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Abstract: The dissipative (2 + 1)-dimensional AKNS equation is considered in this paper. First,
the Lie symmetry analysis method is applied to the dissipative (2 + 1)-dimensional AKNS and six
point symmetries are obtained. Symmetry reductions are performed by utilizing these obtained point
symmetries and four differential equations are derived, including a fourth-order ordinary differential
equation and three partial differential equations. Thereafter, the direct integration approach and the
(G’ /G*)—expansion method are employed to solve the ordinary differential respectively. As a result, a
periodic solution in terms of the Weierstrass elliptic function is obtained via the the direct integration
approach, while six kinds of including the hyperbolic function types and the hyperbolic function
types are derived via the (G’/G?)—expansion method. The corresponding graphical representation of
the obtained solutions are presented by choosing suitable parametric values. Finally, the multiplier
technique and the classical Noether’s theorem are employed to derive conserved vectors for the
dissipative (2 + 1)-dimensional AKNS respectively. Consequently, eight local conservation laws for
the dissipative (2 + 1)-dimensional AKNS equation are presented by utilizing the multiplier technique
and five local conservation laws are derived by invoking Noether’s theorem.
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1. Introduction

It is well known that nonlinear partial differential equations (NPDEs) have extensive applications
in depicting numerous nonlinear appeared in many fields of sciences, such as applied mathematics,
plasma physics, biology, hydrodynamics, optics, solid state physics and fluid dynamics etc. In order
to truly understand these phenomena described in nature, increased by a large number of scientists to
seek the exact solutions of NPDEs. With further research, lots of effective methods have been
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proposed for exact solutions, including the Lie symmetry analysis method [1-3], the Bédcklund
transformation method [4], the Darboux transformation method [5], the Hirota bilinear method [6],
the (G’/G)—expansion method [7], the (G’/G?)—expansion method [8], the extended homoclinic test
method [9] and the Riemann-Hilbert method [10]. Among these methods, the Lie symmetry analysis
method can reduce the order of NPDEs, thereby simplifying the equations. It has been proved to be
one of the most effective methods for achieving exact solutions of NPDEs. So far, the Lie symmetry
analysis method has been widely used in solving many mathematical and physical nonlinear
models [11, 12]. It is convenient to acquire similarity solutions and some solitary wave solutions of
PDE:s [13, 14].

In the study of nonlinear partial differential equation, conservation laws also have played an
important part, especially in terms of the reduction of PDEs and their solving process [15, 16]. First,
conservation laws have been extensively applied to the existence as well as the stability of solutions of
nonlinear PDEs. Conservation laws have been used in the achievements of numerical methods.
Furthermore, exact solutions of some classical partial differential equations have been obtained using
conserved vectors associated with the Lie point symmetries [17, 18]. Recent years, some methods
have been put forward for constructing conservation laws of equations, including Noether’s
theorem [19, 20], the multiplier method [21], the Ibragimov theorem [22, 23] and so on. Generally
speaking, Noether’s theorem is proved to be an effective method to construct conservation laws for
equations with Lagrangian formulation. While the multiplier method and the Ibragimov theorem can
be applied to arbitrary equations whether they have the Lagrangian formulation or not. The multiplier
method has wider applications, it may require a lot of complex calculations to obtain the multiplier.

In this paper, we aim to consider the dissipative (2+1)-dimensional AKNS equation [24], which can
be expressed in the following form

4v; + Viyy + 8Vvy + 4vx8;lvy +av, =0, (1.1

in which 8;' denotes f_ xoo v(x,y,)dx and @ denotes an arbitrary nonzero constant, revealing that there
is a dissipative effect. If replacing v with u, in (1.1), by taking the integral constant to be zero, then Eq.
(1.1) can be rewritten as

Ay + Unny + SUyltyy + dyctty + tty, = 0, (1.2)

which can be used to describe shallow water waves. The term u,, describes the time evolution of
waves, while nonlinear terms such as u,, u, specify the steepening of waves, remaining terms such as
Uy, Uyy, Uyyyy depict the spreading of waves. When a = 0, the equation (1.2) can be degenerated into
the (2+1)-dimensional AKNS equation,

Aty + Upry + Bttty + duyety, = 0.

which has been investigated by Najafi et al. in Ref. [25].

The dissipative (2+1)-dimensional AKNS equation (1.2) has been investigated by a diverse group
of researchers. Professor Wazwaz [24] achieved the multiple-soliton solutions by employing the
simplified Hirota bilinear method. Liu [26] obtained the travelling wave solutions by utilizing the
theory of planar dynamical systems and the undetermined coefficient method. Liu et al. [27] derived
the bilinear representation, bilinear Bicklund transformation with the aid of binary Bell polynomials.
Cheng et al. [28] constructed the explicitly periodic wave solutions based on a multi-dimensional
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Riemann theta function. Wang [29] verified the CRE solvability and presented the soliton-cnoidal
wave interaction solutions using the truncated Painlevé expansion and consistent Riccati expansion
method. Professor Ma [30] achieved soliton solutions for all the multi-component AKNS integrable
hierarchies by employing the Riemann-Hilbert approach. Ma et al. [31] investigated the dynamical
analysis of diversity lump solutions to equation (1.2). Furthermore, Ma et al. [32] obtained the full
symmetry group and some exact solutions to equation (1.2) using the Lie symmetry method.

