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1. Introduction

In the study of perturbations of the three degree of freedom Kepler Hamiltonian pulling back,
the regularized Hamiltonian by the Kustaanheimo-Stiefel (KS) map, gives a perturbation of the four
degree of freedom harmonic oscillator Hamiltonian, when restricted to the zero level set of the KS
symmetry. We use the formulation of the KS transformation in [6] which allows us to reduce the KS
symmetry using invariant theory for the first time. As an illustration, we apply this procedure to the
regularized Stark Hamiltonian, which is normalized after applying the KS transformation. We do not
expect this Hamiltonian to be completely integrable (see Lagrange [4] and also [5]). Our treatment
follows that of [3] and gives the full details of obtaining the second order normal form [1]. We use the
notation of [2] and note that our procedure of regularization, pull back by the KS map, normalization
and reduction may be used to study three degree of freedom perturbed Keplerian systems.

2. The basic set up

On T0R
3 = (R3 \ {0}) × R3 with coordinates (x, y) and standard symplectic form ω3 =

∑3
i=1 dxi ∧ dyi

consider the Stark Hamiltonian

K(x, y) = 1
2⟨y, y⟩ −

1
|x|
+ f x3. (2.1)
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Here, ⟨ , ⟩ is the Euclidean inner product on R3 with associated norm | |. On the negative energy level
−1

2k2 with k > 0 rescaling time dt 7→ |x|
k ds, we obtain

0 = 1
2k

(
|x|⟨y, y⟩ + k2|x|

)
−

1
k
+ f x3

|x|
k
. (2.2)

In other words, (x, y) lies in the 1
k level set of

K̂(x, y) = 1
2k |x|
(
⟨y, y⟩ + k2|x|

)
+ f x3

|x|
k
. (2.3)

We assume that f is small, namely, f = εβ. After the symplectic coordinate change (x, y) 7→ (1
k x, ky)

the Hamiltonian K̂ becomes the preregularized Hamiltonian

K(x, y) = 1
2 |x|(⟨y, y⟩ + |x|) + εβx3|x| (2.4)

on the level set K−1(1).

Let T0R
4 = (R4 \ {0}) × R4 have coordinates (q, p) and a symplectic form ω4 =

∑4
i=1 dqi ∧ dpi. Pull

back K by the Kustaanheimo-Stiefel mapping

KS : T0R
4 → T0R

3 : (q, p) 7→ (x, y),

where

x1 = 2(q1q3 + q2q4) = U2 − K1

x2 = 2(q1q4 − q2q3) = U3 − K2

x3 = q2
1 + q2

2 − q2
3 − q2

4 = U4 − K3

y1 = (⟨q, q⟩)−1(q1 p3 + q2 p4 + q3 p1 + q4 p2) = (H2 + V1)−1V2

y2 = (⟨q, q⟩)−1(q1 p4 − q2 p3 − q3 p2 + q4 p1) = (H2 + V1)−1V3

y3 = (⟨q, q⟩)−1(q1 p1 + q2 p2 − q3 p3 − q4 p4) = (H2 + V1)−1V4

and

H2 =
1
2 (p2

1 + p2
2 + p2

3 + p2
4 + q2

1 + q2
2 + q2

3 + q2
4)

Ξ = q1 p2 − q2 p1 + q3 p4 − q4 p3,

to get the regularized Stark Hamiltonian

H = H2 + εβ
(
U4V1 + H2U4 − K3V1 − H2K3

)
(2.5)

on Ξ−1(0), since |x| = ⟨q, q⟩ = H2 + V1. Here

K1 = −(q1q3 + q2q4 + p1 p3 + p2 p4)
K2 = −(q1q4 − q2q3 + p1 p4 − p2 p3)
K3 =

1
2 (q2

3 + q2
4 + p2

3 + p2
4 − q2

1 − q2
2 − p2

1 − p2
2)
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L1 = q4 p1 − q3 p2 + q2 p3 − q1 p4

