_1 and h)/i = Yj+1—y;-1. Analogous to the one-dimensional case, h;; = max{h;, hi}
and h = maxg, cq, h;; are well defined. We also list the projections that will be used [30].

— The projection IT, : H'(Q) — V,, for scalar functions is defined as

I, =2, 2,

h’y’

where &, and & , represent the one-dimensional projection &7, given in (4.14) on a two-
dimensional rectangular element K;;.

— Let &, and &, be the standard L* projections in the x and y directions, respectively.

— The projection Il = 9; ® P, [H (Q))? — V, for vector-valued functions is defined as
f (ITjv — v) - Vwdxdy, Yw € Q(K;)),
L JJ;
f (M v(xio1/2,Y) = V(Xic1/2, ) - ﬁ’w(xf_l/z,y)dy =0, Ywe Qk(Kij)’ (4.15)
Jj

f(l_[;;v(x, Yij-172) — v(x, yj_l/z)) A w(x, )’7-1/2)(1)5 =0, VYwe Qk(Kij),
I;
where 1 denotes the outward unit normal vector.
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As shown in [31, Lemma 2.4], the projections mentioned above satisfy the following approximation
properties:
Qv = VIl < CH* I¥llksr, Vv € [HH Q)] (4.16)

where Q, = 227, I, or II;. Moreover, the projection II, also has the following superconvergence
property (see [31, Lemma 3.7]):

v —=ILv,V-up) — (v = II, v, uy - B)yg,

4.17)
< CH* Y Vllsallull, Vv € HE(Q), up € V.
The “hat” term here is the numerical flux, which will be given later.
4.3. Numerical Analysis
Rewrite (1.3) into the following equivalent first-order system:
cuDo,u =V -p— f(u) =0, (4.18a)
p-Vu=0. (4.18b)
Then the weak form of (4.18) at ¢, can be formulated as follows:
(CHDZ’I‘M"’ V)K + (pn’ VV)K - (pn : ﬁa V)aK - (f(u’l), V)K = Oa (4193)
(pn’ W)K + (una V : W)K - (u'l, W ﬁ)aK = 07 (419b)

in which v and w are test functions. The fully discrete nonuniform L1/LDG scheme is defined as follows:
find (v}, p}) € Vi, X V;, such that

(A gtth vidx + (P Yok — (B - B vidax — (F@d), vi)g = 0, (4.20a)

(P} Wik + (4, V - Wi = (U, Wy - B)og = 0 (4.20b)
hold for any (v, w;,) € V), X V,,. The alternating numerical fluxes are chosen, namely,
Wy =y, P = P (4.21)
or
Uy = Uy gy P =Py (4.22)
It is now time to present the stability and error estimate for the scheme (4.20) in the L?>-norm.
Theorem 4.1. (Stability) Assume that u, and p, (n = 1,2, -+, M) are the LDG solutions of (4.20) with
numerical flux (4.21). Then, it holds that
77
lupll < 2E, (Z(log t, — loga)” ||luj]l.
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Proof. Taking (v, W;,) = (u}, p}) in (4.20), and by summing over all K, one has
(Afegttis 10}) + (P, Vi) = (B} - 1, u)agy, + (f)* = uj1d}) = 0,

(P B) + (. V - ) = (@5, P - B, = 0.
Adding them together and using integration by parts, one gets
(Nfogttys ) + PGP + MGG 1P = ],

which means that
2
(Ajogty> wy) < llug|I”.

Notice that

(m) (n) ( ) @)
(Afogttys uy) =ay” (uj, uy) = Z(annk L= @, )y, ) = 24, Gy, )

1
2 2 2
2a" il - 5 Z(a;’”k_1 a2 OGP = 5 a”, |

21 2

I |

(n) a™ 2_1,m 2 )

- gzwn”_k = dP IR = 50 P = 5 AL P
=1

This, together with (4.24), yields

A(l

2 2
ogltpll™ < 2lue]I”.

Therefore, utilizing Lemma 4.3 with V" = [ju}|| and ¢" = " = 0, one has

77
il < 2E,q s (Z(IOg tn = loga)* | luyl,

provided that the maximum time step 73, < (4I'(2 — @))~/?. The proof is completed.