Although partial results have been achieved by Ma [32], their results have certain limitations. We
would like to conduct further research on equation (1.2). We aim to deeply consider the Lie symmetry
analysis, particular solutions as well as conservation laws of equation (1.2). The rest of this paper is
organized as follows: In Section 2, we implement the Lie symmetry analysis method to Eq. (1.2) and
obtain four reduced equations. In Section 3, we present the solutions of one reduced equation obtained
in Section 2 by invoking direct integration method and the (G’/G?)-expansion method, respectively.
In Section 4, we acquire the conservation laws of the equation by utilizing the multiplier method and
Noether’s theorem, respectively. Some conclusions are made in the final section.

2. Lie symmetry analysis of Eq. (1.2)

First, we employ the classical Lie group method to derive the symmetry group of the dissipative
(2 + 1)-dimensional AKNS equation (1.2). We introduce the following one-parameter Lie group of
infinitesimal transformation

0 0 0 0
U = a)](x,y’ t’ M)EC + wz(x’y, t’ u)a_y + w3(-x’y’ t7 u)a + n(xay? t’ M)%, (21)

in which «’, j = 1,2, 3 and 5 denote the infinitesimal generators.
Symmetries of Eq. (1.2) can be derived from the following symmetry conditions

U4u,, + Uyrxy + 8yl + 4ttty + auy,] = 0. 2.2)

Here 4uty + thyyyy + 8uyllyy + 4ty + auy, = 0 and U™ represents the fourth prolongation of U, which
is specified by

i_i_xxa_i_xya_'_xta_'_xxxya
T Ol T Ouyy T Oy 4

0
U[4]:U+nxa 1>
Uy Uy

8uxxxy'

In terms of Eq. (1.2), by expanding the left hand side of equation (2.2) in detail, equating the
coeflicients for the terms of 4y, Uyyyy, 8Uxltyy, 4ltyilty, Uy, t0 be equal, while the coefficients for other
derivatives of u to be zero, we get the following linear partial differential equations:

Max = 0,7 = 0,770, = 0,77y = 0,0y, = 0,0 = 0, = 0, = 0,w] =0,
1 1
M — 3wy —ws =1, — Wy — W] :277u—2wi—w§:nu—Zw;—Ewi—wa,

1 1
2n, — a)tz =0,4n, - 4a)tl + ani + anf = 0,21,y — a))]d + 1, = 0.
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By solving above PDEs with Maple, we can get six symmetries as follows:

o o . 8
U, :f(t)a"'a—t"'f(f)%,

0 0 , 0
U, = g(l)a + - +8 (I)E’

dy
Us = 2t— + x—,
: 6y+x8u 3
vl (e 2
YT 20x ot 8 2/ou
x 0 0 ay u\ 0
US__Ea_x”a_er(_?J“E)%’

x4 o 0 ((—3ta/+4x)y _ tu) 0

T dox 20y 20t 16 4)ou

Based upon the theory of the infinitesimal transformation, the corresponding single parameter
transformation groups are:

1+&
G: (X", y,t'u") > (x + f fla)da,y,t+ e, u+ f(t+ 8)) ,

G, : (xyt'u) — (x + fm glayda,y + &, t,u+ g(t + 8)) ,
Gy : (X", yt'u") > (x,y+ 2¢t, t,u + €x),

Gy: (X", y',tu") — (e%‘gx, y, €°t, e 2y — %say),

Gs: (X", y, t'u") — (e 2%x, ey, t, eFu — gsay),

t —3ta + 4 1
l—z8t I—ESI 1—§8t 16 1—%8t

G6 . (X*ay*$ t*’u*) - (

As aresult, if u = o(x, y, t) denotes a solution of the dissipative (2 + 1)-dimensional AKNS equation
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(1.2), thus so are

U :f(t+s)+0'(x—f gf(a)da,y,t—s),

V+E
ugzg(y+8)+0'(x—f g(a)da,y—s,t),
us; = ex+ o (x,y —2e¢t,t),

1
Uy = e%a(—gea + O'(e_%sx, v, e °t),

1 1
Us = e_fg(—gsa + o(e?®x, e %y, e 1),

e(—3ta + 4x)y 1 1 1 1
= 1—-et)x,(1 — =et)y, (1 — =&t)r).
Us T6_ser T = SIU(( 48)X( 2S)y( 28))

L
2

Next, we would like to perform symmetry reductions by utilizing the point symmetries obtained in
Eq. (2.3).
(1) For symmetry U, + kU, by taking f(t) = 0 and g(¢) = 1 in Eq. (2.3), it yields three invariants