L2 = q1 p3 + q2 p4 − q3 p1 − q4 p2

L3 = q3 p4 − q4 p3 + q2 p1 − q1 p2

U1 = −(q1 p1 + q2 p2 + q3 p3 + q4 p4)
U2 = q1q3 + q2q4 − p1 p3 − p2 p4

U3 = q1q4 − q2q3 + p2 p3 − p1 p4

U4 =
1
2 (q2

1 + q2
2 − q2

3 − q2
4 + p2

3 + p2
4 − p2

1 − p2
2)

V1 =
1
2 (q2

1 + q2
2 + q2

3 + q2
4 − p2

1 − p2
2 − p2

3 − p2
4)

V2 = q1 p3 + q2 p4 + q3 p1 + q4 p2

V3 = q1 p4 − q2 p3 − q3 p2 + q4 p1

V4 = q1 p1 + q2 p2 − q3 p3 − q4 p4.

generate the algebra of polynomials invariant under the S 1 action φΞs given by the flow of XΞ on
(TR4 = R8, ω4). The HamiltonianH (2.5) is invariant under this S 1 action and thus is a smooth function
on the orbit space Ξ−1(0)/S 1 ⊆ R16 with coordinates (K, L,H,Ξ; U,V).

3. The first order normal form on Ξ−1(0)/S 1

The harmonic oscillator vector field XH2 on (TR4, ω4) induces the vector field YH2 =
∑4

i=1
(
2Vi

∂
∂Ui
−

2Ui
∂
∂Vi

)
on the orbit space R8/S 1 ⊆ R16, which leaves Ξ−1(0)/S 1 invariant.

We now compute the first order normal form of the Hamiltonian H (2.5) on the reduced space
Ξ−1(0)/S 1 ⊆ R8/S 1.

The average of H2U4 − K3V1 over the flow

φ
YH2
t (K, L,H2,Ξ; U,V) =

(
K, L,H2,Ξ; U cos 2t + V sin 2t,−U sin 2t + V cos 2t

)
of YH2 is

H2U4 − K3V1 =
1
π

∫ π

0
(φ

YH2
t )∗(H2U4 − K3V1) dt

= 1
π

∫ π

0
(U4 cos 2t + V4 sin 2t)dt H2 −

1
π

∫ π

0
(−U1 sin 2t + V1 cos 2t)dt K3 = 0.

The second equality above follows because LXH2
K3 = 0 and the third because cos 2t = sin 2t = 0. The

average of U4V1 over the flow of YH2 on Ξ−1(0)/S 1 is

U4V1 =
1
π

∫ π

0
(φ

YH2
t )∗(U4V1) dt

= −1
2U1U4 sin 4t + U4V1 cos2 2t − U1V4 sin2 2t + 1

2V1V4 sin 4t

= 1
2 (U4V1 − U1V4) = −1

2 H2K3,
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since cos2 2t = sin2 2t = 1
2 and sin 4t = 0. The last equality above follows from the explicit description

of the orbit space R8/S 1 as the semialgebraic variety in R16 with coodinates (K, L,U,V; H2,Ξ) given by

⟨U,U⟩ = U2
1 + U2

2 + U2
3 + U2

4 = H2
2 − Ξ

2 ≥ 0 H2 ≥ 0
⟨V,V⟩ = V2

1 + V2
2 + V2

3 + V2
4 = H2

2 − Ξ
2 ≥ 0

⟨U,V⟩ = U1V1 + U2V2 + U3V3 + U4V4 = 0 (3.1)
U2V1 − U1V2 = L1Ξ − K1H2

U3V1 − U1V3 = L2Ξ − K2H2

U4V1 − U1V4 = L3Ξ − K3H2

U4V3 − U3V4 = K1Ξ − L1H2

U2V4 − U4V2 = K2Ξ − L2H2

U3V2 − U2V3 = K3Ξ − L3H2.

So the average of U4V1 + H2U4 − K3V1 − H2K3 over the flow of YH2 is −3
2 H2K3 on Ξ−1(0)/S 1. Thus the

first order normal form of the regularized Stark HamiltonianH (2.5) on Ξ−1(0)/S 1 is

H
(1)
nf = H2 −

3
2βεH2K3. (3.2)

4. The second order normal form on Ξ−1(0)/S 1

In order to compute the second order normal form of the Hamiltonian H on Ξ−1(0)/S 1, we need
to find a function F on R16 such that changing coordinates by the time ε value of the flow of the
Hamiltonian vector field YF brings the regularized HamiltonianH (2.5) into first order normal form.
Choose F so that

LYF H2 = β
(
− U4V1 −

1
2 H2K3 − H2U4 + K3V1

)
. (4.1)

The following calculation shows that this choice does the job.