(4.23a)

(4.23b)

(4.24)

(4.25)

(4.26)

Theorem 4.2. (Error estimate) Let u(x, t,) be the exact solution of problem (1.3), which satisfies that

|5lu(~,t)| < C(l + (logt — loga)“‘l)forl =0,1,2andallt € (a,T). uy andp} (n=1,2,---

, M) are the

LDG solutions of (4.20), with numerical flux given by (4.21). Suppose that f(u) satisfies the condition

(4.1). Then, there exists a positive constant C independent of M and h such that
" — ”Z” <C (M_ min{2-a,ra} hk+l).
Proof. Let us first denote
ep=u"—u, =u"—Pu" + Pu" —u, = u" — Pu" + Pej,
ep = P' =P, = p' ~1Ip" +1Ip" — p; = p" —TIp" + Ilej,.
Here, the projectors are selected as

(P,II) = (22,, 2 for Case A,
(P,11) = (I1,, I0y,) for Case B.

(4.27a)

(4.27b)

(4.28)
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Subtracting (4.20) from (4.19) and summing over all K yield the following error equations:
(crD " = Ajygtth vi) + (0" = P i) = (0" = ) - m vy,
— (f ") = fQuj), va) = 0,
(" = Pl wy) + (" = ul, V- wy) — (" = ), Wy, - ), = O. (4.29b)
Taking (v, wy,) = (Pel, Heg) in (4.29), and by noticing the error decomposition (4.27), we obtain

(4.29a)

(AL Pel, Pel) + (e, TTelh) — (f(u") = f(u), Pel)

log® “u
= (Af;g(u" - Pub), Peg) — (Y, Pe"y — (p" — IIp", VPe")
+((p" - TIp") - B, Pe})yo, — (p" — TIp", TIely) — (u" — Pu",V - Tle) (4.30)

+ (" = Pu), Tl - )y, — (Tep, VPe;) + (Tlep - i, Pel)ag,

— (Pe,, V - Tlep) + (Per, Mep, - ﬁ)agh,

u’

where 1" = cyDy u" — AJ, gu”. By virtue of (4.21) and the projection properties (4.12)—(4.15), we have

(Aﬁ)gPeZ, Pel) + (Heg, He;) - (f@W" - fu;), Pey)
= — (Ap, (" = Pu"), Pe}) - (X", Pe}) — (p" — Ip", Tle}) (4.31)
— " = Pu",V - TIel) + ((u" = Pu), TIel - ) 5, -
Then, from the Cauchy-Schwarz inequality and superconvergence property given by (4.17) that
(AjgPey, Pey) + (ep, Tep) — (f(u”) = f(uy), Pey)

< 1A " = PudllllPe,ll + IT"[[lPe,ll + [Ip" — Ip"|lI|TTep|l

el (4.32)
+ el
< CH(I1Pegl + [ITTepll) + el Pl

On the other hand, for the nonlinear term in (4.32), we can obtain
(f(uy) — f(u"), Pey)
= (f(Pu") = f("), Pe,) — (f(Pu") — f(uy), Pe,) (4.33)
= (f'&(Pu" —u"), Pe,) — (f(Pu") = f(uy), Pey),

where & = 6u” + (1 — 0)Pu", 6 € [0, 1]. Employing the Cauchy-Schwarz inequality and interpolation
property (4.18), we have

|(F@©@Pu" = u"), Pel)| < IIf Nl (Pu" — u", Pel)| < ClIPelI* + Ch*+2. (4.34)
Notice that f(u) — f(v) = f'(u)(u — v) — (u — v)* + 3u(u — v)*>. Hence, we derive from (4.1) that
| = (f(Pu") — f(up), Pe})
= | (f'(Pu")(Pu" = uj) = (Pu" = u})’ + 3Pu"(Pu" — u})’, Pe}))
=| - (f'(Pu"Pe], - (Pe})’ + 3Pu"(Pe])?, Pe])
=|((Pe})*, Pe}) - (' (Pu")Pe], + 3Pu"(Pe})?, Pe})
< C|IPELP + (el

(4.35)
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Substituting (4.34)—(4.35) into (4.33) and applying (4.32), we have