X=x-kt,Y=y—-kt,u=0(X,Y). (2.4)
By inserting Eq. (2.4) into Eq. (1.2), we obtain
—4kQxx — 4kQxy + Oxxxy + 80xOxy + 40xxQy + aQxx = 0. (2.5)

Through symbolic computation, Eq. (2.5) admits three symmetries

0 0 (ax—-4k)F(Y) 0 (a —4k)G(Y)
AN=—=+FY)—-—"—"—,A GY— —_—+ 1)—,
1 6X+() 1 20" = ¥ + (- 4 )Q 06
0 ( —4k)F(Y) @AX+ 4Y)k aY ’
ANy =x—+HY _
3= gx TH( ) ( 5 T 4 ;¢ aQ
Considering the linear combination A; — A, in Eq. (2.6), by choosing F(Y) = —— 41<’ GY)=—=— 4k ,
two invariants for Eq. (2.5) can be derived
4X + (@ —-4k)Y
X = 0=y (2.7)
a— 4k
By inserting Eq. (2.7) into Eq. (2.5), we have
(1 -k)(a- 4k)2wXX + 8(a — 4k, + 40, = 0. (2.8)
(i1) For symmetry Us, it admits three invariants
X:x,T:t,u:Q(X,T)+%. (2.9)
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By substituting Eq. (2.9) into Eq. (1.2), we can obtain the following equation

4TQXT + 4QX + 2XQXX + G,’TQXX =0.
(ii1) For symmetry U4 — Us, three invariants can be obtained

4 OX,T)
- u= .
X X

X=xy, T =

By substituting Eq. (2.11) into Eq. (1.2), we have

— 16XT OxOxr — 8XT QxxQr — 2aXT Qxr — 3X2TQXXXT + 3XT2QXXTT + 12X2QXQXX

+ 8T*QxrOr — 8XQ0xx + 8T QQ0xr + 4T*QxQrr + 16T QxOr + aX*Qxx + aT*Qrr
+4aT Qr — 2aXQx — 801 — 4T Qrr +4XQxr + x? Oxxxx — 6T2QXTT - 73 Oxrrr
+ 800y — 8XQ0% — 6T Qxy + 6XT Qxxr + 2aQ = 0.

(iv) For symmetry Us, it admits three invariants

Y po b QXT) oy Xy
X 4 2t

By substituting (2.13) into Eq. (1.2), we have

- 24X2TQXXXT — 144XT Qxxr — 24XT2QXXTT + 48X2QXQXX + 88T OxQOr

+ 32T2QXTQT +16X00xx + 16T QQxr + 16XT OxOrr — 8X* Oxxxx — 72X2Qxxx
— 12T Qxrr — 8T Qxrrr — 150X Qxx — 150T Qxr + 88X Q% + 3200« — 600y
+ 64XTQXQXT + 32XTQxeT =0.

3. Particular solutions for the (2+1)-dimensional dissipative AKNS equation

3.1. Solutions of Eq. (2.8) via direct integration approach

First of all, Eq. (2.8) can be rewritten as

apyy + 8Dy Yy + AWy = 0,

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

3.1)

where a = (1 — k)(a — 4k)>, b = (a — 4k). Integrating Eq. (3.1) once with respect to y, then we get

ay, + 4bwj + 4 +C1 =0,

where C; is an integration constant. Multiplying Eq. (3.1) with ¢, and integrating again yields

1 4b
Eac//f( + ?%3( +2y7, + Crpy + C2 =0,

where C; is also the integration constant. Denoting ¢, as ®, Eq. (3.2) can be rewritten as

(3.2)

(3.3)
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By utilizing the following transformation

6 a
d=—- -—, 34
L P00~ o (34)
then Eq. (3.3) can be changed into the well known Weierstrass elliptic function equation

@7 =4¢’ — g9 — g3,

inwhich g, = & +%1 o3 = — L3+ LabC,~ L b2C,. Therefore, integrating Eq. (3.4) with respect

to y and returning to variables ¢, x, y, we obtain the solution of (2+1)-dimensional AKNS equation (1.2)

6 a
u= E()D(/V’ 82, g3) - @’ (35)

in which ¢(y; g2, g3) denotes the Weierstrass zeta function and ¢’(y; g2, 23) = —¢(x; &2,83),a = (1 —
— _ 4k 4x
k)(a — 4k)*, b = (a — 4k), x = —kt — T i T o 2
By selecting @ = 1,k = %,Cl = 2,C, = 3 in (3.5), we present the evolution process of solution
(3.5) in Figure 1. At ¢ = 1, there are several water waves with large peaks in Figure 1(a). When ¢ = 2,
these water waves exhibit certain periodicity in Figure 1(b). When ¢ = 3, the peaks get shorter and the

troughs gradually deepen in Figure 1(c).

(a) t=1 (b) t=2 (c) t=3

Figure 1. (Color online) The evolution for the Weierstrass zeta function solution (3.5).