(φYF
ε )∗H = H + εLYFH +

1
2ε

2L2
YF
H + O(ε3)

= H2 + εβ
(
U4V1 + H2U4 − K3V1 − H2K3

)
+ εLYF H2

+ ε2βLYF

(
U4V1 + H2U4 − K3V1 − H2K3

)
+ 1

2ε
2L2

YF
H2 + O(ε3)

= H2 + εβ
(
U4V1 + H2U4 − K3V1 − H2K3

)
+ εβ
(
− U4V1 −

1
2 H2K3 − H2U4 + K3V1

)
+ ε2[LYF

(
− LYF H2 −

3
2βH2K3

)
+ 1

2 L2
YF

H2
]
+ O(ε3)

= H2 −
3
2εβH2K3 −

1
2ε

2(L2
YF

H2 + 3βLYF (H2K3)
)
+ O(ε3). (4.2)

To determine the function F, we solve equation (4.1). Write F = F1 + F2, where LYH2
F1 =

β(U4V1 +
1
2 H2K3) and LYH2

F2 = β(H2U4 − K3V1). Then

LYF H2 = −LYH2
F = −LYH2

F1 − LYH2
F2

= −β(U4V1 +
1
2 H2K3) − β(H2U4 − K3V1). (4.3)

Communications in Analysis and Mechanics Volume 15, Issue 3, 457–469.



461

Since LYH2
V4 = −2U4 and LYH2

U1 = 2V1, it follows that

F2 = −
β

2 (H2V4 + K3U1). (4.4a)

Now

F1 =
β

π

∫ π

0
t(φ

YH2
t )∗
(
U4V1 +

1
2 H2K3

)
dt = β

π

∫ π

0
t(φ

YH2
t )∗(U4V1)dt + πβ4 H2K3,

see [1], and

β

π

∫ π

0
t(φ

YH2
t )∗(U4V1)dt =

= −
β

2 (U1U4) 1
π

∫ π

0
t sin 4tdt + β(U4V1) 1

π

∫ π

0
t cos2 2tdt

− β(U1V4) 1
π

∫ π

0
t sin2 2tdt + β2 (V1V4) 1

π

∫ π

0
t sin 4tdt

=
β

8 (U1U4 − V1V4) + πβ4 (U4V1 − U1V4),

since 1
π

∫ π
0

t sin 4tdt = −1
4 and 1

π

∫ π
0

t sin2 2tdt = 1
π

∫ π
0

t cos2 2tdt = π4 . Thus

F1 =
β

8 (U1U4 − V1V4) + πβ4 (U4V1 − U1V4 + H2K3) = β8 (U1U4 − V1V4)

on Ξ−1(0)/S 1, see (3.1). Hence on Ξ−1(0)/S 1

F = F1 + F2 =
β

8 (U1U4 − V1V4) − β2 (H2V4 + K3U1). (4.5)

We now calculate the average over the flow of YH2 of

−3
2βLYF (H2K3) − 1

2 L2
YF

H2, (4.6)

which is the ε2 term in the transformed Hamiltonian (φYF
ε )∗H , see (4.2). This determines the second

order normal form ofH on Ξ−1(0)/S 1. We begin with the term

−3
2βLYF (H2K3) = −3

2β[K3(LYF H2) − H2(LYK3
F)].

The average of
−3

2beta K3(LYF H2) = 3
2β

2 K3(U4V1 +
1
2 H2K3 + H2U4 − K3V1)

vanishes on Ξ−1(0)/S 1. The term

3
2βH2(LYK3

F) = 3
2β

2H2 LYK3

(1
8 (U1U4 − V1V4) − 1

2 (H2V4 + K3U1)
)

= 3
2β

2H2
[(
− 2L2

∂

∂K1
+ 2L1

∂

∂K2
− 2K2

∂

∂L1
+ 2K1

∂

∂L2

− 2U4
∂

∂U1
+ 2U1

∂

∂U4
− 2V4

∂

∂V1
+ 2V1

∂

∂V4

)]( 1
8 (U1U4 − V1V4)

− 1
2 (H2V4 + K3U1)

)
, see [2, table 1]
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= 3
2β

2H2
[1

4 (−U2
4 + U2

1 + V2
4 − V2

1 ) − H2V1 + K3U4
]
.