(A Pel, Pey) + Ieyl* + [I(Pep)IIP

< CH1 (1Pl + Tl + 1Y IHIPe| + CHE e

(4.36)
+ C||Pe"|* + ||(Pe™y*|* + Ch**?
< C|IPe)|I* + eyl + [(Pey)’IP + CR**2 + 1| Pl
This, combined with (4.25), further results in
A NIPE? < 2C|IPe|? + 2CH*2 + 2|1 T"|[||Péj]l (4.37)

As a consequence, according to Lemma 4.3 with v" = ||Pé]j||, ¢" = 2[|T"||, y" = V2CHh*!, Ay = 2C and
Aj=0for j=1,2,--- ,M—1,aslong as 7y < (4CI'(2 - a/))‘””, we will obtain

77 k .
IPel|| < 2E,, (—C(log t, — log a)“) [2 max Z PO vy
“\ 4 1<k<n £ J
1 (4.38)

+ 4/2CT(1 — @) max ((log 1, — log a)*/? hk+l)].
<k<n

Then, Lemma 4.2 leads to
||P€Z|| < C (M— min{2—a,ra} + hk+1) .

By combining the above estimate with the triangle inequality, the desired result can be obtained.
5. Numerical Experiments

The main purpose of this section is to give a numerical example to demonstrate the validity of the
proposed scheme (4.20).

Example 5.1.

cuDEu(x,y,1) = Au(x, y, 1) = u(x, y, 1) - w(x,y, 1)+ g(x,y, 1),

(x,y) €Q, te(1,2], G.1)
u(x,y, 1) =0, (x,y) € Q,

u(x,y,t) =0, (x,y) € 0Q, t € [1,2],

where Q = (—1,1) X (=1, 1) and the source term g(x,y, t) is chosen such that the exact solution of the
problem is u(x,y,t) = ((log ) + (log H)*)(x + 1)*(x — D*(y + 1)*(y — 1)2.

We apply the nonuniform L1/LDG scheme (4.20) to solve problem (5.1). Table 1 gives the L2-errors
and convergence orders versus M for different values of a (@ = 0.4,0.6,0.8) and grading parameter
r(r=1, 22_73, 277") when taking t = 2 and M = N, = N,, from which it is obvious that the convergence
order in time is min{2 — @, ra}. To investigate the spatial convergence order, we utilize (4.20) to solve
(5.1) by using both linear and quadratic finite element approximations, respectively. The L? errors and
convergence order are listed in Table 2. The results show that the spatial convergence orders for the

L*-norm are close to (k + 1).
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Table 1. L? errors ||u — uﬁy || and convergence rates in temporal dimension (Example 5.1).

a=04 a=0.6 a=0.8
M L? error order L? error order L? error order
20 2.0882e-02 - 1.4460e-02 - 9.8692¢-03 -
40 1.8728e-02  0.1570 | 1.0975e-02 0.3979 | 3.8145¢-03 1.3714
r=1 60 1.7169e-02 0.2144 | 9.1246e-03  0.4554 | 2.9052e-03 0.6717
80 1.6027e-02 0.2392 | 7.9451e-03 0.4811 | 2.3930e-03 0.6741
100 1.5145e-02 0.2537 | 7.1118e-03 0.4966 | 2.0627e-03 0.6656
120 1.4434e-02 0.2637 | 6.4837e-03 0.5072 | 1.8200e-03 0.6866
Predicted 0.4000 0.6000 0.8000
a=04 a=0.6 a=0.8
M L? error order L? error order L? error order
20 1.4291e-02 - 1.1880e-02 - 8.9725e-03 -
40 6.4511e-03 1.1475 | 8.2447e-03 0.5270 | 6.4527e-03 0.4756
r= 22_—; 60 4.8619¢-03 0.6975 | 6.5163e-03 0.5802 | 5.5439e-03 0.3744
80 3.9526e-03 0.7198 | 5.4768e-03 0.6041 | 4.9066e-03 0.4245
100 3.3562e-03 0.7330 | 4.7710e-03 0.6183 | 4.4352e-03 0.4527
120 2.9316e-03  0.7419 | 4.2549e-03 0.6280 | 4.0701e-03 0.4712
Predicted 0.8000 0.7000 0.6000
a=04 a=0.6 a=0.8
M L? error order L? error order L? error order
20 3.1821e-02 - 1.7151e-02 - 1.2386e-02 -
40 1.0143e-02 1.6494 | 5.3431e-03 1.6825 | 4.0576e-03 1.6100
r= % 60 4.9364e-03 1.7762 | 2.5870e-03 1.7889 | 2.0479e-03 1.6864
80 2.9189¢-03 1.8265 | 1.5325e-03 1.8199 | 1.2614e-03 1.6846
100 1.9301e-03 1.8536 | 1.0189¢e-03 1.8294 | 8.7017e-04 1.6639
120 1.3725e-03 1.8699 | 7.2993e-04 1.8291 | 6.4570e-04 1.6364
Predicted 1.6000 1.4000 1.2000
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Table 2. L? errors |[u™ — uhM || and convergence rates in spatial dimension (Example 5.1).