3.2. Solutions of Eq. (2.8) by (G’ /|G*)-expansion method

Next, we would like to investigate the solutions of Eq. (2.8) by employing the (G’/G?)-expansion
method. By balancing the highest order derivative ¢,,,, and the nonlinear term of the highest order
YW, we obtain N = 1, which is the order of the solution, so the expression on the solution of Eq.
(2.8) can be written as

Gl -1 Gr
Y=a, (E) +ap+a; (a) , (3.6)
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in which G denotes the function of y and satisfies the following Riccati equation

G\ G'\
By substituting Eq. (3.6) into Eq. (2.8) together with Eq. (3.7) for simplification, collecting on the

’ _1 ’ . . . .
same powers of ((%) and (%) , and taking all the resulted coefficients as zero, then six algebraic
equations can be derived:

G\
(a) 16ata A - 64a3k A* + 96a,1*

G\
(E) = 16a_1a1a@ A* + 64a_ja1k X + 32ata Py — 128atk A*u — 2a,0%k 2> + 16a,a k* 2> — 32a,k> >
+2a,0% A% = 16a,ak 2> + 32a,k* A% + 160a,°u = 0,

Gl
(@) = 16a_1ay Pu + 64a_ja1k Pu + 16afoz/lu2 - 64afk/l,u2 —2a,0%kAu + 16a;a k* Au

— 32a, k> A + 2a,0° A — 16aakAu + 32a,k* Au + 64a, 1% = 0,

G\
(a) : = 16a* @ A%y + 64a® k A2 + 16a_1a,0d p* — 64a_jaikAp® — 2a 1% kAdu + 16a_1a k* du
— 3201k Au + 2a_10* Au — 16a_akAu + 32a_1k* Au + 64a_1 2% = 0.
G\~
(@) D= 32a* @A p* + 128a* kA p* + 16a_ a0 1 — 6da_jak i’ — 2a_ 0%k y* + 16a_,a kK

—32a_,k°1® + 2a_,0% % — 16a_ak 1 + 32a_1k*u? + 160a_1A 1> = 0,

G\~
(E) = 16a* @ i’ + 64a’ ki’ + 96a_1u* = 0.

By solving the above equations with Maple, three kinds of solution sets can be obtained:
Solution set 1.
a.y = 0,a9 = . a; = RootOf 16y Z* + (9ad — 361) Z + 541°),
RootOf (16p Z* + (9l - 361) Z + 544%) a + 61 (3.8)

k
4RootOf (164 Z* + (9ad — 361) Z+ 54.12)

Solution set 2.

a_y = RootOf (164 Z* + 9ap - 36p) Z - 54°) . ag = @, a = 0,
aRootOf (161 _Z* + (9ap — 361) Z — 544%) — 6u (3.9)

k=
4Ro0tOf (161 Z° + (9ap — 36u) Z - 54112)
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Solution set 3.

a.y = RootOf (644 Z* + 9ap - 36p) Z - 54°) . ag = o, ay =
9RootOf (641 Z° + (9ap - 36u) Z - 54%) @ — 36RootOf (641 Z° + (9ap - 36u) Z - 54u%) - 54u

2

64R0010f (641 Z° + Oay - 361) Z - 54y2)
RootOf (644 Z* + 9ap — 36u) Z - 54%) o - 6y
 4RootOf (64 2 + 9ap — 36p) Z— 54p2)

(3.10)
For solution set 1, when ud > 0, we get the following trigonometric function solution
_ [ Crcos(Vudy) + Casin(Vudy)
u(x,y,t) =ap+a [ = - , (3.11)
A\ Cycos(Vudy) — Cisin( Vudy)

where C, C, are arbitrary nonzero constants and y = —kz— Akt _dx

—atoxty while ag, a1, k are determined
by (3.8). By choosing @ = 2,4 = 1,u = 3,Cy = 1,C, = 1,40 = 0, we present the profiles of solution
(3.11) in Figure 2. Obviously, Eq. (3.11) is a rational solution in the form trigonometric functions.
Certain periodicity can be seen from Figure 2(a). While according to the changes in Figure 2(b), we
can see that the motion of waves is irregular. The characteristics of the cotangent function are shown

in Figure 2(c).

(a) (b) (©

Figure 2. (Color online) Profiles for the trigonometric function solution (3.11) atz = 0. (a)
3D profile from the perspective view; (b) 2D profile from the overhead view; (c) The wave
of the propagation style along the x axis fory = 1.
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For solution set 1, when ud < 0, we get the following hyperbolic function solution

a1 \JAg] ( Cisinh(2 vAuly) + Cicosh(2 iduly) + Cs

u(xay7t) =day— ’ (312)
A Cisinh(2 | Auly) + Cicosh(2 vlAuly) — C»
where Cy, C; are arbitrary nonzero constants and y = —kf— -+ -2 +y while ay, aj, k are determined

by (3.8). By choosing @ = 2,4 = 1l,u = -2,C; = 2,C, = 3,ay = 0, the profiles of solution (3.12)
are shown in Figure 3. Clearly, Eq. (3.12) is a hyperbolic functions solution. A wave with different
peaks is shown in Figure 3(a). The wave mark is clearly visible in Figure 3(b). The characteristics of
the hyperbolic cotangent function are shown in Figure 3(c).

| -

(@ (b) (©

Figure 3. (Color online) Profile for the hyperbolic function solution (3.12) at t = 1. (a) 3D
profile from the perspective view; (b) 2D profile from the overhead view; (c) The wave of the
propagation style along the x axis fory = 1.