Next we calculate 3
2βH2(LYK3

F). Since H2V1 = 0 = K3U4 we need only calculate the average of U2
1 , U2

4 ,

V2
1 and V2

4 . We get U2
1 =

1
2(U2

1 + V2
1 ) = V2

1 and U2
4 =

1
2(U2

4 + V2
4 ) = V2

4 . Thus 3
2βH2(LYK3

F) = 0. So the
average −3

2βLYF (H2K3) of the first term in expression (4.6) vanishes on Ξ−1(0)/S 1.

Next we calculate the average of the term L2
YF

H2 in expression (4.6) on Ξ−1(0)/S 1. We have

L2
YF

H2 = −LYF (LYH2
F)

= −βLYF

(
U4V1 +

1
2 H2K3 + H2U4 − K3V1), using (4.3)

= β
[ I︷      ︸︸      ︷
(LYU4

F)V1 +

II︷      ︸︸      ︷
U4(LYV1

F)−1
2

III︷      ︸︸      ︷
(LYF H2)K3 +

1
2

IV︷      ︸︸      ︷
H2(LYK3

F)

−

V︷       ︸︸       ︷
(LYF H2)U4 +

VI︷      ︸︸      ︷
H2(LYU4

F)−
VII︷      ︸︸      ︷

(LYK3
F)V1 −

VIII︷      ︸︸      ︷
K3(LYV1

F)
]
.

We begin by finding

LYH2
F = β

[(
2V1

∂

∂U1
+ 2V2

∂

∂U2
+ 2V3

∂

∂U3
+ 2V4

∂

∂U4
− 2U1

∂

∂V1
− 2U2

∂

∂V2

− 2U3
∂

∂V3
− 2U4

∂

∂V4

)]( 1
8 (U1U4 − V1V4) − 1

2 (H2V4 + K3U1)
)

= β
[ 1

2 (V1U4 + U1V4) + H2U4 − K3V1
]
;

LYK3
F = β

((
− 2L2

∂

∂K1
+ 2L1

∂

∂K2
− 2K2

∂

∂L1
+ 2K1

∂

∂L2
− 2U4

∂

∂U1
+ 2U1

∂

∂U4

− 2V4
∂

∂V1
+ 2V1

∂

∂V4

)( 1
8 (U1U4 − V1V4) − 1

2 (H2V4 + K3U1)
))

= β
[ 1

4 (−U2
4 + U2

1 + V2
4 − V2

1 ) − H2V1 + K3U4
]
;

LYU4
F = β

[(
− 2U1

∂

∂K3
− 2U3

∂

∂L1
+ 2U2

∂

∂L2
− 2V4

∂

∂H2
− 2K3

∂

∂U1
+ 2L2

∂

∂U2

+ 2V3
∂

∂U3
− 2H2

∂

∂V4

)(1
8 (U1U4 − V1V4) − 1

2 (H2V4 + K3U1)
)]

= β
[
V2

4 + K2
3 −

1
4 (K3U4 − H2V1) + H2

2 + U2
1
]
;

LYV1
F = β

[(
2V2

∂

∂K1
+ 2V3

∂

∂K2
+ 2V4

∂

∂K3
+ 2U1

∂

∂H2
+ 2H2

∂

∂U1
+ 2K1

∂

∂V2

+ 2K2
∂

∂V3
+ 2K3

∂

∂V4

)(1
8 (U1U4 − V1V4) − 1

2 (H2V4 + K3U1)
)]

= β[−2(U1V4 + H2K3) + 1
4 (H2U4 − K3V1)].

So the average of term I on Ξ−1(0)/S 1 is

β(LYU4
F)V1 = β

2(V1V2
4 + K2

3V1 −
1
4 K3U4V1 +

1
4 H2V2

1 + H2
2V1 + U2

1V1)

= β2(1
8 H2K2

3 +
1
8 H2(U2

1 + V2
1 )
)
, (4.7a)
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since the average of V1V2
4 , K2

3V1, H2
2V1, and U2

1V1 are each 0, U4V1 = −
1
2 H2K3 and V2

1 =
1
2 (U2

1 + V2
1 ).