a=04 a=0.6 a=0.8
N, x Ny L? error order L? error order L? error order
20x20 | 8.7815e-03 - 8.3408e-03 - 7.9187¢-03 -
40x40 | 2.8128e-03 1.6424 | 2.6596e-03 1.6490 | 2.5293¢-03 1.6466
Q' 60 x 60 1.3688e-03 1.7764 | 1.2864e-03 1.7914 | 1.2308e-03 1.7763
80x 80 | 8.1730e-04 1.7925 | 7.6164e-04 1.8218 | 7.3552e-04 1.7897
100 x 100 | 5.5120e-04 1.7653 | 5.0799¢-04 1.8151 | 4.9663e-04 1.7600
Predicted 2.0000 2.0000 2.0000
a=04 a=0.6 a=0.8
Ny X Ny [? error order L? error order [? error order
10x 10 | 3.8914e-02 - 3.7122¢-02 - 3.3095e-02 -
@  20x20 | 5.2323e-03 2.8948 | 5.0468e-03 2.8788 | 4.5058e-03 2.8768
30 x 30 1.5620e-03  2.9815 | 1.5274e-03 2.9478 | 1.3618e-03 2.9510
40x40 | 6.4505e-04 3.0742 | 6.4657e-04 29762 | 5.7490e-04 2.9978
Predicted 3.0000 3.0000 3.0000

Figure 1. Comparison between numerical solution (left) and exact solution (right) with
a=0.25and T =2 (Example 5.1).

Figure 2. Comparison between numerical solution (left) and exact solution (right) with
a =0.50and T = 2 (Example 5.1).

Numerical solution

Numerical solution

Communications in Analysis and Mechanics

Exact solution

Exact solution

Volume 15, Issue 4, 611-637.



632

Comparisons between the numerical solution and the exact solution are depicted in Figures 1-3, and it
can be seen that the numerical solution is in good agreement with the exact solution. The numerical solution
surfaces for different times 7 (¢ = 1.2, 1.4, 1.6, 1.8) and a (o = 0.1, 0.5, 0.9) are shown in Figures 4-7. We can
observe that the diffusion behavior of u, increases with time, and the maximum peak always appears in the
center of the region. But if « is smaller, the diffusion process changes more slowly.

solution Exact solution

Figure 3. Comparison between numerical solution (left) and exact solution (right) with
a=0.75and T = 2 (Example 5.1).

Numerical solution Numerical solution

KN

\ 750K

7KK SN

SN - IO

SN 1 9 SN

£ o 7 CCRTINN U0t S SN
ARSI DU

Numerical solution

©)a=09
Figure 4. The numerical solution surface at # = 1.2 with M = N, = N, = 40 (Example 5.1).
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Numerical solution
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6. Summary

The article first investigates the existence, uniqueness and regularity of solutions to (1.3). Then,
a nonuniform L1/LDG scheme is constructed, and its stability and convergence are proven. Finally,
the theoretical analysis is validated through numerical examples. In future work, we will focus on
showcasing the physical properties of this numerical scheme and explore the implications of different
definitions of a-order fractional derivatives in the original problem. Additionally, we will examine
which definition yields better results in terms of effectiveness.
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