For solution set 2, when ud > 0, we get the following trigonometric function solution

B A [ Cycos( Vudy) — Cisin( Vudy)
u(xay7 t) =a- - - + ag (313)
M\ Cicos( Vudy) + Casin( Vudy)
where Cy, C, are arbitrary nonzero constants and y = —kt— % + afjk +y, while a_y, ay, k are determined

by (3.9). By choosing @ = 2,4 =3,u = 1,C; = §,C, = 1,49 = 1, the profiles of solution (3.13) are
shown in Figure 4. Although Eq. (3.13) is also a rational solution in the form trigonometric functions,
it is seeming like the inverse of solution (3.11) from the perspective of representation. Multi peaks and
troughs are exhibited in Figure 4(a). According to the heights of the peaks appeared in Figure 4(a) and
the changes in Figure 4(b), we can see that the period of fluctuations is not fixed. The characteristics
of the cotangent functions with very small period are shown in Figure 4(c).
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() (b) (©

Figure 4. (Color online) Profiles for the trigonometric function solution (3.13) atz = 1. (a)
3D profile from the perspective view; (b) 2D profile from the overhead view; (c) The wave
of the propagation style along the x axis with y = 1.

For solution set 2, when ud < 0, the following hyperbolic function solution can be achieved

a_iA (Cisinh(2 \lAuly) + Cicosh(2 v[Auly) — Ca

u(x,y, t) = — + ap, (3.14)
VI \ Cysinh(2 [Aly) + Crcosh2 vIly) + Cs
where C, C; are arbitrary nonzero constants and y = —kf—- + -2 +y while a_y, a, k are determined

by (3.9). Noticeably, solution (3.14) is seeming like the inverse of solution (3.12). By choosing
a=31=-2,u=2C =1,C, = 5,ap = 1, the profiles of solution (3.14) are shown in Figure
5. By observation, Eq. (3.14) is a hyperbolic functions solution. A wave seeming like waterfall is
shown in Figure 5(a). The dividing line is clearly visible in Figure 5(b). While the features of the
hyperbolic tangent function are shown in Figure 5(c).

For solution set 3, when pd > 0, the following trigonometric function solution can be acquired

u(xy. 1) = a_, \/E(Czcos( Vudy) — Cysin( WX)) faota \/E(Clcos( Vidy) + Casin(Vudy)
) - MU\ Ccos( \//ﬂ){) + C,sin( \/m)() A Cycos( ‘//ﬂ)() — Cysin( ‘//ﬂ)() s

(3.15)
in which Cy, C, represents arbitrary nonzero constants and y = —kt — —- + — +y, while a_y, ap, a1, k
are determined by(3.10). Noticeably, solution (3.15) is seeming like the superposition of solution
(3.11) and (3.13). By choosing @ = 1,4 = 1,u = 2,C; = 3,C, = —1,a = 0, the profiles of solution
(3.15) are presented in Figure 6. By analysis, Eq. (3.15) is an intersection solution between solution
(3.11) and (3.13). Periodicity is no longer appeared in Figure 6(a). Multi peaks with different heights
can be observed in Figure 6(b). Features of the hyperbolic cotangent functions with very small period

are shown in Figure 6(c).

4kt 4x
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(a) (b) (©)

Figure 5. (Color online) Profiles for the hyperbolic function solution (3.14) att = 0. (a) 3D
profile from the perspective view; (b) 2D profile from the overhead view ;(c) The wave of the
propagation style along the y = 1.

(a) (b (©

Figure 6. (Color online) Profiles for the trigonometric function solution (3.15) at# = 0. (a)
3D profile from the perspective view; (b) 2D profile from the overhead view; (c) The wave
of the propagation style along the x axis with y = 1.
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For solution set 3, when ud < 0, the following hyperbolic function solution can be obtained

3D aA [Clsinh(Z\/M,ul)() + Ccosh(2 \flauly) — cz) .
ux,y, = — ao
VIl \ Cisinh(2 vflauly) + Cicosh(2 v/lauly) + C, (3.16)
ay /|l (Clsinh(Z VIAul) + Crcosh(2 \lauly) + cz] '
A\ C;sinh2 \Auly) + Cicosh(2 Auly) — C )
where Cy, C, are arbitrary nonzero constants and y = —kt — % + ﬁ + y, while a_y, ay, a,, k are

determined by (3.10). Noticeably, solution (3.16) is seeming like the superposition of solution (3.12)
and (3.14). By choosing @ = 2,1 = -2,u = 3,C; = 20,C;, = 30, ay = 0, the profiles of solution (3.16)
in are presented in Figure 7. By analysis, Eq. (3.16) is an intersection solution between solution (3.12)
and (3.14). A wave with a huge peak and a deep trough is presented in Figure 7(a). The wave mark
gradually becomes blurred in Figure 7(b). While the features of the hyperbolic cotangent function are
shown in Figure 7(c).