Term II is
βU4(LYV1

F) = β2( − 2U1U4V4 − 2H2K3U4 +
1
4 H2U2

4 −
1
4 K3U4V1

)
.

So

βU4(LYV1
F) = 1

4β
2H2U2

4 −
1
4β

2 K3U4V1

= 1
8β

2H2(U2
4 + V2

4 ) + 1
8β

2H2K2
3 . (4.7b)

For term III, we have already shown that

−
β

2 (LYF H2)K3 = 0. (4.7c)

and for term IV we have already shown that

β

2 H2(LYK3
F) = 0. (4.7d)

Term V is
−β(LYF H2)U4 = β

2(1
2U2

4V1 +
1
2U1U4V1 + H2U2

4 − K3U4V1
)
.

So

−β(LYF H2)U4 = β
2(1

2U2
4V1 +

1
2U1U4V1 + H2U2

4 − K3U4V1
)

=
β2

2 H2(U2
4 + V2

4 ) − β
2

2 K3(U4V1 − U1V4), (4.7e)

since the average of U2
4V1 and U1U4V1 vanish; while U2

4 =
1
2 (U2

4 + V2
4 ) and U4V1 =

1
2 (U4V1 − U1V4).

Term VI is
βH2(LYU4

F) = β2H2
(
V2

4 + K2
3 −

1
4 K3U4 +

1
4 H2V1 + H2

2 + U2
1
)
.

So

βH2(LYU4
F) = β2 H2V2

4 + β
2 H2K2

3 + β
2 H3

2 + β
2 H2U2

1

= 1
2β

2 H2(U2
4 + V2

4 ) + β2H2K2
3 + β

2H3
2 +

1
2β

2 H2(U2
1 + V2

1 ), (4.7f)

since K2U4 = 0 = H2V1.
Term VII is

−β(LYK3
F)V1 = β

2(1
4 [U2

4V1 − U2
1V1 − V1V2

4 + V3
1 ] + H2V2

1 − K3U4V1
)
.

So

−β(LYK3
F)V1 = β

2H2V2
1 − β

2K3U4V1

=
β2

2 H2(U2
1 + V2

1 ) − β
2

2 K3(U4V1 − U1V4). (4.7g)

Term VIII is
−βK3(LYV1

F) = β2(2K3U1V4 + 2H2K2
3 −

1
4 H2K3U4 +

1
4 K2

3V1
)
.

Communications in Analysis and Mechanics Volume 15, Issue 3, 457–469.



464

So
−βK3(LYV1

F) = 2β2K3U1V4 + 2β2 H2K2
3 = 3β2 H2K2

3 , (4.7h)

since U1V4 =
1
2 H2K3. Collecting together the results of all the above term calculations gives

L2
YF

H2 = β(LYU4
F)V1 + βU4(LYV1

F) − β(LYF H2)U4 + βH2(LYU4
F)

− β(LYK3
F)V1 − βK3(LYV1

F)

= β2([ 1
8 H2K2

3 +
1
8 H2(U2

1 + V2
1 )] + [ 1

8 H2(U2
4 + V2

4 ) + 1
8 H2K2

3]
+ [1

2 H2(U2
4 + V2

4 ) − 1
2 K3(U4V1 − U1V4)] + [ 1

2 H2(U2
4 + V2

4 ) + H2K2
3 + H3

2

+ 1
2 H2(U2

1 + V2
1 )] + [ 1

2 H2(U2
1 + V2

1 ) − 1
2 K3(U4V1 − U1V4)] + 3H2K2

3
)

= β2[ 21
4 H2K2

3 + H3
2 +

9
8 H2(U2

1 + V2
1 ) + 9

8 H2(U2
4 + V2

4 )
]
,

using U4V1 − U1V4 = −K3H2. Thus the second order normal form of the regularized Stark Hamiltonian
H on Ξ−1(0)/S 1 is

H
(2)
nf = H2 −

3
2εβH2K3 −

1
2ε

2L2
YF

H2 = H2 −
3
2εβH2K3

− 1
2ε

2β2H2
[ 21

4 K2
3 + H2

2 +
9
8 (U2

1 + V2
1 ) + 9

8 (U2
4 + V2

4 )
]
. (4.8)

5. The first order normal form ofH (2)
nf on ThS 3

1

Since LXH2
H

(2)
nf = 0 by construction, the second order normal formH (2)

nf (4.8) is a smooth function
on (H−1

2 (h) ∩ Ξ−1(0))/S 1 = ThS 3
1, the tangent h-sphere bundle of the unit 3-sphere S 3

1, given by

H̃ = h − 1
2ε

2β2h3 − 3
2εβhK3

− 1
2ε

2β2h
[21

4 K2
3 +

9
8 (U2

1 + V2
1 ) + 9

8 (U2
4 + V2

4 )
]
. (5.1)

We now show that the Hamiltonian H̃ (5.1) on ThS 3
1 can be normalized again. On (TR4, ω4) the

Hamiltonian
K3(q, p) = 1

2 (q2
3 + q2

4 + p2
3 + p2

4 − q2
1 − q2

2 − p2
1 − p2

2)

gives rise to the Hamiltonian vector field XK3 , whose flow φ
XK3
t (q, p) is(

q1 cos t − p1 sin t, q2 cos t − p2 sin t, q3 cos t + p3 sin t, q4 cos t + p4 sin t,

q1 sin t + p1 cos t, q2 sin t + p2 cos t,−q3 sin t + p3 cos t,−q4 sin t + p4 cos t
)
,

which is periodic of period 2π.

The vector field XK3 on TR4 induces the vector field

YK3 = −2L2
∂

∂K1
+ 2L1

∂

∂K2
− 2K2

∂

∂L1
+ 2K1

∂

∂L2

− 2U4
∂

∂U1
+ 2U1

∂

∂U4
− 2V4

∂

∂V1
+ 2V1

∂

∂V4
,
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on Ξ−1(0)/S 1 ⊆ R16 with coordinates (K, L,H2,Ξ; U,V), whose flow

φ
YK3
s (K, L,H2,Ξ; U,V) =

(
− L2 sin 2s + K1 cos 2s, L1 sin 2s + K2 cos 2s,K3

− K2 sin 2s + L1 cos 2s,K1 sin 2s + L2 cos 2s, L3,H2,Ξ; U1 cos 2s − U4 sin 2s,

U2,U3,U1 sin 2s + U4 cos 2s,V1 cos 2s − V4 sin 2s,V2,V3,V1 sin 2s + V4 cos 2s
)

is periodic of period π. Since LYK3
maps the ideal of smooth functions which vanish identically on

Ξ−1(0)/S 1 into itself, YK3 is a vector field on Ξ−1(0)/S 1. Since LXK3
H2 = 0, it follows that YK3 induces a

vector field on ThS 3
1 with periodic flow. So we can normalize again.

To compute the normal form of the Hamiltonian H̃ (5.1) on ThS 3
1 we need only calculate the average

of the term
T = 21

4 K2
3 +

9
8 (U2

1 + V2
1 ) + 9

8 (U2
4 + V2

4 )

over the flow φ
YK3
s . Since LYK3

K3 = 0, we need only calculate U2
1 , U2

4 , V2
1 , and V2

4 . Now

U2
1 =

1
π

∫ π

0
(U1 cos 2s − U4 sin 2s)2 ds

= 1
π

∫ π

0

(
U2

1cos2 2s − U1U4 sin 4s + U2
4sin2 2s

)
ds = 1

2 (U2
1 + U2

4).