20 "
10 T
0 ~10
10 1 o
20

() (b) (©

Figure 7. (Color online) Profiles for the hyperbolic function solution (3.16) at t = 2. (a) 3D
profile from the perspective view; (b) 2D profile from the overhead view ;(c) The wave of the
propagation style along the x axis with y = 2.

4. Conservation laws
In what follows, we would like to consider the conservation laws of the (2+1)-dimensional
dissipative  AKNS equation (1.2) by invoking the multiplier method and Noether’s theorem

respectively.
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4.1. Conservation laws by the multiplier method

In this part, we aim to utilizing the multiplier method to determine the conserved currents of the
dissipative AKNS equation (1.2). In order to get the first order multipliers P, namely

P =P(x,y,t,u,y, Uy, ;). “4.1)

These corresponding multipliers can be derived by

S
= | P(Atty + thyy + Butstnyy + Attty + au)| = 0, (4.2)
where
0.9 p 9% p2 p2 i % ipp-2 002" DD, 2
Su  ou 0w, ouw,  Tow 0wy 0wy Ouy C Ol

represents the Euler operator and D, D,, D, represent the total derivative operators. By expanding
(4.2) in detail, collecting on derivatives of u from second order to fourth order and by equating their
coeflicients to be zero, we get twenty-one PDE:s:

P :O’Puxux :O9Puyuy :O9Pu,u, :O’Puux :OaPuu). ZO’Puu, :O’Puxu). ZO’Puxu, =0,

Py, =0,Py, =0,Py ZO’Pyur:()aPyu ZO’Pyu2092Pu+2qur_Ptu =0,
yht Y t x t X t

2P, = Py, =0,Py + Pry, = 0,8P; — Bu, Py, + 24u, P, + 3Py + Pryy, + 4Py, = 0,
- 4u,P,,, — 4u, Py, + 12u,P, + 4u,P,, — aPy, — aPy, +2aP,+ aP,, +4P, +4P, =0,
16U,y Py + 20U, Py + Uy Py + 4y Py + 41, Py + 4, Py, + 8uyPyy + @Py + 4Py + Py, = 0.

By solving above PDEs with the aid of maple, we obtain the following results

3
P=gt)+f (@t)y- f(Ou, + Cl(—gatzux — 21%u, — xtu, — 2ytuy — tu + xy)

3
+ CZ(Zatux +dtu; + u + 2yuy + xu,) + C3(x — 2tuy) + Cauy + Csuy + Couty.

in which Cy, C,, C3, Cy, Cs represent arbitrary constants , while g, f are functions of z. The conserved
currents of equation (1.2) can be obtained by utilizing the following divergence expression

D.C* + D,C” + D,C" = P4ty + Uprry + Sutylyy + dilyilhy + Qltyy), 4.3)
where C*, C” are spatial fluxes and C, is the conserved density. As a result, we obtain eight conserved
vectors (C*, C?, C") according to eight multipliers:

Case 1 Corresponding to Py = —3ar*u, — 2t*u, — xtu, — 2ytu, — tu + xy, we achieve the following
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conserved vector

3 3 3
X _ 2 2.2 22 2 22 2 2 2
C| = —ga/t Ullyry — Zat Uiy — Ea Fuy — 40Uy — gy + Uy — Ul
8
2 2 2 2 2 2
+ §t Ul iUy — §t Ull Uy — 8T U lyUy — 2008 Uty — 2008 Uy — XTU Uy — 2XTUU,

1 2 2 2 4
— Eaxtux — dytuyu, — 2yt u, + yiuy, — 4ytuxuy = 2aytu,uy, — 4tun, + tutdy,, + gtuuxuy

iu — atuu, + 4xyu, — Xy, + Uy + 4xyu i, + axyu, — ayu,

3 3 4 16 1
Cf = Eatzufm — Zatzui + Pty + gtzuuxxut + ?tzuuxux, + Extuix + 2xtui + 4ytu,u,

+ 2tu

4
2 2 2
+ aytu; — gt””x + XYUyry + 2XYU5,

1 16 8
22 2 2 2 2
= Zat Uy = Ullgyyy — 3 Uty — §t Ull Uty — 2X10 — 4ytu .

t

Case 2 Corresponding to P, = %atux + 4tu, + u + 2yu, + xu,, we achieve the following conserved
vector
3 3

3 16
C; = —atuityyy + —a/tu)zcuy + —afztui + 8tut2 + 20U ylty + 200 gty — 20U Uy — ?tuux,uy

4 2 8
+ ?tuuxyut + 16u,uyu, + 4atu i, + dui; — Uty + guuxuy + 2u2uxy — utty + dyuyu,

1
+ 2Vl pylty — yuiy + 8yuxu§ — 2YUllyy + XUyl yyy + 2xu§uy + Ea/xu2
3 16 32
C; = —gatuix + Eatui — 2t Ul s — ?tuuxxut - ?tuuxuxt - guui - 2ulu,, — dyu,u,
1

+ 2ayuit,, + yu® — Exuix + 2,

X

t 2 2
G, = —Eatux + 20Ul oy + ?tuuxuxy -+ ?tuuxxuy + dyu iy, + 2xu5.