Similarly, V2
1 =

1
2 (V2

1 + V2
4 ), U2

4 =
1
2 (U2

1 + U2
4), and V2

4 =
1
2 (V2

1 + V2
4 ). Thus

T = 21
4 K2

3 +
9
8h(U2

1 + V2
1 + U2

4 + V2
4 ), (5.2)

which is no surprise since LYK3
T = 0. So the first order normal form of H̃ (5.1) on ThS 3

1 is

H̃
(1)
nf = h − 1

2ε
2β2h3 − 3

2εβhK3

− ε2β2h[21
8 K2

3 +
9
16 (U2

1 + V2
1 + U2

4 + V2
4 )]. (5.3)

6. The reduced Hamiltonian H̃ (1)
nf on S 2

h × S 2
h

The polynomial U2
1 + V2

1 + U2
4 + V2

4 is invariant under the flows φ
XH2
t , φXΞ

u , and thus is a polynomial
on the orbit space ThS 3

1/S
1 = S 2

h × S 2
h, defined by

K2
1 + K2

2 + K2
3 + L2

1 + L2
2 + L2

3 = h2

K1L1 + K2L2 + K3L3 = 0.

We now find this polynomial. From the explicit description of R8/S 1 in (3.1) it follows that on(
H−1

2 (h) ∩ Ξ−1(0)
)
/S 1

U2V1 − U1V2 = −hK1

U3V1 − U1V3 = −hK2

U4V1 − U2V4 = −hK3.
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So on S 2
h × S 2

h

h2(K2
1 + K2

2 + K2
3) = (U2V1 − U1V2)2 + (U3V1 − U1V3)2 + (U4V1 − U1V4)2

= (U2
1 + U2

2 + U2
3 + U2

4)V2
1 − U2

1V2
1

− 2(U1V1)(U1V1 + U2V2 + U3V3 + U4V4) + 2U2
1V2

1

+ (V2
1 + V2

2 + V2
3 + V2

4 )U2
1 − U2

1V2
1

= h2(V2
1 + U2

1),

since ⟨U,U⟩ = h2, ⟨V,V⟩ = h2, and ⟨U,V⟩ = 0. Thus U2
1 + V2

1 = K2
1 + K2

2 + K2
3 . Again from the explicit

description of
(
H−1

2 (h) ∩ Ξ−1(0)
)
/S 1 we have

U4V3 − U3V4 = −hL1

U4V2 − U2V4 = hL2

U4V1 − U1V4 = −hK3.

So on S 2
h × S 2

h

h2(L2
1 + L2

2 + K2
3) = (U4V3 − U3V4)2 + (U4V2 − U2V4)2 + (U4V1 − U1V4)2

= (V2
1 + V2

2 + V2
3 + V2

4 )U2
4 − U2

4V2
4

− 2(U4V4)(U1V1 + U2V2 + U3V3 + U4V4) + 2U2
4V2

4

+ (U2
1 + U2

2 + U2
3 + U2

4)V2
4 − U2

4V2
4

= h2(U2
4 + V2

4 ).

Thus U2
4 + V2

4 = L2
1 + L2

2 + K2
3 . Consequently

U2
1 + V2

1 + U2
4 + V2

4 = K2
1 + K2

2 + 2K2
3 + L2

1 + L2
2

= K2
1 + K2

2 + K2
3 + L2

1 + L2
2 + L2

3 + K2
3 − L2

3

= 2h2 + K2
3 − L2

3.

on S 2
h × S 2

h. Hence on S 2
h × S 2

h

Ĥ = H̃
(1)
nf = h − 13

8 ε
2β2h3 − 3

2εβhK3 −
51
16ε

2β2hK2
3 +

9
16ε

2β2hL2
3. (6.1)

7. The Hamiltonian system (Ĥ , S 2
h × S 2

h, { , })

Using the coordinates (ξ, η) =
(
(K + L)/2, (K − L)/2

)
on R3 × R3, the space of smooth functions on

the reduced space S 2
h × S 2

h, defined by

ξ2
1 + ξ

2
2 + ξ

2
3 = h2 and η2

1 + η
2
2 + η

2
3 = h2,

has a Poisson structure with bracket relations

{ξi, ξ j} =

3∑
k=1

ϵi jkξk, {ηi, η j} = −

3∑
k=1

ϵi jkηk, {ξi, η j} = 0.
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Since {K3, L3} = 0, it follows that {K3, Ĥ} = 0. Thus the flow φ
ZK3
r of the Hamiltonian vector field ZK3

on (S 2
h × S 2

h, { , }) generates an S 1 symmetry of the Hamiltonian system (Ĥ , S 2
h × S 2

h, { , }). So this
system is completely integrable.