Case 3 Corresponding to P3 = x — 2tu,, we achieve the following conserved vector

C3 = 2xuityy + Oxu Uy + axu, — au — 4tuyi, — 2ty Uy + tuiV - 8tuxu§ - 2atu.uy,
C}y = Xty — 2XUUy, — 2unty + 4tuut, + atu?,

t_
3 = dxu, — 4tuu,.

Case 4 Corresponding to P4 = u,, we acquire the following conserved vector

1
X _ 2 2
C, = Sy + Uyl ey + 25Uy,

1
Y _ 3 2
C, =2u, — zuy,,

t _ 2
4 = 2U.
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Case 5 Corresponding to Ps = u,, we acquire the following conserved vector

1
Cs = 2uyu; + Uyltyyy — Euiy + 4uxu§ + au,uy,
y 1,
Cs = 2uu; — Eaux,

C5 = 2u,u,.

Case 6 Corresponding to P = u,, we acquire the following conserved vector

1 1 1 4
Ci = Eu”yut + Eumuy — Euxyumj + guuxyut - guux,uy + duugu, + auu,,
y 1 4 8
C6 = _Euuxxxt - guuxxut - guuxuxta
1 8 4 1
t 2 2
Ce =2u; + EWxxxy + guuxuxy + guuxxuy - Eaux.

Case 7 Corresponding to P; = f'(t)y — f(t)u,, we acquire the following conserved vector
Cy = 4f (Oyu + ' Oytteay + 6f (Oyusity + 2f (O)yusnry + 2f (Ourty + @ f (O)yur = f(Ottcttry
— 4f(t)u)2€uy —4f(Duu iy, — %a/f(t)ui,
C) = =2f (Oyuut + %f (O}, + 4 f (Ounsity,
Ch = =2f(tu’.
Case 8 Corresponding to Pg = g(t), we achieve the following conserved vector

Cs = —4g'(Hu + 4g()uuy + ag(t)u,,
Cyy = g(Duyyy + 48DV — 28(1)V3,
Cg = 4g(t)u,.

4.2. Conservation laws by Noether’s Theorem

In this part, we would like to derive the conservation laws of Eq. (1.2) by using the classical
Noether’s theorem [19]. By calculating, we can obtain the second order Lagrangian of equation (1.2)

1
L= =2uu; + Uty — Zuiuy - Ea/ui. “4.4)
Consequently, the Noether symmetries
0 0 0 0
S: 2 ’t’ _+ 2 ’t’ _+ 2 ’t’ _+ 2 7t’ a
§y, ) + $(x,y, 1, u) PN Ty, )+ (%, 1 1) o

of the (2+1)-dimensional dissipative AKNS equation (1.2) are established by applying the Lagrangian
equation (4.4) to the following determining equation

SPLL+ L (D) + Dy(@) + D)) + D(T™) + D(T”) + DT") =0, (4.5)
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where S?! is the second prolongation of S , while T*, 77, T are gauge functions. By expanding
equation (4.5) and solving solutions for the resulted partial differential equations, we get the following
Noether symmetries as well as their corresponding gauge functions

o 0
= — 4+ T"=0,T"=0,T" =0,
o1 ox Ot
=9 9 o oo =0,
ox oy’
0 x0 1
—t—+Z— T =au,T" = 0,T" =
03 8y+2(?u Sau u
x 0 0 0 3ay u\ 0
=L oy e -2 ) Tr =07 =0,T =0,
T 2ax ey 7 ( 8 2)au
tx 0 ty 0 o (3ta+4x)y tu\ 0 1 1 1
X9 R (e 04 T = ——ayu—-u, 7" =0,T" = ~yu.
ST %4ox 26y 20n ( 16 4 ) ou g T 4" 2"

By employing the following formula [20] along with above Noether symmetries

(0L oL
= 'Lé:k + (77 - uxjfj) (au f l=1DX1 (m)) + Z?zk(gl x’xlf ) - Tk'

xk x

we derive the corresponding conserved vectors, which are given by

1
r_ 2 2 2
C| =Uyllyy — 25Uy — S + 2u;,

1
x _~, 2 2 2
Ci =2uu, + Ecmx + Uy + 207 + AUyl + QUG + Uiy — Uyl — Uyllyy — Unxllyg,

C| =207 + Uplhpee + 2% U, + Uerlly.

Ch =2u? + 2u,u,,

1
C :2u)2€uy + iaui + Uyllyry + 2UyU; + 4uxu§ + QU Uy + Uyyylly — uiy — Uyxlyy = UnxlUy,

C) = = 2wty + Uyyllyy — Ea/ui + 200 + Ul + Uyl
Cy = — xuy + 2tuuy, — u,
x 1 1 2 1 2
C3 = — xuy — 2xuuy, — Ea/xux — Exum, + 2tuyu, + 4tuxuy + atu iy + flyylty + Euxy — tuy,
1

— TUcllyy — o,

Cy =2t 2 2

= Uyl + MU Uy, — —QU, — XU, — = XU + Uy Uy
X

3 xUy xx“xy 2 X 2 XXX xxxWy
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Cy =2tu ity — 4tu)2€uy - atui + Za/yux + uu, + xui + 2yu iy,

1 5
C, :xuiuy + Zaxui + Za/yut + uu; + 2yuyu; + 4tut2 + Ea/yuxuy + 2uuu, + 4yuxu§ + Btuuyu,

3 1 3 1 1
+ gazyux + Eauux + 2atu,u;, + gayum + Euum, + Ex“x”xxy + YUxyly + 20U Uy
3 1

2
_ Euxuxy — Yuly, — 2t Uty — ga/uxx - Euxxuy - Exuxxuxy — Vilyxllyy — 20U ylhyy,
y 1 2 2 3 2 3 1 1
Cy = = 2yu iy + yu iy, + Za/yux + uuy + xu, + 4tuu, + ga/yuxxx + EWWC + Exuxuxxx
+ Vlyxxlty + 20U Uty

C’—lt2 u? ! 2u? 3 1t 1t 24t 3
5=5 Upxllyy — UG, — —@t Uy + gatyux — —Xxyu, + 5 uu, + > XUy + tYUyUy + — QYU gy

4 2 16
1 1 1 1 1, 1
— 4_1 XYUyyy + Ztuuxxy + thuxuxxy + Etyuxxyuy + Et Uyxyly — Eyu,
o1, 1,3 1 1 ., 3
C5 =— Etxuxuy + gatxux + ga/tyu, - Exyut + Etuut + tyuyu; + tu; + Zatyuxuy — XYUxlUy
+1t + txuluy + 2tyu i’ + 21 ety —  atun, + ~at
Ul Uy + 1XU Uy Vibylty, Uy Uyl I 6a VUl 4cyxyux 4a Ul 2a/ VU lUy,
1, 3 1 1 1 1 1,
+ Eat Uy + Emy”xxxy — nyuxxy + Ztuuxxy + thuxuxxy + Etyuxxyuy + Et UyxyUy
. 3, Lo —1p o 3, L
=VlUyy — —tUy Uy, — —IYUL — =T Ul — — QU + — XUy — =~ Uyl — — XUyl
gt T gt T e T ot et T gt T ety T et
1 1, 1 1
- Etyuxxuyy - Et UxxUye + gayu + Zux,
Cl=- tyu,u, + 1tyu Uy + loztyu2 - lxyu2 + ltuu2 + 1)f)cu3 + Pulu, + ioztyu
5 xWt 2 xx%Wxy 2 X 2 X 2 X 2 X xYt 16 XXX
: L LY L rip
— T XYUxxx —IUUxx —IXUUyxx SIYUxxxU U UyxxUs.
4™ 4 4 g Yty 7 ’

5. Conservation laws

In this paper, we implemented the Lie symmetry analysis method to the dissipative (2 +
1)-dimensional AKNS equation and produced six point symmetries, utilized them to perform
symmetry reductions and derived four differential equations, including the fourth-order ordinary
differential equation (2.8) and three partial differential equations, Eq. (2.10), Eq. (2.12) and Eq.
(2.14). Thereafter, we solved Eq. (2.8) by employing the direct integration approach and the
(G’ /G*)—expansion method, respectively. On one hand, we constructed periodic solution of Eq. (2.8)
in terms of the Weierstrass elliptic function. On the other hand, six kinds of including the hyperbolic
function types and the hyperbolic function types were obtained via the (G’/G?)—expansion method.
The corresponding graphical representation of the obtained solutions were also presented by choosing
suitable parametric values. Finally, conserved vectors for (1.2) were derived by invoking the
multiplier technique and the classical Noether’s theorem, respectively. As a result, eight multipliers
were obtained from the multiplier method, thereby eight local conservation laws for the dissipative (2
+ 1)-dimensional AKNS equation (1.2) were given. Moreover, five local conservation laws were
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derived by invoking Noether’s theorem. It is necessary to point out that when taking f(¢) = 0,g() =0
in (2.3), then U;, U, can be reduced to the point symmetries Vi, V, in Ref. [32]. Therefore, the
symmetry reductions are different from the ones in Ref. [32]. Furthermore, we solved the Eq. (2.8)
with the aid of the the (G’/G*)—expansion method. Our results have greater improvements. We
presented two kinds of the conservation laws by employing two methods. The difference and relation
between these conservation laws is still a puzzle. The solutions for Eq. (2.10), Eq. (2.12) and Eq.
(2.14) haven’t been solved yet. We will investigate these problems in our future work.
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