We reduce this S 1 symmetry as follows. Consider the vector field ZK3 on R3 × R3 corresponding to
the Hamiltonian K3 =

1
2 (ξ3 + η3). Its integral curves satisfy

ξ̇1 = {ξ1,K3} =
1
2 {ξ1, ξ3} = −

1
2ξ2

ξ̇2 = {ξ2,K3} =
1
2 {ξ2, ξ3} =

1
2ξ1

ξ̇3 = {ξ3,K3} = 0
η̇1 = {η1,K3} =

1
2 {η1, η3} =

1
2η2

η̇2 = {η2,K3} =
1
2 {η2, η3} = −

1
2η1

ξ̇3 = {η3,K3} = 0.

Thus the flow of ZK3 on R3 × R3 is

φ
ZK3
t (ξ, η) =

(
ξ1 cos t/2 − ξ2 sin t/2, ξ1 sin t/2 + ξ2 cos t/2, ξ3,
η1 cos t/2 + η2 sin t/2, η1 sin t/2 − η2 cos t/2, η3

)
,

which preserves S 2
h × S 2

h and is periodic of period 4π.

We now determine the space (S 2
h × S 2

h)/S 1 of orbits of the vector field ZK3 . We use invariant theory.
The algebra of polynomials on R3 × R3, which are invariant under the S 1 action given by the flow φ

ZK3
t ,

is generated by
σ1 = ξ

2
1 + ξ

2
2 σ2 = η

2
1 + η

2
2 σ3 = ξ1η2 − ξ2η1

σ4 = ξ1η1 + ξ2η2 σ5 =
1
2 (ξ3 + η3) σ6 =

1
2 (ξ3 − η3),

which are subject to the relation

σ2
3 + σ

2
4 = (ξ1η2 − ξ2η1)2 + (ξ1η1 + ξ2η2)2

= (ξ2
1 + ξ

2
2)(η2

1 + η
2
2) = σ1σ2, σ1 ≥ 0 & σ2 ≥ 0. (7.1a)

In terms of invariants the defining equations of S 2
h × S 2

h become

σ1 + (σ5 + σ6)2 = ξ2
1 + ξ

2
2 + ξ

2
3 = h2 (7.1b)

σ2 + (σ5 − σ6)2 = η2
1 + η

2
2 + η

2
3 = h2. (7.1c)

Eliminating σ1 and σ2 from (7.1a) using (7.1b) and (7.1c) gives

σ2
3 + σ

2
4 =
(
h2 − (σ5 + σ6)2)(h2 − (σ5 − σ6)2), |σ5 + σ6| ≤ h & |σ5 − σ6| ≤ h, (7.2a)

which defines (S 2
h × S 2

h)/S 1 as a semialgebraic variety in R4 with coordinates (σ3, σ4, σ5, σ6). Thus the
reduced space

(
K−1

3 (2k) ∩ (S 2
h × S 2

h)
)
/S 1 is defined by (7.2a) and

σ5 =
1
2 (ξ3 + η3) = 1

2 K3 = k. (7.2b)
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Consequently,
(
K−1

3 (2k) ∩ (S 2
h × S 2

h)
)
/S 1 is the semialgebraic variety

σ2
3 + σ

2
4 =
(
h2 − (k + σ6)2)(h2 − (k − σ6)2)

=
(
(h − k)2 − σ2

6
)(

(h + k)2 − σ2
6
)
, |σ6| ≤ h − |ℓ| (7.3)

in R3 with coordinates (σ3, σ4, σ6). When 0 < |k| < h the reduced space (7.3) is a smooth 2-sphere.
When |k| = h it is a point. When k = 0 it is a topological 2-sphere with conical singular points at
(0, 0,±h). These singular points correspond to the fixed points h(0, 0,±1, 0, 0,∓1) of the S 1 action on
S 2

h × S 2
h generated by the flow of the vector field ZK3 .

By (6.1) the reduced Hamiltonian on
(
K−1

3 (2k) ∩ (S 2
h × S 2

h)
)
/S 1 is

Ĥred =
9
4ε

2β2hσ2
6, (7.4)

using L3 = ξ3 − η3 = 2σ6, having dropped the constant h − 13
8 ε

2β2h3 − 3
2εβhk − 51

16ε
2β2hk2.
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